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Abstract. In this note I collect some facts about Heron triangles and with it connected Heron’s Formula. First I
show the Heron’s Formula with its proof. In the second part of this note I give some remarks about Heron
triangles and I show that there exist infinitely many pairs of incongruent Heron triangles having the same area
and perimeter.

1. Heron’s Formula

Heron’s Formula concerns the area of a triangle. This formula can be used when we know the
lengths of the three sides of a triangle. Compare to the traditional formula (A = ' (base) * (height to
that side) ) we never need to determine triangle’s altitude. However is not much known about the
author of this formula. Heron of Alexandria lived in the great scholarly city of Egypt, Alexandria
sometime between 100 B.C and 250 A.D. What is sure, Heron of Alexandria was a brilliant man who
gave the world much insight into the mathematical and physical sciences. Heron wrote many works on
mathematical and physical subjects. One of Heron's treatices called Metrica contains Heron's proof of
this formula. Heron’s Formula has a lot of practical applications, for example in geodesy. It is not
difficult to compute a three-side area of any lot, if we know the lengths of the sides. Heron’s Formula
can also be used if we want compute the area with four or more sides — we decompose this area into
the triangular fragments.
Theorem 1. For a triangle having sides of length a, b and ¢ and area A, we have

A =\/S(s—a)(s—b)(s—c) (1)
where

B a+b+c )

S=T (2)

is the triangle’s semiperimeter.

Proof: I show that Heron's Formula is equivalent with the well-known area formula for triangle. I use
for this proof the Pythagorean Theorem. (Heron proved this theorem another. He made a geometric
proof.)

Let ABC be an arbitrary triangle with sides of length a, b, ¢ and height to side c of length 4. (Fig.1).
The foot of the height divide the side ¢ into two segments u and v. Moreover divide the height the
triangle ABC into two right-angled triangles.

C
b h a
u v
A c B
Fig. 1
By using the Pythagorean Theorem and by segment addition, it can be stated that
2__ 12 2 2 __ 12 2 —
a=h+v b"=h"+u c=u+tv
By the subtraction @ — b* = h* + v — (h* + u”) we obtain a— b=V -l
2 2
a” —-b
Dividing both sides by c =u + v, we have v—uy= ———
c
a’-b*+c?

Adding u + v = ¢ to both sides of equality gives v= >
c

c-h
Now we use the traditional formula to find the area of a triangle, thus A = T

Wetake h=+a’ —v’ and after substituting into the area formula, we get
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_l( )2 (az—b2+cz]2
T2\ 2

1
Factoring out 1 this gives 4A = \/(Za(:)2 - (a2 b’ +c’ )2

Squaring both sides gives 16A% = (Zac —a’ +b* - cz)(2ac+ a’-b* + cz)
16A% = [b2 —(a- c)z][(a +c)’ - bz]
16A’=(—a+b+c)a+b-c)a-b+c)a+b+c) (3)

Since the semiperimeter of the above triangle is defined as s = %b—l—c , it follows 2s=a +
b + c. We can write the equation (3) as

16A% = [2(s — a)][2(s — )] 2(s - b)]- 25 4)
The (4) implies A’=s(s—a)s—b)s—c)
Thus A= \/s(s —a)s=b)s—¢)
which is the area formula as given by Heron. O

I thing that Heron’s Formula should be teached more at the schools. Most students don’t know

this formula. I found out several interesting tasks which are suitable for students in the high school:

1) How can we get out the inside angles of a common triangle when we know the lengths of its three sides?

2) When it's given an area A of a triangle with the lengths a, b, c of its three sides and an area T of a triangle

with the lengths a + b, b + ¢, ¢ + a of the three sides, then it obtain T > 4A. Prove it!

2. Heron triangles
Definition 1. 4 Heron triangle is a triangle such that the lengths of its three sides as well as its area
are integers.
Proposition 1. The perimeter of a Heron triangle is even.
Proof: Assume that the perimeter is odd. Then all factors below radical sign in equation (1) are halves
of odd integers. Thus their product is an odd integer divided by 16, which cannot be an integer. O
Proposition 2. If the sides of a Heron triangle have a common factor t, then his area is divisible by t.
Proof: It is sufficient to show it for ¢ prime. We consider 2 possibilities:
for ¢ # 2 it is obvious that it obtains,
for ¢ = 2 consider the term S(S - a)(s - b)(s - c) modulo 4 and one gets that it can’t be congruent 1.

3. Some remarks on Heron triangles

In this section I show that there are infinitely many pairs of incongruent Heron triangles having
the same area. Such pairs of Heron triangles we can obtain by using the Fibonacci sequence. Recall
that the Fibonacci sequence (F,) is defined: Fy=0, F; =1, F, =F,, + F,» for all integers n > 0.
Proposition 3. Let n > 1 be a positive integer. Then, there exists many pairs of incongrent Heron
triangles having the same area A = F, - Fy - Foin - Frs - Frog - Frus.
Proof: Let u and v be two positive integers with u > 2 and v > 1. The triangle A, of sides

a=u*+v | b=wv)’+1 , c=@v) +u* -V -1 ®)
has area
A= \/s(s—a)(s—b)(s—c) =uv-(ud = D(V+1). (6)

We must prove that on can choose the pairs (u, v) in two different ways such that the corresponding
triangles A,y and Ay ) are incongruent but have the same area A. We choose the pairs (u, v) such
that

{(Fur1, Fosa),(Frsa, Fris) ) if mis even,

(u,v) € {
{(Fn+4a Fn+1): (Fn+3a Fn+2)} lfn iS Odd
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We check only the case n odd. The arguments for the case n even are similar. We use the well-known
formulas  F? + (1) =F,Fp, n >0 and

oo+ (D)™ =FyFau, n 20.
In case for n odd is the area of the triangle A, of parameters (1, v) = (Fpi4, Fui1)

A =Fua Fort(Fus— D(Fooi + 1) =Fuus - Faot - Faa - Fues - Fa - Fa
Area of the triangle Ay, ) of parameters (u, v) = (Fpi3, Fui2)

A=Fp3Foo (Fhs = 1)(Faa+ 1) =Foi3 - Fuo - Fop - Frs - Fy - Frag
In order to show that Ay, is incongruent to Ay, it suffices to notice that the shortest side of the
triangle given by (5) is a. Hence, it is enough to prove that

Fo + Frg 2 oo+ Fos (7)
We show that the left side of (7) is larger than the right side of (7). This is equivalent to

2 2 2 2
Foaa—Fras>Fun—Fa,

or
(Fa+a = Fauz)( Fuea + Friz) > (Fosa = Foa)( Fo + Fo),
or
Fn+2 'Fn+5>Fn : Fn+3 .
This last inequality is obviously true because F,+, > F, for all integers n > 0. O

Proposition 4. Let t > 1 be any positive integer and let A,y and Asg,,) be triangles of sides
ai =1 +5+9+ 77 +2,
bi=1"+58+104+ 10 + 6/ + 3 (8)
a=1"+6£ + 150+ 194 + 117 + 1
and
a, =1+ 61° + 14£° + 16¢* + 97 + 2,
by=1+4f + 67 + 3, 9)
e =10+ 68+ 150+ 181 + 97 + 1.
Then, Ajuyyand Ay, are incongrent Heron triangles having the same area
A=+ D+ +35+3), (10)
and the same perimeter
p=21""+ 124+ 30/ + 384 + 247 + 6 . (11)

Proof: It is easy to get out that the both triangles of sides given by (8) and (9) have really the area and
perimeter given by (10) and (11). In this proof I show how we find them.

According to the Proposition 4 we can obtain for = 1 one pair of incongruent Heron triangles
of sides (24, 35, 53) and (48, 14, 50) — both having the same area A = 336 and perimeter p = 112.
Based on this example, we find an infinite parametric family of pairs of such triangles.

For a triangle A,y of sides a, by, ¢; and semiperimeter s we let x; =s—a;, y1=s— — by, z; =
s — ¢y, thus we have ay =y, +z1, by=x1+z, ¢c;=x1+y and s=x +y +2z .Then A =

\/xlylzl(xl + +Zl) .
For the pair of triangles (24, 35, 53) and (48, 14, 50) we have

X1:32, y1:21, 21:3 and )C2:8, y2:42, 22:6.(12)

Now we can generalize (12) and we get
x1=A", y1=uv, z;=u and x;=A", y2=kkuv, =Nu, (13)
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where u, v, A, m, n, k are integer valued parameters. Since the two triangles have the same area and
perimeter, it follows that

Xioyi-zi=x2- Y-z and xi+ itz =0t Tt on.
From the first equation we get m + 2k = n.
From the second equation we get

A Huv+tu=A" A8 (u + )

A =A™ == D(uv + )

AT 1) = (K = D (v + w). (14)
Since n — m = 2k, it follows that equation (14) can be written as

ATOE+1) =u(wt1). (15)
Now, we can choose u = A"+ 1 and u =A™ — 1 and the equation (15) holds.

The last condition that we need to prove is that the value of the are of the two triangles is always an
integer. Hence, the number x,y,z, (x1 + +Zl) must be a perfekt square. From this we get by
substitution

x 0z, (0, Fyy +2,) = APy 8+ wv +u) = A" U+ 1P (= DA+ AT ™) =
— kaer ()\’k + 1)2 (7\‘11‘1 _ 1)()\’1n+2k + kker + )\’m) —
— 7\‘2m+2k (7\,k+ 1)2 (7\.m— 1)(7\'2k + 7\‘k+ 1) (16)
In order for the number by formula (16) to be a perfect square, it suffices to choose A, k, m such that
A= DO*F+ 2R+ 1) (17)
is a perfect square. We choose m = 3k and the formula (17) can be written as
A= DO*+ A+ 1) =0 = DOF+ A5+ 1) (18)
The number given by formula (18) is a perfect square when k=1 and A = £ + 1 for some positive integer ¢.
Hence,m=3,n=5u=A+1=F+2andv=2>—1 =(t2+ 1)3—1 =+ 34+ 34 Working backwards we find
that the triangles given by (13) are the ones given by Proposition 4. [
Remark 1. Since the two Heron triangles (24, 35, 53) and (48, 14, 50) have the same area and perimeter, it
follows that the two Heron triangles (24¢, 35¢, 53¢) and (48¢, 14¢, 50¢) have also the same area and perimeter for
any positive interger ¢.
Remark 2. Proposition 4 denotes an infinite set of pairs of Heron triangles having the same area and perimeter
but these are not all of them. For example, the pairs of Heron triangles {(20, 21, 29), (17, 25, 28)} or {(12, 35,
37), (17, 28, 39)} have the same area and perimeter but they are not particular instances of the set given by (8)
and (9).
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