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Abstract. Having in consideration that science and mathematics can be articulated through children’s 
literature, this study, focused on future preschool educators, aims describe how future preschool 
educators’ use children's literature to create mathematical and science tasks and to analyze how future 
educators mobilize pedagogical content knowledge to build those learning tasks. Future educators, 
divided into groups, were asked to select a book from a list provided to them and to designed science 
and mathematics task. Results suggest that they had difficulties in designing the tasks and that many 
of them were closed-ended and based on behaviorist theories of education. However, there were some 
exceptions.  
 
Résumé : En tenant compte du fait que les sciences et les mathématiques peuvent être articulées par le 
biais de la littérature pour enfants, cette étude, dirigée vers les futurs éducateurs préscolaires, vise à 
décrire comment ces derniers utilisent la littérature pour enfants pour créer des tâches mathématiques 
et scientifiques et à analyser comment les futurs éducateurs mobilisent les connaissances en matière 
de contenu pédagogique pour construire ces tâches. Les futurs éducateurs, divisés en groupes, ont été 
invités à choisir un livre dans une liste qui leur avait été fournie et à concevoir des tâches en sciences 
et en mathématiques. Les résultats suggèrent qu'ils ont eu des difficultés à concevoir les tâches et que 
beaucoup d'entre elles restaient sur des théories behavioristes de l'éducation. Cependant, il y a eu 
quelques exceptions ! 

1. Introduction 

Since an early age, children often employ mathematics and science in their everyday life (e.g. to 
appreciate the main geometric forms in nature and their advantages for animals or to build a paper 
kite). Current theoretical perspectives on teaching and learning, namely constructivism, suggest that 
learning is more effective when children’s personal life experiences, interests and knowledge are 
taken in consideration. These perspectives are reflected in the Portuguese curriculum for preschool 
education (Ministério da Educação, 2016), which highlights the importance of designing learning 
tasks that connect different areas of knowledge, e.g. mathematics and science. Rather than 
approaching them in isolation, as knowledge in “drawers”. These orientations pose pressure on 
preschool educators’ training because educators often draw on their own early learning experiences 
(often based on traditional perspectives) to engage children with mathematics and science (Brand & 
Wilkins, 2007; Zacharos et al., 2007). Furthermore, these educators often do not have a strong 
subject content knowledge in science and mathematics: many of them perceive mathematics as 
arithmetic operations and shapes (Copley, 2004), and science as collection of facts, models, 
principles to be known by heart (Van Driel et al., 2001). Conversely to mathematics and science, 
preservice preschool educators often feel confident to develop children’s questioning, creativity, 
communication skills through language-oriented activities, namely reading (Copley, 2004). 
One way forward in encouraging mathematics and science connections is to take advantage of pre-
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service preschool educators’ self-confidence in language-oriented activities, for example, through 
children’s literature books. From a very early age, and even before being at the kindergarten, 
children contact with children’s literature. This is because it is essential not only to learn new 
vocabulary but also to have access to different perspectives about the world. Furthermore, research 
has shown that children's literature can contribute to develop mathematical and science thinking, 
and to break the logic of compartmentalized knowledge (Flevares & Schiff, 2014). Supporting pre-
service preschool educators’ integration of mathematics and science through children’s literatures 
requires developing their ability to select, to deconstruct and to reconstruct the literary text. Indeed, 
mathematics and/or science are sometimes implicit in children’s literature books, the language used 
is not the specific language of mathematics and science, and their aim is not to educate children’s in 
mathematics and science. Hence, because they are not teaching resources, the mathematical and 
scientific ideas may be presented without taking in consideration the necessary prerequisites to 
understand them. For example, the authors may state that in space all the distances are huge without 
a scale of comparison.  
Given the potentiality children’s literature has to connect mathematics and science, and the 
preschool educators’ positive attitudes towards reading tasks, it seems important to offer future 
preschool teachers the opportunity to design learning science and mathematics tasks based on these 
books, and to reflect on their potentialities and limitations.  

 2. Aims 

Having in consideration that mathematics and science education can be integrated through 
literature, this study aims to: 
- describe how future preschool educators’ use children's literature to create mathematical and 
science tasks. 
- Analyze how future educators mobilize pedagogical content knowledge to build those 
learning tasks. 

 3. Methodology  

The sample is composed by 19 future preschool educators, enrolled in the first year of a master 
degree on preschool educators, in Portugal. They all hold a bachelor in basic education, in which 
they were exposed to a broad approach to several sciences and mathematics, alongside other 
subjects (such as history or pedagogy of childhood) and an initiation to the professional practice. 
Only after completing the master course in pre-school education do these future preschool 
educators become professionalized. Hence, their experiences as preschool educators are low.  

The study was developed in “Didactics of Mathematics and Science” course, which is a 
compulsory curricular unit within the master degree in pre-school education. In the second week 
of the course, future preschool educators were divided in five groups and were asked to select a 
children’s book from a list provided to them. Once the book was selected (Table 1) they were 
invited to create a science and mathematics tasks based on it. In this assignment, future educators 
were required to mobilize accepted pedagogical content knowledge to develop the tasks. They 
were asked to deliver the assignment two weeks after the end of the curricular unit, which was 15 
weeks long. The corpus of analysis is composed by the tasks designed by the groups for the 
selected book. To each selected book a code was attributed which is a letter from A to F. Only in 
the book “the giant turnip”, mathematical ideas (i.e. counting) are explicitly provided. Data was 
content analyzed by creating a posteriori categories (Bardin, 2014).  
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Table 1. Synopsis of the selected books 

 
Book 
 
 

Synopsis of  

A – A story of 
fingers, by L. 
Ducla Soares  

The popular names of fingers are provided and their names 
reinforced by using amusing sentences about them.   

B - The giant 
turnip, by  N. 
Sharkey 

A turnip grows so large that only one person cannot pull it up. 
Several animals are successively recruited to pull the turnip up 
collaboratively. However, it is only when a mouse joins the group 
that the turnip is pulled up.   

C – Box, by M. 
Flyte 

Four children find some toys in cardboard boxes, they play with them 
for a while. But, the children then turned their attention to the boxes 
themselves. They decided to use their creativity to build, e.g. castles, 
dinosaurs, or space ships.   

D - What is 
there?, by I. 
Martins & M. 
Matoso 

The book uncovers what is inside several everyday objects, namely 
fridge, the mothers’ purse, and so on. 

E - I’ll love you 
forever, by O. 
Hart 

Polar Bear and Cub explore the Arctic habitat, as the seasons change. 
The characteristics of each season are then explored. Polar Bear 
reassures Cub that no matter changes in nature the loving bond 
between them will never be broken. 

4. Results 

An analysis of the designed tasks shows that the most of the science tasks are, to some extent, 
related to the theme of the book (Table 2) However, they are rarely used to deconstruct the story 
covered in them. Indeed, the science tasks are often designed to extend the story. For example, in 
book E (“I’ll love you forever”), the designed tasks either make use of the illustrations to develop a 
parallel narrative (e.g. that answer the question “why do bears do not get cold?”) or extend the book 
story (e.g. the book finishes with the mother bear telling the cub that: “you can have your own 
adventure”. A task is designed to project a boat that can take the cub to a trip). Concerning the 
mathematics tasks, they are also, in majority, related to the theme of the book but they are never 
used to deconstruct the story. Some tasks are constructed to extend the story. For example, in book 
E, following the construction of a boat (science task), a task is proposed to decorate the boat using 
patterns. Another example is the creation of an itinerary (inspired in the bear’s journey) where 
concepts related with spacial orientation are developed.  

 
Table 2. The relation between the designed tasks in mathematics and science and the books’ 

stories 
 

 
Tasks 

A 
(n=6) 

B 
(n=5) 

C 
(n=4) 

D 
(n=4) 

E 
(n=7) 
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in 
 

NR R NR R NR R NR R NR R 

Mathe
matics 
 

2 1 2 -  3 2  - 4 

Scienc
e 

2 1 - 3 - 1 _ 2 - 3 

L – Related; NR – not related 

 
Furthermore, the designed tasks in mathematics and science and often not related. In the majority 

of the proposals, future educators designed science tasks, followed by mathematics tasks. There are, 
however, some few exceptions. That is the case of the tasks designed for the book D (Box). The 
tasks designed extend the story by asking children: “which purpose would you give to the boxes”. 
Supposing that children would say a castle, the future teachers would then encourage children to 
explore the unit “forces and levers” to design and to build a gate, catapult, mechanism to pull water 
from a well etc. Once the “castle” is built, children are asked to” choose a view and draw it”. Then 
they will change their drawings and guess the colleagues view. This task will explore the “spatial 
location” and help children develop the “language of space”.  

Accepted pedagogical content knowledge is not always employed to design the science tasks 
(Table 3). They are often close ended, without children’s participation in the design of the task. For 
example, in the book D “What is there?”, there is an image of the content of a fridge. The science’s 
tasks involve: 1) asking children to infer whether or not certain food is in their fridge, 2) discussing 
healthy food, and 3) analyzing to what extent the food in their fridge is healthy. Some science tasks 
for other books (e.g. book E) have in consideration the children’s misconceptions and are designed 
to support children explore them (e.g.  which material could be used by the cub to build a boat?). 
Rarely are tasks based on a project based approach. Only the science tasks for the book “castle” 
encourage children to think about which artefacts they would like to include in their castle and to 
build them. As far as mathematics is concerned the majority of the tasks proposed are routine, 
closed tasks, not challenging. For example, in book B, children are asked to select and order, by 
size, some turnips. One can find some relatively open but easy tasks (exploration tasks, Ponte, 
2005) for book E. In fact, children are asked to decorate a boat using patterns or to measure the 
mother bear and her cub, using the cover image. None of the tasks involves Problem solving. 

 
Table 3. The nature of the relevant tasks  

 
                         Nature A B C D E 

 
Mathematics 

 
Exercise 
 
 

 
√ 

 
√ 

 
√ 

 
√ 

 

 Problem 
solving 
 

     

 Exploratio
n tasks 

  √  √ 
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Science Close-
ended 

√ √  √ √ 

 Exploring 
misconcep
tions 

    √ 

 Project-
based 
learning 

  √   

5. Discussion  

The results suggest that articulating science and mathematics through literature is a difficult task for 
future educators. One of the difficulties may result from the fact that the selected books do not often 
approach mathematics and science explicitly. Hence, it seems important in future pedagogical 
methods course to discuss the potentialities of literature books to articulate science and 
mathematics. One way forward might be to explore literature books (e.g. biographies of scientists 
and mathematicians) in which mathematics and science are explicitly included as part of the 
message. 
The designed tasks, overall, also show that the future educators do not articulate science and 
mathematics tasks, which suggests that they perceive science areas as compartmentalized 
knowledge (Flevares & Schiff, 2014). In spite of being introduced to accepted educational theories, 
namely constructivism, future educators seem to have behaviorist models deeply rooted. Indeed, 
most of the science tasks are close-ended. This fact is not a surprise as it is well known that future 
educators tend to educate as they were taught.  

6. Final considerations 

Future educators need to become aware and value the potential connections between literature, 
mathematics and science, instead of considering them as unrelated areas of knowledge. Because 
educators tend to educate as they were taught, it seems important to increase the articulation 
between mathematics and science within the didactics methods course. For future research work, it 
seems also important to evaluate the scientific accuracy of the designed tasks in mathematics and in 
science.  
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Résumé : Dans cet article, je présenterai le sens que la création de connexions de toutes 
sortes apporte à l’enseignement des mathématiques en secondaire, l'utilité d'intégrer la 
pratique des liens dans la formation des enseignants sur la base de mon expérience 
personnelle, et j'analyserai plusieurs expériences vécues de pratiques connectées. Les liens 
peuvent exister aussi bien dans la notion enseignée qu’enrichir la notion, ou enrichir la 
culture générale. Par exemple, la réalisation collective d’une mosaïque de l’Alhambra avec 
ses liens entre la géométrie pure et vectorielle et les arts, la technique et notre histoire et 
notre patrimoine culturel commun, ou un travail d’observation, de collecte de données et 
d’analyse statistique concernant l’activité de ruches connectées, en partenariat avec une 
municipalité, une maison de la nature, une union de l'apiculture et une école d'ingénieurs, en 
lien avec les questions environnementales comme l’implantation de ruches en milieu urbain. 
D'autres expériences seront présentées. Ces expériences sont toutes vécues en classe de 
lycée, avec des élèves âgés de 15 à 18 ans. Elles montrent comment nous pouvons faire de 
notre enseignement des mathématiques un vecteur de paix, de rencontres, de cohabitation, de 
réussites et d’enseignement sur des questions cruciales de notre époque, telles que le 
développement durable. Elles montrent que l’établissement de liens entre les multiples 
facettes d’une même notion conduit à sa compréhension d’un simple point de vue 
mathématique, mais aussi à la compréhension du monde dans lequel nous vivons, ainsi qu’à 
la compréhension des acteurs de ce monde, qu'ils soient scientifiques ou non.  

Abstract: In this paper, I present the meaning that making connections of all kinds brings to 
secondary mathematics education, the usefulness of integrating the practice of connections 
into teacher education based on my personal experience, and I will analyze several real-life 
experiences of connected practices. Linkages can exist both in the notion being taught, 
enriching the notion, or the general knowledge. For example, the collective realization of a 
mosaic coming from the Alhambra with its links between pure and vector geometry and the 
arts, technology and our common history and cultural heritage, or a work of observation, 
data collection and statistical analysis regarding the activity of connected beehives, in 
partnership with a municipality, a house of nature, a beekeeping union and an engineering 
school, in connection with environmental issues such as the establishment of beehives in 
urban areas. Other experiences will be presented, all of which have been carried out in high 
school classes with students from 15 to 18 years old. They show how we can make our 
teaching of mathematics a vehicle for peace, encounters, cohabitation, success and teaching 
on crucial issues of our time, such as sustainable development. They show that making 
connections between the many facets of a concept leads to understanding it from a simple 
mathematical point of view, but also leads to the understanding of the world. 

Une double déconnexion dans l’enseignement classique 

Par nature, par leur construction, leur histoire, les mathématiques sont liées au vivant, le vivant 
est fait de connexions. Les mathématiques sont liées à la compréhension du monde, à son évolution 
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technologique, elles sont connectées à d'autres disciplines dans leur genèse et leur évolution. Au 
cours de leur scolarité, les élèves ont souvent eu de mauvaises expériences, l’apprentissage devient 
artificiel ou superficiel, et la volonté d’obtenir de bonnes notes dans cette discipline se fait parfois 
par n’importe quel moyen. « Cherches même pas à comprendre ! » « Je suis nul(le) en maths ! ». 
Ainsi nous vivons dans l’enseignement des mathématiques classique une double déconnexion, de 
l’élève avec le véritable apprentissage des mathématiques, et de l’apprentissage avec le réel. 
Comment donner à nos élèves tout simplement le plaisir de venir en cours de maths, quel que soit 
parcours.  

1. L’expérience des connexions dans la formation 

1 .1. L’expérience personnelle  

De formation mathématiques pures puis appliquées en analyse numérique et informatique, j’ai 
pratiqué dans l’industrie pétrolière en laboratoire de recherche. Ma première expérience 
professionnelle a consisté à créer un module informatique de représentation graphique de fonctions 
de 2 ou 3 variables afin de permettre la visualisation graphique des résultats numériques discrets et 
des données chiffrées fournies par des méthodes de discrétisation (éléments finis)1,  la seconde  
d’étudier la sédimentation dans des fluides non newtoniens ( modèle d’Ellis), en vue d’apporter un 
éclairage sur la manière dont devrait sédimenter le sable injecté dans une fracture de roche2.  
Nombreuses sont les connexions à établir :  entre les phénomènes se produisant en sous-sol, les 
interactions entre le fluide et la sphère modélisant le grain de sable qui sédimente, les équations de 
la sédimentation, les contraintes et forces extérieures, l’utilisation d’un langage informatique, la 
programmation, les matériels, les programmes scientifiques crachant leurs millions de données 
chiffrées illisibles à transformer sous forme de graphique facilement interprétable, la connexion du 
module développé aux programmes existant,  la récupération des fichiers de données, la 
programmation modulaire avec passage de paramètres entre les modules, la nature des paramètres 
(géométriques, logiques…), le test du programme sur des données existantes, et la conception d’un 
programme devant également fonctionner avec n’importe quelles données à l’avenir.  

Le travail d’équipe de scientifiques compte des spécialistes de la mécanique, la physique, de 
laboratoire, le projet est coordonné par plusieurs ingénieurs, au-delà des pratiques et langages 
différents, nous devions nous comprendre.  

 

1. 2. Les connexions dans la formation des enseignants 

Ces expériences ont permis de vivre la complexité de la nature, les liens entre mathématiques et 
monde organique, et travailler sur ces sujets permet d’établir, d’animer ou de faire vivre dans son 
propre cerveau les connexions permettant l’activité intellectuelle propre à solutionner ce genre de 
problèmes. Il me semble important pour la formation des enseignants en mathématiques d’avoir eu 
accès à au moins un domaine professionnel, d’avoir réalisé un programme informatique construit de 
divers modules dans un langage actuel de programmation, de connaître les enjeux de 
l’informatique. Il ne s’agit pas seulement de connaissances, mais de compréhension, de 
compétences, dont nous pensons qu’elles peuvent se transmettre au niveau de l’enseignement en 

                                                
1 Claire Chevrier, Programmation d’un Module informatique de représentation graphique des fonctions de 2 

ou 3 variables avec UNIRAS : PLOT - Dowell-Schlumnberger, 1983. 
2 Claire Chevrier, Sédimentation dans les fluides non newtoniens ( modèle d’Ellis) – Dowell-Schlumnberger 

Études et Fabrication - Laboratoire Analyse Numérique et calcul scientifique Université de Saint-
Étienne – Septembre 1984 
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lycée, et qui font partie des contenus officiels de l’enseignement des mathématiques en France au 
lycée.  

2. Réaliser des connexions dans l’enseignement au quotidien : des situations en classes de lycée 

Nous présenterons successivement le cas de connexions dans l’enseignement au quotidien, 
d’abord dans l’objet étudié, puis entre l’objet étudié et le réel, puis dans les façons d’apprendre, 
qu’il s’agisse de coopérations ou de solliciter divers outils numériques. 

 

2. 1. Les connexions existent dans l'objet étudié 

Enseigner la notion de nombre dérivé demande d’établir de multiples connexions qui ne sont pas 
forcément naturelles dans l’esprit d’un élève de lycée : l’écriture-même de la définition du nombre 
dérivé  comporte la fonction f, les notions d’antécédent, d’images, 

d’accroissement ou de variation, de taux de variation, enfin de limite, réunis dans un symbole 
comportant la fraction, le symbole limite, l’infiniment petit, et une égalité. Les théorèmes 
d’existence et d’unicité de solution d’une équation différentielle vérifiant une condition initiale, 
d’existence et d’unicité d’une primitive d’une fonction positive et continue sur un intervalle  et 
s’annulant en a, sont autant de notions demandant un effort de connexions mentales pas toujours 
aisées pour les élèves entre divers objets de natures différentes. L’enseignement de la théorie des 
graphes en spécialité aux élèves de sciences économiques et sociales consiste plus simplement à 
l’enseignement des connexions du monde réel modélisées par ces objets puissants et simples que 
sont les graphes.  

 

2. 2. Les connexions peuvent être faites entre l'objet étudié et le réel 

L’introduction du nombre dérivé en classe de techniciens dont le profil est peu scientifique 
peut se faire par les pentes des tangentes, avec en parallèle l’interprétation cinématique (figure 
1) :  la vitesse instantanée d’un véhicule se déplaçant de la ville A à la ville B et rencontrant 
un radar sur sa route sert à captiver l’attention, une fois indiqués le sens de chaque notation, 
en relation très concrète avec la route effectuée sur le terrain depuis chez soi. Ceci fait, le 
remplacement de chaque symbole pour arriver à la notation précédente du nombre dérivé 
devient alors un jeu d’enfant auquel se prêtent toujours des élèves, établissant les connexions 
entre les deux points de vue. 

 

 
 

Figure 1. Interprétation cinématique du nombre dérivé : vitesse instantanée (Dutarte et al., 
2012) 
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Les anecdotes au moment de la transmission d’une notion abstraite et complexe apportent aux 
savoirs mathématiques, philosophiques, historiques, captent l'attention, restent dans les mémoires, 
facilitent l'apprentissage de la notion, l'élève connecté à un vécu intervient, parle de lui, de ses 
connaissances, donne au groupe une réflexion. A titre d’exemples parmi d’autres, la légende de 
l’échiquier pour introduire les suites géométriques et la somme de ses termes (Buff), l’effet papillon 
pour illustrer le rôle des conditions initiales des équations différentielles (Pickover, 2018), la chute 
des dominos pour illustrer le raisonnement par récurrence (Wikipédia) sont des connexions avec le 
réel permettant de répondre aux questions des élèves dans l’instant mais aussi dans la durée.  

 

2. 3. Accepter le réseau connecté en classe, coopérer : des connexions dans la façon d'apprendre  

Les élèves ont intégré physiquement l'habitude d'être connectés, en réseau « Je lui explique », 
« il(elle) m'explique ». Placés en ilots ou en cercle pour la résolution de problèmes ou lors de 
séances de révisions, ou de présentation de travaux, l’enseignant étant facilitateur, les élèves sont 
actifs : ces structures collaboratives permettent des connexions dont l’intérêt pédagogique a 
précédemment fait l’objet d’un article : De la pyramide au cercle, les apports d’un enseignement 
collaboratif (Chevrier, 2018).  

 

2. 4. L'utilisation des outils numériques 

Les outils numériques permettent l’observation de résultats en statistiques grâce au tableur,  la 
découverte de fonctions nouvelles pour l’élève comme la fonction ln, la fonction exponentielle par 
interpolation de nuages grâce à Geogebra, l’acquisition de compétences scientifiques comme la 
modélisation de phénomènes  arithmétiques, géométriques, l’introduction du calcul intégral par les 
aires, de conjecturer la solution d’un problème géométrique, de visualiser les lois de probabilités, 
d’observer le rôle des coefficients d'un polynôme, d’observer en trigonométrie le lien entre cercle et 
fonctions, de résoudre graphiquement équations et inéquations. La pratique de langages de 
programmation comme Python en classes de lycée apprend à structurer, programmer, construire, 
créer des variables locales, globales, connecter divers blocs de programmation par passage de 
paramètres.  Ces pratiques sont non seulement des outils d’aide à l’enseignant pour la présentation 
d’une notion, mais des outils de découverte, de résolution, d’apprentissage des connexions et de la 
complexité du monde lorsque les élèves les manipulent. Dans l’exemple suivant, en classe de 
terminales, séries technologiques, nous étions à la recherche d’une échelle pour représenter 
correctement la magnitude M d’un séisme en fonction de l’énergie E (en joules) de divers séismes : 
le graphique obtenu avec une échelle classique ne permet pas de distinguer les abscisses d’énergies 

, l’utilisation d’une échelle logarithmique le permet (figure 2). Plus, 
l’observation de la grille obtenue et du nuage permet de mettre en évidence les propriétés d’une 
fonction vérifiant  , reste à montrer qu’elle vérifie 

 , et l’arrivée de la fonction ln et de ses propriétés prend son sens.  
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Figure 2. Tremblement de terre et recherche d’une fonction vérifiant  

 

On introduit de même la fonction exponentielle en modélisant avec Geogebra l’intensité du 
courant produit par un rayonnement de panneau photovoltaïque en fonction de la tension 
configurée, les valeurs des mesures sont fournies, l’élève cherche une fonction de la forme 

, en utilisant les curseurs de Geogebra pour ajuster les paramètres. Plus tard, 
familiarisé avec la fonction exponentielle, il sera capable de déterminer ces paramètres par la 
résolution d’équations.  

Tout le programme de ces séries technologiques peut être traité de cette manière (Dutarte et al., 
2012). 

Dans ce qui suit je développerai deux projets particulièrement riches de connexions menés dans 
le cadre de notre enseignement au lycée, sur le thème des mosaïques de l’Alhambra pour 
l’enseignement de la géométrie, puis celui des ruches connectées pour l’enseignement des 
statistiques.  

3. Les mosaïques de l'Alhambra et autres pavages  

Ici par la simple construction du motif de base d’une mosaïque de l’Alhambra, puis la recherche 
de la réalisation d’un pavage à partir d’une forme reproductible, on rappelle en lycée les 
configurations du plan (médiatrices, triangle équilatéral, cercle et arcs de cercle), les 
transformations du plan (symétries, rotation, translation), on introduit la notion de tangente à un 
cercle, celle de vecteurs, avec la définition, les opérations sur les vecteurs, leurs propriétés.  

 

Figure 3. Les différentes étapes du projet de reconstruction d’un pavage de l’Alhambra. 
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On revoit la notion d’algorithme et vérifie le bien-fondé de la rigueur et de la logique d’une 
construction. On établit des connexions avec les arts, les technologies, l'histoire des civilisations, les 
langues, l'architecture. La réalisation grandeur nature comme fresque dans un établissement 
scolaire, voire la modélisation en 3D par les élèves de prototypes ou pochoirs en vue d’un pavage 
amène vite à l’utilisation d’outils numériques (Geogebra, Solidworks) en connexions avec le cours 
de Sciences du numérique et technologies, ou du cours d’Arts appliqués. Une application 
permettant de visualiser les diverses étapes de la construction, ainsi que les éléments de géométrie 
cités, réalisée avec Geogebra, est téléchargeable sur les smartphones (Claire Chevrier, 2018). 

 
4. Les ruches connectées et les défis du monde 

En statistiques, "faire réfléchir les élèves de seconde sur des données réelles, synthétiser 
l'information, proposer des représentations pertinentes" est l’objet essentiel du programme de 
l’enseignement en classe de seconde. En coopération avec une maison de la Nature qui développe 
un projet d’étude de l'implantation de ruches en milieu urbain en partenariat avec un syndicat 
d’apiculteurs, une Ecole d’ingénieurs et la municipalité, nous suivons l'évolution de deux ruches 
connectées au site de la municipalité : comparer l'activité des ruches, en particulier en hiver, permet 
d’indiquer si elles sont en bonne santé, si l’apiculteur doit intervenir. Le projet permet de 
sensibiliser les élèves dont la conscience et les connaissances sont très variables sur la question de 
la préservation du vivant en général, des espèces animales en particulier. Nos élèves résidant en 
ville ignorent parfois totalement ces problématiques, la vie des insectes représentant bien souvent 
une gêne à son propre bien être individuel et immédiat. Maths et biologie de l’abeille, travaux de 
géométrie sur le maillage des alvéoles de la ruche, idées reçues et littérature, développement 
durable sont les connexions établies au cours de ce projet. 

Conclusion  

Cet enseignement a en partie pour effet de former à une vie responsable, mais aussi de permettre 
d’exprimer des inquiétudes légitimes. Par la pratique de connexions de toutes sortes, l’enseignement 
des mathématiques peut permettre à nos élèves de se situer eux-mêmes, se découvrir, s’orienter de 
manière enthousiaste, au milieu des connaissances reçues ou par rapport à leur réinvestissement 
dans le monde adulte, professionnel ou non, il peut faire écho à leurs préoccupations relatives aux 
défis mondiaux et environnementaux, au besoin de se connaître les uns les autres et de vivre 
ensemble, et les préparer au monde complexe qui est le leur. 
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Abstract. This work briefly presents a doctoral research which broadly aimed at developing 
strategies to apply the Mathematics teaching-learning-assessment methodology to teach 
Differential and Integral Calculus contents using problem solving during regular class hours. 
The research methodology was defined as a concurrent-embedded mixed method and the 
adopted data-collection strategy was the action-research practice design. The participating 
public were students enrolled in the Mathematics and Chemistry undergraduate programs, in 
the Santa Catarina State University. To develop the classes under the concept of teaching 
through problem solving, the researcher took the Problem-Solving Work and Study Group's 
activities script as a reference. The quantitative data (tests) analysis showed that the 
developed research had a statistically significant learning contribution for the Chemistry 
program students, while the qualitative data revealed an improvement in learning for both 
groups of students. 

Résumé. Cet article présente brièvement une recherche doctorale visant à développer des 
stratégies d'utilisation de la méthodologie d'enseignement, d'apprentissage et d'évaluation en 
mathématiques pour enseigner le contenu du calcul différentiel et intégral par la résolution 
de problèmes pendant les heures de cours. La méthodologie de recherche a été classée en 
tant que méthode mixte simultanée intégrée et la stratégie de collecte de données adoptée a 
été la conception de la recherche-action pratique. Le public participant était constitué des 
étudiants inscrits dans les classes des cours de licence en mathématiques et de licence en 
chimie (QUI) de l'Université d'État de Santa Catarina. Pour développer les cours sur la 
conception de l’enseignement par la résolution de problèmes, le chercheur s’est référé au 
scénario d’activités du groupe de travail et aux études sur la résolution de problèmes. 
L'analyse des données quantitatives (tests) a montré que la recherche développée apportait 
une contribution d'apprentissage statistiquement significative aux étudiants du programme de 
chimie, tandis que les données qualitatives révélaient une amélioration de l'apprentissage 
pour les deux groupes d'étudiants. 

Research Presentation 

Differential and Integral Calculus, or just Calculus, provides key elements for the development 
of concepts in the specific areas of Exact-Science-related programs and is a compulsory first-year 
curriculum component. Despite its importance, Calculus is usually associated with high failure and 
dropout rates. One of the reasons pointed out in the literature is related to the adopted teaching 
methodology (Pagani & Allevato, 2016; Rafael & Escher, 2015), which, in Brazil's Higher 
Education system, is mostly the traditional one (Serafim Filho, 2016). The teaching of calculus at 
the Santa Catarina State University - UDESC/Joinville is part of such context regarding both the 
methodological approach and the school failure. Thus, with the intent to improve the students' 
learning and to innovate her own teaching practice, the researching professor (first author) 
developed a doctoral research (advised by the co-authors) whose general goal was to develop 
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strategies to apply the mathematics teaching-learning-assessment methodology to teach Calculus 
contents through Problem-Solving (PS) during regular class hours. The question that guided the 
development of the research was how to apply the mathematics teaching-learning-assessment 
methodology to teach Differential and Integral Calculus contents through PS while still complying 
with the teaching plan. To answer such question, three other questions were considered: How can 
the PS methodology aid the learning of Calculus contents? What difficulties do students experience 
when performing activities using PS? What difficulties did the professor have when inserting the 
teaching-learning-assessment methodology through PS in Calculus classes and how to overcome 
them?  

The research developed to look for the answers was of a mixed method, as qualitative and 
quantitative data were available. According to Creswell and Plano Clark (2013), a mixed research 
yields a more detailed understanding of the problem. In this work, the analysis of qualitative and 
interpretative data predominated, and quantitative data was used to complement the qualitative 
analysis. As qualitative and quantitative data were collected in the same research phase and (more 
thoroughly) analyzed later, the concurrent-embedded design was the one to best suit this mixed-
method research (Creswell, 2009).  

Regarding data collection, in addition to participant observation, considering this was an action 
research, the researcher's log entries, the response protocols, the tests, the course's teaching plans, 
the Pedagogical-Political Projects of the undergraduate programs to which the research participants 
were enrolled, two surveys (one on PS methodology and another on problem formulation, herein 
considered as a PS natural extension), interviews and audio recordings were taken into account. In 
the development of the research, the dynamic geometry software GeoGebra and PowerPoint were 
used as technological resources that aided the development of the classes. 

To perform the quantitative data analysis, the pre-test and post-test student answers were 
converted to numerical data with the aid of a focused holistic scale (Charles, Lester & O'Daffer, 
1992) to enable a covariance analysis (ANCOVA) on the IBM SPSS Statistic 25 software. The scale 
is called holistic as it considers the solving process, and focused as it assigns a score according to 
the solving strategy. 

As the doctoral research was an action-research practice, once the professor was intervening in 
her own teaching practices with the intent to bring about improvements in students' learning, 
besides her own personal development (Bisquerra, 1989; Latorre, 2003; Sousa, 2009), the 
participating public were the students enrolled in the Calculus course taught by this researcher 
during the two semesters of 2016 and the first of 2017. During the two semesters of 2016, the 
researching professor had to learn in practice how to insert the problem-solving methodology as a 
methodological approach, as she was only acquainted with some of the theory by then. With that in 
mind, she chose to follow the third Problem Solving Work and Study Group (GTERP) activities 
script on how to conduct a class that aims to teach through problem solving (Allevato & Onuchic, 
2014), and adapted academic research activities and/or books, to later develop some of the 
activities. Namely, the ten activities recommended by the GTERP are: problem proposition, 
individual reading, joint reading, problem solving, blackboard record, plenary, consensus seeking, 
content formalization and new problem proposition. 

The actions and reflections of the practices developed in the two semesters of 2016 were 
fundamental for the researcher to develop her research and collect data for the thesis in the first 
semester of 2017. Thus, the participating public, whose data were analyzed, consisted of students 
from the undergraduate programs in Mathematics (MAT) and Chemistry (CHE). The research was 
applied to the two classes taught by the researcher to assess the acceptance and results in different 
groups, because Calculus is part of the second term for MAT, while, during the first term, the 
program has a Basic Mathematics course. Besides, the Mathematics and the Chemistry programs 
share the same syllabus with the Engineering program for this course. For those reasons, MAT is a 
heterogeneous group, both regarding the programs in which the students are enrolled and the 
knowledge on Calculus contents. On the other hand, CHE is essentially attended by first-term 
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students. Thus, although the literature recommends applying the problem-solving methodology to a 
public that is still new to the subject to be approached (Andrade & Onuchic, 2017), in the reality 
under which the research was performed, such recommendation could not be met, as repeat students 
were enrolled in freshman classes when other groups were full. 

During the official data-collection semester for the data analysis that would make up the thesis, 
19 activities were developed (Azevedo, 2019), guided by the problem-solving methodology. At 
least 30% of the course's workload was dedicated to such activities. Problem formulation activities 
were also considered in 2017 and approached in a discussion forum form (Azevedo, Figueiredo & 
Palhares, 2017). In order to understand the students' opinion regarding the activities developed in 
the classroom (problem solving) and during extra-class hours (problem formulation), 13 semi-
structured interviews were conducted, and two questionnaires were applied, one for each subject.  

Discussion and final considerations 

The answer to the first research question of how the problem-solving methodology can 
contribute to student learning was obtained from both a qualitative and a quantitative point of view. 
Evidence for the qualitative data interpretation of the groups in this research was taken from the 
answers to the questionnaires and the semi-structured interview. Such data-collection techniques 
allowed us to identify, regarding the students, the following positive contributions: active class 
participation; opportunity to use previous knowledge; development of studying autonomy; more 
dynamic classes; learning from mistakes; teamwork; closer student-professor relationship.  Such 
positive aspects agree with the benefits to students provided by the use of the PS methodology 
pointed out by Onuchic and Allevato (2011) based on the works of Allevato (2005), Van de Walle 
(2001) and others.3 

From a quantitative point of view, the statistical analysis applied to the test data allowed us to 
complement the qualitative analysis and was used as a means of evaluating whether the teaching-
learning-assessment methodology through PS improved the research participants' learning of 
Calculus contents. The covariance analysis revealed that this methodology resulted in statistically 
significant contributions to the learning of the CHE students. The difference in this group, if 
compared to the MAT, is that the Calculus course is in the first semester, which means that 29 out of 
34 students were new to the studied contents (5 were repeat students enrolled in a freshmen class). 
In the MAT group, only 8 of the 50 students were taking the course for the first time. The fact that 
the statistical analysis did not show significant contributions to the MAT students does not allow us 
to affirm that, for those students, learning through the PS methodology was better than through 
more traditional approaches. However, from the positive aspects pointed out in the previous 
paragraphs, we believe that, qualitatively, they students also benefited from the experience. 

The second research question aimed to identify the difficulties felt by the students when 
experiencing the use of the PS methodology in Calculus classes. The interviews and questionnaires 
allowed us to identify eight negative aspects listed by the students. Among them, we noticed 
difficulties pertaining the adaptation to the teaching methodology, since the Brazilian educational 
system is mostly traditional. With that in mind, the fact that they had trouble adapting to the team 
work is also understandable, since, in traditional teaching, students usually work individually. 
Another difficulty related to the conduction of a PS-oriented class, as pointed out by the students, 
was the fact that, to perform a classroom activity, there's a long gap between the activity discussion 
and the content formalization. In other words, we understand that the students did not like to be idle 
in class. This was the case with some teams because they performed the activities faster than others. 
As the researcher analyzed the data to write the thesis, she realized that she could have had those 
                                                
3 Van de Walle, J. A.  (2001). Teaching Through Problem Solving. In: Van de Walle, J. A. Elementary and 

Middle School Mathematics. New York: Longman, 2001. p.40-61. 
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students help the slower teams.  Other student difficulties were related to problem formulation, 
which was an extra-class activity: dissatisfaction with the number of proposed activities; too much 
time spent with problem formulation; difficulty in formulating the problems, and dissatisfaction 
with the virtual environment Moodle, as they considered it inappropriate for such activities. 

 
Regarding the difficulties experienced by the professor, which correspond to the third research 

question, five aspects are listed: the way to present the suggested activities; performing the 
“blackboard registry” step of the GTERP script; follow through the ten activities proposed by the 
GTERP script; manage time to meet institutional requirements; and get students engaged and make 
teams actually work in groups. The first problem was overcome with the reflection on the proposed 
activities and the use of the teaching experience to readjust the way of proposing them, so that the 
new students did not feel in disadvantage in relation to those already familiar with Calculus. The 
second one was overcome when the professor understood that she should always be very clear 
about the dynamic to be adopted in the class. The adaptation made to the GTERP script (to be 
explained in the next paragraph) to suit our reality contributed to overcoming the third and fourth 
difficulties. The last one was solved by performing several activities through the PS methodology, 
allowing both the professor and the students to familiarize with them. So, the groups more naturally 
interacted more. 

In this research, in many of the classes employing the problem-solving methodological approach, 
the ten steps from the GTERP script could not be finished, in which cases the dynamics consisted of 
concluding the first five steps on the first day of the activity. And, in the next class, the professor 
started by resuming the activity from a PowerPoint presentation with the intent to promote the 
socialization of the solutions proposed by the teams, to promote a collective discussion (“plenary” 
and “consensus seeking”) and, then, the content formalization and the proposition of new problems. 
To organize such presentation, the professor collected the answer protocols, scanned all the material 
and selected the various solving strategies. With that procedure, the “blackboard record” step was 
replaced by a "strategy sharing” of different solutions, previously selected by the professor. When 
presenting such solutions, the professor always requested respectful peer attitude and showed them 
as class answers, not as a specific group's solutions. However, the students who had come up with 
the presented solution often came forward spontaneously to provide insight into what the team 
thought while proposing it. The dynamics adopted by the professor was flexible. If the solution was 
long, for each answer presented, there was a discussion whether it was coherent and met the 
requirements. If the solution was short, several answers would be put forward for later discussion. 
In this way, the "plenary" and the "consensus-seeking" took place simultaneously. We understand 
that the adaptations made in the way to employ the activity script kept the essence of what teaching 
through problem solving means, as Onuchic and Allevato (2011) already noted that the PS approach 
for Mathematics classes is flexible. 

Finally, in face of our experience, we corroborate with Onuchic and Allevato (2011) on the fact 
that inserting the PS methodology in the classroom requires “(...) changes in attitude and posture [of 
both professor and students], which is not always easy to achieve” (p. 82) and, for such changes to 
bear good fruit, both agents involved in the teaching and learning process must be willing to leave 
their comfort zone. Furthermore, the professor needs to be persistent, because inserting a different 
methodology in the classroom requires a lot of dedication in the development of activities and a 
different attitude in the classroom, because students need to be given a “voice” and the time to build 
their knowledge from their conjectures and, thus, feel the pleasure of discovery when 'performing 
mathematics'.  
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Abstract. This proposition for the forum of ideas is a poster which presents a culturally 
oriented approach to the concept of symmetry in with eleven grade 3 Roma students. During 
the research, students seek to identify symmetrical patterns in their everyday life, learn the 
art of communication as expressed by road signs patterns, and perceive the intercultural 
connections between mathematics and everyday life. Some specific cases are presented in 
the pragmatological material below. 
 
Abstrait. Cette proposition pour le forum d’idées est une affiche qui présente une approche 
culturelle du concept de symétrie avec onze élèves roms de 3e année. Au cours de la 
recherche, les étudiants cherchent à identifier des motifs symétriques dans leur vie 
quotidienne, à apprendre l’art de la communication tel qu’exprimé par les signes de 
signalisation routière et à percevoir les liens interculturels entre les mathématiques et la vie 
quotidienne. Certains cas spécifiques sont présentés dans le matériel pragmatologique ci-
dessous. 
 

97A40 
 
Description of the poster  
In primary school mathematics curriculum, symmetry is approached at all grades from the first to 
sixth grade. Symmetry is an integral part of geometry, nature and human construction and it is a 
worldwide mentioned mathematics activity. It creates patterns that help us organise the world 
around as conceptually. Symmetry overwhelms the world around us, but we often do not realise it. 
The implementation of symmetry is not only found in geometry but also architecture, the design of 
graphics, arts etc. 
As Lipka et al. (2019) notice, “Evident in human prehistory and across immense cultural variation 
in human activities, symmetry has been perceived and utilized as an integrative and guiding 
principle”. So, considering symmetry as an activity culturally rooted; an activity that has been 
observed in several expressions such as painting, basket weaving, clothing, pottery, religion, art, 
carpet and rugs, and architecture in Roma culture we tried to exploit it in our teaching Roma 
students.  
Explorations of symmetry with Roma students can provide a unique opportunity to teach students to 
look at the world around them and find commonalities through the lenses of symmetry. By teaching 
mathematics through patterns and symmetry, students may not only learn mathematics, but they 
may also understand that mathematics is a component of everyday life. It is vital to share numerous 
examples of symmetry occurring in multicultural settings with students, teaching them a 
mathematical concept while simultaneously teaching them to develop an appreciation for the many 
cultures present in the world (Rosa & Orey, 2018). 
Roma students rarely learn anything about their culture in schools. The dichotomy which exists 
between formal education in schools and traditional education of Roma students is located in the 
opposing structures, values and interests which are used to support and maintain social cohesion in 
two very different societies (Kennedy & Smith, 2018). Roma students are motivated to find 
information about the corresponding community in which mathematical ideas are met in traditional 
activities, and thus see the connection between culture, mathematics cognition, and real-life context 
(Stathopoulou, 2007) providing, thus, a powerful means to express the community’s experience. 
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Mathematics makes sense of the world and may become the vocabulary for students’ intuition. 
 

 

 
 
 
 
 
 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 563 

References 
 

Lipka, J. Adams, B. Wong, M. Koester, D. and Francois, K. "Symmetry and Measuring: Ways to 
Teach the Foundations of Mathematics Inspired by Yupiaq Elders," Journal of Humanistic 
Mathematics, Volume 9 Issue 1 ( January 2019), pages 107-157. DOI: 10.5642/ 
jhummath.201901.07 . Available at: https://scholarship.claremont.edu/jhm/vol9/iss1/7 

Orey, D. C., & Rosa, M. (2018). Explorando a abordagem dialógica da etnomodelagem: 
traduzindo conhecimentos matemáticos local e global em uma perspectiva sociocultural. 

Patricia Kennedy & Karen Smith (2018): The hope of a better life? Exploring the challenges 
faced by migrant Roma families in Ireland in relation to children’s education, Journal of Ethnic and 
Migration Studies, DOI: 10.1080/1369183X.2018.1471344 

Stathopoulou, C., (2007). Traditional patterns in Pyrgi of Chios: Mathematics and Community, 
Nexus Network Journal Vol. 9, No 1, 103-118, Springer. 
 
  



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 564 

  



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 565 

Developing didactic-mathematical knowledge on 
proportionality in prospective elementary school 
teachers 

M. Burgos1, J. D. Godino2 and M. Rivas3 

1,2University of Granada, Spain 3University of Los Andes, Venezuela  

E-mail: 1mariaburgos@ugr.es, 2jgodino@ugr.es, 3rmauro@ula.ve  

Abstract. The aim of this paper is to describe a questionnaire for assessing some specific 
aspects of the didactic-mathematic knowledge of prospective primary school teachers on 
proportionality. These aspects include: (a) to solve proportionality problems with different 
methods, (b) to analyse the mathematical objects put at stake, (c) to assign the corresponding 
algebrization levels and (d) to recognize the difficulties that students may encounter with the 
mathematical activity carried out in each resolution. We also present the a priori analysis of 
a task that informs on the type of epistemic analysis that students are expected to perform. 

Résumé. L’objectif de cet article est de décrire un questionnaire permettant d’évaluer 
certains aspects spécifiques des connaissances didactiques-mathématiques des futurs 
enseignants du primaire sur la proportionnalité, tels que: (a) résoudre les problèmes de 
proportionnalité avec différentes méthodes, (b) analyser les objets mathématique mis en jeu, 
(c) d’affecter les niveaux d’algèbre correspondants et (d) de reconnaître les difficultés que 
l’élève peut rencontrer avec l’activité mathématique réalisée dans chaque résolution. Nous 
présentons également l’analyse a priori d’une tâche qui renseigne sur le type d’analyse 
épistémique que les élèves sont censés effectuer. 

Mathematics Subject Classification (MSC): 97D99 

1. Introduction 

Currently there exists an increasing interest in the international community of researchers in 
mathematics education on the study of the competences and mathematical knowledge for teaching 
that help to develop plans for mathematics teacher’s professional development. The research 
community accept that mathematics teachers should know and be able to perform the mathematical 
practices necessary to solve the problems that the curriculum proposes for the educational level in 
which they teach, and should know how to articulate them with the subsequent mathematics 
contents. Nevertheless, there is also a general agreement that such competence is not enough to 
achieve a suitable teaching. Teachers should have a specialized knowledge of the content itself, of 
the transformations that have to be applied to it in teaching and learning processes and of the 
psychological, sociological and pedagogical factors, among others, that condition these processes. 
In this sense, the need to design and implement training experiences that allow promoting the 
professional growth and developing the teachers’ knowledge and competences, is evident 
(Chapman, 2014; Ponte and Chapman, 2016; Sadler, 2013).  
The analysis of mathematic knowledge that is mobilized in order to solve problems is part of the 
professional competences of a mathematics teacher. They allow teachers to adjust the complexity of 
the task proposed to their students, understand the possible learning conflicts and to handle 
knowledge institutionalization. These knowledge and skills are an essential part of the epistemic 
and cognitive dimensions of the Didactic-Mathematical Knowledge and Competences Model 
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(DMKC) proposed by Godino, Giacomone, Batanero and Font (2017).   
Recent international researches in mathematics education have identified that pre-service teachers 
have difficulties in understanding and teaching some of the proportional reasoning components 
(Ben-Chaim, Keret and Ilany, 2012; Livy and Vale, 2011; Riley, 2010), such as to interpret the 
responses of primary education students when they solve proportionality tasks (Balderas, Block and 
Guerra, 2014). 
Frequently, teachers focus the attention on providing their students with an operational 
understanding sacrificing the development of a conceptual understanding (Riley, 2010).  
In this paper, we describe a questionnaire for assessing some specific aspects of the didactic-
mathematic knowledge of prospective primary school teachers on proportionality. We also present 
the a priori solution of a task that informs on the type of epistemic analysis that students are 
expected to perform. 

2. Theoretical framework 

A theoretical model of teachers’ mathematical knowledge (Pino-Fan, Assis & Castro, 2015) within 
the framework of the Onto-Semiotic Approach (OSA) to mathematical knowledge and instruction 
(Godino, Batanero & Font, 2007) has already been designed and it is known as the DMKC model. 
The DMKC model (Godino et al., 2017) articulates the categories of knowledge and didactic 
competences of the mathematics teacher. It consider that the teacher should have common 
mathematical knowledge regarding a certain educational level where he/she teaches, as well as 
having an expanded mathematical content knowledge that allows him/her to articulate the content 
with higher education levels.  Moreover, as some mathematical content is put at stake, it is clear that 
the teacher should have a didactic-mathematical or specialized knowledge of the different facets 
involved in the educational process (the epistemic, ecological, cognitive, affective, interactional and 
mediational facets). 
According to the DMKC model the prospective teachers should also be competent to address the 
basic didactic problems that are present in the teaching. In particular, teacher should be competent 
to determine the configurations of mathematical objects and processes involved in the practices that 
determine the intended meanings of the contents (Burgos, Beltrán-Pellicer, Giacomone & Godino, 
2018). To achieve a detailed analysis of the network of objects and processes involved in solving 
proportionality tasks, we rely on the distinction of different algebrization levels of mathematical 
practice (Godino, Aké, Gonzato & Wilhelmi, 2014): 

— Level 0 (arithmetic meaning): Operations with particular objects using natural, numerical, 
iconic, gestural languages are carried out.  

— Level 1 (proto-algebraic meaning, incipient algebrization level): Generic entities, properties 
of the algebraic structure of natural numbers and the equality as equivalence are used.   

— Level 2 (proto-algebraic meaning, intermediate algebrization level): Symbolic 
representations to refer the intensive objects involved (linked to the spatial, temporal and 
contextual information), and solving equations of the form 𝐴𝑥 = ±𝐵 are used (A, B, C ∈ R).  

— Level 3 (algebraic meaning): Symbols are used analytically, without referring to contextual 
information; operations with indeterminate quantities or variables are carried out; equations 
of the form 𝐴𝑥 ± 𝐵 = 𝐶𝑥 ± 𝐷 are solved (A, B, C, D ∈ R). 

 
Concerning with the solutions of proportionality tasks, proto-algebraic meaning is centred in the 
notions of rate and proportion: 

• The explicit recognition of the unit value in the reduction to unity procedure and the use of 
diagrammatic solutions can be qualified as proto-algebraic of level 1.  
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• Solution of a missing value problem, involves an unknown and the statement of an equation 
𝐴𝑥 = 𝐵; the algebraic activity performed in this case is of level 2. 

 
Solutions based on the notion and properties of the linear function are considered of a consolidated 
algebrization level 3. 
From the perspective of the OSA and the DMKC model, the activity of epistemic and cognitive 
analysis, as well as the recognition of algebrization levels in mathematical problem-solving tasks, 
are considered as ways to develop that knowledge (Burgos et al., 2018, Godino et al., 2014, Rivas, 
Godino & Castro, 2012). 

3. The questionnaire 

First, it is important to identify whether prospective teachers correctly distinguish and solve inverse 
proportionality tasks. This is an aspect of expanded content knowledge, since it is not included in 
primary education. Secondly, it is intended to evaluate some aspects of didactic-mathematical 
knowledge in the epistemic and cognitive facets, such that: 

• The flexibility to solve a problem using different strategies (epistemic facet) 
• To identify algebraic reasoning levels (epistemic facet) 
• To recognize the difficulties that students may encounter (cognitive facet) 

 
The problem-situation proposed to the prospective teachers is based in the solution of the following 
inverse proportionality task: 

It is the graduation party at Gulls Institute. Seven students have been chosen to decorate the 
auditorium. They would need to work 21 hours to leave the room ready for the celebration. 
Unfortunately, before they could begin homework, four kids have become sick with chickenpox 
and have to stay home. How many hours will it take the remaining students to decorate the 
room? Describe and explain the strategy you have used to give your answer. 

For this situation, the prospective teachers were asked in the questionnaire to respond the following 
items: 

1. Solve the next problem by at least two different methods.  Use the strategies you know, 
considering the strategies you think your pupils would use to solve it. 
2. For each solution, list the practice sequence and complete the following table, by adding the 
necessary rows. 

Sequence of elementary practices needed to 
solve the task 

Referred objects (concepts, propositions, 
procedures, arguments, …) 

  
3. Describe what difficulties you can observe in the solution of the problem by using each 
strategy (for this, observe the practices, objects, and processes identified that can be potentially 
conflictive for the pupils). 
4. Assign algebraic reasoning levels to the different solutions given in the previous point to the 
task, taking into account the algebraic objects and processes previously identified.  

4. Expected solutions 

In this section, we include the onto-semiotic configurations corresponding to two expected solutions 
to this task. We identify their algebrization levels and the possible difficulties that primary school 
pupils might encounter in their resolution. This is the kind of analysis that future teachers are 
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expected to be able to perform. 

4.1  Epistemic configuration of an expected arithmetic solution 

Sequence of elementary practices needed to 
solve the task 

Referred objects (concepts, propositions, 
procedures, arguments, …) 

1. The amount of hours needed to decorate the 
auditorium is obtained by multiplying the 
number of hours that have been necessary, by 
the number of students that have been working 
together this time: 21×7 = 147. 

Concepts: amount of hours, amount of students, 
multiplication, proportionality 
Proposition: Decorating the auditorium requires 
147 hours of work. 
Procedure: Multiplication 
Arguments: It is assumed that all the students 
have been working in the same way for all the 
21 hours. 

2. If 4 students became sick, then 7 – 4 = 3 
students must to do all the work by themselves. 

Proposition: There are 3 students available to 
decorate the auditorium. 
Argument: based on arithmetic properties. 

3. Since decorating the auditorium requires 
147 hours, the 3 remaining students need to 
work simultaneously during 147 ÷ 3 = 49 
hours. 

Proposition: 3 students need to work for 49 
hours to decorate the auditorium. 
Arguments: It is assumed that all the students 
will work in the same way to decorate the 
auditorium. 

 
Having into account the practices and objects involved in this solution: 

− Pupils could find difficulties with the arithmetic calculus, determining the amount of total 
hours needed to decorate the auditorium and to identify the proportional relation between 
the number of students and the number of hours that each one need to work. 

− There are no concepts or properties of structural nature intervening in the practices (just 
arithmetic operations with natural numbers). The algebrization level is 0. 

 

4.2  Epistemic configuration of an expected (proto-algebraic) solution 

Sequence of elementary practices needed to 
solve the task 

Referred objects (concepts, propositions, 
procedures, arguments, …) 

1. The relation between the amount of hours 
and the amount of students needed to decorate 
the auditorium is of inverse proportionality. 
 

Concepts: amount of hours, amount of students, 
inverse proportionality 
Proposition: Statement of practice 1 
Arguments: It is assumed that all the students 
will work in the same way to decorate the 
auditorium.  

2. If 4 students became sick, then 7 – 4 = 3 
students must to do all the work by themselves. 
 

Proposition: There are 3 students available to 
decorate the auditorium. 
Argument: based on arithmetic properties. 

3. Let denote by x the quantity of hours that 
will be taken for the remaining students to 
decorate the auditorium.  Then 7 × 21 = 3×x. 
 

Concept: unknown 
Proposition: The product of the corresponding 
values of the amount of hours and the amount 
of students is constant. 
Argument: Relying in the properties of the 
inverse proportional relation 
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4. 𝑥 = !×!"
!

= !"#
!
= 49  

 

Procedure: solve for the unknown 
Argument: based on practice 3 and arithmetic 
properties 

5. Hence, the 3 remaining students need to 
work during 49 hours. 

Proposition: Statement of practice 5 
Argument: sequence of practices from 1 to 4 

Having into account the practices and objects involved in this solution: 
− Pupils could find difficulties recognizing the inverse proportional relation between the 

quantities of hours needed to decorate the room and students that will be work 
simultaneously to do it. 

− The solution of this missing value problem, involves an unknown and the statement of an 
equation 𝐴𝑥 = 𝐵. Hence, the algebrization level is 2. 

5. Conclusions 

Sowder, Armstrong, Lamon, Simon, Sowder & Thomson (1998) propose a set of recommendations 
for teachers’ education in the field of proportional reasoning. In particular, they consider that 
teachers should have a deep understanding of the conceptual components of proportional reasoning 
and its centrality in all mathematical thinking (p. 144). In this sense, we think that the type of 
analysis we presented in this paper should be an instrumental competence of the mathematics 
teacher. This activity of epistemic reflection aimed at achieving a deep understanding, not only of 
the conceptual components of proportional reasoning, but also the propositional and argumentative 
components (Burgos et al., 2018). It also enables prospective mathematics teacher to recognize the 
complexity of objects and meanings inherent to the mathematical activities, identify potential 
conflicts, and adapt the teaching to the students’ capabilities and learning objectives in order to 
promote activities aimed at the development of proportional reasoning from primary school 
onwards. Moreover, as showed by Ostermann, Leuders & Nucles (2017), formative interventions 
aimed at the analysis of task difficulties improved the prospective teachers’ ability of 
understanding the performance of their students, becoming aware of the different resolution 
strategies. 
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Résumé : Les jeux vidéo fournissent un certain nombre de problèmes mathématiques et 
logiques qui font naturellement partie de l'environnement du jeu. Je présente dans cet article 
une partie de ma recherche doctorale sur l'analyse des jeux en essayant de répondre aux 
questions de recherche : comment les étudiants en mathématiques perçoivent-ils et comment 
voient-ils la différence dans les mathématiques qu'ils rencontrent dans les jeux vidéo ?  
Qu'évaluent-ils en tant que mathématiques dans ces jeux ? 

Abstract: Video games provide a number of mathematical and logical problems that are a 
natural part of the game environment. I present in this paper a part of my doctoral research 
on game analysis trying to answer the research questions: how mathematics students 
perceive and how they see the difference in mathematics they encounter in video games?  
What do they evaluate as mathematics in these games? 

 
 “I have observed that children who are heavily involved with computer games often show an 
exceptional degree of sophistication in their ways of thinking and talking about learning.” (Papert, 
1998). Seymour Paper said these words 21 years ago. But I think these words are still fresh, and 
video games can still teach us a lot about learning.  
Modern learning theories in the current, rapidly changing and in an increasingly complex world 
emphasize that students need to learn to respond in new, unexpected situations. The school should 
teach students primarily to think creatively and critically. Mathematics in school should also do this. 
School math should prepare students to use math in their everyday life (OECD, 2019, Department 
for Education, 2014, Ministry of Education, 2005). However, on the contrary, it seems as if there is 
a certain gap between the usage of mathematics in schools and mathematics used in life (Lave, 
1988; Nunes, Schliemann & Carraher, 1993; Boeler, 1998; Hejný & Kuřina, 2015).  
School mathematics taught in a traditional way often means for many pupils only a set of methods 
that make no sense to them. Thus, lessons often develop only procedural skills and mathematical 
thinking remains unaffected. At the same time, the above studies have shown that if people are 
naturally exposed to mathematics, they are quite successful in solving mathematical problems. One 
of the ways to meet math naturally are video games. Devlin (2011) marked video games as a 
mathematic simulator. Video games provide a number of mathematical and logical problems that 
are a natural part of the game environment. We meet them spontaneously, they are part of the 
adventure. In video games, we need to think about quantity, make estimates, think about probability, 
use combinatorial considerations, think strategically, decipher ciphers, uncover and associate 
contexts, understand mechanisms... Everything we do in the game is done just when we need it, it 
makes sense to us when we do it. 
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Figure 1. Math across video game genres 

 
There are now several pieces of quantitative research, that confirm the correlation between playing 
video games and developing mathematical thinking. (Uttal et al., 2013; Suziedelyte, 2015; Posso, 
2016). I want to build on these findings in my research and explore how this is done using 
qualitative methods. I am also interested as students perceive themselves that they are in contact 
with math while playing. 
One part of my research will be games analysis. In the second part, I want to seek answers to the 
questions: “How students think when playing video games? How do they think when solving 
mathematical tasks with pencil-paper? How are these thoughts similar and how are they different?” 
and “How students perceive the link between video games and mathematics?” 
I will do a course for students, where they will play preselected video games. The course will be 
oriented on third-year students of high school. I will examine how students approach solving 
different situations in games and how they think in these situations. I will be observing students 
while they play the game. In moments when it will not be disturbing, I will ask them how they solve 
given problems. We will talk about the solution even when they are not playing. I also want to 
investigate whether they can use similar thinking to solve tasks assigned as a mathematical test. We 
will talk about their solving test tasks in the interview. 
Within the framework of research, I also made a survey (Čujdíková, 2019). The survey was carried 
out in the form of an online questionnaire and 108 students studying their third year at three high 
schools in Bratislava were involved. I was looking for how these students perceive mathematics and 
how often and what video games they play. 

 

 
Figure 2.  Do you think you are using math in video games? 

0 – not at all 
5 – yes, constantly 
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The questionnaire included a question for the students that play games "Do you think you are using 
math in video games?" with choice of answer on a scale of 0 to 5, with 0 meaning "not at all" and 5 
"yes, constantly" (Figure 2). Only 14 of the 65 students think they are not in contact with mathematics 
in video game at all. Those who think they encounter mathematics often when playing (they chose 
to answer 4 or 5) were 13. Interesting to find out was that up to 45% of these 13 have a negative 
relationship with mathematics on the basis of other questions. In the framework of further research, 
I would like to find out how these mathematics students perceive and how they see the difference in 
mathematics they encounter in video games, and what they have evaluated as mathematics in other 
questions. I want to seek volunteers for the course among the students involved in this survey.   
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Résumé. Dans la pratique de l'enseignement de l'analyse pour les élèves ingénieurs 
débutants, nous sommes confrontés à des difficultés liées à l'écart toujours croissant entre les 
exigences de la formation académique et les connaissances et compétences acquises par les 
élèves dans le secondaire. C'est pourquoi, à chaque cours, nous essayons de donner une 
nouvelle approche par des problèmes, inconnus de tous les étudiants, afin de susciter l'intérêt 
et de provoquer la surprise. Dans cet article, nous expliquons le modèle d'enseignement de 
l'analyse, fondé sur la théorie d'apprentissage constructiviste et nous donnons des exemples 
de certaines activités et du comportement des élèves confrontés à ces activités. 

Abstract. In the practice of teaching Calculus for novice engineering students in recent 
years, we face difficulties conditioned by the ever-increasing gap between the requirement of 
academic education and knowledge and skills acquired by students in high school. For that 
reason, in each lecture, we try to give a new material or a new approach to the earlier known 
problems, unfamiliar to anyone of students, to arouse interest and cause surprise from 
unexpected method. In this paper, we explain the model of teaching calculus, based on 
constructivist learning theory, we give examples of some activities, and the behaviour of 
students confronted to these activities. 

              In the practice of teaching Calculus for novice engineering students in recent years, we 
face difficulties conditioned by the ever-increasing gap between the requirement of academic 
education and knowledge and skills acquired by students in high school. A similar situation 
observed in many universities in the world and marked by numerous publications. It manifests itself 
first that students are not ready for independent thinking since used to prescription training, and 
having met the task, which was not solved before, do not understand how to approach it and give 
up, although they have all the necessary knowledge to solve this problem. Therefore, we see one of 
the most important aims in changing such attitude to the problems of the new type, unfamiliar 
earlier.  We try to develop a research approach in case of meeting new challenges and to form 
exploratory thinking skills of the students [1]. 
           The first and very important theme of Calculus course is "function and their graphs". 
Therefore the initial problem of the first homework of  this course is of a new  (for the students) 
type to solve which do not need special knowledge, yet not known to students. Here one of such 
problems: 
It is required to paint the wall of some building having the shape shown in the Figure 1.  

 
Figure 1 
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It need to describe the analytical dependence of the amount of paint on the height to which the wall 
is painted. Known that for painting a unit of area requires q liters of paint. 
          From year to year, we meet with the fact that most of students find it difficult to solve this 
problem and say: "We did not solve such problems earlier. How do you want that we solve it? Give 
us a similar example first and show what to do". It takes a lot of effort to explain that it is important 
to solve new problems and not just exercises, according to samples shown before. We appeal to 
students: "Try to solve the problem based on your own knowledge, and don't wait for someone else 
do it and then explain to you". For example, after teacher’s solution of painting the wall problem, 
student begins to understand that he had all necessary knowledge from high school, however did not 
make enough efforts to comprehend the task and solve it. Based on this and other similar problems 
we try to rebuild the attitude of students to study mathematics from see it as a series of routine tasks 
executed in accordance with previously studied algorithms, to appreciate it as school of discovery 
and start believing in the ability to solve problems by self,  based on existing knowledge. We also 
explain that each course exam will contain some new tasks requires independent thinking and that 
similar ones does not solved before.  
Another difficulty in teaching calculus is that students learned the basics of Calculus earlier in high 
school and are familiar with the notions of derivative and integral therefore many of students 
believe that it is enough a remembrance and repetition of the past knowledge. Thus, the academic 
rigor and consistency of lecturers does not impress them. As a result, we observe the passivity in 
perception of lecture material, if it set out in traditional academic way.  For that reason in each 
lecture, we try to give a new material or a new approach to the earlier known problems, unfamiliar 
to anyone of students, to arouse interest and cause surprise from unexpected method [2]. For 
example, we ask students how to find the slope of a straight line with segment shown in Figure 2 
without any calculation (which students are starting to offer). For many years of teaching, we have 
yet not met student familiar with a simple graphic method to slope finding, shown in Figure 2. 

 

 
Figure 2.                                  Figure 3.                                  Figure 4 

 
        Demonstration of such unfamiliar and unexpected approach always accompanied by 
admiration and even applause of students. Note that this method is very convenient for plotting 
graph of derivative of the function given by graph (Figures 3- 4). This method also avoids errors in 
finding slope as a tangent of angle between the given straight line and the independent variable axis, 
which is especially important in the case of graphs of physical or other real dependencies.      
       Teaching of theme "function investigation and sketching of their graphs" for engineering 
students usually presented as a sequence of analytical manipulations, based on notions of limits and 
derivatives and is mainly related to explicit  function and rectangular coordinate system. The same 
work is familiar to students from high school and they do not see interest and challenge in such 
tasks. We try to present function investigation as a research process in the implementation of which 
derivative is only one of the tools that not always help. In order to increase interest we give a 
novelty in this "old" theme and introduce students to the polar coordinate system. After an 
explanation of what is the Polar Coordinate System, we ask students to draw graph of the simple 
equation θ=r  based on the newly acquired knowledge. However, in almost all cases, students do 
not know how to start. After this, we compile with the students a table of values of the function 
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θ=r  in radian measure (Table 1): 
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Table 1 
 

        Plotting of these points at first is difficult for some students and we return to the definition of 
the coordinates of a point in polar coordinates. Discovery that the curve, described by such simple 
equation is a helix (Archimedes spiral) is always of great interest to students and was unpredictable 
for them from the beginning of the task. It is important to make the students feel that they can to 
initiate and develop independent thinking by themselves and this should be one of the main goals of 
their academic learning. We also teach students to active use of scientific calculators and computer 
applications for verifying the results and acquaintance with the opportunities and limitations of 
modern technology in solving of mathematics problems.    
         Our model of teaching calculus, based on constructivist learning theory, is from the very 
beginning of the course engage the students in the function investigation process on the current 
level of  knowledge, and to form the concepts, necessary for more advanced exploration, as the 
course development. Our goal not only to improve the understanding of the particular topic of the 
calculus course but also to integrate STEM knowledge and skills in the calculus teaching process. 
Therefore, we explain this theme not as function investigation only, but as a process of exploration 
thinking, necessary for all science, with active use of modern technology, actively using engineering 
examples. Our research study, conducted in many groups of engineering students, demonstrated 
enhancing of students understanding of the theme and all notions connected with it. Note that since 
our research approach, we observed increasing of cognitive attitude to study of Calculus and 
improving the student's exam results too.  As a matter in the beginning, our method faced with a 
negative attitude of teachers. Many of them thought that at first a student need to get the necessary 
tools otherwise the investigation would be incomplete. It took a lot of effort to convince them that at 
the beginning of the study of any phenomena it is never complete and in many cases requires the 
development of a special apparatus for more detailed investigation. There was also resistance from 
students who wanted first a clear computational algorithm for function investigation. However, at 
the end both teachers and students were convinced of the effectiveness of our approach and became 
its active supporters.   Note again that the essential features of our approach are in use of new 
problems, unpredictable and simple solution of previously known tasks and wide use of modern 
technology in the learning process.  
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Abstract. In this paper we describe some recurrent errors related to the work with sampling 
distributions, a topic which is compulsory in Spain for high school students. We additionally 
suggest how the sampling distribution for the mean and the range of samples taken from the 
binomial distribution, can be simulated using the software Fathom. Therefore, students can 
investigate these simulations with different values of the parameters for the binomial 
distribution and different sample sizes to understand properties of representativeness and 
variability of the sampling distribution and to discriminate the three types of distributions 
involved in sampling.  

Résumé. Dans cet article, nous décrivons certaines erreurs récurrentes liées au travail sur les 
distributions d'échantillonnage, un sujet obligatoire en Espagne pour les lycéens. Nous 
suggérons en outre comment simuler la distribution d'échantillonnage pour la moyenne et la 
gamme d'échantillons prélevés à partir de la distribution binomiale, à l'aide du logiciel 
Fathom. Les élèves peuvent donc étudier ces simulations avec différentes valeurs des 
paramètres de la distribution binomiale et différentes tailles d'échantillons pour comprendre 
les propriétés de représentativité et de variabilité de la distribution d'échantillonnage et pour 
distinguer les trois types de distributions impliqués dans l'échantillonnage. 

Subject classification numbers: 97D40, 97D70. 

1. Introduction 

Sampling is receiving increasing attention from statistics education research, given the relevance of 
sampling in simulation, which is the currently the recommended approach to improve the 
understanding of probability and statistical inference (Batanero & Borovcnik, 2016; Eichler & 
Vogel, 2014).  
In Spain, the curricular guidelines, as well as the university-entrance tests for social-science high-
school students (17-18-year-old), include sampling distributions. More specifically, according to the 
current guidelines (MECD, 2015), 14-15-year-old students are introduced to the notions of sample 
and population and to the relative frequency of an event and its convergence to its probability by 
using simulation or experiments. Moreover, in the second year of high school (17-18-year-olds), 
students learn the idea of sampling distribution and the difference between parameters and summary 
statistics. 
Despite these guidelines, which are indeed similar in other countries, previous research reports that 
students do not perceive the essential properties of sampling distributions, possibly because the 
concepts involved in sampling require the idea of conditional probability, which is difficult for 
many students (Harradine, Batanero, & Rossman, 2011). The aim of this paper is to describe some 
of these difficulties and to suggest some activities that may help students overcome them. 
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2. Common errors in working with sampling distributions 

The wide research on intuitive understanding of sampling started within the heuristics-and-biases 
programme by Kahneman and Tversky (as summarised in Kahneman, Slovic, & Tversky, 1982) 
where heuristics are conceived as unconscious actions guiding the resolution process of complex 
tasks. This research is summarized in Batanero and Borovcnik (2016). In particular, according to 
the representativeness, heuristic people consider just the similarity between the sample and the 
population in making a probabilistic judgment. An associated bias is the insensitivity to the sample 
size when judging the variability of the sample proportion. The recency heuristic gives a priority to 
the past sample results over the information on the population. In the gambler’s fallacy, the subject 
believes that the result of a random experiment will affect the probability of future events. Positive 
recency happens when the subject assumes that the upcoming results will reproduce the observed 
pattern, and negative recency when the expectation is that the future results will compensate the 
observed results. 
Harradine, Batanero, and Rossman (2011) suggest that students often confuse the three different 
types of distributions that intervene in sampling: a) the theoretical probability distribution that 
models the values of a random variable and depends on some parameter, such as the population 
proportion p in a binomial distribution; b) the distribution of sample collected from the population 
where we compute a statistical summary, e.g., the proportion of successes in the sample, which is 
used to estimate the population parameter p; c) the sampling distribution for the statistical summary 
(sample proportion in the example), that is, the probability distribution describing all possible 
values of the sample proportion in samples of the same size that are selected from the population.  
Shaughnessy, Ciancetta, and Canada (2004) also described a series of studies directed to explore 
students’ understanding of sampling variability. A prototypical task requires the students to predict 
the number of objects with specific properties when taking samples from a finite population and to 
explain their reasoning. A typical context is drawing from a container filled with 20 yellow, 50 red, 
and 40 blue candies. The students have to predict the number of red candies that will result in 5 
consecutive samples of 10 candies (with replacement). The authors describe the following types of 
reasoning: 
• Idiosyncratic students base their prediction of sample variability on irrelevant aspects of the 

task (e.g., preference, physical appearance, etc.). 
• Additive reasoning students tend to predict the samples taking only absolute frequencies into 
account. 

• Proportional reasoners use relative frequencies and connect proportions in the sample to 
proportions in the population; they tend to predict samples that mirror the proportion of 
colours in the container. 

• Distributional reasoning involves connecting centres and spread when making the predictions 
of sampling variability. In addition to reproducing the proportion, their arguments also reflect 
random variation. 

3. Using simulation to improve students’ reasoning 

A possible explanation for the above difficulties is the students’ lack of experience with the process 
of sampling. Traditionally, statistical courses are based on solving textbooks problems, whose main 
purpose is getting competence with computing probabilities using the normal distribution table or, 
at best, the calculator. With this method the three distributions involved in the process of sampling 
may not be discriminated by the students. 
A possibility to improve the teaching of sampling is asking the students first to solve a problem and 
later to simulate the situation using computer software. The interest of simulation in the teaching of 
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inference is highlighted, for example, by Eicher and Vogel (2014), and is supported today by the 
abundance of interactive resources on the Internet that allow to gain experience with repeated 
sampling and sampling distribution. Let’s consider, for example, Task 1 (Figure 1): 
 

Task 1. A parcel of 100 drawing pins is emptied out onto a table by a teacher. Some 
drawing pins landed “up” and some landed “down”. The results were as follows: 68 
landed up  and 32 landed down .  
The teacher then asked four students to repeat the experiment (with the same pack of 
drawing pins). Each student emptied the pack of 100 drawing pins and got some 
landing up and some landing down. In the following table, write one probable result for 
each student: 
 

Daniel Martin Diana Maria 
up: up: up: up: 
down: down: down: down: 

 

Figure 1. Example task. 

The mathematical model implicit in this situation is the binomial distribution with parameters n = 
100 (sample size) and p (population proportion for the event in which we are interested). Since p is 
unknown, we estimate it by the proportion  in a sample (which is an unbiased estimator of 
p with miminal variance; see Zacks, 2014). This sample was given in the text of Task 1. Since we 
ask for probable results, we expect that students will suggest values close to the distribution mean 
and then we can evaluate their perception of that mean. At the same time, the four values provided 
by each student will help us understand their perception of variability in sampling.  
The first step is asking each student to complete their four predictions in a table. Some examples of 
responses by students to this task are presented in Table 1. These students are in the last year of high 
school (17-18-year-old students) and afterwards were asked to justify their responses, in which we 
can see a variety of reasonings. Then, while student S2 takes into account the frequentist probability 
that a pin would land up, according to the data in the task, students S1 and S4 provide values that do 
not consider these data and instead assume that both events in the experiment are equiprobable. 
Student S3 on turn, produces results in all the range of possible values in the binomial distribution 
and do not consider that the big number of experiments (n=100) correspond to a small variability 
around the expected value. 
 

Table 1. Number of pins landing up in the predictions of some students. 
 

Student Daniel Martín Diana María 
S1 62 58 55 44 
S2 72 70 65 67 
S3 73 2 100 0 
S4 43 38 53 48 

 
 Once the responses by the different students have been discussed, the teacher (or the students 
themselves if there are available computers in the classroom) can simulate the situation using some 
software, for example, Fathom. With this software it is very easy to produce, for example, 5000 
simulations of the experiment consisting in taking four values at random from the binomial 
distribution B(100, .68). When looking to the graphs of the distribution of the mean for these four 
values in the 5000 simulations (Figure 2), students easily can observe that the expected value 
(mean) is 68 and students who assumed the events were equiprobable can correct their reasoning. 
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Moreover, it is possible to plot some lines marking the different percentiles that limit the 68% and 
95% central values in these distributions. The box plot also marks the median of the distribution 
(that coincides with the mean) and the lower and upper quartiles. In this way students can see that 
not all the values of the sample mean are equally likely, as the most probable values range around 
the theoretical expected value. 
 

 
Figure 2. Box plot and histogram for the mean of four values in the 

B(100, .68) 
 
The same conclusions may have been drawn theoretically, since the sample mean distributed as a 
normal distribution with expected value equal to the mean in the population (68) and standard 
deviation equal the standard deviation in the population divided by the square root of the number of 
experiments (10 in this case). Instead of working with the standard deviation which is more difficult 
to visualize, we can simulate the distribution of the range for the four values in the binomial 
distribution B(100, .68), which are represented in Figure 3 for 5000 simulations. This time the 
distribution is not symmetrical and only takes integer values. Again students can compare the most 
likely ranges in the simulated distribution of ranges with the ranges that resulted in their responses. 
The idea is making students observe that they attribute too much variability to the binomial 
distribution when the parameter n is big. 
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Figure 3. Box plot and  bar graph for the range of four values in the 

B(100, .68) 
 
Additi
onally
, 
stude
nts 
can 
invest
igate 
with 
differ
ent 
values 
of the 
parameters for the binomial distribution and different samples sizes to understand properties of 
representativeness and variability of the sampling distribution and to discriminate the three types of 
distributions involved in sampling. As we did in the sample, students can obtain the central intervals 
containing 68% and 95% of the sampling distributions and compare with their predictions of 
probable values in samples of the binomial distribution. Finally, the simulation of the sampling 
distribution for the mean will be compared with the approximate distributions given by the Central 
Limit Theorem so that students can better understand when and why the substitution of the 
theoretical sampling distribution by the normal approximation is correct. 

4. Final reflections 

Sampling is an abstract topic. This is due in part to the calculation of the confidence interval using 
just a sample of the population. But inferential reasoning involves imagining every possible sample 
of the same size that could be taken from the given population. It is important to provide 
experiences involving simulations, such as the one described in the paper, so that students can 
observe that different sample from the sample population correspond to different values of the 
statistics (like the mean and the range), but that not every value of these statistics are equally likely.  
Letting students observe the differences among the theoretical distribution (the binomial 
distribution in the example), the statistics in a particular sample (mean and range of the four values 
in the response of a student) and the sampling distribution of these statistics (the distribution of all 
the mean and ranges in 5000 different samples) would help them to clearly differentiate the three 
distributions implicit in the sampling. In this way they will become aware that the data distribution 
of the selected sample allows to make predictions about the probability distribution of the 
population. Nevertheless, the statistic of the available sample is only one element of the sample 
distribution of that statistic, which is the one that allows us to complete the margins of error and the 
related probabilities in the inferences about the parameter in the population. 
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Résumé : Dans cet article, nous discutons de quelques idées, que nous utilisons dans 
l'enseignement de l'analyse, liées à la façon d'intégrer la calculatrice dans le processus de 
développement de la pensée exploratoire et critique des étudiants. Nous donnons des 
exemples de tâches qui amènent les étudiants à mieux considérer l'utilisation des 
calculatrices dans le développement de leurs compétences en analyse. 

Abstract: In this paper we discuss some ideas, we use in teaching calculus course related to 
how integrate calculator in the process of developing exploratory and critical thinking of the 
students. We give example of tasks, which lead students to consider better the use of 
calculators in developing their calculus skills. 

        Despite near semi-century history of pocket electronic calculators and their widespread use in 
schools, colleges and universities, teachers have not yet agreed how best to use them.  Some of 
educators claim that calculators cause harm in mathematics learning, while others are indifferent to 
the problem, do not follow the development of the modern calculators. Many school teachers and 
university lecturers just ignore the possible benefits of calculator’s use in teaching mathematics or 
others fields of STEM [1]. In academic study, relatively small group of lecturers pay enough 
attention to the wide possibilities of scientific calculators, and not as a computational tool only, but 
also see their great abilities for enhances conceptual understanding of math notions and approaches, 
while developing research and critical thinking of the students. 
           Here we will discuss some ideas, we use in teaching calculus course related to how integrate 
calculator in the process of developing exploratory and critical thinking of the students.  Since most 
of our students work with fx-991ES PLUS CASIO calculator, which allowed for mid-term tests and 
final exams too, we have used this calculator in all our examples. Note that this device allowed also 
for high school final exams. Despite the great possibilities of this device, many students use it for 
simple calculations only, if the lecturers does not use it by themselves and does not demonstrate to 
students its capabilities and pleasant ways to work with it for fast and reliable calculations, as well 
as for checking and storing the results of computations. 
            As a result of a survey of lecturers in  our department, spent a few years ago, it turned out 
that most of them do not use this calculator in teaching process and some are even not familiar with 
this device and its opportunities in calculus (and other engineering disciplines) learning. To correct 
this situation we organized special seminars dedicated to the use of scientific calculator in the 
teaching process. We treat this calculator like interactive math dictionary and, as regard calculus 
course, as a powerful factory of obtaining values of elementary functions, and, more generally, as a 
convenient device of storing and processing numerical information. Such approach to calculator has 
changed the attitude of both students and teachers of our college toward use of scientific calculator, 
and not only in calculus course, but in other math courses and engineering disciplines too. It should 
be marked that the skillful use of calculator not only improve the student's exam results but enhance 
understanding of main notions of calculus course, as well as increase students' interest in studying 
it. 
           Here one of initial examples of skillful use of the scientific calculator mention above. We 
asked students to calculate the value of the following arithmetic expression: 
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22
019.2

019.2018.2
019.2018.2

019.2018.2
018.2018.2

+

×
−

+
+

 
 

           We see that although all students have mention above fx-991ES PLUS CASIO calculator, 
they do this task in a direct way, as it recorded, action for action. It looks like a routine calculation, 
required attention and numerous keystrokes calculator, and no more than that. Only in rare case, we 
met student, which was familiar with the nice algebraic options of the calculator, they have, before 
teacher's explanation. Then we invite students to enter the following algebraic expression in the 
calculator: 

22 BA
BA

BA
AAB

+
−

+
+

 
 

After that, we ask to press the key "CALC". What does the calculator? It asks the values: first A and 
then, after pressing the key "=", B and calculate the value of the entered algebraic expression. We 
offer students also evaluate the effectiveness such an algebraic approach by asking a question: 
"How much faster will the calculation by the algebraic expression than direct arithmetic 
calculation". At the beginning, most students do not understand how to evaluate it. In this case, 
there is data entry time. We ask students to evaluate this time both theoretically and practically, 
comparing two data entry methods. To clarify the task we ask the question: "What is an elementary 
action with a calculator?" The correct answer is: pressing any calculator key. How many clicks will 
it take to direct calculation the given above arithmetic expression? The answer is 571259 =+×  (45 
clicks to enter 9 numbers and 12 clicks for arithmetic operations including "=").  In addition, how 
many clicks are required to input an algebraic expression? The answer is 291029 =+×  (18 clicks 
to enter 9 letters and 10 clicks for arithmetic operations. In fact, after that, you will need to press the 
key "CALC" and twice key "=" and then to enter numbers 2.018 and 2.019 and to press key "=". 
There are ultimately 13 extra clicks. Therefore, in the end, computing in algebraic way will require 
42 clicks.  One may wonder, what is the significant advantage of the algebraic way? It is important 
to understand the major difference in the reliability of these two methods. Firstly, we immediately 
see whether the algebraic expression is spelled correctly, secondly, the possibility of error when 
entering two numbers is much less than when entering nine numbers, thirdly we can use this 
formula for any other numbers, fourthly, future engineers need a discussion on these issues for the 
development of research thinking. 
         As another example, we offer students the following task. We ask to calculate the sum: 

33333 25...4321 +++++  
 

We ask the students to do it on their calculators and the one, who will calculate first and correctly 
this sum will be encourage. As our experience shows, not many of students are familiar with the 
summation operator∑ , which is in this device. Therefore, in most cases, everyone start the 
calculation directly, as it written in the expression: term-by-term. Such a way takes time and efforts 
and the hidden meaning of the task is not clear to students. After that, we have a good opportunity 
to show students the strength and convenience of ∑  operator. By using ∑  the calculator gives 

an answer immediately: 105625
25

1

3 =∑
=x
X . And what about the sum:   

33333 1000...4321 +++++ ? 
            Now students see in amazement for the first time that the calculator does not give an answer 

immediately. And what about the sum:  ∑
=

10000

1

3

x
X ? It takes some minutes to calculate this enormous 
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sum! After that we ask students to calculate Ans  and instead of a cumbersome result 

∑
=

×=
10000

1

153 10500500025.2
x
X  they see the nice natural number 50005000. This is something that 

makes you think. Let's start thinking mathematically. 

May be we can find a formula for quickly computation of the sum∑
=

A

x
X

1

3 for any natural number A. 

Let us enter the expression∑
=

A

x
X

1

3 into the calculator and using "CALC" key start to sequentially 

calculate the sums and record the obtained results: 

287847654321   :7

21441654321   :6

1522554321   :5

101004321   :4

636321   :3

3921   :2

111   :1

3333333

333333

33333

3333

333

33

3

=→=++++++=

=→=+++++=

=→=++++=

=→=+++=

=→=++=

=→=+=

=→==

AnsA

AnsA

AnsA

AnsA

AnsA

AnsA

AnsA

 

We see that for each A the sum is an exact square and left to guess: the squares of which numbers. It 
is easy to see that they are the squares of the sums of the bases of the cubes numbers: 

( )
( )

( )
( )

( )
( )223333333

22333333

2233333

223333

22333

2233

23

7654321287654321   :7

654321 21654321   :6

543211554321   :5

4321104321   :4

3216321   :3

21321   :2

111   :1

++++++==++++++=

+++++==+++++=

++++==++++=

+++==+++=

++==++=

+==+=

===

A

A

A

A

A

A

A

. 

In addition, by using of knowing from the school course formula: 

2
)1(...4321 +

=+++++
AAA  

We finally get:  

( ) ( )
4
1)(AA

2
1)A(AA...21A...21

222
2333 +

=⎟
⎠

⎞
⎜
⎝

⎛ +
=+++=+++  

 
Now we can compete even with the Sigma Operator of calculator and leave it far behind calculating 

the sum 50005000100015000
2
100011000010000

1

3 =×=
×

=∑
=x
X  or even ∑

=

1000000

1

3

x
X .  

Rigorous proof of this formula, obtained by analyzing of particular results, can easily carried out by 
mathematical induction method.  
           We always see surprise and even admiration of students, when they see such unexpected 
possibilities of mathematical and engineering thinking by the process using of their scientific 
calculator. There were just some examples of arithmetic computation, but we demonstrate to 
students the skillful use of this calculator when studying each topic and each concept of Calculus 
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course. Therefore, this device becomes an integral part of the studies of Calculus and other 
mathematics courses we teach.  
           Note that we also encourage engineering students to investigate the calculator as a 
computation machine, for example we direct them to think about calculation speed of this device for 
those or other computation problems, and about the possible algorithms used by it in these 
calculations. Some examples of similar problems, we offer students, can be found in the article [2]. 
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Abstract. Concerning preschool or primary classes are there any tools, disciplinary or 
pedagogical, to address the theme "Mathematics and living together" of CIEAEM 70 held in 
2018 in Algeria ? Can they be evaluated ?  To continue the work of CIEAEM 70, preservice 
teachers of primary school in training at Cergy-Pontoise University have decided to seek to 
address this issue. Some of these works that have been or are being carried out are presented 
here.  

Résumé. Concernant les classes maternelles ou élémentaires, y a-t-il des outils, 
disciplinaires ou pédagogiques, permettant de traiter le thème « Mathématiques et vivre 
ensemble » de la CIEAEM 70 tenue en 2018 en Algérie ? Peut-on les évaluer ?  Pour 
poursuivre les travaux de la CIEAEM 70, des professeurs des écoles en formation à 
l’Université de Cergy-Pontoise ont décidé de chercher à répondre à cette problématique. On 
présentera ici quelques uns de ces travaux réalisés ou en cours.  

 
Achievements and projects 2018-2020 : INSPE de Versailles, Université de Cergy-Pontoise 
 
 
CIEAEM 70 held in 2018 in Algeria whith collaboration of Ngo’s AISA International and Djanatu 
al Arif specialized in sustainable development, worked around four sub themes : Mathematics and 
Sustainable Education, Cross border Mathematics, Mathematics and Dialogue with other disciplines 
and between teachers and researchers, Rethinking History of Mathematics, (CIEAEM 2018). 

 
Research framework. Three types of framework  has been used  by preservice teachers : Master  
Thesis,  Reflexive Scientific Work , french acronyme is TSNR,  Multi-functionality / 
Interdisciplinarity Work ( EC 361 &EC 441 of the Master of « Teaching, Education and Training 
Occupations »).  
 
Some Tools for « Mathematics and living together ». In preschool and primary schools 8 tools 
were mainly used among others :  16th May International Day of Living Together ,  CAVQ Method, 
Mathematic Fairy Tales, Coded Fairy Tales, Cooperative Maths Games , joint realization of a 
Mathematical Fresco, use in the classroom of a maths books  issued of a foreign  country, and use of 
programmable robots.  
 
JIVEP, or 16th May International Day of Living Together in Peace,  created by the Resolution 
RES 72/130 of United Nations in 2017, is an important tool, each year, allowing projects to be part 
of a temporality defined from one year to the next and can give the project triple social, local, 
national and international visibility. It greatly encourages partnerships with  government institutions 
and Ngo’s. This special day was prepared by A.Pilet and E. Tognetti ( 2019) by a correspondence 
between her classes and a retirement home. A visit to the kindergarten and the retirement home has 
been organized to the delight of all the participants, children and adults. During the meeting the 
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youngest was 4 years old and the oldest 84. This was the first step  in a project that involves 
organizing mathematical games between a class and a retirement home as mathematical puzzles.  
The International Day of Living Together in Peace  has been also celebrated by meetings in the 
school around a Mathematical Game  specially created by F. Bohas (2018). 
 
The CAVQ method, or Circle of Awakening to Virtues and Qualities, works on well being and 
cooperation in the classroom by using the three virtues, Sincerity, Kindness, Humility. This highly 
effective group work method is a renewed and improved version of the Quality Circles used in 
companies, which allows, among other things, fluid and constructive problem-solving pooling as 
well as strengthening the cohesion of the class group for a better life together (Fig 1). C. Florentin's 
Master Thesis whose the theme   was the Circle Method, completed in 2012, is a tool that was used 
as from that date by many primary school teachers  (Florentin 2012; Dugenêt, 2013) or secondary 
level (Chevrier, 2018) in the management of the classroom as part of Living Together in Peace. C. 
Florentin effectively uses the Circle method to introduce Symmetry for 7 years old pupils. On the 
other hand, I used the CAVQ method at the University of Cergy-Pontoise for the mathematics 
courses given to preservice teachers and for the implementation of their projects in their classes. 
The CAVQ method allows to develop a collective intelligence. 

 
 

 

 
 

 
 

Fig 1 
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Mathematical Fairy Tales and Coded Fairy Tales allow pupils with difficulties a new approach to 
mathematics, freeing them from previously constructed prejudices. They also allow an 
interdisciplinary approach and work on living together, whether through a common construction of 
the story and/or because the story includes positive social values that shape it. For M.Niox-Château 
(2019), Maths Fairy Tales can promote mathematical learning and living in peace together. In the 
Coded Fairy Tales, as illustrated in (Fig 2) by 4 years old pupils of M.Nguyen in 2018, the 
characters are most often symbolized by geometric shapes and allow pupils to be given abstract 
skills as well as geometric knowledge from an early age. M. Niox-Château compares the 
experiments between a preschool class in which the children themselves will code the tale of 
"Goldilocks", while in primary class the pupils will solve "Mathematical  Enigmas " through 
different specially created tales. M. Niox-Château points out that "The two experiments made it 
possible to support the existing literature highlighting the positive emulation created by tales with 
children and the sustained interest they generate in the subject, but also invites us to ask ourselves 
the question of mathematical language as a possible mediator for collective work and living 
together » (Niox-Château, 2019). Coded Tales have also been written as part of inter-disciplinary 
work. In (Figure 3) the Wolf, coded as black triangle, try to enter in the house of the Three Little 
Pigs,  pink discs. The coding has been realized by 4 years old children.  Regarding « living 
together », the tale allows us to reflect on the notions of solidarity and mutual aid in the face of 
adversity: "Unity is strength!" (Leger-Szafir et al, 2018). From a mathematical point of view we can 
approach the first elements of the topological vocabulary as inside, outside, on top, and so on, and 
also an approach of the names of different geometric shapes and their recognition inside  complex 
figures. 
 

                                                       
                              Fig 2                                                                                     Fig 3 

Cooperative Games are also important tools both for mathematical learning, interdisciplinarity, 
and for a better life together in the classroom but also concern society when these games deal with 
common problems such as pollution and sustainable development. Cooperative games using 
mathematical concepts were used, by (Debusschère 2019 ; Bohas 2019), the question being : « Do 
they allow a better life together in the classroom ?  And how to evaluate that ? ». 
 
The use of mathematical textbooks from other countries allows an open mind, and to see the 
mathematical learning of certain concepts from a different point of view and highlights the 
universality of mathematics and its language. An experiment using a Russian Federation 
Mathematics Textbook in a French elementary class (7 years old students ) to introduce algebra, not 
on the curriculum in France at this class level, was successfully completed by M.Nguyen ( 2018). 
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Realization of Mathematical Frescoes allows the class to be mobilized for a project at visible and 
lasting results (Janiaux 2015). Here the children of the  preschool class have to study geometric 
compositions to reproduce them. The children must cooperate because everyone has to do part of 
the fresco and must share the space on the sheet with others. ( Fig 4) 
 

                           
                            
                                    Fig 4                                                                                     Fig 5 
 
Use of programmable robots by 3 or 4 years old children,  (Fig 5),  help them to become  
psychologically more « decentralized », to promote mutual aid and to acquire topological 
landmarks. (Radaody-Rakotondravao  2018). Simultaneously three differents lexical fields are 
studied. Lexical field in relation to topology: "above", "below", "beside", "inside", "outside" and so 
on ; lexical field in relation to time: "before", "after" ; lexical field in relation to robots: "advance", 
"rotate", "program" and so on. Concerning the Living Together  Radaody-Rakotondravao   studied  
the interactions between children,  the assistance they provided to each other.  
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