Notes on Baldi chapter 1!

1 Basic Properties of Probability

Definition. A a probability measure on (2, ) is a function P: F — R, which is normalized
and o-additive, that is P(Q) = 1 and P (Un>14,) = 3,5 P (4y,) for disjoint countable

families in F.
Recall that A\ B = AN B¢. We will abbreviate AN B as AB whenever not confusing.

Proposition. Let P be a probability measure on (2, F). Then

1. P(0)=0

2. P is finitely additive: P (UnNzlAn) = Zgzl P (A,,) for any finite disjoint family in F,
and in particular P (A°) =1 — P(A)

3. P(A) = P(AB)+ P (AB°) for all A,B € F

4. P is monotone: P(A) < P(B) if AC B, and in particular P(A) <1 for all A € F.

5. PLAUB) = P(A) + P(B) — P(AB) for all A,B € F

6. P is continuous: if (An),~; 5 an increasing sequence (that is A, C Apq1 for all n)
with union Up>1 A4, = A, or it is a_decreasz'ng sequence (An+1 C A, for all n) with intersection
Nn>14, = A, then

P(A) = lim P(A,).

n—0o0

Proof. 1. Since the sequence with A, = () for all n is a disjoint family and in this case
Up>14, = 0, by o-additivity we have P(0)) = 3", -, P(0), which can be true only if P(0)) = 0.

For 2 it suffices to take A, = ) for all n > N. I*“or the second assertion in 2 simply observe
that 2 = AU A, a disjoint union, and that P(Q2) = 1.

3. Q=BUBso A= AQ = AB U AB¢€, disjoint union, therefore 2 implies the result.

4. If A C B then BA = A whence B = A U BA¢, another disjoint union; this and
non-negativity of P give the result. The second assertion follows from A C €.

5. AUB = AB°U AB U BA® (disjoint), but from 3 we have P(A) = P(AB) + P (AB°)
and P(B) = P(AB) + P (BA®); substituting the values of P (AB¢) and P (BA®) we get the
result.

6. Consider first an increasing sequence. Obviously Ay = A A1 U AsAf = A1 U (A2 \ As
(disjoint) and by an easy induction argument we get A, = U, (A4; \ A;—1), with Ay =
(), union again disjoint. We also have A = U;>1 (4; \ A;—1), disjoint; indeed obviously
Ui>1 (4; \ 4;—1) € U;>14;; on the other hand suppose w € A and let k be the smallest
integer such that w € Ay; then w € A\ Ax—1 C U;>1 (A; \ Ai—1). Using o-additivity we then

13 Modica 2024



conclude that

P(A) = P (Ui>1 (A \ Aiy)) = Z@ P(4;\ A1) = lim >

= lim P (UL (Ai\ Aim1)) = lim P(An).

For a decreasing sequence observe that A® = U,,>1 4], and (A7), is an increasing sequence;
then from what we just showed 1 — P (4,) = P (A%) — P(A¢) = 1 — P(A), which implies
the last result. O

The fact that P(A) = P(AB) + P (AB¢) will be used all the time. The continuity of
probability is central to most developments of probability theory.

Remark. Observe that when (2 is finite, Q = {w1,...,wy}, to define a probability P on Q (with
F = 2%) all we need to do is specify n non-negative numbers p; = P({w;}) with >.7_ p; = 1.
Then for any A C Q2 we have P(A) =3, ,.ca Pi-

2 Conditional Probability and Independence

The definition of conditional probability is, with P(B) > 0,

P(AB)

P(A|B) := PE)

The natural definition of independence is the following:

Definition. Let A, B € F. Event A is independent of B if P(A|B) = P(A).
This says that knowing that B occurred does not influence the probability of A. If this is
true, could it be that - asymmetrically - knowledge of A does influence the probability of B?

The answer is no:

Proposition. The following are equivalent:
(i) A is independent of B
(ii) B is independent of A, that is P(B|A) = P(B)
(ii) P(AB) = P(A) - P(B)

Proof. The equivalence (i) <= (iii) follows immediately from the definition, since

P(AB)
= P(A P(AB)=P(A)-P(B
p(g) = P(A) < P(AB)= P(4)- P(B)
and from this the other equivalence also follows immediately. O

Thus the concept of independence of two event is really symmetrical, and we may use as
alternative definition “A and B are independent if P(AB) = P(A)P(B)”.



