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of the test scores. Thus,
X = max{X1, X2, X3},

where X, X2.X3 are the three test scores and X is the final score. Assume that
your score in each test takes one of the values from 1 to 10 with equal probability
1/10, independently of the scores in other tests. What is the PMF px of the final
score?

We calculate the PMF indirectly. We first compute the CDF Fx and then
obtain the PMF as

px(k) = Fx(k) — Fx(k — 1), k=1,...,10.
We have
Fx(k) = P(X < k)
=P(X, <k, X2 <k X3<k)
=P(X) < k)P(X2 < k)P(X3 < k)

k 3
- (1) -
where the third equality follows from the independence of the events { X1 < k},
{X2 < k}, {X3 < k}. Thus, the PMF is given by

px(k)=(l%)3—(k1—_01)3. k=1..... 10.

The preceding line of argument can be generalized to any number of random
variables X,..... Xn. In particular, if the events {X1 < z}....,{Xn < z} are
independent for every z, then the CDF of X = max{X,,....X,}is

Fx(x) =Fx1(.’1,')"'Fxn($)-

From this formula, we can obtain px (z) by differencing (if X is discrete), or fx(z)
by differentiation (if X is continuous).

The Geometric and Exponential CDF's

Because the CDF is defined for any type of random variable, it provides a conve-
nient means for exploring the relations between continuous and discrete random
variables. A particularly interesting case in point is the relation between geo-
metric and exponential random variables.

Let X be a geometric random variable with parameter p; that is, X is the
number of trials until the first success in a sequence of independent Bernoulli
trials, where the probability of success at each trial is p. Thus, for k =1,2,...,
we have P(X = k) = p(1 — p)k~1 and the CDF is given by

1- (l—p)
—_ k 1 — =1- — p\n —
geo E p 1 P—/—————— 1 (1 ) (1 p) y for n 1,2,
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Suppose now that X is an exponential random variable with parameter
A > 0. Its CDF is given by

Fexp(z) = P(X < 2) =0, for r <0,

and .
I
Foxp(z) = / Ae~AMdt = —e~ Xt 0= 1 —e A, for z > 0.
0
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Figure 3.8: Relation of the geometric and the exponential CDFs. We have

Fexp(né)'—-Fgec('n), n= 1.2,.4',

where § is chosen so that e~*% = 1 —p. As § approaches 0, the exponential random
variable can be interpreted as a “limit” of the geometric.

To compare the two CDFs above, let us define 6 = — In{1 — p)/A, so that
e~ =1-np.

Then, we see that the values of the exponential and the geometric CDFs are
equal whenever x = né, withn=1.2... ie.,

Foxp(nd) = Faeo(n), n=12....

and are close to each other for other values of z (see Fig. 3.8). Suppose now
that we toss very quickly (every & seconds, where § <« 1) a biased coin with
a very small probability of heads (equal to p = 1 — e~*%). Then, the first
time to obtain a head (a geometric random variable with parameter p) is a close
approximation to an exponential random variable with parameter A, in the sense
that the corresponding CDFs are very close to each other, as shown in Fig. 3.8.
This relation between the geometric and the exponential random variables will
play an important role when we study the Bernoulli and Poisson processes in
Chapter 6.



