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In this Working Group, Learning in an increasingly complex world, there were five 
questions: 

1. How can we re-conceptualize learning with understanding in a complex world? 
2. How can we promote learning with understanding in an increasingly complex world? 
3. What features should a task have in order to promote learning with understanding? 

How to research the complex dynamic of learning with understanding promoted by such 
tasks? What can we learn from this research to use within the classroom and in designing 
lessons/tasks?  

4. How can we establish connections in mathematics learning: Between different areas of 
mathematics? Between mathematics and other subjects? Between mathematics and everyday 
life? 

5. What implications does the increasingly complex world have in terms of numeracy or 
mathematics literacy? How does this inform our practices within the classroom and in 
designing lessons/tasks?  

 
There were 14 oral presentations and one workshop in which to address these themes over four 
days, with education levels ranging from early learning through to university mathematics and 
teacher education. The first oral presentation by Sixto Romero set the foundation for the week’s 
work. It offered a brief reflection on the influence on mathematical education of the changes 
produced by scientific advances, especially by the philosophy or principles that govern scientific 
research. Dynamic Systems were used as a model for the theory of complexity which underlies the 
contemporary teaching context. The second oral presentation, and workshop, by Simon Modeste (& 
colleagues) was based on an epistemological analysis of experts’ practices and considered the 
design of situations fostering horizontal mathematization, illustrated by a graphical presentation of 
the modelling process used by experts. Workshop participants experienced and discussed actual, 
open-ended student materials which some found rather confronting when compared to current 
practice, but which nevertheless modelled reality. 
 
The second day was focused on primary school education. It was opened by Angela Piu whose 
intention was to ensure that mathematical objects, which do not exist in material reality, do not 
become confused with their representations. In order to co-ordinate different semiotic 
representations of the same object, she devised a simulation game involving 4th grade students 
identifying invariances and transformations produced by different kinds of movement, while 
attending to both cognitive and social dimensions of learning. Dores Ferreira investigated the role 
of games in mathematics education, noting that playing games is a pan cultural phenomenon. Her 
main goal was to identify possible relationships between the ability to play games and to identify 
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patterns based on previous research on the latter, and her study involved students from the 3rd to the 
6th year of school in Portugal. Based on the premise that students’ intuitive notions of infinity can 
affect the development of their mathematical thinking in a complex world, Sonia Kafoussi (& 
colleague) investigated primary school students’ understandings of infinity as a process and as an 
object, finding that the context of the tasks influenced their answers. Knowledge of the decimal 
system supported understandings of infinity as an object, and the concept of ‘infinitely large’ 
assisted older students to perceive infinity as a process more than did ‘infinitely small’ or ‘infinitely 
many.’ Based on the importance of early geometric and spatial experiences in trying to distinguish 
objects from one another and in discovering the relative proximity of an object, Filipa Balinha 
explored figure background perceptions of 3-5 year old children. This was because the Portuguese 
curriculum for this age group attempts to develop visual perception but does not yet have a solid 
research base related to spatial visualization. 
 
Day 3 covered a more diverse range of themes: the first two involving physical alternatives to 
traditional classroom and textbook learning experiences in Portugal. First, Lina Fonseca (& 
colleagues) stressed the importance of a non-formal environment for reducing student stress and 
improving attitudes towards learning mathematics; also for connecting to other subjects as well as 
improving communication capacity. In one example, students from grades 3 & 4 used technological 
applications in conjunction with collecting materials and taking measurements, organizing the data, 
in responding to a focus question as well as justifying their answers. Focusing on elementary 
preservice teachers, Isabel Vale (& colleagues) developed a paper folding activity based on problem 
solving, mathematical communication, and collaborative work in an active learning situation 
encompassing visualization. Although the activities and tasks were new to a majority of the 
students, and they had difficulties with geometric and spatial concepts as well as with accurate and 
precise use of language, they reacted positively and believed that such activities could help them 
assess and improve students’ mathematical communication and concept learning. The third and 
fourth presentations concerned talented students working within the framework of Kidumatica, an 
after school mathematics program in Israel. Miriam Amit (& doctoral student Yelena Portnov-
Neeman) studied the effects of explicit and implicit teaching on problem solving strategies with 6th-
7th grade students, and found that in general the former is more effective in helping students to 
develop and control strategies and understanding how and when they should be applied. In the final 
presentation, Odelya Uziel (& Amit) discussed the interplay between formal knowledge and 
creative problem solving. Somewhat surprisingly, following three workshops dedicated to 
mathematical problem solving with multiple solutions, the younger students who lacked 
sophisticated algebraic knowledge found shorter and clearer solutions than the older students, 
indicating a decline in creativity and holistic thinking as students become older. 
 
Day 4 began with two presentations related to university mathematics education. Starting from two 
premises — that mathematics courses are unpopular and that mathematics is a universal language of 
science — Janecler Aparecida (& colleagues) sought to identify concerns, problems, and solutions 
to improve the teaching of mathematics in engineering courses in Brazil. They conducted a 
literature review of relevant works with the intention of finding active teaching methodologies. 
Given the importance of complex numbers in university mathematics and the fact that these are not 
taught in Greek secondary schools, the study by Kalliopi Pavlopoulou (& colleagues) concerned 
pre-existing knowledge (mainly epistemic beliefs) and attitudes among a group of students from 
privileged socio-economic and sociocultural backgrounds entering engineering courses. Although 
most agreed that real numbers were not sufficient for describing the real world, about half thought 
that complex numbers were useful for this while the remainder viewed them only as a useful tool 
for solving mathematical problems. Finally, the study by Camilla Spagnolo (& colleague) focused 
on the importance of reading and constructing graphs in the Italian curriculum. They made 
selections from national standardized tests to highlight specific difficulties faced by students in 
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grades 2, 5, 8, and 10, and reported on the results of grades 2 and 8. They then developed teaching 
activities specifically focused on the areas of most difficulty in order to support teachers in 
understanding which features of a task promote learning with understanding. 

Summary 

This working group was the largest in number, with participants drawn from 12 countries. It was 
enhanced by the inclusion of about 6 members of the Quality Class who brought different 
perspectives on many issues. Between us, we addressed all questions, explicitly and implicitly. 
Some of the main findings were:  
 
We can re-conceptualise learning with understanding in a complex world by viewing 
mathematics education as a dynamic system supported by underlying philosophies and theoretical 
frameworks. 
 
Promoting learning with understanding in an increasingly complex world is supported by 
developing creativity through active learning. It is important to allow students to devise their own 
strategies, to enable them to recognise what they can do. 

 
Features a task should have in order to promote learning with understanding. A task should: 
• develop mathematical thinking through problem solving and challenging tasks that allow 

multiple approaches, promote collaboration through games (e.g., origami), with movement in a 
playful environment, and activities and problems from real (or realistic) life. 

• offer tasks that allow individual success for everyone, with different strategies that are not only 
for gifted students. Everything should be as simple as possible but not necessarily easy; high 
level tasks could be proposed. 

• consider working through a modelling cycle. 
 

Establishing connections in mathematics learning is achieved through utilising systems of ideas, 
consequences, theories and knowledge in a dynamic and emergent way in order to facilitate 
connections between different domains; and making links between various areas of mathematics 
across the different ages (e.g., the changing notions of infinity & epistemic beliefs). 
 
What are the implications for an increasingly complex world? 
Students must have not only knowledge but they must know how to use it because we cannot know 
the students’ future needs in mathematics. 
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Dans ce Groupe de Travail, Apprendre dans un monde de plus en plus complexe, il y avait 
cinq questions : 

1. Comment pouvons-nous re-conceptualiser l'apprentissage avec la compréhension dans 
un monde complexe ? 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 50 

2. Comment pouvons-nous favoriser l'apprentissage avec compréhension dans un monde de 
plus en plus complexe ? 

3. Quelles caractéristiques doit avoir une tâche pour promouvoir l'apprentissage avec la 
compréhension ? Comment rechercher la dynamique complexe d’apprentissage avec 
compréhension favorisée par de telles tâches ? Que pouvons-nous apprendre de cette 
recherche à utiliser en classe et dans la conception des leçons / tâches ? 

4. Comment pouvons-nous établir des liens dans l'apprentissage des mathématiques: entre 
différents domaines des mathématiques ? Entre les mathématiques et d'autres matières? 
Entre les mathématiques et la vie quotidienne ? 

5. Quelles sont les implications d'un monde de plus en plus complexe en termes de 
numératie ou d'alphabétisation des mathématiques ? Comment cela influence-t-il nos 
pratiques en classe et dans la conception des leçons / tâches ? 

 
Il y a eu 14 présentations orales et un atelier pour aborder ces thèmes sur quatre jours, avec des 
niveaux d'éducation allant de la maternelle (préscolaire) aux mathématiques universitaires et à la 
formation des enseignants. La première présentation orale de Sixto Romero a jeté les bases du 
travail de la semaine. Il a offert une brève réflexion sur l'influence sur l'enseignement mathématique 
des changements produits par les avancées scientifiques, notamment par la philosophie ou les 
principes qui régissent la recherche scientifique. Les systèmes dynamiques ont été utilisés comme 
modèle pour la théorie de la complexité qui sous-tend le contexte d'enseignement contemporain. La 
deuxième présentation orale et atelier de Simon Modeste (et collègues) était basée sur une analyse 
épistémologique des pratiques des experts et a examiné la conception de situations favorisant la 
mathématisation horizontale, illustrée par une présentation graphique du processus de modélisation 
utilisé par les experts. Les participants à l'atelier ont expérimenté et discuté des situations ouvertes 
effectivement données à des élèves  que certains participants ont trouvé plutôt décalées par rapport 
à la pratique actuelle, mais qui, néanmoins, permettent une modélisation de la réalité. 
 
La deuxième journée a été consacrée à l'enseignement primaire. Elle a été inaugurée par Angela Piu 
dont l'intention était de s'assurer que les objets mathématiques, qui n'existent pas dans la réalité 
matérielle, ne se confondent pas avec leurs représentations. Afin de coordonner différentes 
représentations sémiotiques du même objet, elle a conçu un jeu de simulation impliquant des élèves 
de 4e année identifiant les invariances et les transformations produites par différents types de 
mouvements, tout en s'intéressant aux dimensions cognitives et sociales de l'apprentissage. Dores 
Ferreira a étudié le rôle des jeux dans l'enseignement des mathématiques, en montrant  que jouer à 
des jeux est un phénomène pan culturel. Son objectif principal était d'identifier les relations 
possibles entre la capacité de jouer à des jeux et d'identifier des modèles basés sur des recherches 
antérieures sur ces derniers, et son étude a impliqué des élèves de la 3e à la 6e année d'école au 
Portugal. Partant du principe que les notions intuitives des élèves sur l'infini peuvent affecter le 
développement de leur pensée mathématique dans un monde complexe, Sonia Kafoussi (et 
collègue) a étudié la compréhension de l'infini des élèves du primaire, comme processus et comme 
objet, constatant que le contexte des tâches a influencé leurs réponses. La connaissance du système 
décimal a soutenu la compréhension de l'infini en tant qu'objet, et le concept de « infiniment grand 
» a aidé les élèves plus âgés à percevoir l'infini comme un processus plus que « infiniment petit » ou 
« infiniment nombreux ». En se basant sur l'importance des premières expériences géométriques et 
spatiales pour essayer de distinguer les objets les uns des autres et pour découvrir la proximité 
relative d'un objet, Filipa Balinha a exploré les perceptions de fond des figures d'enfants de 3 à 5 
ans. En effet, le programme d'études portugais pour ce groupe d'âge tente de développer la 
perception visuelle mais n'a pas encore de base de recherche solide liée à la visualisation spatiale. 
Le troisième jour a couvert une gamme plus diversifiée de thèmes : les deux premiers impliquant 
des alternatives physiques aux expériences traditionnelles en classe et d'apprentissage de manuels 
au Portugal. Premièrement, Lina Fonseca (et ses collègues) a souligné l'importance d'un 
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environnement non formel pour réduire le stress des élèves et améliorer les attitudes envers 
l'apprentissage des mathématiques ; également pour se connecter à d'autres sujets ainsi que pour 
améliorer la capacité de communication. Dans un exemple, les élèves des 3e et 4e années ont utilisé 
des applications technologiques en conjonction avec la collecte de matériaux et la prise de mesures, 
l'organisation des données, pour répondre à une question ciblée ainsi que pour justifier leurs 
réponses. En se concentrant sur les futurs enseignants du primaire, Isabel Vale (et collègues) a 
développé une activité de pliage de papier à base de résolution de problèmes, de communication 
mathématique, et de travail collaboratif dans une situation d'apprentissage actif englobant la 
visualisation. Bien que les activités et les tâches soient nouvelles pour la majorité des étudiants et 
qu'ils aient des difficultés avec les concepts géométriques et spatiaux ainsi qu'avec une utilisation 
exacte et précise de la langue, ils ont réagi positivement et croyaient que ces activités pourraient les 
aider à évaluer et à améliorer la communication mathématique et apprentissage conceptuel des 
étudiants. Les troisième et quatrième présentations concernaient des étudiants talentueux travaillant 
dans le cadre de Kidumatica, un programme de mathématiques après l'école en Israël. Miriam Amit 
(et Yelena Portnov-Neeman) a étudié les effets de l'enseignement explicite et implicite sur les 
stratégies de résolution de problèmes avec les élèves de 6e à 7e année, et a constaté qu'en général, la 
première aide plus efficacement les étudiants à développer et contrôler leurs stratégies et à 
comprendre comment et quand les appliquer. Dans la présentation finale, Odelya Uziel (& Amit) a 
discuté de l'interaction entre les connaissances formelles et la résolution créative de problèmes. De 
façon assez surprenante, à la suite de trois ateliers consacrés à la résolution de problèmes 
mathématiques avec plusieurs solutions, les élèves plus jeunes qui manquaient de connaissances 
algébriques sophistiquées ont trouvé des solutions plus courtes et plus claires que les élèves plus 
âgés, indiquant un déclin de la créativité et de la pensée holistique à mesure que les élèves 
vieillissent. 
La quatrième journée a commencé par deux présentations liées à l'enseignement universitaire des 
mathématiques. Partant de deux prémisses - que les cours de mathématiques sont impopulaires et 
que les mathématiques sont un langage universel des sciences - Janecler Aparecida (et ses 
collègues) a cherché à identifier les préoccupations, les problèmes et les solutions pour améliorer 
l'enseignement des mathématiques dans les cours d'ingénierie au Brésil. Ils ont effectué une revue 
de la littérature des travaux pertinents dans le but de trouver des méthodologies d'enseignement 
actives. Compte tenu de l'importance des nombres complexes dans les mathématiques universitaires 
et du fait qu'ils ne sont pas enseignés dans les écoles secondaires grecques, l'étude de Kalliopi 
Pavlopoulou (et collègues) concernait les connaissances préexistantes (principalement les croyances 
épistémiques) et les attitudes d'un groupe d'étudiants issus de milieux socio-économiques et 
socioculturels privilégiés entrant dans les cours d'ingénieur. Bien que la plupart aient convenu que 
les nombres réels n'étaient pas suffisants pour décrire le monde réel, environ la moitié pensait que 
les nombres complexes ont été utiles pour cela alors que le reste les considère uniquement comme 
un outil utile pour résoudre des problèmes mathématiques. Enfin, l'étude de Camilla Spagnolo (et 
collègue) s'est concentrée sur l'importance de la lecture et de la construction de graphiques dans le 
programme d'études italien. Ils ont effectué des sélections à partir de tests nationaux normalisés 
pour mettre en évidence les difficultés spécifiques rencontrées par les élèves des 2e, 5e, 8e et 10e 
années, et ont rendu compte des résultats des 2e et 8e années. Ils ont ensuite développé des activités 
pédagogiques spécifiquement axées sur les domaines les plus difficiles afin d'aider les enseignants à 
comprendre quelles caractéristiques d'une tâche favorisent l'apprentissage avec compréhension. 
 
Résumé 
Le groupe de travail était le plus grand en nombre, avec des participants provenant de 12 pays. Il a 
été renforcé par l'inclusion de 6 membres de la quality class qui ont apporté différents points de vue 
sur de nombreuses questions. Entre nous, nous avons abordé toutes les questions, explicitement et 
implicitement. Certaines des principales conclusions étaient les suivantes : 
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Nous pouvons re-conceptualiser l'apprentissage avec compréhension dans un monde complexe 
en considérant l'enseignement des mathématiques comme un système dynamique soutenu par des 
philosophies et des cadres théoriques sous-jacents. 
 
Favoriser l’apprentissage avec compréhension dans un monde de plus en plus complexe est 
soutenu par le développement de la créativité par l'apprentissage actif. Il est important de permettre 
aux élèves de concevoir leurs propres stratégies, de leur permettre de reconnaître ce qu'ils peuvent 
faire. 

 
Caractéristiques qu‘une tâche doit avoir pour promouvoir l’apprentissage avec la 
compréhension. Une tâche doit : 
• développer une pensée mathématique par la résolution de problèmes et des tâches stimulantes 

qui permettent de nombreuses approches, favoriser la collaboration à travers des jeux (par 
exemple, l'origami), avec des mouvements dans un environnement ludique, et des activités et 
des problèmes de la vie réelle (ou réaliste). 

• proposer des tâches qui permettent à chacun de réussir individuellement, avec des stratégies 
différentes qui ne sont pas réservées aux élèves doués. Tout doit être aussi simple que possible 
mais pas nécessairement facile ; des tâches de haut niveau pourraient être proposées. 

• envisager de travailler à travers un cycle de modélisation. 
 
L'établissement de liens dans l'apprentissage des mathématiques passe par l'utilisation de 
systèmes d'idées, de conséquences, de théories et de connaissances de manière dynamique et 
émergente afin de faciliter les liens entre différents domaines ; et établir des liens entre divers 
domaines des mathématiques à travers les différents âges (par exemple, les notions changeantes de 
l'infini et des croyances épistémiques). 
 
Quelles sont les implications pour un monde de plus en plus complexe? 
Les élèves doivent avoir non seulement des connaissances, mais ils doivent savoir comment les 
utiliser, car nous ne pouvons pas connaître les besoins futurs des élèves en mathématiques. 
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Abstract. Students are active individuals that build, modify and integrate ideas, interacting 
with the physical world, materials and other students. Furthermore, not all students learn in 
the same way, some learn better by seeing, others by listening, others by moving. So, we 
developed an exploratory study of qualitative nature, with elementary preservice teachers, 
where the emphasis was on a teaching approach based on problem solving, mathematical 
communication and collaborative work that involved the manipulation of a sheet of paper. 
We intended to identify the relevance of this approach with preservice teachers and what 
were the main difficulties revealed, related to the proposed tasks. Preliminary results allowed 
to identify several difficulties in terms of mathematical communication and the manipulation 
of the sheet of paper to solve a problem. However, they reacted positively to the tasks, 
expressing interest, motivation and recognition of its importance in mathematical learning at 
any level. 

Resume. Les étudiants sont des individus actifs, qui construisent, modifient et intègrent des 
idées, en interaction avec le monde physique, des matériaux et d’autres étudiants. En outre, 
tous n'apprennent pas de la même manière: certains apprennent mieux en regardant, d'autres 
en écoutant, d'autres en bougeant. Nous avons donc développé une étude exploratoire de 
nature qualitative, avec des futures instituteurs, promouvant une approche pédagogique 
basée sur la résolution de problèmes, la communication mathématique et le travail 
collaboratif impliquant la manipulation d’une feuille de papier. Nous voulions déterminer la 
pertinence de cette approche pour les futures enseignants et identifier les les principales 
difficultés révélées face aux tâches proposées. Les résultats préliminaires ont permis 
d'identifier plusieurs difficultés relevant de la communication mathématique et de la 
manipulation de la feuille de papier pour résoudre un problème. Cependant, les participants 
ont réagi positivement aux tâches, exprimant leur intérêt et motivation et reconnaissant leur 
importance pour l’apprentissage des mathématiques à tous les niveaux. 
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1. Introduction 

School mathematics requires effective teaching that engages students in meaningful learning 
through individual and collaborative experiences, giving them opportunities to communicate, 
reason, be creative, think critically, solve problems, make decisions, and make sense of 
mathematical ideas (NCTM, 2014). One of these ways is to use paper folding mathematical tasks, 
because it is a simple way of discovering and evidencing relations, as well as facilitating the 
formalization of those relations, contributing to the understanding of different concepts and problem 
solving (e.g. Coad, 2006). Within Mathematics arises Geometry that traditionally has been a 
neglected topic in school mathematics and where the experiences provided to the students are 
mainly based on memorization and training of formulas, overlooking the development of spatial 
orientation and visualization skills. It is therefore crucial that (future) teachers develop the skills 
needed to use these materials in the classroom, in a more dynamic and challenging perspective, in 
which everyone participates actively and collaboratively, communicating with words, but also with 
gestures, observation and actions. 

This communication is part of the M&M - Mathematics&Movement project that assumes that 
learning involves not only intellectual but also physical activity, and that social interactions, 
reflected in collaborative work and in collective discussions, are essential components of active 
learning, facilitating sharing, the development of mathematical meanings and the construction of 
knowledge. In particular, hands-on tasks are considered to provide learning where students are 
engaged and become good mathematics thinkers (e.g. NCTM, 2014; Prince, 2004). The aim of this 
study was to identify and understand the performance and reactions of elementary future teachers 
when solving tasks through paper folding, identifying the main difficulties.  

2. Active learning strategies in mathematics class 

Active learning is usually defined as an instructional method that involves learners in the learning 
process (Prince, 2004). It requires them to develop meaningful activities and think about what they 
are doing. Organizations such as NCTM have long been promoting methodologies that require the 
intellectual engagement in building new knowledge (e.g. NCTM, 2014). However, intellectual 
engagement may not be enough, in addition to the strategies of intellectual nature. In the context of 
active learning, those that are arise from social and physical activities are also important. The social 
interactions of students that mediate learning, must be emphasized in the Mathematics class. This 
type of collaboration facilitates sharing and development of mathematical meanings. Students, 
especially the younger ones, need to be physically active in the classroom. In this scope, the use of 
manipulative materials, the construction of models or the realization of more practical projects, 
among others are included. Active learning emphasizes the importance of these three strands, noting 
that learning emerges from experiences and interactions between intellectual, social and physical 
dimensions (e.g. Nesin, 2012) (Figure 1). 
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Figure 1. Dimensions of active learning (adapted from Nesin, 2012) 

3. Types of thinking: the case of visual contexts 

Students often show preferences regarding the way they communicate and how they receive and 
synthesize information, which presupposes, on the part of the teacher, the consideration of a 
diversity of types of thinking in the classroom. According to Krutetskii (1976) there are three types 
of students according to their thinking when they solve mathematical problems: (1) Analytic, those 
who prefer the use of non-visual resolution methods, choosing logical-verbal methods involving 
algebraic, numeric and verbal representations; (2) Visual (or geometric), those who prefer the use of 
visual solution methods, opting for visual-pictorial schemes, involving graphic representation 
(figures, diagrams, images); and (c) Harmonic (or integrated), those that have no specific preference 
for logical-verbal or visual-pictorial representations. Reflecting, in particular on visualization, it is 
relatively consensual that it is fundamental and has great potential, in the sense that it contributes to 
a global and intuitive perspective for the understanding of different mathematical subjects (e.g. 
Presmeg, 2014). The following example may serve as an illustration of the importance of 
visualization and of visual skills.  
A circle is inscribed in a square, then another smaller square is inscribed in the circle. 
Find out the area of the smallest square knowing that the area of the largest square is 
100 cm2?  
(an equivalent question is to ask what is the ratio of the area between the two squares).  

The traditional way to solve it is to use the theorem of Pythagoras and formulas of the area of the 
circle and of the square. However, if we see the smaller square in another positon, the solution is 
immediate and free of errors of calculation or unknowledgeable formulas. Figure 2 shows a visual 
sequence of steps to achieve the solution (1/2 x 100 = 50). 

 
 
 

 
 

Figure 2. Visual sequence of the steps  
This is a simple, clear and elegant solution, or a dynamic solution (Kruteskii, 1976; Presmeg, 

2014). We learn to think visually or to "see to think", and therefore we can also teach it, which is 
important (e.g. Presmeg, 2014; Whiteley, 2004).  
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Sometimes it is easier to perceive or even explain a concept by creating an image, since it is 
quickly understood and retained longer, than a sequence of words. So, paper folding can help all 
students, mainly the non-visual ones. 

4. Paper folding: an active and visual approach 

Manipulative activities provide learning experiences that promote curiosity and interest, 
facilitating the introduction of formal concepts through the use of concrete materials. The actions of 
folding applied to the paper allow it to be transformed into different forms, either two-dimensional 
or three-dimensional, opening the opportunity to investigate and discover relationships of different 
nature. In this way, paper folding can be a dynamic, creative and appealing strategy to approach 
several concepts in the mathematics class, facilitating visualization and problem solving (Coad, 
2006).  

Levenson (1995) mention the effective contribution to the development of mathematical thinking 
as well as the ability to communicate mathematically with proficiency and group interaction skills. 
Sze (2005) recognizes the potential of paper folding in the refinement of mathematical vocabulary, 
in particular associated with geometry. Also in the scope of communication, the construction of 
precise models with aesthetic sense from folding leads to the students having to listen and observe 
with extreme attention all the instructions verbalized/presented (e.g. Levenson, 1995; Sze, 2005). In 
addition to the natural relationship of paper folding with mathematics, which facilitates its 
integration into the math classes, close relationships with the types of thinking can also be identified 
(Boakes, 2009). The work of paper folding involves students physically, requiring auditory abilities 
and visual stimuli, and it is through these actions, which involve spatial skills, that mathematical 
ideas and meanings are constructed and discussed. 

5. Methodology 

As previously mentioned this report is part of a larger study with pre-service teachers. In this 
teaching experience we followed 45 students, future teachers of elementary education (3-12 years 
old), that attended a unit course of Didactics of Mathematics, where a sequence of tasks was 
proposed in which folding and cutting paper were used as an active learning strategy. The tasks 
allowed to highlight transversal skills, particularly communication, and problem solving within the 
scope of Geometry, and were presented in visual contexts. We adopted a qualitative methodology of 
exploratory nature, collecting data, in a holistic, descriptive and interpretative way, through 
observation and written productions, regarding the proposed tasks, and written comments on the 
experience. After gathering the data, it was sought to find patterns related to the main difficulties 
identified and expressed by the future teachers when solving the proposed.  

6. The tasks and some preliminary results 

For this paper, we selected two paper folding tasks: the heart, highlighting mathematical 
communication, and the cube, highlighting visual problem solving.  
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6.1. Task 1: The heart 

The heart:  
With a paper strip one student gives instructions to another colleague, positioned on his/her back, 
to produce a heart through paper folding   

 
This task aims to show the importance of correct communication of instructions that may lead to a 
particular folding, in which the emitter does not see what the receiver does. The teacher slowly 
folds a rectangular paper to get a heart that the emitter students observe (half of the students). The 
teacher performed the demonstration without any oral instructions, so it was up to the students’ 
emitters to decide what actions to communicate to their receiver pair, who did not see the 
construction (Figure 3).  
 

 
 

Figure 3. Folding of the heart performed by the teacher 

To do this, each emitter would be on his/her back with his/her colleague receiver, which would be 
instructed to do the folding, starting with a rectangular paper as well. With this dynamic, neither the 
emitter student nor the receiving student had access to what the other element was doing. By 
observing the work of the peers, some students used references to geometric terms, others showed 
more difficulties and did not use adequate mathematical language and/or clear information, which 
conditioned the result. In some cases, the receiver did not interpret the message the way the sender 
had idealized by folding the paper in the wrong way in at least one of the steps. Most of the students 
felt the need to use gestures along their description, even knowing that they were not being 
observed by their pairs. Figure 4 shows the dynamic of the students during the paper folding 
experience and some of the final results of the heart, demonstrating that some of them didn’t obtain 
the expected folding. 
 

    
 

Figure 4. Dynamic and some results of the paper folding task 
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6.2. Task 2: The cube 

The cube:  
Use a square sheet of paper to draw the net of a cube with the maximum volume.  
Then construct the cube by folding that net. 

 
This problem involves geometric and spatial reasoning. Many nets can be built on a square sheet, 

but only one fits the conditions. It is a problem with some complexity for the elementary level. The 
students mostly began by exploring the most obvious possibilities in which the segments 
representing the edges in the planning are parallel to the sides of the square sheet of paper or take 
advantage of the diagonal of the square.  

Despite different trials to reach a solution, none of them led to the expected solution (Figure 5).  

  
Figure 5. Incorrect solutions presented by the students 

After discussing the correct solution, they discovered that their proposals did not have the highest 
volume. Figure 6 shows one of the analytical productions where they compare the volume with two 
of the nets.  

 

 
Figure 6. Analytical solutions to determine the volume 

The option of the students was to make the design of the possible traditional nets. In fact, it is 
necessary to have mathematical knowledge to apply to the situation, and also intuition linked to the 
visualization of the different nets of a cube. In addition, exploration required divergent thinking in 
order to imagine and admit a completely different net from the classical approaches. Another way to 
approach it was the use of trial and error, doing the folds on the square paper and coming up with 
more positive results. After discovering the wright net, they did many attempts to get the cube, but 
not all of them got the solution by themselves (Figure 7). 

 

 
Figure 7. Correct solution and paper folding cube 
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This was a problem with some complexity, for the elementary level, but students were engaged 
and the discussions that emerged at the end allowed a better understanding of the importance of the 
use of different approaches to solve a mathematical situation. 

7. Some concluding remarks   

We can identify several difficulties in terms of mathematical communication and the manipulation 
of a sheet of paper to solve a problem. Students were not familiarized with paper folding tasks 
especially in mathematics classes. We can conclude that the majority of these students were not 
visual, possibly due to the lack of previous experiences during their academic course. They had 
interpretation difficulties related to visualization, with geometric and spatial concepts, as well as 
difficulties in using correct language, recurring to imprecise and/or unclear terms.  
Despite the difficulties, students recognized the potential of the tasks and reacted positively, 
expressing interest and engagement. As students, they assumed that these tasks could improve 
mathematical communication. As future teachers, they concluded that paper folding is a more 
dynamic and direct way of assessing and improving students' mathematical communication and 
improving the learning of mathematical concepts. 
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Abstract. Research has shown that understanding the infinity as a mathematical concept is 
associated with infinity as a process and as an object. In this research we studied primary 
school students’ intuitive perceptions of these two meanings. The results from the pilot study 
showed that the context of the tasks influenced the students’ answers. 

Résumé. Des enquêtes ont montré que l’infini en tant que concept mathématique est 
associéà l’infini comme processus et comme objet. Dans cette enquête on a étudié les 
perceptions intuitives de ces deux sens chez les élèvesdu primaire. Les résultats de cette 
enquête pilote ont montré que le contexte des tâches ont influencé les réponses des élèves. 

MSC: 97C30 Mathematics education. 
Student learning and thinking (misconceptions, cognitive development, problem 
solving, etc.) 

1. Theoretical background 

Students’ intuitive occupation with infinity can help them to develop ways of thinking in a 
complex world, by making abstract mathematical structures such as numerical systems, geometric 
shapes etc. perceptible through specific models. According to the findings of relevant research 
studies, understanding infinity as a mathematical concept is connected to infinity as a process and as 
an object (Monaghan, 1986). Primary school pupils’ intuitive perceptions of both these meanings of 
infinity will be studied in this pilot research. 

More specifically, the infinite as a process is easily manageable, because relevant activities 
suggest the repetition of steps or operations in accordance with already known students’ tasks such 
as creating a larger number by adding a decimal or amplifying the area of a square by making its 
side longer. On the contrary, tasks which engage students in operations with infinite sets, e.g. adding 
up objects in an already infinite collection, or comparing infinite sets, require an understanding and 
management of the infinite as a mathematical object so that correct mathematical solutions can be 
given. 

While preparing the questions of this pilot research, we also took into account the fact that, 
when children deal with problems of comparing the cardinality of infinite sets (Fischbein, Tirosh, & 
Hess, 1979; Duval, 2006), they use criteria dictated by their knowledge of finite sets such as: 

• The criterion of comparing the part with the whole, i.e. a subset of a set has less elements 
than the set itself. 

• The criterion of single infinity, i.e. all infinite sets have the same number of elements. There 
is only one infinite. Infinite sets have the same cardinality. 
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• The criterion of distances between the elements of infinite sets. By making reference to the 
distances between the elements of infinite sets. Comparing e.g. Α= {1,3,5,7,9,…} with 
Β={1,4,7,10,13,…}, the first set has more elements because of the smaller difference 
between its successive elements. 

• Infinite sets cannot be compared to one another because they have infinite elements. 
• The criterion of one-to-one correspondence of the infinite sets’ elements. However, students 

tend to be influenced by the representations of sets either horizontally or vertically, 
arithmetically or geometrically (Tsamir & Dreyfus, 2002). 

• Students do not realize the profound contradictions which follow the simultaneous use of 
more than just one criterion e.g. the multiples of two numbers can go on forever and are 
therefore infinite, or we cannot compare them as they go on forever. 

 
Moreover, according to Monaghan (2001), intuitive conceptions help children to identify the 

mathematical concept of infinity as a process. Fischbein (2001) defines the concept of intuition and 
intuitive knowledge as a type of direct, implied, self-evident knowledge that leads to generalizations 
beyond the data, without the logical process of accepting and rejecting data. He distinguishes initial 
intuitions, which are developed as a result of experiences and may be prefunctional or functional, 
from secondary intuitions, which are created as new, cognitive beliefs after the influence of 
systematic education. A child can have an intuitive image of what the concept of mathematical 
infinite may represent, by participating in a task. 

Furthermore, learning trajectories constitute a theoretical structure which brings together the 
research results from learning and teaching mathematics with the aim of describing the evolutionary 
learning and teaching pathway towards certain mathematical content objectives. According to 
Clements and Sarama (2009), learning trajectories describe children’s thinking in a specific sector 
with a displayed pathway through a set of teaching tasks designed to cause these intellectual 
processes or actions. The learning trajectories consist of three parts: a) the mathematics goal, as a 
greater mathematical concept, b) the levels of thinking, an evolutionary pathway leading to the 
development of understanding and skills related to mathematical content, c) the set of teaching 
tasks, activities corresponding to each thinking level of developmental evolution. Our research aims 
at the study of a developmental path which will describe the different levels of primary school 
students’ way of thinking when dealing with questions or problems about mathematical infinity, as 
well as at the investigation of adequate tasks corresponding to each one of the thinking levels so as 
to help primary school children learn the concepts and develop the skills to promote their 
development to higher thinking levels. 

The originality of this research consists in the following: 
a) The effort to connect the knowledge and the skills that primary school pupils already possess 

in accordance with the analytical curriculum and their intuitive perceptions of infinity. 
b) The planning of a learning trajectory for the concept of infinity in primary education with 

two sub-trajectories – as a process and as an object – to distinguish the steps followed by 
children in order to develop proper intuitive understanding of a mathematical concept going 
far beyond their experience. 

 
More specifically, this paper focuses on a pilot research conducted with the aim of studying the 

following questions: 
1) How do pupils at the ages of 6, 8 & 10 perceive infinity as an object (as actual infinity)? 
2) How do pupils at the ages of 6, 8 & 10 perceive infinity as a process (as potential infinity)? 
 
This pilot research will help us to initially record students’ intuitive perceptions of infinity with 

the aim of designing a research study focused on the learning path of the concept of infinity with 
adapted teaching tasks on infinity as a process and as an object. 
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2. Methodology  

The survey was conducted with A graders, age 6, C graders, age 8, and E graders, age 10, as at 
these ages new mathematical concepts are introduced in their school curriculum such as comparing 
numbers and representing in the number line (Grade A), learning the multiples and the divisible 
(Grade C), and learning the systematic transformation of geometric shapes and the variables (Grade 
F). Three children from 3 different grades (A, C & F) participated in the pilot survey. Their 
selection was made with the assistance of each class teacher; it was initially based on parental and 
student consent as well as on students’ academic performance, communication and cooperation 
skills. 

The research tool for collecting our data was the semi-structured interview. The interview 
started with warm-up questions. In the first part, students answered some mathematical questions, 
corresponding to the mathematics curriculum of each class, both orally and written. The questions 
were of graded difficulty. In the second part, students were asked about infinity. At that point, it 
should be stressed that the interview questions regarding the infinite referred to countably infinite 
sets because of the students’ young age. Similar methodological approach to both interview parts 
was followed by the researchers Pehkonen, Hannula, Maijala, & Soro in 2006 in Finland. In order 
to analyze the students’ answers, each answer was grouped with a specific score, depending on how 
close it was to the correct answer and to data taken from previous research papers (Tall 
&Schwarzenbeger, 1978; Fischbein et al., 1979; Duval, 1983; Monaghan, 1986; Falk et al., 1986; 
Núñez, 1994; Tirosh & Tsamir, 1996, 1999; Tsamir & Dreyfus, 2002; Mamolo & Zazkis, 2008; 
Kolar & Cadez, 2012; Tsampouraki & Kafoussi, 2017). 

More specifically, the answers were scored with 1 mark if there was no answer or if the answer 
was numerical, with 2 marks if the numerical answer was followed by the expression “a lot”, with 3 
marks if the word “uncountable” was used or the word “the infinite”, with 4 if the answer was “a 
larger number doesn’t exist because it would have infinite digits”. The questions were the same for 
all students of different ages.As shown in the results, all students’ answers could be integrated in the 
suggested grouping. 

2.1. The research questions 

First Part:Getting to know the students – Investigating mathematics knowledge 
We started by asking the student’s name, whether he/she likes math problems and whether he/she 
spends time with their parents doing math. The first question is about knowing which number 
precedes and which follows a certain integer, and corresponds to the stable distance of succession if 
a repetitive process with “infinitely large” takes place. The second question is about the stable 
distance of the integers, with the distinctness and density of arithmetic values over a given interval, 
therefore with “infinitely many”. The third question is about comparing integers and can correspond 
to infinite sets comparison processes, i.e. with infinity as an object. The fourth question corresponds 
to finding shapes which are to be found, because of their construction, within other shapes, and this 
whole process leads to constructing infinite shapes being within one another, and can correspond to 
“infinitely small”. 
General mathematics knowledge questions : 
1.GradeΑ: Which number is before and which one after 59? 
GradeC: Which natural number is before and which one after 379? 
GradeE: Which number is before and which one after 1.202.020? 
2. GradeΑ: Which (natural) numbers are there between 27 and 35? 
GradeC: Write 5 natural numbers between 1.324 and 1.335. 
GradeE: Which (natural) numbers are there between 1.287.387 and 1.287.392? 
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3. GradeΑ: Put the correct symbol:   =, >, <, in between the pairs of numbers: 
 

          43        34,      70         70,       69          71       
 
GradeC: Put the correct symbol: <, >,=,in between the pairs of numbers: 
 
642 ……. 652,           265……265,             1100……1012     
 
GradeE: Insert the correct symbol (<, >,=): 
 
7.009……. 7.000            305.670…….305.670           5.099.199…….5.100.900 
 

 
Question 4 was common for all three grades: 
4. How many triangles can you see in the image? Can you add one more triangle in the same way? 
 
 
 
 
 
 
 
 

Second Part: Questions about infinity - Grouping of students’ expected answers according to 
marks 

A) The infinite as an object 
The first question corresponds to the infinite as the largest number. The researcher encourages the 
student to write as larger numbers as he/she can, to try using digits and to discuss his/her 
observations. The second question corresponds to clarifying the difference between the concept of 
infinity and the expression “too many”. The third question regards the comparison of infinite sets. 
The questions for F grade were the following: 

• QuestionΑ1: You are looking for the largest number. Which one is it? How would you write 
it? How would you describe it? 

-There is not one, I do not know, we cannot know that (1 mark). 
-It is 1 or 9 with many zeros or nines and a specific number of digits (2 marks). 

-It is 1 or 9 with many zeros or nines (or any type of googol numbers, 
33333333333333…333333), with an infinite number of digits, or the infinite (3 marks). 

-It is a number with infinite digits, it does not exist, because the numbers never end (4 marks). 
• QuestionΑ2: Do you believe there are more numbers or grains of sand? Why? What do you 

think? 
-We cannot count so as to have an answer (1 mark). 
-Grains of sand, or numbers, because they are a lot (2marks). 
-The grains of sand are as many as the numbers, because they are countless (3 marks). 
-Numbers, because they are infinite (4 marks). 

• QuestionΑ3: Imagine that we have placed all natural numbers 0, 1, 2, 3…in a number line 
and their doubles in another number line (the double of 1 is 2, the double of 2 is 4 etc.). Do 
you believe that one of the two number lines will contain more numbers or not? (Do both 
number lines share the same number of elements?) How did you think of that? 
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0     1     2     3        4     5      6     7      8      9       10      11    12      
 
0            2              4              6             8               10              12         
 
-We cannot know that, (1 mark). 
-The set of natural numbers, because we will have double numbers over the same interval (2 
marks). 
-The doubles of natural numbers will be more than the naturals, because they are always larger (2 
marks). 
-We cannot count, they are infinitely many in both cases (3 marks). 

-They are numerically equal, because they are infinite in both cases, because each number has its 
double one (4 marks). 

B) The infinite as a process 
The first problem corresponds to infinitely large, the second problem to infinitely small through a 
geometric representation and the third problem to infinitely many. 

• ProblemΒ1:We take a very small square (one centimeter side). Then, we draw around it a 
larger one (with a longer side). Then, we draw around the new square an even larger one. 
How many squares (with a longer side) can we continue drawing? Write what you think 
about the above problem. 

 
 
 
 
 
-We cannot know that(1 mark). 
-A lot of squares, until we reach a certain limit, (2 marks). 
-Countless squares, until there is no space left, (3 marks). 
-Infinite squares, (4 marks). 

• ProblemΒ2: If we have a straight segment (line) like the one below and divide it, what 
will happen? If we subdivide these straight segments (lines), what will happen? How 
many times can we repeat this task? Write what you think about the above problem. 

 
 
 
- 
 
We cannot know that (1 mark). 
-Many times and the process will stop sooner or later, to a certain limit (2 marks) 
-We cannot count, the process will be repeated countless times (3 marks) 
-We will continue the process infinite times,(4 marks). 

• ProblemΒ3: Imagine starting from this point (the researcher indicates a point in a circle) 
and plot the circle. How many times can you plot the circle starting from a different point 
each time? Write whatever else you think about this problem. 

 
                                                                         .A 
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-We cannot know that (1 mark). 
-Soon or later we will not be able to find different points and we will stop (2 marks). 
-We will have countless points but eventually we will stop (3 marks). 
-We will never stop, we will constantly plot the circle, infinite times (4 marks). 

3. Results  

Question A1 
age 6: George: It’s 100. Tassia: 100, 400, 500, 900, 1000 thousand hundred thousand. Petros: We 
never stop counting. I don’t know how to write it. Finally, he wrote the symbol . 
age 8: Renia: It’s 1000. The numbers are countless. Kostas: It’s 10.000.000. Maria: Theinfinite and 
she wrote it symbol . 
age 10: Myrto: The numbers are infinite, they don’t stop, the infinite . Antonios: It’s the infinite, 
even if we count, we can’t count high enough. Nikolas: 9999999999999999999 or 
1000000000000000000 trillion, we cannot count them, they are infinite, never end. 
Question A2 
age 6: Giorgos: Numbers, because I don’t know all of them. Then, he said grains. Tassia: Grains, 
because they are all over the beach. Petros: Numbers are larger. They are infinite. 
age 8: Renia: Numbers. Kostas: Grains. There are a lot of beaches. Maria: Numbers. They are 
infinite. 
age 10: Myrto: Numbers. Grains will end one day. Antonios: There are a lot of grains, but numbers 
are infinite. Nikolas: Numbers. They are infinite. 
Question A3 
age 6:Giorgos: The doubles go on further. Tassia: The doubles go in twos. Petros: The natural 
numbers, as there are numbers between the double numbers. 
age 8: Renia: The natural numbers have more elements. Kostas: The natural numbers…or maybe 
their doubles. Maria: The naturals. 
age 10: Myrto: The naturals, because in double numbers there are some numbers lost. Antonios: 
They are the same because both sets have infinite elements. Nicolas: The same number of elements 
because they never end. 
Problem B1 
age 6: Giorgos: Many, till we get tired. Tassia: I will keep drawing unless I run out of space on the 
sheet. Petros: A lot, unless I run out of space on the sheet. 
age 8: Renia: A lot, until the end of the space, because there must be an end. Kostas: A lot, if the 
sheet were large, but we would stop at the largest number of squares. Maria: More, on a larger sheet 
of paper. I would stop if I got tired. Otherwise, infinite squares, forever. 
age 10: Myrto: Infinite squares, each time a larger one. Antonios: If there is space, infinite squares. 
Nikolas: We can go on, just like with numbers, we won’t stop anywhere. 
Problem B2 
age 6: Giorgos: We will stop when the line is very short. Tassia: We will stop when there is no more 
space. Petros: We will stop when it is very short. 
age 8: Renia: Many times until the segment ends. Kostas: Many times, but we will stop when the 
segments are too small. Maria: Many times until there is no more line to subdivide. 
age 10: Myrto: We will stop when the pieces are too small to cut any further. Antonios: Until there 
is no more line to subdivide. Nikolas: We will stop at millimeters, because afterwards the pieces 
will be too small to see. 
Problem B3 
age 6: Giorgos: 56, 74, many times until the circle ends. Tassia: Until the distance between the 
points is very small. Petros: 41, 49, until the points get close to each other. 
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age 8: Renia: Many times, until the circle ends and there are no more points. Kostas:23, 38, there is 
little distance between the points and they will get very close to each other. Maria: 29, until they get 
very close to each other. 
age 10: Myrto: Lots of times, until we reach the original point. Anna: Infinite times, until there are 
no more points. Antonios: Lots of times, but not infinitely, because we will eventually reach the 
original point. 
 
The following table (Table 1) summarizes the students’ marks in these questions. 
 

 
 

 
 

 
 

 
 

 
 

 
 

Table 1. The students’ marks 

4. Concluding remarks 

According to our results, when it comes to the infinite as an object, we noticed that the students 
used the decimal number system as a starting point and according to the structure around which it 
evolves, they try to reach the largest number, a number with a lot of digits. They preferred a 
sequence of many zeros for the ending and seldom many nines. On a second level, they admitted 
that it is something with many digits, something, however, they do not know how to write it. Older 
children seemed to understand that there must be no way to write a number that is “largest of all’’. 
Also, most students had already come in contact with the concept of infinity as well as its symbol. 
Moreover, older students answered the question about comparing the cardinality of numbers and 
grains of sand (infinite and finite sets) more correctly than younger students, but the question on the 
representation of natural numbers and their doubles (infinite sets) was answered incorrectly 
independently of the children’s age. 
When it comes to the infinite as a process, older students perceived infinity more intuitively when 
the problem concerned the concept of “infinitely large” rather than when it concerned the concept 
of “infinitely small” and “infinitely many”. 
Following these results, we think that the investigation of these problems in a larger sample of 
students could help us design a learning pathway of the concept of infinity. 

MARK 1 2 3 4 

AGES 6 8 10 6 8 10 6 8 10 6 8 10 

QUESTIONS   

A1 1   2 2,2    3 4 4 4,4 

A2    2,2 2,2    3,3 4 4 4 

A3    2,2,2 2,2,2 2,2,2      4 

B1    2,2 2,2  3    4 4,4,4 

B2    2,2,2 2,2,2 2,2,2       

B3    2,2,2 2,2,2 2   3   4 
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Abstract. The motivating characteristics of games made them important tools in educational 
fields. Games are seen as facilitators of the teaching and learning process, and some 
curriculum guidelines pointed to the use of strategy games in math classes (NCTM, 1989). In 
Portugal, the educational community has also become interested in the pedagogical uses of 
games, providing the foundation to the development of different research in this field 
(DGEBS, 1990; DEB, 1998, 2001). For instance, in 1990 the curriculum of elementary 
mathematics education pointed out to the use of games, such as chess, draughts or dominoes. 
The educational guidelines continued to emphasize the use of games until 2007 (DGIDC, 
2007). This context has contributed to the realization of a research on games, carried out in 
three different moments with dominoes, chess and a set of mathematical games, respectively. 
This talk will present the three projects as well as its conclusion. Nevertheless, the main 
conclusion inferred from the investigation is that there are differences in the relationship 
between the ability to play different games and pattern identification. 
 
Résumé :  Les caractéristiques motivantes des jeux en ont fait des outils importants dans les 
domaines éducatifs. Les jeux sont considérés comme des facilitateurs du processus 
d'enseignement et d'apprentissage, et certaines lignes directrices du programme scolaire ont 
souligné l'utilisation des jeux de stratégie dans les classes de mathématiques (NCTM, 1989). 
Au Portugal, la communauté éducative s'est également intéressée aux utilisations 
pédagogiques des jeux, ce qui a permis de jeter les bases du développement de différentes 
recherches dans ce domaine (DGEBS, 1990 ; DEB, 1998, 2001). Par exemple, en 1990, le 
programme d'enseignement des mathématiques de l'école primaire a mis l'accent sur 
l'utilisation des jeux, tels que les échecs, le jeu de dames ou les dominos. Les directives 
éducatives ont continué à mettre l'accent sur l'utilisation des jeux jusqu'en 2007 (DGIDC, 
2007). Ce contexte a contribué à la réalisation d'une recherche sur les jeux, réalisés en trois 
moments différents avec respectivement les dominos, les échecs et un ensemble de jeux 
mathématiques. Cet exposé présentera les trois projets ainsi que sa conclusion. Néanmoins, 
la principale conclusion déduite de l'enquête est qu'il existe des différences dans la relation 
entre la capacité à jouer à différents jeux et l'identification des formes. 

 
 
It is difficult to imagine human culture without games. Although preferences for different types of 
games vary from individual to individual, games are a significant part of our childhood and remain 
important in adult’s leisure time. According to Huizinga (2003), playing games is older than culture. 
In fact, it is easy to find references to the use of games over the centuries. Artists have painted 
scenes where people are playing games, mostly children but also adults, that highlight the games 
used by people at the time, in different civilizations. Sometimes, these paintings are made in pottery, 
such as a beautiful vase showing two ancient Greek heroes, Ajax and Achilles, playing the board 
game Petteia, which belongs at the collection of the Vatican Museums (Santos, Neto & Silva, 2011).  
Board games are possibly the ones that interest researchers and archaeologists the most. Museums 
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still preserve all the artifacts related to games, such as board games pieces or board games marked 
on stone floors of Roman remains that shows us that board games have been played for more than 4 
000 years (Murray, 1952). 

The motivating characteristics of games made them important tools in educational fields, 
namely in mathematics education. Games are being seen as facilitators of the teaching and learning 
process, and some curriculum guidelines, pointed towards the use of strategy games in math classes 
(NCTM, 1989). 

In Portugal, the educational community has also become interested in the pedagogical uses 
of games in mathematics education, providing the foundation to the development of different 
research in this field (DGEBS, 1990; DEB, 1998, 2001). In 1995, an action research carried out in a 
primary school, studied the use of dominoes games in problem solving context (Ferreira, 1996; 
Ferreira & Palhares, 2010). The study was conducted with 18 students, half from the 3rd year of 
schooling and another half from 4th year of schooling, aged from 8 to 12 years old. In this study, 
two of the most popular dominoes variants played in Portugal were chosen, namely Dominó 
Tradicional or Corrido and Dominó Belga. These games are played with a standard set of double 
six dominoes, comprising 28 tiles. Matador, another variant of dominoes game was used to study 
the problem solving strategies used in the moves made by students. In the beginning, students from 
3rd and 4th grades have to solve problems that consist of game positions. These problems were 
invented specifically for the research, using two variants of domino games, and they are similar to 
chess or checkers problems that appear in the newspapers. Students have to solve two kinds of 
problems. The first one consisted of a game situation were some pieces are missing and they need to 
find the missing pieces. Other problem situation consisted of a game situation where they have to 
play and win the game or score exactly a number of points. At first, students have to learn how to 
play dominoes since they did not know the rules. Then, they start to solve problems of the two types 
described above. Then, they learned the game Matador and they played it a few times. 

As a main conclusion of this research, we verified that students are very motivated to play 
dominoes, even in problem solving contexts. They like to be challenged and they have increased 
their performance in solving this kind of problems across the research. Counting multiples of fives 
was a challenge for students, mostly for the 3rd grade students, that have more difficulty to perform 
mental calculations quickly. It has clearly been found that the best students were also the best 
players and performed well in the dominoes problems. Therefore, it was verified that students with 
learning difficulties used more often the strategy of trial and error in relation to the logical 
deduction, which was more often used by the best students. 

In addition to the use of games of strategy, the Curriculum of Elementary Teaching and the 
Principles and Standards for school mathematics, pointed to the identification of patterns in the 
mathematics teaching and learning process (DEB, 1998, 2001; NCTM, 1991). In fact, we live in a 
universe of patterns where mathematics is the science that arises to recognize, classify and exploit it 
(Stewart, 2004). Mathematics was seen as the science of patterns (Devlin, 2002) and the document 
of the fundamental competences for Elementary School stressed the identification and exploration 
of patterns in several topics of mathematics curriculum: numbers and operations, geometry algebra 
and functions. Actually, the ability to identify and create patterns is a basic math skill upon which 
many mathematical concepts are based. There are many activities in math classes that require an 
understanding of and proficiency in pattern recognition, as counting, multiplying or classifying 
shapes. According to Steen (1990), it is very important to expose children to a rich variety of 
patterns through which they can grow mathematically. 

The importance of strategic games and pattern identification, claimed by literature was the 
background for a study conducted among students of elementary schools that intended to disclose 
the existence, or not, of a relationship between the ability to play chess and the ability to identify 
patterns (Ferreira & Palhares, 2008). The methodology was based on a quantitative paradigm, with 
a correlational design. According to Cohen and Manion (1989), correlational studies are appropriate 
in educational research when there is a need to discover or clarify relationships and little or no 
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previous research has been undertaken. The investigation and its outcomes may be used as a basis 
for further research or as a source of additional hypotheses. The sample of this study was 
constituted by 437 students from 3rd to 6th grades, organized in the following way: students from 3rd 
to 6th grades from Braga; chess players and students with school chess from clubs of several areas 
of Portugal. The ability to identify patterns was measured by one test that was constructed and 
validated for this study. The structure of the test was based on the structure of similar questions used 
by other authors, such as Krutetskii (1976). It is also based on the conclusions of Krutetskii’s 
research, stating the existence of three types of mathematical ability: analytical, geometric and 
harmonic (combining the other two). 

The statistical treatment was done using SPSS for Windows and different statistical 
procedures had been used in the analysis, adjusted to each case. The partial coefficient correlation 
was used to verify the correlation between the total classification obtained on the test and ELO, 
controlled by age, school year, gender and levels of achievement in mathematics. To make the 
interpretation of the correlation coefficients we used the following boundaries: Correlations 
between 0.2 and 0.35 reveal a small relationship between variables, too small to make predictions; 
Correlations between 0.35 a 0.65 are often found in educational research. They may have 
theoretical and practical importance depending on context. They allow for group predictions (Cohen 
& Manion, 1989; Fraenkel & Wallen, 1990). 

As main conclusion, it was verified that students were able to identify patterns, according to 
the test average. Concerning each of the parts of the test (geometric and numerical) we could notice 
that students, in general, had no difficulty in answering to the first part, and the pupils of 3rd grade 
revealed difficulty in the second part of the test. We have also verified that the score on the test in 
average increases as the school year increases. Analysing the test scores in function of playing 
chess, we have verified that chess players had better scores in the test, mainly in the scores of the 
second part of the test. Therefore, we can conclude that students who play chess appear to be the 
ones who had better identified patterns. More precisely, inversely to others students, chess players 
perform better on numerical patterns rather than on geometric patterns. 

The statistical analysis allows us to draw some conclusions. The first one is that the strength 
of play is positively related to problem solving involving patterns, with a coefficient of correlation r 
= 0.458. School grade affects the relationship between strength of play and problem solving based 
on patterns. However when we exclude its effects, the relationship is still above 0.38. Age and 
gender affect slightly the relation between strength of play and problem solving involving patterns. 
However, its effects are not significant. The capacity to identify geometric patterns was measured 
using the first part of the test and the capacity to identify numerical patterns using the second part. 
As to the capacity to identify geometric patterns we can conclude that it was positively related with 
strength of play (r = 0.320). Concerning the capacity to identify numerical patterns, we can 
conclude that it is also positively related to strength of play (r = 0.463) and this relation is stronger 
than the preceding. Furthermore, taking into account age, school grade, gender and mathematics 
levels of achievement, we found that playing or not playing chess has no relation with problem 
solving involving patterns (r = 0.13); there’s a weak negative relationship between the ability to 
solve problems involving patterns and students date of birth (r = -0.25); there’s a weak positive 
relationship between the ability to solve problems involving patterns and school grade (r = 0.23); 
belonging to feminine or masculine gender is not related to the ability to solve problems involving 
patterns (r = 0.03); there’s a weak relationship between the ability to solve problems involving 
patterns and mathematics levels of achievement (r = 0.22). 

In conclusion, we think that teaching students to play chess well may constitute a strategy to 
help students to identify patterns. Despite the pertinent results of this study for the studied 
population, it does not allow us to go outside the population of elementary school students. 

Since 2004, Ludus Association has been organizing the Portuguese Championship of 
Mathematical Games. This project is based on the believe that board games implementation is a 
good activity that can offer some mental exercises that are close to mathematical thinking 
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(Carvalho, Santos, Neto & Silva, 2009).  Although our interest is on games in general, this event 
provided the opportunity to investigate strategy games, known as mathematical games or abstract 
games (Neto & Silva, 2004). These particular games do not involve chance or hidden information. 
This kind of board games has been used in educational research and chess was perhaps the game 
that raised more studies in order to verify whether its practice improved math skills in their 
practitioners (Filguth, 2007). 

Having investigated the relationship between chess and patterns, we decided to extend the 
research to two distinct categories of games (Ferreira, Palhares & Silva, 2014). The first one 
consists of board games without chance involved or hidden information (Wari, Traffic Lights, Dots 
and Boxes, and Cats and Dogs). The second one consists of others games that do not belong in the 
first category. In this case we selected a Dominoes game, and Syzygies, a word game. The main 
goal of this study was to identify the possible relationships between the ability to play games and 
the ability to identify patterns. Another aim of the study was to ascertain the existence of significant 
differences between each one of the games involved in the analysis that could be used as a 
framework to differentiate these games. Concerning the game of Chess, the literature point to the 
existence of relevant differences between Grand Masters and lower level players (Simon, 1992) or 
experienced and less experienced players (Charness, Reingold, Pomplun & Stampe, 2001). The 
conclusions pointed out by these authors led us to also be focused in the existence of possible 
differences between best and worst players. 

The study comprised different phases and it takes into account some previous analysis, 
namely a Factor analysis that revealed the existence of seven factors behind the ability to find 
patterns. We will address only the part related with the correlational analysis. Finally, we intend also 
to ascertain the existence or not of relationships between the ability to play games and the results 
obtained in the national assessment in mathematics, regarding the group of 4th grade students. 

The population of the study consists of elementary school students from 3rd to 6th year of 
schooling from Portuguese schools. The sample was constituted by 400 students, most belonging to 
6 different schools. The process of data collecting was done in different ways: among the finalist of 
a national championship of mathematical games; organizing championships at schools with one or 
more classes involved. 

The statistical analysis followed the same requirements as the previous study. As data 
collected was not different from a normal distribution, we could use parametric tests. In the analysis 
of the relationship between variables, we mainly used the Pearson (r) coefficient using the square of 
this coefficient (R2) for interpretation because it can be interpreted as a ratio (Chen & Popovich, 
2002). Kendall’s Tau (τ) coefficient was used for the variables that contain a considerable amount of 
ties. However, in the analysis involving chess we have also used the point-biserial correlation 
coefficient (rpb), which is appropriate when one of the variables is dichotomic, as in gender (Field, 
2000). The analysis has also taken into account the level of significance, accepting only coefficients 
with a level of significance lower than 0.05 (p < 0.05 or p < 0.01). 

In this study, several relationships reveal the link between these games and the patterns 
present in the test. These relationships also reveal that different games are related to patterns in a 
different way and some of them are more related than others. Traffic Lights is the one that is more 
consistent in the analysis. This game has the largest number of relationships with different kind of 
patterns and also with the national standardized tests in mathematics as well as almost all the areas 
of these tests. In fact, Traffic Lights and Wari are the ones that revealed being related with these 
tests. 

As a conclusion, we can state that playing Traffic Lights, and more precisely playing it well, 
could develop abilities in practitioners that are useful in pattern recognition. Traffic Lights is a good 
game to promote among students for different reasons: it has simple rules; it is quick; it is easy to 
make; it is related with pattern recognition. 

On the other hand, Cats and Dogs revealed almost no significant relationship with patterns, 
having just one result concerning the worst players. 
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Besides being a word game, Syzygies seems to be a good game to help students develop 
their ability to identify patterns, mainly patterns involving numeric progressions and counting. The 
results analysis concerning this game point at the significant relationships identified on students of 
5th grade, being more consistent than the results from 4th grade. Therefore, we conclude that playing 
Syzygies could help 4th grade students identify patterns involving odd and even numbers. 

The analysis focused on factors has shown distinction among games. It is clear that these 
games are not related with patterns where rotation is implicit. However, it is also clear that Traffic 
Lights is the only game related with repetition patterns, being the game of dominoes the only 
related to patterns involving both numeric and geometric patterns. Other important aspect is that 
some factors are shared by two or three games. For instance, Dots and Boxes and Syzygies are the 
only ones to share the link between patterns involving counting or numeric progressions. 

Finally, some games can be used in an educational context as a tool for learning 
mathematics. Games provide the opportunity to socialize and learn to respect your opponents; learn 
the value of rules; know how to deal with defeat; learn from mistakes; develop new strategies of 
thinking; challenge own abilities, look for improvement; develop the abstract thinking and 
reasoning, as well as develop problem solving skills. The extracurricular activities, school clubs or 
projects provide also an excellent opportunity to implement the practice of mathematical games or 
other games related to mathematics. 

The results of the study are relevant for elementary school students. Knowing that a specific 
mathematical skill is related to the ability to play some games could be helpful for elementary 
school teachers, for parents and others educators. In addition, they have a reference to help them 
choose the most appropriate game for the goals they want to achieve, when these goals are related 
to the kind of pattern identification involved in this study. 
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Abstract. This paper aims to explore figure background perception of young children (3 to 5 
years-old, N=15) from kindergarten in Braga, Portugal. For that, it tries to address two 
questions: How do children perform when solving problems of figure background 
perception? How do children justify their answers? Qualitative methods were used to 
describe children’s reactions when interviewed individually solving problems of: position of 
shape, similarities and differences, finding shape, and shape overlay. Children were 
challenged to solve 4 problems of position of shape, 1 problem of similarities and 
differences, 4 problems of finding shape, and 3 problems of shape overlay. All the problems 
were presented to the children through the use of stories, and manipulative materials related 
to the context of the story problem were available for children. Results suggests that children 
can succeed in all these type of problems. Nevertheless, the problems of similarities and 
differences were the easiest ones for young children; the shape overlay problems seems to be 
the most difficult problems. However, globally one may say that even 3-year-old children 
used successful strategies in solving the figure background perception problems. These 
results suggest that figure background perception problems can be explored in kindergarten, 
with young children, using simple problems that enhance their spatial awareness as a way to 
stimulate visualization skills. 
 
Resumé. Cet article a pour objectif d’explorer la perception de fond des personnages de 
jeunes enfants (âgés de 3 à 5 ans, N = 15 ans) de la maternelle à Braga, au Portugal. Pour 
cela, il tente de répondre à deux questions: comment les enfants se débrouillent-ils pour 
résoudre les problèmes de perception de l’arrière-plan des figures? Comment les enfants 
justifient-ils leurs réponses? Des méthodes qualitatives ont été utilisées pour décrire les 
réactions des enfants interrogés individuellement en résolvant des problèmes de: position de 
la forme, similitudes et différences, recherche de la forme et superposition de formes. Les 
enfants ont été mis au défi de résoudre 4 problèmes de position de forme, 1 problème de 
similitudes et de différences, 4 problèmes de recherche de forme et 3 problèmes de 
superposition de forme. Tous les problèmes ont été présentés aux enfants au moyen 
d'histoires, et des documents de manipulation liés au contexte du problème de musique 
étaient à la disposition des enfants. Les résultats suggèrent que les enfants peuvent réussir 
dans tous ces types de problèmes. Néanmoins, les problèmes de similitudes et de différences 
étaient les plus faciles pour les jeunes enfants; les problèmes de recouvrement de forme 
semblent être les problèmes les plus difficiles. Cependant, globalement, on peut dire que 
même les enfants de 3 ans ont utilisé des stratégies efficaces pour résoudre les problèmes de 
perception de l’arrière-plan. Ces résultats suggèrent que les problèmes de perception de 
l'arrière-plan des figures peuvent être explorés à la maternelle, avec de jeunes enfants, en 
utilisant des problèmes simples qui améliorent leur conscience spatiale pour stimuler les 
compétences de visualisation. 
 

1. Spatial visualization in kindergarten education 
Children's first experiences are geometric and spatial, trying to understand the world around 
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them, distinguishing one object from another and discovering the degree of proximity of an object 
(1, 2). When children move from one place to another, for instance, they have to use their spatial 
and geometric ideas as they have to decide to go ahead, go forward, turn left or right. This relation 
with geometry extends throughout life in many other domains of their daily routines. 

According to Jones (3) and the National Council of Teachers of Mathematics (NCTM) (4), the 
study of geometry contributes to help children develop visualization skills, critical thinking, 
intuition, perspective, problem solving, conjecture, deductive reasoning, logical argumentation and 
proof. Kindergarten children possess an informal geometry that serves as the basis for learning 
formal geometry. Geometry in general, and spatial reasoning in particular, are fundamental 
components of mathematical learning from the earliest years (5). 

Kindergarten children possess an informal geometry that serves as the basis for learning formal 
geometry. Geometry in general, and spatial reasoning in particular, are fundamental components of 
mathematical learning from the earliest years (3-5). Spatial thinking is a human capacity used in 
daily life, in problem solving, and contributes to mathematical ability (6, 7). Children with greater 
spatial sense are better at mathematics (7) because many mathematical concepts comprise a visual 
dimension (6, 7). Moreover, connections and coherence among mathematical ideas are enriched 
when educators can apply number concepts and processes to spatial structures (7, 8). 

The NCTM (4) points out that kindergarten programs through Grade 2 should enable children to, 
among other things, use visualization, spatial reasoning, and geometric modelling to solve 
problems. Also the Portuguese official guidelines for Pre-School Education (from 3- to 6 years-old) 
refers that spatial visualization is a process that involves the construction and manipulation of 
mental images of objects in 2 or 3 dimensions, and building visual representations that are essential 
for life. In this document, spatial thinking integrates spatial visualization and spatial orientation (9). 
Spatial visualization includes abilities related to children perceiving the surrounding world and their 
ability to interpret, modify and anticipate transformations of objects (10). Spatial visualization 
problems should provide the development of children’s spatial reasoning. 

In literature, the spatial sense is named as spatial visualization (4, 9, 10) or visual perception (11-
13). According to Matos and Gordo (10), spatial visualization includes abilities related to children 
perceive the surrounding world and their ability to interpret, modify and anticipate transformations 
of objects. For NCTM (4, 14), spatial sense is an intuitive sense of environment and objects. As 
there is no agreement in the definition of spatial visualization, in this paper spatial visualization is 
understood as visual perception. This concept relates to the ability to observe, manipulate, 
transform, comprehend and imagine movements of objects, images in two and three dimensions, 
with the purpose of organizing information, thinking, developing previously unknown ideas and 
advancing in knowledge (6, 15-18). 

Del Grande (19), based on the works of Brennan, Jackson and Reeve, first distinguished nine 
capabilities of spatial visualization: visual copying; hand-eye coordination; left-right coordination; 
visual discrimination; visual retention; visual rhythm; visual closure, figure-ground relationships; 
language and perception. After that, also in relation to the previous work of Hoffer (20) and Frostig 
(21), Del Grande (19) argues that “have been selected as having relevance to the study of 
mathematics and geometry in particular”, and distinguished seven capacities, which are: eye-motor 
coordination; figure-ground perception; perceptual constancy; position-in-space perception; 
perception of spatial relationships; visual discrimination; visual memory. The firsts capacities are 
the same of Frostig and colleagues (11, 12). The visual discrimination is the ability to identify 
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similarities and differences among or between objects, independent of the position. Visual memory 
is the ability to remember accurately objects no longer in view and list their characteristics to other 
objects in view or not (19). Frostig, Horne, and Miller (11, 12) focused on visual perception 
considering it as the ability to recognize and discriminate visual stimulus and interpret them, 
associating them with previous experiences. The development of these abilities extends to other 
areas of learning (11-13). 

Frostig and colleagues (11, 12) defined five visual perception abilities important in children's 
learning: visual motor coordination, figure background perception, perceptual constancy, perception 
of position in space and perception of spatial relationships. Visual motor coordination is the 
capacity to coordinate vision with the movements of the body and its parts; figure background 
perception; perceptual constancy, also called constancy of shape and size is the ability to identify an 
object with invariant properties presented in different shapes, positions, sizes, brightness, textures 
and colours; perception of position in space, that is the relation in the space of an object with its 
observer, and it carries the ability to perceive objects that are behind, ahead, above, below, or to the 
right and left side of oneself. The other capacity is the perception of spatial relationships, the ability 
of an observer to perceive the position of two or more objects in relation to themselves and the 
relation between objects (11, 12, 19). This ability develops after the perception of the position in 
space and is the consequence of it. 

This paper focuses on the figure background perception, the ability to identify a specific 
component in a situation that involves a complex background, where portions of that component are 
distorted and intersected. The figure background perception ability is also defined by the distinction 
between foreground and the bottom of that plane and it is essential to select a center of interest from 
a set of stimuli - auditory, tactile or visual (10, 19). These stimuli form a figure in our perceptual 
field, that is, the part that forms the center of attention, and it that one perceives more clearly the 
things to which one pays most attention. It may happen that the center of interest changes and that 
which was a figure becomes background. For example, when a child is playing with a ball his/her 
figure is the ball, set against a background that the child does not pay much attention to (flower 
beds, advertisements around him). If one is interested in another object, such as a bucket, the ball 
becomes part of the background and the figure would be the bucket. A child with poor figure 
background ability turns out to be inattentive and disorganized, as his/her attention jumps from one 
stimulus to another. The children then have difficulty finding a particular piece of text, omit 
sections, and cannot solve known issues if they appear on a very small page as they are unable to 
select the important details. Exercises that explore the background figure help to develop the ability 
to focus attention on the appropriate stimuli, essential in any action directed toward an end and for 
any school learning. This ability helps the child to see the written or printed figures clearly and in 
the proper order, without being distracted by the stimuli surrounding them. Activities to develop this 
ability include: identifying a figure from a set of overlapping figures, completing figures, and 
assembling a figure from its parts in tangram-type activities (19). Matos and Gordo (10) suggest 
activities that require the observation of hidden figures, completing figures so that they resemble 
others, and looking for figures immersed in others – e.g., Tangrams and paving. 

In Portugal, research studies on kindergarten children’s abilities related to figure background 
perception are seldom. Nevertheless, curricula for mathematics in the kindergarten underlie the 
exploration of problems related to these issues in order to develop children’s visual perception. 
Thus, to understand kindergarten children’s visual perception, their ability to solve figure 
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background perception problems was analysed. 
This study tries to explore young children’s figure background perception. For that, two 

questions were addressed: How do children perform when solving problems of figure background 
perception? How do children justify their answers? 

2. Methods 
Qualitative methods using an interpretative approach (22, 23) were adopted to understand 

children’s figure background perception. A descriptive research was carried out, in which the data 
source was the natural environment, and data was collected in the form of words or images. In 
agreement with Bodgan and Bicklen (24), and Denzin and colleagues (25), in this type of research, 
the main interest is more in the process than in the results or products. 

The participants were 15 children, from 3- to 5-years-old, from state supported and private 
kindergartens of Braga, in Portugal. There were 5 children of each age level. 

Children were interviewed individually when solving figure background perception problems in 
order to analyse their performance and understand their reasoning. Each interview comprised 12 
problems of figure background perception. These tasks included 4 problems of position of shape, 1 
of similarities and differences, 4 of finding shape and 3 of shape overlay. Table 1 presents some 
examples of the problems presented to the children.  

 

Table 1. Examples of the problems of figure background perception presented to the children. 
 Problem Material 

Position of shape Can you build these figures with these pieces? 
 

 
Similarities and 
differences 

Marks with X the image that is different from all the 
others. Why is it different?  

Finding shape Look at the images. Mark with a cross the images 
that are equal to the shapes above.  

 

Shape overlay Can you find animals in the picture below?  
Which animals do you see?  

 

 
In each problem, the interviewer presented the problem to the child orally. For some problems, 

manipulative materials related to the context of the problem were available for children. After 
solving the problems, the children were challenged to explain their answers by the questions “Why 
do you think so?” or “How do you know that?”. During the interview, the children were free to 
interrupt or quit at any time. 

The interview was conducted by the researcher, one of the authors of this paper. Each interview 
lasted, approximately, 20 minutes. 

The data collection was carried out using audio and video recording, children’s written 
resolutions, children’s constructions, and researcher’s field notes. 
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3. Results 
One point was awarded to each correct response given by the child when solving the problems. 

Twelve problems of figure background perception were presented to the children, comprising 
position of shape, similarities and differences, finding shape, and shape overlay. Figure 1 shows the 
total of correct responses of children, according to age. 

 

 
Figure 2.  Total of correct responses according to age (N=15). 

 
Only one child could not solve any of the problems. The others could succeed in at least one of 

the given problems, and most of the children succeeded in at least 50% of the presented problems. 
Figure 1 presents the total of children’s correct responses according to the age level. Two children 
could succeed in nine of twelve given problems; one 3-years-old child could solve correctly 67% of 
the presented problems, and another 50% of the total of problems. Table 2 gives the mean (S.D.) of 
the correct responses, according to the age, for the 12 problems. 

 
Table 2. Mean (S.D.) of the correct responses according to the age. 

 
 
 
 
 
 
 
 
 
 
These results suggest that children’s performance seems to be affected by their age level; Five-

year-old children have a higher success than 3-year-old children, which is not a surprisingly result, 
but 3-years-old children were able to succeed in several problems and this is a remarkable result.  

Results suggest that the younger children, such as 3-years-old, could get some sense of the figure 
background perception in order to succeed in these problems. Possibly this can indicate that it 
makes sense to include these type of problems in the kindergarten practices, in order to stimulate 
and prompt children’s development of spatial visualization. 

An analysis on children’s performance allows to identify some of their strategies, when solving 
the problems. This analysis will be presented here according to the type of problem (position of 
shape, similarities and differences, finding shape, and shape overlay). 

 Age Mean 
(S.D.) 

3-years-
old 

3,4 (2,6) 

4-years-
old 

6,4 (2,1) 

5-years-
old 

6,8 (2,2) 
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3.1. Position of shape 
Table 3 presents the percentage of the type of strategy observed when solving problems of 

position of shape, according to age. Children’s performance when solving the position of shape 
problems could be distinguished into three categories: shape in correct position when children put 
all shapes in the correct position; some correct shape when children put some shapes in correct 
position, but others in wrong position; and shapes in wrong position when children does not put any 
shape correctly. 

 
Table 3. Percentages of type of strategies used by children on position of shape problems, by age 

(N=15). 
Position of shape (%) 

Type of strategy 3 
years-old 

4 
years-old 

5 
years-old 

Shapes in correct 
position 

30 60 60 

Some correct 
shapes 

30 10 30 

Shapes in wrong 
position 

40 30 10 

Figure 3 shows three examples of children’s resolutions with shapes in correct position.  

 
 
 
 
 

Figure 3.  Examples of correct responses in problems of position of shape (N=15). 

Young children of 3-years-old were able to succeed in these problems, presenting 30% of correct 
resolutions, and other 30% could present some pieces of the final shape in the correct position; only 
40% of the 3-years-old children presented all the pieces in the wrong positions (see Table 3). Figure 
4 gives some examples of wrong answers presented by children, in spite of using some of the pieces 
correctly. 

 
 
 
    

 

Figure 4.  Examples of some wrong resolutions in problems of position of shape. 

3.2. Similarities and differences 
Table 4 presents the percentage of the type of strategy observed when solving problems of 

similarities and differences, according to age. Children’s performance when solving the similarities 
and differences problems can be distinguished into two categories: tick the different dog when the 
child identifies and indicates the dog which different; and identifies the wrong dog when child 
doesn’t identify any dog and says that all dogs are similar or when child identifies the wrong dog. 
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Table 4. Percentages of type of strategies used by children on similarities and differences 

problems, by age (N=15). 
Similarities and differences (%) 

Answer 3 
years-old 

4 
years-old 

5 
years-old 

Tick the different 
dog 

40 100 100 

Identifies the 
wrong dog 

60 0 0 

Figure 5 shows the answer of a 3-years-old child, who was asked to tick the different dog. 
 

 
Figure 5.  Example of a correct responses given by a 3-years-old child. 

Results suggests that this type of problem was not difficult at all for the older children, but for 
the youngest the recognition of similarities and differences may need to be improved. More 
research is needed to have an insight on children’s reasoning to understand which processes occur 
that allow children to easily grasp these similarities and differences at 4-years-old, but not at 3-
years-old. Nevertheless, among those who presented a correct response, it was possible to find 
justifications of a 3-years-old arguing that “this dog has 2 scratches here and 1 here and the other 
dogs have more”, revealing a total understanding of their answer. 

3.3. Finding shape 
Table 5 presents the percentage of the type of strategy observed when solving problems of 

finding shape, according to age. Children’s performance when solving the finding shape problems 
can be distinguished into three categories: all shapes, when the child identifies all hidden figures; 
some shapes, when a child identifies some hidden figures but does not identify others; and incorrect 
shapes, when children identify shapes that are not hidden (see Table 4). 

 
Table 5. Percentages of type of strategies used by children when finding shape problems, by age 

(N=15). 
 

Finding shape (%) 
Type of strategy 3 years-old 4 years-old 5 years-old 

All shapes 30 70 75 
Some shapes 35 5 15 

Incorrect shapes 35 25 10 

 Figure 6 shows 3- and 4-years-old children answers to problems of finding shape. 
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Figure 6.  Examples of correct responses given by 3- and 4-years-old children (finding shape 
problems). 

Results suggests that this type of problem was not very difficult for the older children, but for the 
youngest the recognition of a shape among others seems to be difficult. More research is needed to 
have an insight on children’s reasoning to understand the processes that occur that allow children to 
find shapes in different positions, at 3- and 4-years-old (see Table 5). Some children even justified 
that “this figure is the same. I don’t know the name of this figure” revealing their recognition of 
shape. Some children could only recognise some of the shapes, those inside the circle. Figure 7 
shows an example of 3-year-old child that does not identify the circle figure. 

 

Figure 7.  Examples of almost correct response given by 3-years-old child (finding shape 
problems). 

3.4. Shape overlay 
Table 6 presents the percentage of the type of strategy observed when solving problems of shape 

overlay, according to age. Children’s performance when solving the shape overlay problems can be 
distinguished into three categories: build near the card, when a child builds a construction near the 
card, correctly; does not overlap images; build on card but wrong, comprises the situations in which 
the child puts the pieces on the given card overlaying, but in the wrong position; and build near the 
card but wrong, comprising the cases in which a child makes a construction different from the one 
required in the card. 

 
Table 6. Percentages of type of strategies used by children on shape overlay problems, by age 

(N=15). 
 

Shape overlay (%) 
Type of strategy 3 years-

old 
4 years-

old 
5 years-

old 
Build near the card 0 10 20 

Does not overlap images 30 30 50 
Build on card but wrong 40 50 20 

Build near the card but wrong 30 10 10 
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Figure 8 shows examples of children of 4- and 5 years-old building near the card. 

 
 

Figure 8.  Examples of correct responses in problems of shape overlay (N=15). 

The problems of shape overlay were the most difficult ones presented to the children of this 
exploratory study. These requires the attention to too much information, which makes them more 
difficult than the previous ones. Even when material was available to solve the problem, the levels 
of success were extremely low. Possibly, this was due to the fact that children could not succeed in 
the problem by building on the card, as this was a 3D problem. Figure 9 shows some of the 3-years-
old resolutions that were close to success, failing partially on overlaying, building wrongly on the 
card. 

  

 

 

 

 

 

In another problem, the children had to identify the animals in a picture and most of them 
succeeded. Figure 10 shows an example of such a problem, in which the children should identify 
the four animals. Most of the children identified correctly all the animals: a dog, a cat, a bird and a 
chicken. 

 

 

 

 

 

 

 

Figure 9.  Examples of almost correct responses in problems of shape 
overlay. 

 

 

Figure 10.  Example of another problem of shape overlay. 
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4. Final remarks 
These results suggest that the figure background perception problems can make sense even for 

the 3-years-old children. The problems about shape overlay seemed to be the most difficult ones 
presented to this group of children. The similarities and differences problems seemed to be the 
easiest ones. As expected, in all problems presented to the children, the levels of success increased 
among the older ones. But these findings suggest that there are many problems of figure 
background perception that can be explored with young children of 3-years-old, in a fun way, in 
order to challenge their spatial thinking. 

Regarding the children’s justifications, this study suggests that solving figure background 
perception problems can be an opportunity for young children to improve their communication 
skills, when asked to explain their answers. Most of them were unable to present an explanation but 
they were able to use the material to show how they solved the problem.  

Some of these problems were quite difficult as children had to manage colour and position in 
some cases, in other cases shape and position. Nevertheless, all the children tried to solve the 
problems with enthusiasm. In many cases, they succeeded and presented justifications that clarifies 
that their resolutions were made with understanding. 

When solving problems of position of shape, of similarities and differences and of finding 
shapes, young children of 3-year-olds could succeed, in spite of not presenting many justifications 
for their resolutions. On shape overlay problems, only a few 4- and 5-year-olds children could 
succeed, making these the most difficult problems presented to the children. 

The findings of these exploratory study do not allow generalizations, but give some sense of 
what young children from 3-years-old are able to do regarding the figure background perception. 
More research is required regarding these issues in order to have an insight into young children’s 
ability to solve figure background problems. These findings also allow us to think about the type of 
problems that can be explored with young children in kindergarten, as a way to prompt their 
visualization skills, in a fun way. 
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Abstract. This paper presents the results of a bibliographic and exploratory study with 
qualitative nature, which objective is to identify the main concerns and problems about the 
mathematics teaching in the Engineering courses of Brazilian institutions and analyse 
(possible) solutions. To this end, the option was to investigate the scientific and academic 
production disseminated at COBENGE (Brazilian Engineering Teaching Congress) in the 
last two years (2017-2018). The final corpus of analysis was composed by 26 researches, 
initially categorized as “applied” and “theoretical” studies. The results and analysis indicate 
there is a tendency to concerns about the mathematics teaching in the initial stages of the 
Engineering Courses, which suggest the use of more active methodological strategies, digital 
technologies and the contextualization of mathematics contents as a way to overcome it. 

Résumé. Cet article présente les résultats d'une étude bibliographique et exploratoire à 
caractère qualitatif, dont l'objectif est d'identifier les principales préoccupations et problèmes 
concernant l'enseignement des mathématiques dans les cours d'ingénierie des institutions 
brésiliennes et d'analyser les solutions (possibles). À cette fin, l'option était d'étudier la 
production scientifique et universitaire diffusée au COBENGE (Congrès brésilien 
d'enseignement de l'ingénierie) au cours des deux dernières années (2017-2018). Le corpus 
final de l'analyse a été composée par 26 recherches, initialement classées dans les catégories 
« appliquée » et « théorique ». Les résultats et l'analyse indiquent qu'il existe une tendance 
aux préoccupations concernant l'enseignement des mathématiques dans les premiers stades 
des cours d'ingénierie, qui suggèrent l'utilisation de stratégies méthodologiques plus actives, 
des technologies numériques et la contextualisation des contenus mathématiques comme 
moyen de les surmonter. 

1. Introduction 

The Mathematics area in Engineering Courses has, at least, two facets well defined: on the one 
hand, it’s a problem, due to the high ratings of failure and school evasion, specially in the first 
periods of the courses. On the other hand, it’s a universal language of Science, powerful and with 
large application for the scientific and technological   development, which justifies that it is 
acknowledged as fundamental and valuable prerequisite to the training and the quality of future 
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engineers. (SCHWERTL et al., 2017). 
With respect to one aspect above mentioned, many factors are pointed in the literature to justify 

the high ratings of failure and school evasion, especially in the so called basic cycle such as 
Calculus, Analitical Geometry and Linear Algebra): Difficulties in relation to the required 
abstraction in the contents;  lag in relation to the previous mathematical knowledge; didactic and 
methodologies adopted by the teachers; problems with adaptation to the pace imposed by the 
university education are some  examples that we can mention. 
These factors, which may be the result of social and political changes - and consequently impact on 
curricular and pedagogical issues - have led to paradigmatic changes in University Education. In 
particular, Engineering Education has given special attention to aspects such as the quality of 
teaching programs, strategies to improve teaching and learning processes and / or how teachers can 
innovate in pedagogical practice. (MESQUITA et al., 2016; GOLDBERG and SOMERVILLE, 
2014). 
The discussions on these aspects are amplified and disseminated in specific events, in which also 
are emphasized the concerns with the mathematics teaching in the Engineering courses, both at 
national level (like the Brazilian Congress of Engineering Education - COBENGE, organized by the 
Brazilian Association (ABENGE)) and internationally (Mathematics Working Group Seminar, 
organized by the Société Européenne pour la Formation des Ingénieurs (SEFI)). (BIANCHINI et 
al, 2017). 
The national and international literature has pointed, in recent years, the active methodologies as 
possibilities for the work of the teacher in these current times. We understand here active 
methodologies as the methodological strategies that prioritize the responsible action of the student 
in the pursuit of knowledge and enable the shared protagonism between teacher and student in this 
process. According to Viacelli da Luz e Moreira (2018), researchers in the areas of university 
education didactics and engineering education agree and suggest that the use of these 
methodologies, in which students are actively involved in the learning process, can develop the 
capacity to solve complex problems and therefore to move forward in the development of more 
flexible school curricula, linked to their needs and expectations. 
In this context, this research1 arises through the union of efforts between two researcher teachers 
who seek not only to understand the problems involved in the teaching and learning of mathematics 
in engineering courses but to identify the initiatives that researchers and teachers have implemented 
to overcome such scenario. Also investigating methodological strategies that can become real 
possibilities of establishing connections between the professional field of the engineer, technology 
and the teaching of mathematics in a world that becomes increasingly dynamic and complex. 
In this way, the main problem that guides the present research is configured: How has the teaching 
of mathematics in the Engineering courses, in the context of Brazilian institutions been thought? 
And secondary issues: What kind of methodological strategy is valued? Do the strategies used 
provide connections between mathematics and other areas of engineering courses? In particular, are 
there researches based on active methodologies? How are they delineated? 
To answer these questions, we opted to investigate the academic production disclosed in 
COBENGE in the last two years. This is considered the main discussion forum on Engineering 
education in the country, bringing together representatives of teaching institutions, teachers, 
government agencies and other entities that seek to share experiences, reflect and propose strategies 
for the training of professionals engaged in the changes of this complex world and able to meet its 
demands (TOZZI; DUTRA, 2013). 
It is delineated in that way, the main objective of our research: identify which concerns, problems 
and solutions are being discussed by the authors, what are the methodological perspectives of these 
                                                
1This research is one of the ramifications  of the project  “Active methodologies: possibilities of teaching and learning 
of Mathematics” , associated  to the Research Group on Education, Science and Technology – GPECT, which seeks to 
reflect upon active methodologies as possibilities for the process of teaching and learning mathematics at different 
levels of education and how they can be inserted into the practice of the teacher who teaches mathematics. 
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studies, their potentialities and limits, and thus contribute to reflect about the improvement of the 
teaching and learning process of mathematics , specifically in engineering courses. 
 

2. Methodological Aspects  

Since we seek greater familiarity with the subject, according to Gil (2016), the present research is 
characterized as exploratory, from the point of view of its objectives; bibliographical according to 
the technical procedures of data collection and of a qualitative approach. 
The collection of the works happened through the insertion of the term "teaching of mathematics" in 
the filter of searches of the electronic page (http://www.abenge.org.br/sis_artigos.php)  in which the 
annals of COBENGE are made available. 
It is important to emphasize that this website is under the responsibility of the Brazilian Engineering 
Association (ABENGE), the most representative entity in the area of Engineering Education in 
Brazil, responsible for COBENGE. 
Furthermore, it is worth clarifying that, for the works published in 2017 and 2018, the search 
system performs a scan according to the title, keywords and abstract. This search feature, 
encompassing these three items, is not available in other editions of COBENGE, a fact that justifies 
the temporal delimitation established in the present investigation. 
Initially we carried out the reading of the titles and abstracts in order to identify and pre-select those 
that could bring indications to answer the proposed questions. 
Then, we proceeded to the complete reading of the works, which allowed to identify which of them 
were really directed to the mathematical disciplines taught in the engineering courses. Works that 
did not fall under this scope were excluded. 
An overview of the number of papers selected at each stage is presented in Table 1. 

 
Table 1: Published papers in COBENGE’s  2017 and 2018 
 

Papers 2017 2018 Total 
Number of published issues 634 555 1.189 
Selected after reading of titles and 
abstracts 

23 30 53 

Selected after detailed reading  10 16 26 
Source: The authors (2019) 
 
Based on the final corpus established (26 papers), our intention has been to carry out a detailed 
analysis of these researches and present: (a) subject line, (b) title, (c) authorship, (d) treated 
mathematical content and/or discipline focus (e) objective  (f) approach to the problem and, (g) 
perspectives and/or conclusions. 
In addition, we assume that there are studies focused on the use of active methodologies and, if such 
studies are identified, we will also examine how these works are configured. With this we hope to 
outline the current trends for mathematics teaching in the Engineering courses of Brazilian 
institutions and contribute to the debate in the area as well as to students’ final learning. 

3. Results and discussions 

From the full reading of the resulting works, an initial classification could be established, as shown 
in the Table 2.  
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The category "applied work" includes studies that present some analysis regarding academic 
performance; reports, opinions, perceptions of teachers and / or students; as well as those that 
display and discuss data obtained from institutional academic systems. 
The term "theoretical work" was established to represent research that brings diverse reflections 
about mathematics in engineering, bibliographic studies, analysis of problems in textbooks and 
reports of initiatives without, however, presenting empirical data. 
 
Table 2: Shows the distribution of the 26 papers, which will be subject to more detailed analysis 
 

Theme line 
Number of papers 

Total 2017 2018 
A T A T 

Methods and ways of teaching/learning 
of engineering and technology 3 5 7 4 19 

Citizen training (social responsibility and 
interaction with the society) 0 0 1 0 1 

Correspondence course and training 
using technology (Technology-mediate 
training) 

0 0 0 1 1 

School retention and evasion in the 
Engineering and technology courses 1 1 1 2 5 

TOTAL 4 6 9 7 26 
Legend: A: applied work, T: theoretical work 

Source: The authors (2019) 
 

The data presented in Table 2 show that there is a balance between the amount of theoretical versus 
applied work, and 12 theoretical and 14 applied studies were produced. 
Regarding the thematic line, it is observed that about 74% of the research fall under the theme 
“Methods and means of teaching / learning of Engineering and Technology”. That can be 
considered as an indication that the teachers in these courses are looking for practical alternatives or 
deepening their theoretical knowledge about new ways to teach mathematics. 
The Table 3 presents the information regarding authorship, title, mathematical object and objectives 
aimed at each research. 

 
Table 3: Description according to content and / or guiding discipline (s) and proposed objective  
 

APPLIED WORKS 

Author and Titles Contents and/or 
disciplines focus Objective 

Cavalcante e Moura 
(2018):  

Science writing: 
mathematical education of 
engineers - essay of some 

speeches 

Not applicable To analyze some selected speeches from the 
1994 Mathematical Education of Engineers 

Conference, which provide an overview of the 
teaching and learning of mathematical 

disciplines in engineering courses and, in this 
perspective, to address some of the issues that 

arise from this. 
Oliveira et al. (2018): 
Gamification-based 

instructional design: a 
pedagogical strategy to 

Contents: Arithmetic, 
 algebra, functions, 

geometry, trigonometry 
 

To compare the performance obtained by 
students in classes subjected to the traditional 

teaching method and classes subjected to a new 
instructional design based on the active Peer 
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elevate class performance 
on a leveling course 

Leveling course 
 

Instruction methodology and classroom 
gamification. 

 
Oliveira et al. (2018):  

UFPA's leveling course 
program under the 

influence of gamification 
in activities that put the 
student as protagonist 

Contents: Arithmetic, 
Algebra, Functions, 

Geometry, Trigonometry 
 

Levelling course 
 

To evaluate how the instructional design 
adopted in a levelling course concatenated 

gamification into the active Peer Instruction 
methodology in activities that put the student as 
protagonist, as well as the qualitative influence 

of this method on the performance of two 
classes of the PCNA (Elementary Mathematics  

Levelling Courses) 
Oliveira et al. (2018):  
UFPA's Elementary 

Mathematics Levelling 
Program as a Resource to 
Mitigate the Evasion and 

Failure of Calculus I 
Engineering Freshmen 

Contents: Diverse topics 
related to basic math 

 
Levelling course 

 

To analyse the influence of a PCNA elementary 
mathematics levelling course on the academic 
performance of engineering undergraduates in 
Calculus I, especially with respect to dropout 

and passing criteria. 

Silva, Trevisan e 
Gonçalves (2018):  

Mathematics teaching in 
engineering and 

covariation reasoning: a 
proposal to (de) (re) build 

the Differential and 
Integral Calculus 

Contents: ,Functions 
 

Subject : Differential 
and Integral Calculus I 

To discuss the need to (re) signify the 
mathematical concept of function, through its 

covariate approach, as a possibility for working 
in Differential and Integral Calculus (ICD) 

classes based on the organization of teaching 
and learning environments based on episodes of 

task resolution. 

Karrer e Santos (2018): 
Core and image of linear 

transformations: a 
proposal of graphic 

exploration in Geogebra 

Contents: Core and 
Image of Linear 
Transformations 

 
Subject: Linear algebra 

Develop and apply a teaching approach 
integrating GeoGebra software to explore the 
relationships between graphical, algebraic, 
matrix, figural and natural language 
representations. 

Karrer e Estrela (2018): 
Base change: integration 
of semiotic records in a 
computational approach 

Contents Base change 
 

Subject: Analytic 
geometry 

 

Describe an experiment (involving semiotic 
records, exploring relationships between 

algebraic, graphical, matrix and discursive 
aspects) of teaching about Base Change, content 
present in the Analytical Geometry discipline, 

conducted with the help of Geogebra. 
Moraes et al. (2018):  
Precalculus Project: 
Mathema-tical 

Reinforcement for 
Engineering Courses in 
Hybrid Learning Paths 

Contents: Numeric sets, 
potentiation rules, 
notable products, 

factorization, equation, 
inequality, functions, 

graphing, trigonometry, 
trigonometric 

transformations, 
matrices, determinants, 

linear systems 
 

Leveling Course 
 

Research active methodologies such as Hybrid 
Teaching and in particular the Inverted 

Classroom that can be applied to Mathematics 
content in Higher Education and using virtual 

environments. 
 

Fernandes et al. (2018):  Contents: basic math Describe how the implementation and initial 
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Reflections of the Pre-
Calculus project in two 
engineering courses in 

Montes Claros, MG 

topics 
 

Levelling Course 

results of a Pre-Calculus project took place at a 
federal public institution in Minas Gerais. 

 
 

Xavier et al. (2018):  
Problem-based learning in 

the teaching of 
computational simulations 

of ordinary differential 
equations in engineering 

courses: an approach with 
PBL 

Contents: Ordinary 
differential equations 

(introductory problems 
supported by the 

concepts of derivative, 
rate of change, integers, 
and algebraic problem 

modelling) 
 

Discipline: Calculus A  

Apply the PBL method to a group of Mechanical 
Engineering students and evaluate the 

methodology used for the teaching of ODE. 
 
 
 

 

Gerab e Godoy (2017): 
 The teaching of 
mathematics in 

engineering courses: the 
teacher's eye - an analysis 

quantitative 

Not applicable Present clippings of a project that seeks to 
investigate and propose actions to improve the 
transition Basic Education - Higher Education, 

particularly for Engineering courses 

Cavalcanti et al. (2017):  
Analysis of the 

importance of basic math 
courses for university 
students' performance: 

case study of the 
academic monitoring 

worksheet 

Contents: Calculus I 
 

Levelling Course 
I 

Present reflections on the importance of 
implementation in the Basic Mathematics 

Course of the Polytechnic School of 
Pernambuco / UPE for the performance of 

students entering engineering courses. 
 

Moraes et al. (2017): 
Flipped Classroom: The 

Use of Hybrid Teaching in 
Pre-Calculus Engineering 

Courses 

Contents: Potentiation, 
remarkable products, 

factorization, functions, 
graphical representation, 

trigonometry, 
trigonometric 

transformations, 
matrices, determinants, 

linear systems 
 

Leveling Course 

To present a study on the Inverted Classroom of 
hybrid teaching, a methodology that proves to 

be innovative, compared to the traditional 
proposals developed in the classroom. 

Gonçalves Junior e 
Mattedi (2017):  

Teaching project to reduce 
retention in mathematics 
subjects of Engineering 

courses 

Contents: Basic Math 
Topics 

 
 

Levelling Course 

Present the teaching project of basic math 
levelling to engineering students entering the 

2nd semester of the academic year of the 
Technological Center of the Federal University 

of Espírito Santo (CT / UFES). 
 

THEORETICAL WORKS 
Pereira (2018): 

Cocalc: The cloud 
computing math platform 
for on-site and distance 
learning and research 

Subjects: related to 
Basic Core 

Introducing CoCalc's new collaborative 
computing platform, which features a number of 

free software for mathematical programming, 
including algebra, combinatorial analysis, 
numerical calculus, number theory, and 
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differential and integral calculus, used to support 
teachers and students in teaching and learning. 

learning the core mathematics subjects of 
engineering and exact courses. 

Dias et al. (2018): 
The use of software in 

mathematics teaching and 
learning: analysis of the 
works published in the 
Cobenge proceedings 

from 1998 to 2017 

Not applicable To present a survey about the works published in 
the COBENGE proceedings from 1998 to 2017, 
in order to verify how researchers have used the 

software in the teaching-learning process of 
mathematics in Engineering courses. 

Gomes et al. (2018): 
Dynamic portico analysis: 

an opportunity to 
construct a contextualized 
event for Linear Algebra 

teaching and learning 

Contents: Matrix, 
systems, linear equations, 
eigenvalue, eigenvector, 

base change, matrix 
diagonalization 

 
Subject: Linear Algebra 

To analyse, from a mathematical and 
engineering point of view, a classical Civil 

Engineering problem - the dynamic analysis of 
gantries - from the perspective of future use in 
the elaboration of contextualized events for the 
teaching and learning of some Linear Algebra 

concepts. 
Gaffuri, Bazzo e Civiero 

(2018): 
Mathematical Education 

and Engineering 
Education 

Not applicable Question mathematical education in 
engineering. 

Ramires, Magnus e 
Magnus (2018): 

Reflection on the teaching 
of Differential and 
Integral Calculus in 
UFRGS engineering 

courses 

Subject: Differential and 
Integral Calculus 

Reflect on the current teaching of differential 
and integral calculus in engineering courses at 
the Federal University of Rio Grande do Sul 

(UFRGS). 

Gomes et al. (2018): 
Use of contextualized 

events in vector classes 
and analytical geometry - 

first reflections 

Contents: Vector 
Product, Scalar Product, 

and Plan Equation 
 

Subject: Vectors and 
Analytical Geometry 

Present, influenced by the referential The 
Mathematics in the Context of Sciences, two 

examples of contextualized events to be used in 
classes of Vector and Analytical Geometry. 

Laudares e Furletti 
(2017): 

Methodology for problem 
solving of phenomena 

with ordinary differential 
equations for engineering 

courses 

Content: Application of 
ODE's 

 
Subject: Ordinary 

Differential Equations 

To present excerpts of a research about an 
innovative methodology for the study of 

Ordinary Differential Equations, from the 
introduction of Problem Solving privileging 

several model representations. 

Souza et al. (2017): 
Quick Math: A Dynamic, 

Interactive Tool for 
Studying Basic Math and 

Calculus 

Contents: Arithmetic, 
functions, trigonometry, 
polynomials, analytical 

geometry, perimeter, area 
and volume; Limits, 

derivative, maximum and 
minimum, integral. 

 

Develop software for educational purposes for 
both teaching and studying basic math and 

calculus 1. 
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Levelling and  
Subject: Calculus I 

Coelho et al. (2017): 
General physics as a 
context for analytical 
geometry and linear 

algebra: an analysis from 
textbooks 

Contents: Vectors, 
Scalar Product, Vector 

Product, Linear Equation 
Systems 

 
Subject: Analytical 

Geometry and Linear 
Algebra 

It presents results of a four-volume analysis of a 
collection of physics books, performed 

according to the precepts of the methodology. 
Dipcing, inserted in the curricular phase of 
Theory Mathematics in the context of the 

sciences (MCC). 

Gomes, Ribeiro e Philot 
(2017): 

Linking Basic 
Mathematics and the 

discipline of Vectors and 
Analytical Geometry 

Contents: Several topics 
related to the discipline 

 
Subject: Vectors and 
Analytical Geometry 

Report the initial analyses of the data collected 
from a research that, based on the theory The 

Mathematics in the Context of Sciences (MCC) 
and the precepts of the Dipcing methodology, 

seeks to articulate the knowledge of Basic 
Mathematics and the discipline Vectors and 
Analytical Geometry taught to Engineering 

students from a private institution of the 
Big Sao Paulo. 

Bueno e Silva (2017): 
Engineering teaching and 

learning process: a 
proposal for structuring 
Physics and Calculus 
teaching in the Civil 

Engineering course at 
UNIARP 

Levelling 
And 

 
Subjects: Mathematics 

and physics 
fundamentals 

 

Reflect on fundamental pedagogical needs (use 
of booklets in physics classes, change in 

curriculum) to meet academics from the early 
stages of a civil engineering course, coming 

from a poor basic education. 

Lima, Miguel e Vieira 
(2017): 

Situations of Physics 
mobilizing Calculus, 

Statistics or Probability: 
examples from a book 

analysis 

Contents: diverse 
 

Subjects: Differential 
and Integral Calculus I, 

Probability and Statistics 

 
Present (based on the analysis of textbooks in 
accordance with the Dipcing methodology) 
examples of physics situations, mobilizing 

concepts of Differential and Integral Calculus, 
Probability and Statistics, theoretically based on 
Mathematics in the Context of Sciences (MCC). 

Source: The authors (2019) 
 

The analysis of Table 3 shows that 4 researches did not focus on any specific discipline in the area 
of mathematics. Ten researches were developed to fill gaps related to students' previous knowledge. 
In this case, they were associated with pre-calculus projects, levelling courses, development of 
virtual teaching platforms, welcoming projects for new students. 
In particular, we note that interventions related to the levelling courses cover numerous 
mathematical contents of the elementary and/or middle levels. That is, among the studies that 
explicitly stated the topics covered, none of them focused on a single mathematical content. 
We perceive the supremacy of the discipline of Differential and Integral Calculus I (or Calculus I or, 
also, Calculus A) as a focus of study concern. In this perspective, we observe two biases: (1) 
indirect, that is, the existence of proposals involving levelling courses 35% (n = 9), justified by the 
low performance of engineering students in Calculus, and / or (2) direct: the existence of research 
proposals (theoretical or applied) developed for (in) the discipline of Calculus. 
Moreover, it is possible to verify that research directed to the subjects taught in the early stages of 
Engineering courses predominates. In addition to Calculus, the disciplines of Vectors and Analytical 
Geometry, Linear Algebra, Fundamentals of Mathematics and Physics are examples that illustrate 
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this inference and can be seen in Table 3. 
We also found that 19 researches were supported, albeit timidly, in some strategy related to active 
methodologies. Such research ranges from the use of some active methodology, such as Peer 
instruction and Gamification (n = 2), inverted classroom (n = 1), PBL (n = 1), to the use of some 
technological resource (n = 7) such as educational software (Geogebra and Winplot), spreadsheets 
or virtual learning platforms. 
As perspectives and / or conclusions the analyed works indicated that there are two main actions 
that are being developed: one related to the organization of levelling courses and another related to 
the study and proposition of different methodological strategies, such as: use of technologies, 
interdisciplinarity, problematizing, inverted classrooms, Peer instruction. Such strategies aim at 
greater student involvement with the subjects and undergraduate course and are termed as active 
methodologies. 
 

4. Conclusions 
 

This study showed that: (a) the list of mathematical subjects, as well as the contents contemplated in 
these studies were not diverse, since most of the work focused on the initial subjects - such as 
Calculus, Analytic Geometry and Linear Algebra - to the detriment of mathematical subjects taught 
in more advanced periods; (b) in general, the objectives presented were based on the discourse of 
the Engineering students' difficulty in the Mathematics disciplines and the need to seek explanations 
and / or strategies to overcome such difficulty; (c) 12 studies (46%) focused on some active 
methodology, and if we highlight in this list the 7 studies that presented theoretical and practical 
discussions involving the use of technologies, we have 73% of the research bringing to the 
discussion methodological alternatives to teach mathematics in engineering courses. 
This last result is also related to the 73% of studies in the thematic line “Engineering and 
Technology Teaching / Learning Methods and Means” (Table 2). These data lead us to consider that 
the recurrent concern, also identified in the literature, is the search for methodological strategies 
capable of overcoming the traditional teaching and learning model. 
Based on these indications, we want to believe that the conception of teaching aimed at the 
transmission of content, originally conceived for passive students, is losing space for a process of 
knowledge construction, in which students play an active role and are protagonists of their learning. 
This proposition was invariably observed in almost all 26 researches that were part of the corpus of 
this study. Xavier et al (2018) highlight “it became evident in this research that concepts became 
significant through situations with which students could interact”. 
We find that the number of papers presenting reflections on the teaching of mathematics in 
engineering courses in the Brazilian context is insignificant, at least when considering the last two 
editions of COBENGE. From the data presented in Table 1, it can be observed that of the total 
number of published works, only 2.18% are in this perspective. 
As potentialities, we can indicate that the researchers point out as advantageous the use of active 
methodologies for the development of critical mathematics and contextualization, as well as the use 
of technologies as support for the approach of mathematical contents. 
Regarding the limitations, it became clear the need for conceptual changes, both on the part of 
teachers and students, as well as the pedagogical structure and curriculum grid of the courses. In 
this regard Moraes et al. (2018) state that innovative methodologies can only be implemented “if 
teachers are properly trained and believe in the methodology. Students should be... Aware that they 
must take responsibility for obtaining knowledge.” 
But beyond the limitations described, we believe that the use of active methodologies, as well as the 
use of ICTs, both in interventions related to overcoming basic mathematics difficulties and in other 
mathematical disciplines worked in engineering courses, is a viable way to minimize failure rates 
especially in the early stages of courses and foster in students the autonomy to build their own 
knowledge. 
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Some of the works evaluated in the screen research (KARRER; SANTOS, 2018; MORAES et al., 
2017; MORAES et al., 2018; OLIVEIRA et al., 2018; XAVIER et al., 2018)  underpin this 
inference by revealing that the percentages of failure and dropout in the assessed subjects were 
reduced, student attitudes towards the teaching-learning process were modified and the 
understanding of certain contents was increased after the implementation of educational designs 
based on active methodologies. and / or educational technologies. 
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Abstract. Complex numbers appear as an “exceptional” subject in mathematics education. 
In recent years this subject has been removed from school curriculum. We attempt to focus 
on the related attitudes and conceptions of students who enter Athens Technical University 
and will need complex numbers as a mathematical tool in their courses. Do they have 
already an image of complex numbers, without having learned them at school? Do they 
consider that the real numbers are sufficient for understanding physical world and 
constructing models of it? The students’ responses to a related short questionnaire are 
analyzed here after introducing some categories and variables suitable for a qualitative and a 
quantitative analysis, respectively.  
 
Résumé. Les nombres complexes apparaissent comme un sujet "exceptionnel" dans 
l'enseignement des mathématiques. Ces dernières années, ce sujet a été retiré des 
programmes scolaires. Nous essayons de nous concentrer sur les attitudes et les conceptions 
connexes des étudiants qui entrent à l'université technique d'Athènes et qui auront besoin des 
nombres complexes comme outil mathématique dans leurs cours. Ont-ils déjà une image des 
nombres complexes, sans les avoir appris à l'école? Considèrent-ils que les nombres réels 
sont suffisants pour comprendre le monde physique et en construire des modèles? Les 
réponses des élèves à un bref questionnaire sont analysées ici après avoir introduit quelques 
catégories et variables adaptées à deux analyses, qualitative et quantitative. 
 
MSC97F50, MSC97I80 

 
1. Introduction and aim of the study 
Complex numbers continue to play an important role in understanding the complexity of our 

world and operating within it, both as a logical construction and an operating tool. According to 
Artigue and Deledicq (1992), there are four important steps in the history of complex numbers:  

(i) The appearance of “imaginary quantities” within an algorithm for the solution of cubic 
equations, during 16th century. 

(ii) The function of complex numbers as an (analytic) tool and their meeting with angles and 
logarithms, during 18th century.  
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(iii) The geometric representation of complex numbers and their operations (end of 18th and 
beginning of the 19th century). And: 

(iv) The (logical) construction of complex numbers in (modern) algebra, during the 19th 
century. 

Perhaps the steps (ii) and (iii) are even more important than the others, from an epistemological 
point of view, since they envisage, respectively, two main functions of mathematical language and 
representations namely the syntactic-analytic and the semantic-hermeneutic one. Even today these 
steps are differently conceived by specialists, according to their own epistemic convictions. 

The aim of this study is to bring to light the possibly preexisting knowledge and mainly the 
epistemic beliefs and attitudes, towards complex numbers, of a special totality of students in Greek 
Tertiary Education, namely the students entering Athens Technical University. This is a special 
social group from both a socio-economic and socio-cognitive point of view. At first, these students 
are considered to have a special interest in mathematical and other scientific applications, but they 
are also carrying the best possible economic and cultural capital as a means for such a professional 
direction. In a way they are viewed as the future techno-science elite of the country. Also, their 
preparation at school or at the private tutoring organizations (the Greek “frontisteria”) is nearer to 
mathematical competitions apparatus or, perhaps more conveniently, to an apparatus of solving 
“demanding” exercises of a certain kind.  

Our research comes at a moment when complex numbers have been totally removed from the 
Greek School Curriculum, without any serious explanation offered by the authorities. This is 
possibly a special case of a large international “trend” in our days, that of demathematization, which 
has already been discussed in mathematics education (Keitel, 1989; Gellert & Jablonka, 2009). But 
it is not easy for students and teachers to approve such a decision just like that; how can complex 
numbers suddenly disappear from the basic mathematics instruction? It often happens that high 
school teachers speak of complex numbers and describe them informally to their students, as an 
hypothetical extension of real numbers in such a way that all equations of second degree can be 
solved. Now this mystery has to remain unsolved for ever … or, perhaps, the solution must be 
sought in the internet? Hence it seems interesting to ask the students themselves how do they think 
and act with respect to these “strange” numbers. Do students think of them as indispensable, or do 
they think that they can live happily without them? The question is more crucial for the population 
of students entering the Technical University, since they are supposed to need complex numbers as 
a mathematical tool in their subsequent studies. 
 

2. Method and participants 
In November 2018 we created a questionnaire and gave it to entering students in two different 

Schools of National Technical University of Athens. Our population consists of 113 students 
entering the School of Civil Engineering and 172 students entering the School of Electrical and 
Computer Engineering. Both of them were at the beginning of the first semester of their studies and 
they had never studied complex numbers in their school either university curriculum. So, we were 
wondering if they have ever heard from their professors or by their own interest about the notion of 
complex numbers. 

In this direction, we posed the following five questions: 
1) In your opinion, are the numbers you already met at school sufficient for describing 

situations of real world? 
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2) What comes to your mind when you hear the word “complex numbers”? 
3) Especially, what does the “imaginary unit” i mean for you? 
4) Have you ever met complex numbers in your studies? If yes, please mention any relevant 

school or university courses. 
5) In case you searched for complex numbers in another source apart from school or university 

books you had at your disposal, for what reason did you chose this source? 
 

In the first question the students can express their feelings about the role of numbers in 
relationship to the real world. So, we can find out their positive or negative attitudes about the 
necessity of abstraction in mathematics or the extension of numbers in a new set.  

The fourth and the fifth questions possibly give us some details about the knowledge students 
have about complex numbers. More precisely we attempt to investigate the sources where they 
“met” complex numbers and also the reason for which they were guided to look for complex 
numbers in another source, as e.g. in the internet. 

Questions 2 and 3 give us the opportunity to understand better the students’ point of view about 
complex numbers and thus clarify their answers to the first question. On the one hand these 
questions aim to investigate the representations students have about complex numbers, and on the 
other their opinion on the usefulness of these numbers. There are students who have an 
instrumentalist point of view and they see complex numbers as a very useful mathematical tool and 
others who think that complex numbers are needed mainly for real world descriptions.  
 

3. Definition of variables and/or categories 
Students’ responses were given in a text form. Thus, for a statistical analysis, we introduced two 

quantitative variables P and J, which we describe subsequently. We will principally analyze the 
answers given to four of the above five questions (questions 1, 3, 4 and 5). The answers given to 
question 2 will be helpful for determining the values of these quantitative variables. 

We first define the quantitative variable P with values 0 or 1, for characterizing students’ 
attitudes as follows. The variable P takes the values  

0: when the answer to the question is positive, which indicates a negative attitude towards 
complex numbers, since the numbers already met at school are considered as sufficient for 
describing situations of the real world. 

1: when the answer to the question is negative, which means that the numbers already met at 
school are considered as not sufficient for describing situations of the real world, thus indicating a 
positive attitude towards the introduction of a new set of numbers, extending real numbers. 

We now define a second quantitative variable J for specifying the reason (instrumental or not) 
for which students think that is necessary to extend the set of real numbers. So, concerning only the 
students who have the value P=1, we define J to take the values 

0: when students consider that complex numbers are indispensable for real world descriptions or 
understanding, and 

1: when students consider that complex numbers exist only as an instrument (computational 
tool) in mathematical calculations. 

These values, J=0 and J=1 correspond to two categories suitable for a qualitative analysis of 
students’ answers to question 3, namely the categories “Ontology” and “Usefulness” respectively. 
Ontology is considered, not only, in the classical philososphical sense of what does (or could) exist 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 102 

in the realm of nature, but also as a personal image or conception, as e.g. «a universal constant». 
Usefulness is a category usually met in pragmatism, a criterion for adopting things or theories as 
being helpful for us. However, two more categories are needed for a complete description of 
students’ responses, namely “Definition” and “Visual Representation”. In Definition we find 
«𝑖! = −1» i.e. a memorized identity without any explanation. Visual Representation refers verbally 
or graphically to 𝑖 as a unit vector on the y-axis in a 2-dimensional space. 

 
4. Analysis and Perspectives 
Subsequently we present some typical examples of each of the above categories: 
Ontology: «An hypothesis (𝑖! = −1), the refusal of one basic property.» 
«For me 𝑖 is the unit whose square is equal to -1. It is an exciting development of mathematics 

that surely gives us much more possibilities and opens many unsolved problems and new paths of 
mathematics. Furthermore, it drives the mathematical thinking to new levels, that human beings 
could not have thought that they existed in old times.» 

«I can imagine that 𝑖 is a constant without dimensions with unique properties.» 
Usefulness: «The imaginary unit 𝑖 is a number-instrument that solves complicated and non-

solvable problems in the real world.» 
« 𝑖 is a non-real number that cannot be absolutely explained and is used for our facility.» 
«It is simply an instrument for the solution of problems. I believe that it is not a number, 

because we cannot do operations with it, because, for example we would have: −1 = 𝑖 ∙ 𝑖 = −1 ∙
−1 = −1 ∙ −1 = 1 = 1. So, it is simply a helpful instrument.» 
Definition: « 𝑖 is a number that doesn’t belong to R and satisfies 𝑖! = −1, in other words 

𝑖 = −1.» 
Representation: «The “imaginary unit” 𝑖 is a number on the axis of imaginary numbers.» 
«Element necessary for the definition of complex numbers, one of their two dimensions.» 
 «𝑖! = −1 and is the y-axis in the following graph…» 

 
The statistical analysis of the answers revealed the following. Most of students consider that real 

numbers are not sufficient for describing situations of the real world (79% of civil engineers and 
77% of electrical engineers). These students are divided in two parts: almost half of them consider 
that complex numbers are useful for real world descriptions (54% of civil engineers and 48% of 
electrical engineers). The rest of students have a more or less instrumentalist point of view, thinking 
that complex numbers are a good tool for the solution of mathematical problems. 

However, only 10% of civil engineers searched for complex numbers by themselves (apart 
textbooks), in contrast to electrical engineers who did this in a double percentage (20%). Both 
populations used the same source of information about complex numbers, namely the internet. The 
most frequent reason for using the internet is “curiosity”. A rare explanation is that “the internet is 
an easy and fast way to get information”. 

It is obvious that complex numbers hold a basic place in the curriculum of these University 
Schools, because there are many applications in different domains as Optics, Mechanics, 
Electronics, Quantum Mechanics, Differential Equations and others. Through our investigation we 
found out that a majority of students have a positive attitude about the need for a new system 
extending the real numbers. So, we have to adapt our teaching and introduce complex numbers at 
least at the beginning of their studies at tertiary level. 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 103 

We plan to join these students two years later when they will have studied complex numbers as 
a mathematical instrument, in order to see the influence of teaching on their points of view.  
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Abstract. Mathematics is an essential subject that all students must learn at school, if we 
want that they became active, participative and critical citizens of our global world. To 
realize this goal, it is necessary to have pupils learning and interested in mathematics. 
However, in Portuguese schools, not all pupils who study mathematics like to do it. Some of 
them become demotivated and they do not persist. Teachers must face these questions: What 
to do? How to organize the learning context? To answer to these questions two primary 
teachers conducted two studies which the main goal was to understand how learning outside 
the classroom engages and motivates pupils and improves their communication capacity. 
According to the main goal they followed a qualitative methodology and designed two case 
studies. The studies were developed in two consecutive school years: the first one with a 
mixed classroom with pupils from 3th and 4th grade, and the second with 3th grade pupils. 
Pupils solve mathematics tasks outside the classroom, beginning with collecting information 
outside, working in groups and returning to the classroom to finish the task or, like in second 
study, solve the entire task outside the classroom. The results of the studies point out that 
tasks explored outside the classroom seems to be valuable to the pupils’ learning process. 
They were shown to be open to experiment, to work in groups, to communicate their 
findings clearly, and to stay focus on the task. They felt free to be sitting on the floor or 
standing up. They were shown to be more motivated, enthusiastic and persistent when they 
do mathematics. 

Résumé. Les mathématiques sont une matière essentielle que tous les élèves doivent 
apprendre à l’école si nous voulons qu’ils deviennent des citoyens actifs, participatifs et 
critiques de notre monde globalisé. Pour atteindre cet objectif, il est nécessaire que les élèves 
apprennent et s'intéressent aux mathématiques. Cependant, dans les écoles portugaises, ce ne 
sont pas tous les élèves qui étudient les mathématiques qui aiment le faire. Certains d'entre 
eux deviennent démotivés et ils ne sont pas persistants. Les enseignants doivent faire face à 
ces questions: que faire? Comment organiser le contexte d'apprentissage? Pour répondre à 
ces questions, deux enseignants du primaire ont mené deux études dont l'objectif principal 
était de comprendre en quoi l'apprentissage en dehors de la classe engageait et motivait les 
élèves et améliorait leur capacité de communication. Selon l'objectif principal, ils ont suivi 
une méthodologie qualitative et conçu deux études de cas. Les études ont été développées au 
cours de deux années scolaires consécutives: la première avec une classe mixte avec des 
élèves de troisième et quatrième années et la deuxième avec des élèves de troisième année. 
Les élèves résolvent des tâches mathématiques en dehors de la classe, commencent à 
collecter des informations à l'extérieur, travaillent en groupes et reviennent en classe pour 
terminer la tâche ou, comme lors de la deuxième étude, résolvent l'intégralité de la tâche en 
dehors de la classe. Les résultats des études indiquent que les tâches explorées en dehors de 
la classe semblent être utiles au processus d'apprentissage des élèves. Ils se sont révélés 
disponibles pour expérimenter, travailler en groupes, communiquer clairement leurs 
conclusions et rester concentrés sur la tâche. Ils se sentaient libres d'être assis sur le sol ou 
d'être debout. Ils se sont montrés plus motivés, enthousiastes et persistants quand ils faisaient 
des mathématiques. 
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1. Introduction 

Mathematics is a central knowledge that must be developed with all children and pupils in all 
schools of the world (OECD, 2004, 2019), due to its importance in daily modern and globalized 
life. “With the growing role of science, mathematics and technology in modern life (…) 
increasingly require that all adults – not just those aspiring to a scientific career – be 
mathematically, scientifically and technologically literate” (OECD, 2004, p. 37). 

Mathematical competence is one of the key competences for lifelong learning and results from a 
combination of knowledge, skills and attitudes (European Communities, 2007).  

“A mathematically literate student recognizes the role that mathematics plays in the world in 
order to make well-founded judgements and decisions needed by constructive, engaged and 
reflective citizens” (OECD, 2019). However, not all pupils like to work at mathematics; some of 
them become demotivated and others even quit learning this subject. As mentioned by New (2016), 
also in Portugal many primary school children are “losing the opportunity to be active, and to learn 
from hands-on experiences” (p. 7). If teachers, schools and society in general want to contribute to 
an active, participative and critical citizenship to all, it is necessary to provide children and pupils 
with tasks and learning environments that could engage them to study mathematics.  

To overcome pupils’ negative mind-sets and their lack of motivation, when they work with 
mathematical contents, it is necessary to reflect about what primary teachers can do. In two primary 
schools, in two classrooms, we detected some pupils’ experiencing difficulties in doing mathematics 
and demotivation. So primary teachers decided to organize the learning process including some 
innovative tasks to explore outside the classroom, taking advantage of the outdoor space of each 
school. They decided to conduct research studies, whose the main goal was to understand how 
learning outside the classroom engages and motivates pupils and improves their communication 
capacity. 

2. Learning environments 

According to several researchers and studies, learning environments and connections among 
different contents play an important role in teaching and learning mathematics (e.g. Morais & 
Miranda, 2014; Sebastiany, Pizzato, Pino, & Salgado, 2012; Pinto & Pereira, 2017; UNESCO, 
2006).  

The usual learning environment is the classroom, a closed space where pupils spend most of the 
day.  

Learning outside the classroom at school or even out of the school has benefits to pupils (New, 
2016). It is necessary to think about the outdoor context and, essentially, about what will be done, 
“the out-of-the-routine, vivid experience” (Dillon, 2005, p. 56), that can foster pupils’ learning. It is 
expected that pupils get involved, “making meaning from experiences” (Dillon, 2005, p .90) and 
construct knowledge for themselves and from their peer relations and groupwork. 

Teaching and learning mathematics can occur in different environments: in formal, non-formal 
or informal environment. Formal learning environments take place in classrooms and schools, 
oriented by teachers; non-formal learning takes place outside the formal learning setting, but with 
orientation; and informal learning may occur in an implicit way and far from teachers and school 
(e.g. Mok, 2011; Morais & Miranda, 2014, Fernandes, Vale & Palhares, 2017, Barbosa & Vale, 
2016). 

To OECD (s/d) formal learning is “always organized and structured and has learning objectives” 
as opposed to informal learning that is “never organized, has no set objective in terms of learning 
outcomes”. Non-formal learning lies between the first two is “rather organized and can have 
learning objectives (…) may occur at the initiative of the individual, but also happens as a by-
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product of some more organized activities”. A non-formal environment could contribute to reduce 
student’s stress and to improve a positive attitude for the learning of mathematics. 

Other important feature in the teaching and learning process is to connect different subjects, 
inside mathematics and/or relating it with others content areas. If pupils could see that different 
knowledges are interrelated, this helps them to become more interested in learning and to achieve a 
deeper mathematical understanding and knowledge integration (Martins et al., 2017).  

3. Methodology 

According to the main goal, two primary teachers followed a qualitative methodology and 
designed two case studies. The first study took place in a classroom with 18 pupils, from grade 3 
and grade 4, that form the first case, and the second one took place in a classroom with 14 pupils, 
from grade 3, that form the second case. To collect data, primary teachers use mathematical tasks, 
innovative tasks, sorted out by all participants, observations, photos and questionnaires. Data 
analysis was done in a holistic, descriptive and interpretative way. 

Nowadays in Portugal, the national mathematics curriculum focuses in routine tasks, like 
exercises and word problems (MEC, 2013). The tasks used in the two case studies are innovative 
for the pupils, because they are different type of tasks from that pupils usually solve. It includes 
explorations and problems (Ponte, 2005).  

With the 18 pupils from grade 3 and grade 4, teacher wanted them to take advantage of the 
technological applications to get answers to questions or to relate mathematics with other subjects, 
like physical education. The other teacher wanted to give to 14 pupils, from grade 3, the opportunity 
to use outdoor school space to gather materials, like tree leaves, to be organized and to apply 
mathematical knowledge, like perimeter and surface, to draw vegetable beds to their school 
colleagues.  

In this paper, we will refer to the mixed classroom, with pupils from grade 3 and grade 4, as 
CC34 and the other, just with pupils from grade 3, by CL3. The case studies were developed in two 
consecutive school years, and the first one was carried out with CC34 class.  

The results of the first study allowed the incorporating of changes in the second one. One of the 
major difficulties detected in the first study was that some pupils become unconcerned, when they 
returned inside the classroom to finish the necessary work. All the tasks were finished inside the 
class and pupils needed to make calculations, to analyze data, to make conclusions and to 
communicate their conclusions to the entire class. Despite teachers focusing on the way the outside 
work was linked to the following classroom activities (Dillon et al., 2005), many times some pupils 
gave up on the task! Can we work in a different way? We believe “Yes, we can”. 

Therefore, in the second study as the outdoor space was very wide, and nearby the school of 
CL3 there was a farm with animals and plants, this context was included so that pupils could solve 
and complete mathematical tasks outside the classroom. 
Table 1 summarizes the key characteristics of the tasks presented in this paper: mathematical 
content and available materials to the pupils. The tasks are presented chronologically. 
 

Table 1. Summary of the key characteristics of some tasks. 

 
School 
Year/ 
Class 

Task Mathematical content Materials 
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2016/2017 
CC34 

Measure Trees Perimeter 
Length measure units 
Equivalence between measure units 

App Tree Meter 
Mobile phone 
Tape measure 
Notepad 
 

2016/2017 
CC34 

Making  
Hopscotch 

Geometric figures 
Perimeter 
Area 
Pentominoes 
Create rules for a new game 
 

Square papers 
Notepad 

 

2017/2018 
CL3 
 
 
 
 
2017/2018 
CL3 

Collect and 
organize tree 
leaves 
 
 
 
 
Different figures 
may have the 
same perimeter? 
+ 
Design 
Vegetal beds 
 

Collect, organize and analyze data 
Frequency chart 
Bar graph 
Leaf plot 
Measures of central tendency: 
Mode 
 
Geometric figures 
Perimeter 
Area 
Pentominoes 
Measure real distances 
 

Material kit: guide, 
pencil, rubber, paper 
squares, recycle bag. 
Colored permanent 
markers 
 
Square paper 
Tape measure 
Wool yarn 
Wood stakes 

4. Some results 

Following we present four of the tasks explored with pupils. The first two developed with the CC34 
class, and the last two with CL3. 

 
4.1. Measure trees 
 
With the CC34 class the first task developed emerges from a storybook and the ephemeris of the 

world tree day.   
The story tells us about a very big tree and a question issue has been asked, “Is the perimeter of 

the trunk tree proportional with the tree height?” (Cacais, 2018). How do we know?  
The only way to get answers to this question is to go outside and to take measurements. How to 

measure the tree height? Using an App for mobile phone: the Tree Meter. 
The group of pupils go outside the classroom to the school garden, choose a tree, and learn to use 

the App. To apply the App they need the measure of one pupil to be a reference value (figure 1).  
They take measurements with the tape measure (figure 1) and make registrations.  
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Figure 1. Pupils of CC34 class: measuring one of the pupils and the trunk tree (Cacais, 2018, p. 
72 ) 

 
After all this, they return to the classroom, to share data, to make some necessary calculations, to 
reflect, to get conclusions and to answer the question.  
They gathered all the collected results in a table (figure 2). 
Analyzing data from table in figure 2, focusing in the second and third table line, and despite the 
mistakes on the equivalence (108cm=1,08m and not 1,8m) it is possible to verify that, from second 
to third tree, the tree height almost doubles but the third tree trunk perimeter is more than twice that 
of the previous tree. 
Other pupils observe too and take measurements from trees that have the same height but very 
different trunk perimeters.  
They conclude that the perimeter of the trunk tree is not proportional to the tree height. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. Registrations of pupil A1 from CC34 class (Cacais, 2018, p. 72) 
 
 
 4.2. Playing Hopscotch  
 
Going on in making connections between subjects, Social Sciences were the starting point to look 
for old games, played by their parents and grandparents. They recall the Hopscotch game. This 
game is played with a grid designed in the playground using eight or nine squares and a rock. Pupils 
went outside and played Hopscotch (figure 3).  
 

Tree height Trunk perimeter 
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Figure 3. Pupils of CC34 class playing Hopscotch (Cacais, 2018, p. 100) 
 
When they returned to the classroom, they analyzed the Hopscotch grid and teacher challenged 
them to construct different grids, but with two conditions: to use just five squares and to link two 
consecutive squares by an entire side!  
They went outside to complete this task (figure 4). They had square cards available and construct all 
the possibilities: they constructed all the pentominoes! 
 
 
 
 
 
 
 
 
 
 

Figure 4. Pupils of CC34 class creating new grids (Cacais, 2018, p. 101) 
 
They understood that all pentominoes had the same area. A question emerged: “Do all the figures 
with the same area have the same perimeter?” They explored the new grids and came to the right 
conclusion. 
To finish the task with grids, the teacher invited them to choose one of the small grids and to create 
new rules to play with it (figure 5). 
 

 

 

 

 
 
Figure 5. Pupils of CC34 class designing one pentomino grid in the playground and … playing 
according the new rules! (Cacais, 2018, pp. 104-105) 
 
4.3. Collecting and organizing tree leaves  
 
To connect different curricular subjects, teacher asked the CL3 class to go to the farm and collect 
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trees leaves. Still on farm, they must separate leaves for types, identifying them, and counting 
(figure 6). Pupils were shown to be autonomous and motivated to work. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6. Pupils of CL3 class collect and identify trees leaves (Fernandes, 2018, pp. 61-62) 
 
Next day, in the classroom, pupils must join their results in a common global table and organize a 
graphic (figure 7). 
 
 
 
 
 
 
 
 
 
 
Figure 7. Table and graphic of CL3 class pupils (Fernandes, 2018, p. 64 and p. 66) 
 
 
4.4. Different figures may have the same perimeter? Designing Vegetable beds 
 
Perimeter and area are mathematical contents in the grade 3 mathematics curriculum, and were 
explored with CL3 class. Linking with a healthy diet, the pupils decided to create a garden for each 
one of the five primary classes of the school, to plant vegetables.  
They went outside to choose the ideal place to make the garden. They could use the rectangular 
space that was available. Pupils measured that space and got 18,9 m length and 7,6 m width.  
As they wanted to create five vegetable beds, they need to make some calculations. They did not 
forget about the walking space! 
 

BF: Teacher, as we have to divide the garden into five beds, it is best to do some calculations. 
Teacher: Why do you say that? 
BF: Because we have to leave space between the beds to walk around. 
JS: I already know how we can do it. In the width, at the top, we left 1,60m and at the bottom 
we left 1m. 
BF: So, our beds will be 5m wide. 
Teacher: And how to calculate the gardens’ length? 
MA: We do a division. We make 18.09 to divide by 5 [beds]. 
SL: We haven't learned yet how to make divisions with decimals. 
Teacher: Does anyone have another suggestion? 
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BF: Yes. We pass the 18.09 meters to centimeters and so we already have an integer number.  
(Fernandes, 2019, p. 70) 
 

They get 378 centimeters or 3,78 meters. As it is necessary to have free space to walk around the 
vegetable beds, the pupils, discussing in the classroom, decided to reserve 3 meters width for each 
one. So, they divided the available space into five rectangles with dimensions: 3m by 5m.  
All vegetable beds must have a different shape. Pupils chose the value 18 m to be the perimeter. 
After that, they designed five vegetable beds with 18 m perimeter (figure 8). They analyzed the 
vegetable beds concluding that the area of the second one is bigger than the others, but they did not 
want to make any changes.  
 
 
 
 
 
 
 
 
 
 
 

Figure 8. Design of vegetable beds (Fernandes, 2018, p. 73) 
 

 
Next day the CL3 class pupils went outside the classroom to mark the five the vegetable beds, using 
straw and wooden pieces (figure 9). Pupils created the vegetable beds in their designs, and, after 
that, they went hands-on in the real situation to mark it.  
They went outside in small groups with a teacher. 
All the vegetable beds were well-marked with a little card, to be easily identified by their 
colleagues. 
The vegetable beds must be urbanized with vegetables by each one of the classrooms in that school. 
 

 
 

Figure 9. One vegetable bed marked (Fernandes, 2018, p. 78) 
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5. Conclusions 

After these case studies, it is possible to say that tasks explored outside the classroom seem to be 
valuable in the pupils’ learning process. They were shown to be to be more available (a) to make 
experiences; (b) to try and error and be persistent; (c) to collaborate with their colleagues; (d) to 
communicate in a more clear way; and (e) to stay focused on task, because they feel free to be 
sitting on the floor or standing up. They were revealed to be more motivated, enthusiastic and 
persistent when they do mathematics. They appear to have forgotten that they are spending so 
much time working on mathematics!  

The results of the second study point out that doing the entire work task outside the classroom 
promotes, in young pupils, more motivation to be involved in mathematical work during more 
time. These changes were shown to be beneficial for pupils. Therefore, whenever it is possible, a 
mixed learning environment, meaning to combine inside and outside classroom work, seems to be 
beneficial for pupils because they conclude their tasks with motivation. 

It is important to ensure the existence of a relation between the lived experience outside the 
classroom and the consequent tasks that go on inside (Dillon et al., 2005). Some of the tasks solved 
in these two case studies began in the classroom, where pupils collected data outside, and they 
returned inside to conclude the task.  

Young children, like primary pupils, must understand that when they are outside the classroom 
solving mathematical tasks and feeling free, they are learning mathematics. 
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Abstract. Former studies suggest that young students who use strategies in problem solving 
will become more efficient and intelligent solvers. To achieve such efficiency, we designed a 
six-month learning program which consisted of four units based on mathematical strategies 
for problem solving: Working backwards, Recursion, Proof by Contradiction and Trial and 
Error. Explicit vs. implicit teaching methods were tested on a total of 119 talented 6th-7th 
grade students. Data was collected from three problem solving tests designed to examine the 
effect of the teaching methods on student’s ability to control strategies. Results showed an 
improvement in both groups, which indicates that young students can learn complex 
strategies. The comparison showed that Explicit Teaching proved to be more effective in 3 
out of 4 strategies in the short and long term, helping students become active learners and 
fostering independent thinking. 

Résumé.Des études antérieures suggèrent que les jeunes élèves qui utilisent des stratégies de 
résolution de problèmes réussissent a le faire par la suite de façon encore plus efficace et 
intelligente. Pour atteindre une telle efficacité, nous avons conçu un programme 
d’apprentissage de six mois, composé de quatre unités reposant sur des stratégies 
mathématiques de résolution de problèmes: Régression, Récursion, Preuve par l’absurde 
et Travail par tentative et correction. Afin d'enseigner aux élèves ces deux stratégies nous 
avons utilisé deux sortes d'apprentissage: explicite et implicite. Ces méthodes 
d’enseignement ont été testées sur un total de 119 élèves capables de 6eme et septième. Les 
données ont été recueillies à partir de trois examens de résolution de problèmes conçus pour 
examiner l’effet des méthodes d’enseignement sur la capacité de l’élève à maîtriser ces 
stratégies. Les résultats ont montré une amélioration dans les deux groupes, ce qui indique 
que les jeunes élèves peuvent apprendre des stratégies complexes. La comparaison a montré 
que l’enseignement explicite s’avérait plus efficace dans 3 des 4 stratégies aussi bien à court 
qu’à long terme, en aidant les élèves à devenir des étudiants actifs et en favorisant la pensée 
autonome. 

Mathematics Subject Classification (MSC): 97D50 

1.  Aim and Main Idea 

Strategies play an integral role in the problem solving process. Exposing students to strategies 
that can be utilized in different domains strengthens their understanding of how and why a strategy 
works, and showcases its diversity (Portnov-Neeman & Amit, 2016).  Students who control many 
strategies from a younger age become more effective, faster and more intelligent problem solvers 
(Polya, 1957; Schoenfeld, 2007).  

In mathematics, the term strategies is usually used to refer to arithmetical strategies for actions 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 116 

such as counting, retrieval and decomposition (Laski et al., 2013). However, there are also a variety 
of strategies that can be employed in problem solving, the applicability of which extends beyond 
mathematics. Tishman, Perkins & Jay (1995) used the term ‘Strategic Spirit’ to describe students 
who can recognize a challenging situation, make an action plan and can execute it properly. 
However, most students and adults will not acquire a strategic spirit without guidance and 
encouragement. This might due the fact that strategies for problem solving are difficult concepts to 
teach and learn without a proper teaching framework (Dunlosky, 2013). With this difficulty in mind, 
we investigated two common teaching methods - Explicit Teaching and Implicit Teaching - to 
introduce four specific mathematical strategies for problem solving: Trial and Error, Recursion, 
Working Backwards, Proof by Contradiction.   

 

1.1. Explicit Teaching (ET) 

Explicit teaching (ET) is a systematic teaching method which is “highly organized and 
structured, teacher-directed, and task-oriented”, usually carried out in small groups with 
constant feedback (Archer & Hughes, 2011). It can lead to significant achievements for complex 
concepts in both the short and long-term (Palincsar & Brown, 2009; Zohar, 2012). The method 
consists of five steps that were adapted into teaching strategies for problem solving: 1) 
Orientation: the teacher familiarizes students with the new strategy, its importance and use and 
provides the lesson goals. 2) Presentation of the strategy model: the teacher uses a model of the 
strategy that guides learners through their problem solving process and demonstrates the 
implementation of the strategy on a problem, explaining each step to the learners. 3) Structured 
practice: the teacher works through the process again, this time with the entire class. A 
discussion about the process is initiated, including thinking strategies such as asking questions, 
analysis, coming up with different solutions and more (Zohar, 2012). 4) Guided practice: 
students work through the task process by themselves.  

Meanwhile, the teacher addresses individuals’ questions and misconceptions one-on-one, 
tailoring responses to meet the individual needs of each learner. Learners can work individually 
or in small groups. Collaborating with other learners can help students understand the material 
and reinforce their own learning. 5) Independent practice: in this step students already know 
when and why to use the strategy; it is dedicated to letting them master it, applying it in whatever 
way they see fit (Rosenshine, 1986). The three practice steps allow students the necessary time to 
explore the efficiency and appropriateness of the strategy.  

Learning explicitly does not (as one might fear) fix students' way of solving a problem and 
thinking by setting them upon just one explicit path. On the contrary, it helps students gain a 
deeper understanding of the principle of the strategy, so they can better transform and adapt it to 
their needs (Portnov-Neeman & Amit, 2015). 

1.2. Implicit Teaching (ET) 

The implicit teaching (IT) approach places the teacher in a role of facilitator, rather than guide or 
expert (Taylor, Graves, & Broek 2000). The teacher does not outline the goals or make explanations 
overtly, but simply presents the information to the students, allowing them to create their own 
conceptual structures and assimilate the information in the way that makes the most sense to them 
(Kirschner, Sweller & Clark, 2006). In this study, the implicit teaching was consisted of three 
central principles: 1) Independent practice: students work individually on similar problems based on 
the strategy and try to look for similarities between them. 2) Developing a Solving Model: based on 
their practice, students try to build a solving model for the problems presented in the independent 
practice and test it on additional problems. 3) Summary: the teacher presents all the model types 
built by the students and starts a discussion about their appropriateness. Eventually the teacher 
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presents the strategy’s formal name and model. 
 

1.3. Four strategies for mathematical problem solving 

The strategies discussed in this study were selected by experts (teachers and professors from 
mathematics education), considering their importance and their use: 

Working Backwards: Used when the initial phase is not given but the outcome is known. 
Steps:1) Identify all problem components; 2) Check the final outcome; 3) Start reversing the 
mathematical operation in each step until reaching the beginning; 4) Resolve the initial state; 5) Test 
solution from the beginning to the end (Amit, Heifets & Samovol, 2007). 
Recursion: This strategy is defined as a technique in which a function or procedure calls itself. 

Steps: 1) Identify the base case of the problem; 2) Break the problem into smaller subproblems until 
base case is reached; 3) Solve the base case and move upwards to solve the subproblems; 4) Build a 
recursive function for the problem (Schoenfield, 2018).  

Proof by Contradiction: Steps: 1) Mark the claim to be proven as claim A; 2) Assume that claim 
is incorrect; 3) Articulate an opposite claim - claim B; 4) Look for inconsistency between the terms 
of the problem and claim B and prove that claim B is false. Conclusion: If claim B is false, then 
claim A is true (Amit, Heifets & Samovol ,2007).  

Trial and Error: When there is no guiding direction to the problem, try a set of different options 
using the next steps: 1) Examine random solutions to get an initial estimate of the problem; 2) Find 
a suitable method for testing; 3) By drawing conclusions, upgrade the method to reduce the 
possibilities for the solution; 4) Find the solution and examine its correctness (Musser, 2014). 

2.  Methodology  

2.1. Research question 

The study aimed to examine the effectiveness of the explicit (verses the implicit) teaching 
method in helping students learn strategies for solving math problems. For that purpose, four 
mathematical problem solving strategies were chosen: Working Backwards, Proof by Contradiction, 
Recursion and Trial and Error. Our research question was: To what extent do ET and IT affect 
students’ learning of mathematical problem solving strategies in the short and long term? 

2.2. Population and Setting 

The study was conducted within the framework of "Kidumatica" – an after school mathematics 
enrichment program targeted at talented students between 5th and 11th grade. (Amit, 2018) For the 
current study, a unique program was designed for teaching mathematical strategies for problem 
solving. It consisted of four learning units based on each strategy, spread over 35 academic hours. 
The program lasted for six months and was taught for four years in eight cycles. A total of 119 
students in 6th–7th grade (age 12–13) participated in this study (61 in the ET group, 58 in the IT 
group). Each group studied according to the method it was assigned, but both received the same 
amount of learning hours and practiced the same problems.  

2.3. Data collection and analysis 

Data was collected by means of three specially designed problem-solving tests based on the four 
strategies. A pre-test was administered at the beginning of the program to determine students’ initial 
ability to solve problems based on the four strategies. This was followed by a post-test at the end of 
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the program, to evaluate the students’ ability to control the strategies. Finally, an additional retention 
(‘after’) test was administered six months later, to evaluate the effect of the teaching approaches and 
the students’ ability to control the strategies in the long term. Every test included eight problems, 
two for each strategy, and continued for 90 minutes.  

Based on each strategy, four types of indicators were adapted to analyze students' solutions. The 
indicators were based on scores between 0 and 5 points, where 5 is the highest score that indicates 
proper planning, correct implementation of the strategy and finding the answer. A score of 1-4 
indicates a partial or incorrect implementation of the strategy or computational errors, and a score of 
0 indicates no answer. A new parameter based on the average score for each two problems based on 
the same strategy was constructed and the strategy was compared in three time points. Using mixed 
method analysis, we assessed the students’ solutions based on the way they applied the strategy, and 
their answers to short one-on-one interviews where the students explained why and how they solved 
the problem. 

3.  Results 

The mean scores based on each strategy in the three tests are presented in Figure 1. In the 
working backwards strategy (the left graph) no significant difference was found between the two 
groups (F(#,#%#) = 1.037, - = 0.376 > 0.05		). Both groups improved their ability to use the strategy 
in both the post and after tests. In addition, the students' results in this strategy were the highest of 
all four strategies, indicating that this strategy that can be very well internalized and implemented. 
The results from the recursion strategy (second graph) showed a significant difference between the 
groups (F(#,#%#) = 0.62	, - < 0.000		). The mean score of the post test in the ET group (3.01±0.16) was 
16% higher than the IT group (2.59±0.13).  

In the after test, students in the ET group showed additional improvement in their ability 
(3.22±0.16), while the IT group’s score was slightly reduced (2.41±0.13). Consequently, the gap 
between the groups grew to 34%.  

The proof by contradiction strategy (third graph) showed the most significant differences 
between the groups (F(#,#%#) = 0.75	, - < 0.000		). In the post test, the mean score of the ET group 
(2.80±0.21) was 35% higher than the IT group (1.75±0.12). The after test showed that while the ET 
group maintained a similar score (2.74±0.21), the IT group’s score fell (1.42±0.12) and the gap was 
more than 90% between the groups. The mean score of the IT group in the after test was similar to 
the one before the learning began in the pre test. This indicates that over time the IT approach was 
not suitable for learning the proof by contradiction strategy. In addition, this strategy showed the 
lowest score between all four strategies. It is a complex strategy that requires high levels of logic 
and mathematical understanding as well as an ability to write correct proofs. It seems that mastering 
this strategy requires additional time for practice. In the Trial and Error Strategy (fourth graph) a 
significant difference was found between groups (F(#,#%#) = 0.85	, - < 0.05		).  

The ET group mean score (3.68±0.13) in the post test was 17% higher than the IT group 
(3.14±0.2). In the after test the mean score of the ET group was 3.93(±0.13) and 28% higher than 
the IT group (3.07±0.2).  
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In each group similar results were found in the post and after tests (except proof by contradiction 
in the IT group). This indicates that the ability to control the strategies was maintained over time. 
However, the ET group scores were higher in all four strategies, proving it to be a suitable teaching 
method for problem solving strategies. 

4.  Discussion   

Strategies are a powerful tool that becomes very meaningful in adulthood, when problems 
become challenging and complex, requiring the solver to make informed decisions (Polya, 1957; 
Tishman, Perkins, & Jay, 1995). With this in mind, we examined the effectiveness of explicit verses 
implicit teaching for learning mathematical strategies for problem solving in the short and long 
term. A total of 119 mathematically talented students participated in a six month program learning 
four mathematical strategies: Working Backwards, Proof by Contradiction, Recursion and Trial and 
Error. Findings from three tests showed that the program achieved good results in both groups, and 
that students understood how and when the strategies should be applied. The ET group showed 
higher scores in 3 out 4 strategies (except the working backwards strategy).  

The teaching method, which includes small subjects, structured and guided practice, small group 
learning and immediate feedback (Archer & Hughes, 2011; Rosenshine, 1986), helped students 
maintain their ability to use strategies throughout the program. This finding reinforces the research 
literature that suggests that ET is an effective approach for learning complex subjects (Zohar, 2012). 
The after test discovered that students maintained their ability to control all strategies, supporting 
the claim that ET can lead to both short and long term achievements (Palincsar & Brown, 2009). 
The IT group also maintained similar results in the after test (apart from the proof by contradiction 
strategy). However, the results in this group were lower than the ET group. Although the approach 
encourages students to build their own models for problem solving (Kirschner et al., 2006), the 
study found that the correct implementation of the strategies was the challenging part for them, 
especially in the recursion and proof by contradiction strategies. The mean score of the latter 
strategy dropped significantly in the after test and was almost identical to the mean score in the pre 
test.  

In summary, our study revealed that the ET approach was the most suitable framework for 
teaching mathematical strategies for problem solving. However, the study did have certain 
limitations worth noting. Additional research is needed to examine regular students and not only 
talented ones. Furthermore, the effect of explicit and implicit teaching should be tested in additional 
strategies, and on a larger student population.   

Figure 1. Mean scores in the Pre-Post-After tests 
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Abstract. This study deals with problem solving amongst 118 talented math students in 
grades 5-12. Our goal was to examine the students’ solutions from the perspective of their 
age, which is a combination of their chronological age and their formal mathematical 
knowledge. The research question is: how does age affect the students' creativity during 
problem solving activity? Data was gathered from workshops devoted to non-routine 
problems with multiple solution paths. A preliminary analysis of our findings reveals a 
troubling trend: as the age of students rises, they are less prone to looking for creative 
solutions when solving problems, and more likely to be “held hostage” by their habitual use 
of algebra.  

Résumé. Cette étude traite de la résolution de problèmes a partir d’une statistique sur 118 
étudiants en mathématiques capables de la 5ème à la terminale. Notre objectif était 
d’examiner les solutions proposées par ces élèves en fonction de leur âge, à savoir, une 
combinaison de leur âge chronologique et de leurs connaissances mathématiques formelles 
selon leur classe. La problématique de recherche est la suivante: comment l'âge affecte-t-il la 
créativité des élèves lors de la résolution de problèmes? Les données ont été recueillies lors 
d'ateliers consacrés à des problèmes inhabituels avec plusieurs solutions. Une analyse 
préliminaire de nos résultats révèle une tendance inquiétante : à mesure que l'âge des 
étudiants augmente, ils sont moins enclins à rechercher des solutions créatives pour résoudre 
leurs problèmes et sont plus susceptibles d'être "pris en otage" par leur utilisation habituelle 
de l'algèbre. 

Mathematics Subject Classification (MSC): 97C99 

1. Aim & Main idea 

Our research was inspired by a high school math teacher who visited classes in “Kidumatica” (Uziel 
& Amit, 2016), a math program for young talented students, and was astonished by the students' 
creative performance.  
Real life problems are complex; there is neither single formula nor a premade algorithm to solve 
them. The formal mathematical tools are important, but the complexity requires creative 
approaches. Dilemma: promoting formal knowledge or harming creativity? We will discuss it in the 
session. 

2. Introduction and theoretical background 

One of the most significant characteristics discussed in the research literature in the context of 
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talent, is creativity. The creative process relies on flexible thinking that enables multi-dimensional 
and multi-directional thinking, which can lead to finding innovative and original ideas, and solving 
problems in several ways (Guilford, 1950). 
Non-routine problems are problems whose solution is unknown in advance and requires the student 
to find an appropriate action plan based on prior knowledge. Leading researchers in the area of 
problem solving and creativity have argued that non-routine problem solving can be an assessment 
of individual creativity because these problems do not focus on the implementation of a particular 
algorithm (Leikin, 2013). 
In his book "A Mathematician's Apology," Hardy (1992) argues that the greatest breakthroughs of a 
mathematician usually occur at an early age. And thus he writes: "No mathematician should ever 
allow himself to forget that mathematics, more than any other art or science, is a young man's 
game" (Hardy, 1992, p. 6). According to Hardy, anyone who has mathematical talent must work to 
develop this skill while still young, before the decline in creativity begins to take hold with the 
progression of age. This position was the rationale for this study. 

3. Methodology 

3.1 Research question 

The goal of this study is to examine the change in creativity from the perspective of the students’ 
age. Our primary research question is: how, and to what extent, does the students’ age affect the 
presence and the frequency of creativity in their solution of non-routine mathematical problems?  

3.2 Context and population 

'Kidumatica': The Kidumatica mathematics club for creativity and excellence was founded in 1998 
by Prof. Miriam Amit and based in Ben-Gurion University of the Negev. The program provides an 
extracurricular enrichment in mathematics for over 500 students in grades 5-11. All program 
applicants must pass two admission exams to prove their mathematical ability (Amit, 2018). 
'Five classes' is a short name for ‘five point level classes’ that study the most advanced mathematics 
curriculum in high schools and they comprise about 15% of the total high school population. 
Middle level named ‘four classes’ are about 35% of the high school population and the lowest level, 
‘three classes’ are about 50% of the total high school population. ‘Five classes’ are targeted for 
talented and motivated students. Teaching at all levels of study is a traditional way of teaching 
mathematics in high school.  
The population for our study consists of 84 students from 'Kidumatica' (grade 5-9) and 34 students 
from 'Five classes' (grade 10-12).  

3.3 Data and analysis 

The main tool for data gathering is based on workshops that are devoted to 10 mathematical 
problems with multiple solutions. These workshops were designed by us, validated by experts and 
intended for all students. In these workshops, the students were asked to individually suggest a 
variety of different solutions to a single problem, followed by a class discussion analyzing the ideas 
which were presented by the students.  
 The workshops generated data in the form of student work products and the researchers’ 
observation journal. Quantitative and qualitative analysis were based on previous models in the area 
of creativity and problem solving, specifically in MSTs — Multiple Solution Tasks (Leikin, 2013), 
and provides a full assessment per student for each problem.  
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4. Preliminary results 

Below are 2 problems (out of the 10 problems) from the workshops, which were given to all 
students. For each problem, we chose to show 3 possible solutions from the range of solutions 
raised by the students (see table1 and table 2). We will also show the distribution of the students’ 
solutions by age (see table 3).  
 

Table 1. The missing number problem. 
 

Before you there is a 
set of square tiles. 
What is the missing 
number? 

 
 
 
 
 
 
 
 
 
 

1.1 Symbols 
 
 

1.2 Trial & Error 1.3 Creative & Holistic 

   

The solution relies on finding the value of each tile and 
adding up the tiles in the right column. 

All the tiles equal 36. 
All the tiles equal 25 
+ ? 

Table 2. The jam problem. 

 
In a jam factory, 80 liters of jam are distributed equally for storage in jars. The 
factory’s management decided to reduce the number of jars by 4. The jam in these 4 
jars was equally distributed amongst the other jars, so that each jar gets an addition of 
jam equal to one quarter of the amount it had previously contained. How many jars 
were there to begin with? 
 
2.1 Symbols 
 
 

2.2 Trial & Error 
 
 
Before            After 

2.3 Creative & Holistic 
 
 

 
 
(x – no. of jars, 
y – amount of 
jam in the jar). 
 

  
We “take” 4 jars and “pour” one 
quarter out at a time. We “would 
have to do that” 16 times. This 
means the final amount of jars 
would be 16, and the original 
number of jars is 20. 
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Table 3. The distribution of the students’ solutions by age. 

 
  3.1 Symbols 3.2 Trial & Error 3.3 Creative & Holistiic 

 
The 
missing 
number 
problem 
 

Grade 5-6 (N=31) 
 

3% (N=1) 84% (N=26) 74% (N=23) 

Grade 7-9 (N=53) 40% (N=21) 77% (N=41) 38% (N=20) 

Grade 10-12 (N=34) 74% (N=25) 41% (N=14) 18% (N=6) 

 
The jam 
problem 
 

 
Grade 5-6 (N=31) 
 
 
 

 
0% (N=0) 

 
26% (N=8) 

 
55% (N=17) 

 Grade 7-9 (N=53) 
 
 
 

43% (N=23) 21% (N=11) 26% (N=14) 

 Grade 10-12 (N=34) 85% (N=29) 0% (N=0) 9% (N=3) 

 
As we can see from table 3 in both problems, an absolute majority of the adult students (grades 10-
12) automatically tended to build an equations system as they are used to doing in school. When 
they were asked to look for another way to solve the problem they have noticed that there are other 
simpler solutions.  
In contrast, the youngsters (grades 5-6) looked at the problems from a holistic view. Naturally, the 
young students resolved the problem faster and without errors. 

 5. Conclusions 

We designed and implemented a study to examine talented students’ solutions to non-routine 
problems in light of their age. As opposed to the high school students, the young students who lack 
algebra knowledge came up with shorter and clearer solutions. Their lack of algebra knowledge, 
which is directly connected to their age, forced them to improvise simple and elegant solutions 
(Uziel & Amit, 2016). 
Our study reflects an issue that those involved in mathematical education should take into account: 
as students' age rises, they become “prisoners” of algebra, and seem unable to free themselves from 
its influence and consider alternative means of solving problems. Adult students suffer from 
‘thinking fixation’, and that eliminates flexible thinking and prevents creative approaches to solving 
problems. The NCTM standards (2000) have recommended that in grades 9-12, students will 
develop their ability to connect different mathematical ideas by solving a single problem in several 
ways. Building mathematical relations can also lead to a deep understanding of mathematics and 
viewing it as a linked science and not as a collection of different subjects. This study confirms the 
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need to implement this recommendation in all classrooms and especially among high schools 
students. 
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Abstract. The present work has as its purpose, through a brief reflection on the influence of 
mathematical education, the changes produced by scientific advances and especially by the 
philosophy or principles that govern scientific research in a moment determined. The theory 
of complexity emerged in the mid-twentieth century as a scientific paradigm whose purpose 
is "to understand the complexity of life". The author of this work provides some comments 
on this paradigm from the theoretical point of view necessary to study complex objects in 
mathematics education. A case study on dynamic systems and fractality will constitute the 
experience carried out with some of 14, 15 and 16 years old, and proposes to reflect with this 
work, from the conviction, that it is necessary to develop an updated version of the milestone 
of the publication in 1908 of the book by Professor Felix Klein of the University of 
Göttingen: "Elementary Mathematics from a Higher Point of View". Therefore, it would be 
necessary to modify the curricula through innovation and take new aspects, new models and 
new creativity: there are many mathematical domains almost unexplored in Primary 
Education and / Secondary Education that organized in an original and creative way, would 
allow the design of enriching activities in the classroom.  

Résumé:Le présent travail a pour objet, à travers une brève réflexion sur l'influence de 
l'enseignement des mathématiques, les changements produits par les avancées scientifiques 
et surtout par la philosophie ou les principes qui régissent la recherche scientifique dans un 
moment déterminé. La théorie de la complexité est apparue au milieu du XXe siècle comme 
un paradigme scientifique dont le but est de "comprendre la complexité de la vie". L'auteur 
de cet ouvrage fournit quelques commentaires sur ce paradigme du point de vue théorique 
nécessaire à l'étude des objets complexes dans l'enseignement des mathématiques. Une étude 
de cas sur les systèmes dynamiques et la fractalité constituera l'expérience réalisée avec des 
élèves de 14, 15 et 16 ans, et se propose de réfléchir à partir de la conviction qu'il est 
nécessaire de développer une version actualisée de la publication de 1908 du livre du 
professeur Felix Klein de l'Université de Göttingen : "Elementary Mathematicsfrom a Higher 
Point of View" (Les mathématiques élémentaires d'un point de vue supérieur). Il serait donc 
nécessaire de modifier les programmes d'études par l'innovation et de prendre de nouveaux 
aspects, de nouveaux modèles et une nouvelle créativité : il y a de nombreux domaines 
mathématiques presque inexplorés dans l'enseignement primaire et/ou secondaire qui, 
organisés de manière originale et créative, permettraient de concevoir des activités 
enrichissantes en classe. 

  Keywords: Complexity theory, dynamic systems, fractality, complex objects. 

1. Introduction 

The 21st century is facing enormous challenges that come from societies, increasingly interrelated 
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universally. Thus, it is possible to observe significant economic changes of globalization of capital 
and markets, both industrial and financial; extremely, dynamic advances, in science and technology, 
in mechanical, virtual, spatial spheres, etc. All of which has affected all living beings who live this 
reality. Our cultures have absorbed all these new globalized aspects, making them their own and 
interchangeable: communications are almost instantaneous, in real time; the mobility of information 
is surprising; the warlike conflicts between countries transmitted by television. 
Literacy is linked to the computer; virtual reality is almost the new company of children, closer than 
the games of manual and collective creation. 
We are undoubtedly immersed in a scientific-technical revolution that means a new way of 
producing and thinking about our reality. The theoretical-practical needs and problems have 
demanded changes and epistemological ruptures, and even of rationality itself. Along with Thomas 
Kuhn, physicist, philosopher of science and American historian, known for his contribution to the 
change of orientation of philosophy and scientific sociology in the 1960s, one could say that we are 
facing paradigm changes, as a result of scientific revolutions.  
At the end of the twentieth century, these partial and disciplinary scientific movements, not only 
began to interrelate, but also, to be measured as a single movement. In this sense, some authors 
began to identify and make deep reflections on the synchronic similarities, in spite of the different 
plots and knowledge problems. All of which has resulted in the configuration and naming of a new 
generalizing scientific paradigm, capable of encompassing all the sciences in general, and in 
mathematics in particular, as is the emergence of this new complex paradigm or complexity. 
The scientific paradigm of complexity comes to overcome the historical insufficiency, the classical 
paradigm and its corresponding valuation of the notion of simplicity and domination of man 
towards nature (Bacon, 1998). It overcomes, therefore, the identification of complexity with 
something complicated and on the contrary, transcendence consists in affirming that the complex is 
an attribute of reality and that it is, therefore, irreducible to discrete entities. His proposals value the 
dialectical units of the simple and the complex, the validation of chance, uncertainty, chaos, 
indeterminacy and emergence, non-linearity, etc. (Taeli, 2010).  However, this paradigm of 
complexity, not only comes to conform with the ontological view of how reality is, but requires that 
an epistemological coherence, complex thinking or non-classical rationality, are increasingly 
accepted. 
In this sense, also, the new dialogues of scientific knowledge, come from the recognition of the 
incapacities of the obstinate disciplinary autonomies, to respond to the new requirements of the 
complexities of the world. In short, the needs of the world in its economic, social and political 
dynamics, such as the magnitude of the Eco-social crisis, have demonstrated the insufficiency of the 
simplistic and reductionist paradigms to provide solutions to the changes required by it; hence, 
Philosophy and its all-encompassing approach, has collaborated in identifying and promoting the 
new complex scientific paradigm or complexity. 
 
1.1. Education in several contexts 
 
a) In the context of a classical paradigm 
In its origins, capitalism, as a new economic-social formation, revolutionized everything; the ways 
of producing, thinking and feeling reality. According to this, the process of formal or informal 
education or training of the subjects that the self-reproduce, is affected, to the same extent as the 
rest of their circumstances; they participate in the same modifications of the scientific picture of the 
world. That is to say, education will be determinant for the way that the subjects will understand the 
world and interact in it, and with it as a society and in nature. 
b) In the current context 
In recent times there have been changes that have modified our actions, however, the essence of the 
contradictory working capital relationship remains. 
Indeed, profits are no longer necessarily produced on the basis of industrial production, but the 
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accumulation of profit has produced financial markets that act as anarchically and chaotically as the 
dynamics of goods; but, in the same way, we must recognize the novelty and complexity of the 
accelerated dynamics, with a greater degree of sensitivity to changes in the initial conditions; this 
has given rise to the emergence of productive forces not previously thought of, both mechanical and 
virtual. 
- The complex as an attribute is inherent in reality, and affirms that the systems of nature are not 
given in advance, nor immutable; so much so that it is recognized that the systems can vary 
completely if the initial conditions are changed to a minimum. Hence the difficulty of propitiating 
the duality of hard and soft or natural sciences and of the spirit. 
- It is no longer possible to continue with the Cartesian duality of separate subjects and objects, they 
are interrelated. As also the subject is no longer considered as an atom, but as a system. 
- And therefore, for this complex reality the only thought that can be understood, understand and 
formulate is dialectical, hermeneutical, contextualized and complex thinking. The simple world is 
no longer real, it is a category that does not express it. The truth, and knowledge, will depend on the 
relationships that emerge from the interactions ; it is not given, that is why it cannot be delivered, 
transmitted as knowledge, and it must be built from practice (this makes a greater internal-historical 
coherence with a pedagogical model, be it with more constructivist, critical and relational 
proposals). 
Therefore, educational models based on the complex scientific paradigm among others, should be 
consistent with the new scientific picture of the world. Hence, the teaching-learning process must 
contemplate: For this paradigm, the systems of ideas, theories and knowledge, dynamic and 
emergent, given that, the only possible thing to do, is to allow the student to build his/her own, 
without falling into a solipsism or subjective idealism, that is why it is given, from its 
contextualized construction within a social structure.  

1.2. Iideas about complexity theory in education  

Interest in complexity theory, a relative of chaos theory, has become well established in the business 
and scientific communities in recent years. Complexity theory argues that systems are dynamically 
evolving interactions of many parts which cannot be predicted easily. In the book, School 
Leadership and Complexity, Keith Morrison (2002) introduces complexity theory to the world of 
education, drawing out its implications for school leadership. 
In this book, he suggests that schools are complex, nonlinear and unpredictable systems, and that 
this impacts significantly on leadership, relationships and communication within them. As schools 
race to keep up with change and innovation, this book suggests that it is possible to find order 
without control and to lead without coercion. Key areas are: 
• Schools and self-organization. 
• Leadership for self-organization. 
• Supporting emergence through the learning organization. 
• Schools and their environments. 
• Communication. 
• Fitness landscapes. 
This book will be of interest to headteachers and middle managers, and those on higher level 
courses in educational leadership and management.  

2. Complexity theory  

The complexity theory, as a complete theory, was developed from the 1980s, particularly in the 
work of the Santa Fe Institute in the United States. In some ways, the old regime of chaos theory 
has given way to the study of complexity as "life on the edge of chaos 
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Fig.1. Complexity Theory 
    
It is an attempt to explain how open systems work, as seen through holistic shows. In complexity 
theory, a system can be described as a collection of interactive parts that, together, function as a 
whole; It has limits and properties. 
This interaction is so complex that the behavior of the system cannot be understood only as an 
"emerging consequence" of the sum of the constituent elements. The key elements of complexity 
theory can be seen reflected in the figure 2, with components: 
  « …In the physical sciences, Laplacian and Newtonian theories of a deterministic universe have 
collapsed and have been replaced by theories of chaos and complexity in explaining natural 
processes and phenomena, the impact of which is being felt in the social sciences (e.g. McPherson, 
1995). For Laplace and Newton, the universe was a rationalistic, deterministic and clockwork 
order; effects were functions of causes, small causes (minimal initial conditions) produced small 
effects (minimal and predictable) and large causes (multiple initial conditions) produced large 
(multiple) effects. Predictability, causality, patterning, universality and 'grand' overarching 
theories, linearity, continuity, stability, objectivity – all contributed to the view of the universe as an 
ordered and internally harmonistic mechanism in an albeit complex equilibrium; a rational, closed 
and deterministic system susceptible to comparatively straightforward scientific discoveries and 
laws… ». (Morrison, 2002). 
   The differential characteristics of the theory of complexity can be observed in the following table-
summary : 
 
Fig. 2. Tabla-Summary. Complexity Theory-Conventional Sapience (Morrison, 2002) 
 

 
Conventional Sapience (Wisdom) 

 
Complexity Theory 
 

1. Small changes produce small effects 
 

1. Small changes can produce huge effects 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 131 

2. Effects are straightforward functions  
of causes 
 

2. Effects are not straightforward functions 
of causes 

3. Systems are deterministic, linear and 
stable  
 

3. Systems are indeterministic, nonlinear 
and 
unstable 

4. Certainty and closure are possible 
 

4. Uncertainty and openness prevail 

5. The universe is regular, uniform, 
controllable and predictable 

5. The universe is irregular, diverse, 
uncontrollable and unpredictable 

 
6. Systems are fixed and finite  

 
6. Systems evolve, emerge and are infinite 

 
7.Universal, all-encompassing theories 
can account for phenomena 

 
7 Local, situationally specific theories 
account 
for phenomena 

 
8. A system can be understood by 
analyzing its component elements 
(fragmentation and atomization) 
 

 
8. A system can only be understood 
holistically, 
by examining its relationship to its 
environments (however defined) 
 

9. Change is reversible 9. Change is irreversible - there is a 
unidirectional arrow or time 
 

10. Similar initial conditions produce 
similar outcomes  

10.Similar initial conditions produce 
dissimilar outcome 
 

 
 
   The previous summary indicates the transformation that indicates the change of prototype or 
paradigm revealed by the theory of complexity. The link between a deterministic choice of the 
universe and modernism is not complicated to distinguish; both have the same principles as basis 
for progress, and yet they have real difficulties in showing the changes that occur or should occur in 
school (Riley, 2000: 35). 
The emergence of the concept of complexity theory appropriates the modernist spirit of change and 
uncertainty that begins in the last century with the Heisenberg uncertainty principle, quantum 
physics and the theory of relativity. 
 
    3. "New" arguments 
 
“Man cannot discover new oceans unless he has 
Courage to lose sight of the coast". André Gide 
 
Our proposal, based on the ideas cited ut-supra can be, among others: theory and optimization of 
graphics, dynamic systems, fractals, topology, information processing, code theory and 
cryptography, modelling ... 
Our idea is to face, provoke and challenge through the tasks for our students that allow them to use 
mathematical models (Duperret, 2009) for the description and analysis of aspects close to their daily 
tasks and purposes, in order to motivate and consolidate their mathematics. The goals are 
knowledge, on the one hand, and on the other, to establish and implant solid cognitive principles for 
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its conception. In addition, it is important to test the descriptions, analyses and dilations of nearby 
states in their everyday environments as "experimental mathematics". 

 
Fig.3. New arguments against the immobility 

 
       3.1. Cases studies 
 
    There are infinite case studies that we could enumerate: a) the evolution of the population of a 
species; b) the Malthus growth model; c) related to the economy: the banks, working with the 
concept of debit, etc., that is mathematical models for processes that evolve over time, that is, 
discrete DSs that often involve the iteration process. But due to space limitation I will present a case 
related to an ecological model,   
 
    3.1.1. Related with a Model of Ecology.       
    We are going to present, as a summary, the steps that must be taken to get an idea of what a 
dynamic system is, focusing on graphic visualization, fundamentally. 
 
    I. Case Presentation  
     
    “In Spain, we have 1250 individuals of a protected species of birds. Experts believe that the 
existing bird population decreases by 7% each year either by natural causes, or by poachers. There 
is also a captive breeding programme which increases the bird population by 5 individuals each 
year. Some questions that we can present to our students could be: 
a) Write the relation of recurrence that relates the existing population in year k, x

k
, with which there 

was year k-1, x
k-1
. 

b) Determine a formula that allows to obtain directly x
k 
as a function of k.  

c) If the conditions do not change, will this species end up in danger of extinction? (It is established 
that a species is in danger of extinction if the number of its individuals is less than 100)”. 
 
    II.  Ideas for the solution 
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    1. We take a cartesian representation system for each point (x, y), where x is the number of 
individuals at time k-1 and y is the number of individuals at time k. 
    2. Check that the raised question above responds to the dynamic system that is expressed by the 
equation: 

10.93 5k kx x −= +  

    3. Represent the dynamic growth curve.  
    4. Given an amount x of birds this year, graphically represents the amount that will be there next 
year and in 2 years. 
    5. What number of birds can there be this year so that next year there will be more? 
    6. What number of birds can there be this year so that next year there will be less? 
     
    III. Graphical visualization of the dynamic. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4. Visualization of the dynamic 
 
    IV. Modelling and formalization: Dynamical of one-dimensional linear applications 
 
    Let   L: R → R be a linear application, that is, L (x) = a.x with a � R. 
   Also, through the Graphic Analysis we will see the behaviour of certain dynamics from linear 
one-dimensional applications: 
   - If | a | <1, all the orbits converge to point 0.  A first way to investigate the dynamical generated 
by this application would be to take a starting point, for example 1, and calculate its orbit 
(projections on the axis OX of the points obtained. 
1, a2, a3, a4, a5, ... 
   The orbit converges to point 0. 
 
 
 
 
 
 
 
 
 

Fig. 5. Orbits converge to point 0 

x
0 

x1 

x1 

x
2 

x2 x
0 

(0,5
) 

? 

(500/7, 500/7) 

Attractive 
equilibrium 
point  
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     - If | a |> 1, any orbit other than that of point 0 diverges in modulus to infinity, 
 
 
 
 
 
 
 
 

Fig. 6.  Orbits diverge to infinity 
 
V. Ideas-Others Dynamical Systems 
 
   It is also interesting to propose to our students that they deepen in other dynamics: for example, 
the quadratic forms. 
   a) The quadratic family 
It is the one formed by the applications:  f(x) =  x 2 + p,  p�R 
   b) The logistic family 
It is formed by the applications: f

c
: [0,1] →  [0,1] of the form f(x) = cx (1-x), c� R 

 Example  c=2 
The orbit of any point of (0,1) tends to 0.5 which is now superactractive. 
 
 
 
 
 
 
 
 
 
 

Fig. 7. Point superactractive 
 
Example: Graphic analysis of other dynamics 
 
 
 
 
 

 
 
 
 
 

Fig. 8. Other dynamics 
    
 
 
 4. Ideas about fractality 
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    The study of nature as a clear example of complexity. In it, there are abundant examples of forms 
belonging to Euclidean geometry (hexagons, cubes, tetrahedrons, squares, triangles, etc.) but their 
vast diversity also produces objects that elude Euclidean descriptions. In those cases, fractals 
provide us with a better means of explanation. 
 

 
Fig. 9. Fractals 

   
  4.1 Drawn shapes 
 
    When we travel by plane we have the opportunity to observe the different ways that nature and 
man have generated change on the skin of the Earth's surface. Also if we get such a viewpoint we 
notice how nature and humans “conceive" in different ways the infinite elements that make up the 
landscape. 
Where is the difference? You have to find it in geometry. On the one hand the Euclidean geometry 
drawn as if a strip-line was treated by the machines created by the man; and on the other, the 
geometry of the curve. We can say that it is a fight of titans between two different styles. We have 
shapes drawn by: Earth, life, man, nature, ...The need to measure gives rise to Euclidean geometry  

• Why has mankind turned its back on the sinuous and branched forms of nature and opted for 
the straight line, the circle and the sphere?  

• Why have we broken the natural pattern that had been drawing the skin of the earth since its 
formation over thousands of years?  

“One answer: to measure” 
 
    Definitely, Euclidean geometry is very useful for the description of objects such as crystals or 
hives, but we do not find in it objects that can describe popcorn, baked goods, the bark of a tree, 
clouds, certain roots or coastal lines. Fractals allow you to model, for example, objects such as a 
cauliflower, rivers, clouds, trees (in the snow), a fern leaf or a snowflake. With the incorporation of 
chance in programming it is possible, through the computer, to obtain fractals that describe lava 
flows and mountainous terrain. 
    The dynamic systems that we have considered are based on iteration (Romero, 2018); that is, on 
the repetition of a process (a calculation) that allows obtaining each term from others previously 
calculated. A fractal is a figure obtained through the iteration of a simple geometric process that 
gives rise to a structure that can be extraordinarily complicated.  
   Euclid's geometry is one of the milestones of deductive thinking that, based on five axioms, 
created a system of description of the world that met the needs of the natural sciences, of natural 
history until well into the 19th century. 
 
    4.2 The fractal dimension 
 
    The word fractal comes from the Latin adjective fractus which means interrupted, and some form 
of nature objects are fragmented, irregular, rough. One fractal is a geometric figure in which a motif 
(pattern) is repeated but always decreasing its scale by the same percentage. Take, as an example 
the Sierspinski triangle. The Sierpinski triangle is a geometric object of infinite length, although it is 
in a finite region of the plane, which implies a dimension greater than one. But at the same time it 
has a null area, which indicates dimension less than 2. But so what size does it have?  
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……… ………. 
Fig. 10. Sierspinki Triangle 

     
4.2.1 Definition of self-similarity. 
   
  a) Be a segment of length L = 1. 
 
                                                                                                                    ……… 
Fig. 11. Segment 
   We can cover it, for example, with:  
2 segments of size 1/2: N = 2, R = 1/2; (1/2)-1 = 2   ______ 4 segments of size 1/4: N = 4, R = 1/4; 
(1/4)-1 = 4  _______ 8 segments of size 1/8: N = 8, R = 1/8; (1/8) 1 = 8 
Note that the exponent -1 changed sign coincides with the dimension 1 of a line. 
    b) Be a square of length L=1.  
 
 
 
                                                                        ……. 

Fig. 11. Square 
    
 
 We can for, 4 squares of size 1/2: N = 4, R = 1/2; (1/2) -2 = 4,  
    16 squares of size 1/4: N = 16, R = 1/4; (1/4) -2 = 16___________64 squares of size 1/8: N = 64, 
R = 1/8; (1/8) -2 = 64 
   Note that the exponent -2 changed sign matches the dimension 2 of a plane. 
   This leads us to the Definition of self-similarity, D of an object, made of N exact copies to itself 
and reduced by a factor R: 
    The relationship    DN R−=  determine the dimension D of the geometric object. 
    What exponent D do we find when applying this method to the Sierpinski triangle? 
3 triangles of side 1/2:  N = 3, R = 1/2; (1/2) -D = 3 
9 triangles of side1/4:   N = 9, R = 1/4; (1/4) -D = 9 
27 triangles of side 1/8:   N = 27, R = 1/8; (1/8) –D = 27 
………………………………………………. 
3n triangles of side 1 / 2n:  N = 3n, R = (1/2n); (1/ 2n) -D = 3n . 

a) For the line:  ln 2 1
1ln
2

D = − =
⎛ ⎞
⎜ ⎟
⎝ ⎠

, b) For the square: ln 4 2
1ln
2

D = − =
⎛ ⎞
⎜ ⎟
⎝ ⎠

; c) For the cube: 

ln8 3
1ln
2

D = − =
⎛ ⎞
⎜ ⎟
⎝ ⎠

; d) For the Triángulo de Sierpinski: ln3 1,589496
1ln
2

D = − =
⎛ ⎞
⎜ ⎟
⎝ ⎠

 

    

 

5. Conclusion 
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    With this work I wanted to emphasize that there are certain (mathematical) models and other 
abstract systems (Romero, 2015) that are, in addition, dynamic systems and explain many complex 
real life phenomena: It is available for our high school students! 
   With the cases presented, we give answers to the complex questions that can be posed at the 
teacher's level: teaching and learning science in general, and mathematics in particular, should be an 
activity that allows the individual to build (Izquierdo, et al., 1999, 2004) their way of feeling, 
thinking, speaking and acting on the world around us, choosing those complex scientific models as 
one of the possible points of reference. The use of these complex models by the student should be 
guided by the research path (Bonil, et al, 2010) and the contrast of the information obtained from 
the existing models. It is a way of exercising the imagination to understand the complexity in the 
approach, for example, in ecology: do mathematical models respond to certain influences in the 
fundamental conditions of the life of certain species? 
   One way to measure the length of a curve is to approximate it to the length of a series of small 
lines that make it. We call that procedure rectification. The smaller the lines chosen for the 
approximating, the more accurate will be our measure. But ... what happens if we try to measure the 
total length of a square? Not its perimeter, but the length of the square by this method of 
rectification. Does that question even make sense? When we have repeated this tedious operation 
infinitely, we can say that we have covered the square with lines. There will not be a single point 
through which a line does not pass, nor will any of them pass more than one at a time. To find 
mathematically the value of the length of the line that makes squares we use the limit: 
   But ... what happens if we try to measure the volume of a geometric object? we would arrive with 
a process analogous to that “¡So the length of a square is infinite and the volume is zero!”  
   The well-known case of the Sierpinski triangle has infinite length and zero area. Surprise? 
   There are many almost unexplored mathematical domains in Primary and / or Secondary 
Education that, organized in an original and creative way, would allow the design of enriching 
classroom activities and carry out activities such as the above and introduce everyone, from the 
conviction, into the world of Mathematics, "Should he use his courage as used by the mythological 
hero Ulysses?" 
 
    6. References 
 
Alligood, K.T., Sauer, T.D., & Yorke, J. A . (2009). Chaos. An Introduction to Dynamical 

Systems. Springer. NY.pp.5,6, 44 y 45. 
Bacon, F. (1998). Teoría del cielo. Ed. Tecnos. Madrid. 
Bonil, J., Junyent, M., & Pujol, R.Mª.  (2010). Educación para la sostenibilidad desde la perspectiva   

de la complejidad.  Revista Eureka Enseñanza de la Divulgación de las Ciencias.  Nº 
Extraordinario, pp. 198-215 

Duperret, J.C. (2009). De la modélisation du monde au monde des modèles. Le délicat rapport 
"mathématiques –réalité". Bulletin 484. APMEP.pp. 648-650. 

Izquierdo, M., Espinet, M., García, M.P., Pujol, R.M., & Sanmartí, N. (1999). Caracterización y    
fundamentación de la ciencia escolar. Enseñanza de las Ciencias. Núm. extra junio, 79-92.  

Izquierdo, M.; Espinet, M.; Bonil, J.; Pujol, R.M. (2004). Ciencia escolar y complejidad. 
Investigación en la escuela, 53, 21-29 .pp.25 

Morrison, K. (2002). School Leadership and Complexity Theory. Routledge.Taylor & Francis 
Group. New York.pp. 5, 35-56 

Romero, S. (2011). La resolución de problemas como herramienta para la modelización 
matemática. Review Modelling in Science Education and Learning: MSEL. Vol. 4.pp. 35-70. 

Romero, S. (2013). Sistemas Dinámicos. Fractales.  CIBEM-VII. Video Conferencia Plan CEIBAL-  
2013.Uruguay.  

Romero, S., Rodríguez, I.M., Benitez, R., Romero, J., & Salas, I.M. (2015). Problem solving as 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 138 

instruments for the mathematical modeling: Examples for Real life. Review Modelling in Science 
Education and Learning: MSEL. Vol. 8(2). pp. 51-65. 

Romero, S. (2018). Mathematization of Selected Real-Life Aspects by Applying Dynamical 
Systems. Quaderni di Ricerca in Didattica (Mathematics)”, n. 27, 
Supplemento-n-2. University of Palermo. Italy.pp.213-225. 

Taeli, F. (2010). The new paradigm of complexity and education: an historical glance. Polis 
Revista Latinoamericana. 25.pp.2-13. http://polis.revues.org/400 
Harris, M., Karper, E., Stacks, G., Hoffman, D., DeNiro, R., Cruz, P., et al. (2001). Writing labs and 
the Hollywood connection. Journal of Film Writing, 44(3), 213–245. 
  



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 139 

Design of situations fostering horizontal 
mathematization: benefits from epistemological 
analysis of experts’ practices 

Sonia Yvain-Prébiski and Simon Modeste 

IMAG, University of Montpellier, CNRS, Montpellier France 

E-mail: sonia.yvain1@umontpellier.fr, simon.modeste@umontpellier.fr  

Abstract. This paper questions the teaching and learning of mathematical modeling. 
We develop an epistemological study of the mathematization in the practices of 
experts in two fields: life sciences and industrial sciences. We use the results of this 
contemporary epistemological study to analyze and support the relevance of some 
problems designed to foster the devolution of the mathematical modeling process to 
the students. Then, we present our choices for implementing these problems in the 
classroom in link with this objective, and compare the students’ productions with the 
results of the epistemological analysis.  

Résumé : Ce document questionne l'enseignement et l'apprentissage de la 
modélisation mathématique. Nous développons une étude épistémologique de la 
mathématisation dans les pratiques des experts dans deux domaines : les sciences de 
la vie et les sciences industrielles. Nous utilisons les résultats de cette étude 
épistémologique contemporaine pour analyser et étayer la pertinence de certains 
problèmes destinés à favoriser la dévolution du processus de modélisation 
mathématique aux étudiants. Ensuite, nous présentons nos choix pour la mise en 
œuvre de ces problèmes en classe en lien avec cet objectif, et nous comparons les 
productions des élèves avec les résultats de l'analyse épistémologique. 

1. Introduction: contemporary epistemology on order to foster modeling activities for 
students 

Our research interests are about mathematical modeling in mathematics problem solving in the 
classroom. Our approach is to investigate experts’ practices as an epistemological reference to 
enlighten the teaching and the learning of mathematical modeling. 
More specifically, in this paper, we investigate the practices mobilized during mathematical 
modeling in different contexts (here, the context of life sciences and the industrial problems). To do 
this, we will distinguish horizontal mathematization and vertical mathematization and take into 
account the dialectical relationship between them. 
This will allow us to look into expert practices of modeling and contrast them with the 
mathematical activity in classroom in situations needing a modeling step from extra-mathematical 
situations. 

1.1. Aim and research questions 

Our research problem is “How can studying expert practices of modeling support the design and the 
implementation of modeling activities in classrooms?” 
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This communication relies on the distinction between horizontal mathematization and vertical 
mathematization (Treffers, 1978) introduced in the theoretical framework known currently as 
Realistic Mathematics Education (Freudenthal, 1991): the horizontal mathematization corresponds 
with the mathematical modeling that goes from the real situation to the mathematical world, 
whereas the vertical mathematization corresponds with the mathematical addressing of a problem. 
 

Horizontal mathematization leads from the world of life to the world of symbols. In the 
world of life one lives, acts (and suffers); in the other one symbols are shaped, reshaped, and 
manipulated, mechanically, comprehendingly, reflectingly: this is vertical mathematization. 
The world of life is what is experienced as reality (in the sense I used the word before), as is 
a symbol world with regard to abstraction. (Freudenthal, 1991, p.41-42). 

 
We cross this distinction with the epistemological work of Israël (1996) who considers that a 
mathematical model is “A piece of mathematics applied to a piece of reality” (Op.cit. p.11). He adds 
that “A single model not only describes different real situations, but this same piece of reality can 
also be represented by different models” (Ibidem). This led Yvain-Prébiski (2018) to define 
horizontal mathematization as choosing of a piece of reality, and then identifying and selecting 
some aspects of that piece of reality that can be mathematically addressed, in order to connect them 
to build a mathematical model. 
To define vertical mathematization, we follow Treffers (1978): Vertical mathematization 
corresponds with the mathematical work inside the world of symbols, namely the mathematical 
treatment of a mathematical problem. 
The figure 1 sketches the modeling process described above and highlights the dialectic relation 
between the horizontal and vertical mathematizations. 

 
Figure 1.  Modeling process, from Yvain-Prébiski (2018). 

In such a context, our research problem can be rephrased into two research questions:  
Q1. In expert practices of mathematical modeling, what are the invariant practices of horizontal 
mathematization and how do they interplay with context-specific practices? 
Q2. How to take into account the results of the epistemological study to elaborate situations that 
foster the devolution of horizontal mathematization in the classroom, and to analyze students’ 
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activity in such situations? 
 

1.2. Methodology 

To tackle these questions, our methodology is the following: 
• Demarcate specific topics or areas where mathematical modeling is involved, but different 

enough from each other to permit the identification of both invariant practices and context-
specific practices. We have selected life sciences and industrial problems as two contexts 
fitting with these criteria. 

• Develop contemporary epistemological studies on modeling, by interviewing experts about 
their own modeling practices (guiding them to make explicit these practices); and identify 
invariant and context-specific practices. 

• Design problems, trial them and analyze the students’ activities through the lens of the 
epistemological study developed previously. 

 

1.3. Area selected 

Following the work of Yvain-Prébiski (2018) on modeling practices of experts in life sciences, we 
will conduct interviews with experts who use mathematical modeling in industrial sciences, with 
two purposes:  

6. Identify invariants in their practices and compare them with those identified in life sciences, 
7. Identify modeling practices that could be context-specific. 

This second purpose will lead us to analyze again and reinterpret the interviews done by Yvain-
Prébiski, to consider actions specific to the two chosen contexts. This second part of the work is 
ongoing and the first results will be presented here. 

2. Contemporary epistemological study 

2.1. Contemporary epistemological study: interviewing experts 

In order to investigate experts’ practices, we have decided, based on previous work of Yvain-
Prebiski (2018), to interview experts in life sciences and industrial sciences on their modeling 
practices. To do this, we have used a clarification interview technique, which considers the 
interviewee as an informant, and consists in making this informant explain and detail a project of 
his where mathematics intervened. The aim is not to induce ideas from the interviewed expert but to 
bring the informer to make as explicit as possible his practice. The words modeling or 
mathematizing were only mentioned if the informant had mentioned them first. 
The following interview grid has evolved over time (taking into account the difficulties or 
misunderstandings of previous interviews, but also introducing new questions or directions, based 
on the missing information or unexpected answers from previously interviewed informants). 
The interview grid consists of three lines: 

Line 1: information on the interviewee’s education and career path of the informer and 
training in mathematics. 

• Line 2: Present and make explicit a research project or an engineering project involving 
mathematics. 

• Line 3: Define “modeling process” 
 

This leads to the grid below: 
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Line 1: 
What is your education path? 
What is your career path? 
What place do mathematics and computer science have in your training? 

Line 2: 
Can you describe, from the beginning to the end, related to life science/industrial problems 
where mathematics have been involved? 
Relaunch questions: 
◦ How did the project get started? What was the initial question? 
◦ Which (mathematical, computational, experimental) choices have been made to start, & 

to go on? 
◦ How did you choose the mathematical and computational tools and frameworks? 
◦ To which extent have mathematics (and computer science) been essential in the 

project? How much have they been involved in the project? 
◦ Has it been necessary to modify or abandon some choices? 
◦ Are there other disciplines involved in your work? In the project? 
◦ Did you collaborate with mathematicians or computer scientists? 
◦ Have you needed to reformulate or rebuild your problem or your questions? 
◦ How has the original question evolved? 
◦ How do you validate the results? 
◦ How do you test the validity of your models? (or mathematical/computational choices?) 
◦ When do you reject a model? (or a mathematical/computational choice?) 
◦ What kind of difficulty have your encountered in the project? 

Line 3: 
Can you formulate what is, for you, a “modeling process”? 
Do you consider your own practice/definition as representative of or shared in your 
community? 

Yvain-Prebiski has interviewed 5 experts in life sciences and the authors have interviewed (until 
now) 3 experts in industrial sciences (1 in logistics, 2 in operations research). We present below the 
results of this ongoing work. 
 

2.2. Context of life sciences 

In her PhD thesis, Yvain-Prébiski (2018) led such a contemporary epistemological study on the 
practices of researchers using mathematical modeling in life sciences. The main findings consist in 
the identification of six invariant features in the practices of researchers which contribute to the 
transformation of reality to mathematically solvable problems: 

• simplifying the problem and selecting a piece of reality; it is expected to identify relevant 
variables and choose relevant relations between the selected variables. 

• choosing a model among those known by the researcher in order to initiate vertical 
mathematization, at the risk of having to refine or reject the initial model later. 

• quantifying in order to compare the “real data” with the results obtained within the model. 
• using computer simulation to obtain results with the chosen model. Often it is with computer 

simulation that the researcher will test whether his choice of the fragment of reality 
associated with the model he induces is consistent with the observations resulting from the 
experiment or simulated experiment. 

• ideally, hoping to obtain a result that is becoming more widespread and that would then 
become a new model itself. 
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• choosing a model by anticipating the feasibility of conducting an experiment that would 
allow the results obtained by the model to be compared with those obtained experimentally. 
There are real back and forth actions between the fragment of reality, the envisaged model, 
the first results obtained with the models, and the experimental data. This practice is part of 
the validation of the choice of model by researchers.  

This contemporary epistemological study helped to better identify the form and the role of 
horizontal mathematization in a mathematical activity involving modeling. 
Our objective is to extend this previous work to the context of industrial sciences, by interviewing 
researchers and professionals of this field. To do this, we will adapt the methodology used 
previously for life sciences, and compare and contrast results between the two application fields. 
 

2.3. Context of industrial problems and preliminary conclusions 

The six invariant features presented below also appear in the case of industrial problems, in 
particular the first three. The first results concerning industrial sciences allowed us to make some 
hypotheses about what might differ from life sciences: 

• Human aspects in to be taken into account: In an industrial process, human operators can 
take action.  This human factor needs to be incorporated into the model, and some 
theoretical solutions, even optimal, must be rejected if they are not understandable or 
acceptable for these operators. Thus the nature of the model and its validation can be 
different. 

• Some relevant variables decided in advance: the manufacturer’s problem generally comes 
with some information regarding the “variables” that can be “touched” and not “not 
touched”. In this way, the experts deal with a problem which has been partially modeled 
beforehand. 

• A lot of “fitting”. Experts in industrial sciences insist on the strong part of the work making 
back-and-forth actions between the model and the problem, in order to adjust the model 
(make it “fit” the situation). This is allowed by the amount of data generally collected by the 
manufacturer. 

• Status of simulations: It seems that simulations have a specific status in industrial sciences, 
according to the interviewed experts. This point has to be deepened, taking more into 
account the role of computation in the design of simulation, and the relation between models 
and simulations. 

• Experimentation versus data: the experts in industrial sciences emphasize the role of data in 
the model design, which is more common than experiments (certainly for their cost). So, it 
is often the collected data that drive the model (or that is used as model). This is linked with 
point 3 and the following discussion. 

 
Concerning the third and fifth points (“fitting” and data), the comparison with life sciences made us 
aware that this is also present in life sciences. Indeed, when a model is selected, a lot of work is 
done in both cases to make it fit the experimental data. But it seems that there is still a difference in 
industrial sciences, namely that the data do not come from experiments but from collection along 
the industrial process at stake, and that the aims of experts in industrial sciences are less the 
understanding of the phenomena than the optimization of the process. 
This point must be deepened as this issue could differ between researchers’ and engineers’ points of 
view, more than between disciplines. 
To conclude, this is an ongoing epistemological study, but we make the hypothesis that there are 
common principles between the processes of modeling in life sciences and industrial sciences (and, 
probably whatever domain of application). 
But we have also begun to show some differences that are specific to life sciences and industrial 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 144 

sciences. It would be important, from a didactical point of view, to be able to demarcate what is 
generic in modeling from what is domain-specific. 

3. Design and implementation of problems for the classroom 

3.1. Characteristics desirable for the implemented situations 

Relying on our epistemological study, we intend to characterize problems likely to support the 
learning of horizontal mathematization and hence foster students’ activities inspired by the invariant 
practices identified above. Such tasks should then be “realistic fictions” conceived (in English) as 
Adaptations of a Professional Modeling Problem (FRAPPM) and must meet the following criteria 
as much as possible: 

• To bring students to reflect on the system they should model. 
• To bring students to become conscious of: 

• the necessity to develop a model to solve a problem  
• the necessity to make choices to mathematically address the problem 
• the importance of the question set to them during the development of the model 
• the work behind the development of the model requires mathematical work within the 

model chosen to answer the questions. 
 
The design of such situations has been developed within the RESCO (collaborative problem 
solving) group of the IREM of Montpellier (Research Institute for Teaching of Mathematics). This 
program has been existing for more than ten years and was designed by a group where researchers 
and teachers work collaboratively (the two authors of this paper are part of the group). 
Based on these criteria, four FRAPPM have been developed last years: 
In the context of life sciences: 

• “The tree” (How to foresee the growth of a plant?) 
• “Endangered species?” (How to forecast the evolution of animal population?) 

Or in the context of industrial problems: 
• “The warehouse” (How to optimize the location of a supply storage?) 
• “The windows” (How to optimize the cutting of materials according to orders?) 

The two first examples, trialed in 2016 and 2017, have been presented in the CIEAEM 69 (Yvain & 
Modeste, 2018, Yvain, 2018). In this paper, we will give details regarding the two last ones, trialed 
in 2018 and 2019 respectively. 
 

3.2. Context of implementation 

The implementation in classrooms of secondary education is coordinated through the ResCo 
program. The collaborative problem-solving device is based on exchanges between classes, 
working in groups of three, on the same research problem. All secondary levels from the 6th to the 
12th grade are potentially concerned, adding a constraint on the choice of the problem to be 
proposed. In addition, this device is spread over five weeks (one session per week), during which 
collaboration between classes is organized. This implies that the problem proposed by the ResCo 
group should not be found on an Internet search engine, and, leading the group to formulate it in a 
new form. 
A particularity of this program is its question and answer session designed to approach the problem 
more efficiently from the beginning. The first session proposed in the ResCo device aims to 
introduce students to realistic fiction and to have them formulate the questions they ask themselves 
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during their first research. The aim is to have the students ask themselves questions about the 
different possible choices that would allow them to deal with the problem mathematically. The 
questions developed by the students are addressed to the two classes with which their class is 
associated, by the teacher, via the ResCo forum.  
During the second session, students receive questions from the other classes in their group. It is 
during the phase of the elaboration of the answers by the students that, on the one hand, the relevant 
questions for solving the problem will emerge and, on the other hand, different possible modeling 
choices will appear. During this session dedicated to the answers, the questions received lead to 
discussions that allow students to become aware of the need to make choices to deal mathematically 
with the problem, particularly around the identification of relevant quantities. 
In the third week, the students discover the answers of the other classes and discuss these answers. 
Between the second and third weeks, on the basis of the questions and answers submitted to the 
forum, the ResCo group develops a "relaunched realistic fiction". It is addressed to all classes 
during this third week, in order to set common modeling choices to allow further collaboration in 
solving the same mathematical problem in every class. The intentions of the ResCo group are to 
make visible to students the need to make choices to solve the problem. During the fourth session, 
the students continue the research of this same mathematical problem, resulting from the modeling 
choices set by the "relaunched realistic fiction" of the ResCo team. During the last week, teachers 
are invited to carry out an assessment with their students to close the session. The ResCo group uses 
all the student productions posted on the forum to produce an assessment of the mathematical 
concepts and skills that the problem has enabled to be implemented, an assessment of the heuristic 
skills developed and the elements of a mathematical solution to the problem.  
For more details about the professional development program or the scenario, see Yvain & Modeste 
(2018) and the workshop of Lavolé, Modeste, & Yvain-Prébiski presented at CIEAEM 71. 
 

3.3. Detailed presentation of two of the implemented problems 

Based on epistemological considerations on modeling and on the above characteristics and context, 
we have developed situations that aim to foster students’ modeling activity. We describe here two of 
these situations (figures 2 and 3). 
 

The Warehouse 
A company has many factories which must be supplied weekly. 
The map indicates: 

− the position of the factories, 
− the names given to the factories, 
− the number of units of goods corresponding to the supplies needed by the 

factory every week. 
The company want to build a warehouse from which the supplies will be delivered by 
truck to the factories. The maximal capacity of a truck is 120 units of goods. 
The company wants to situate the warehouse the most economical way as possible. 
Can you help to decide where to settle the warehouse? 
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Figure 2. The situation called “The Warehouse” (experimented in 2018). 

 

The windows panes 
A company cuts rectangular window panes of four different dimensions: 
 210 cm x 215 cm  ;  100 cm x 215 cm  ;  100 cm x 125 cm  ;  60 cm x 215 cm. 
These window panes are cut out of large rectangular glass slabs measuring 600 cm x 
320 cm. 
The company is looking for a method in order to realize the cuts according to the 
orders while limiting the scrap. 
To help the company, can you suggest a method realizing the cuts and minimizing the 
loss? 

Figure 3. The situation called “The windows panes” (experimented in 2019). 
 
These two problems fit with the characteristics of FRAPPM, stated above. In particular: 

• they have been conceived as a transposition of modeling issues coming from professional 
scientific practices (work of the modeler): the first one comes from a common issue in 
logistics, and the second from a famous issue of optimization of a production process. 

• their didactical variables (Brousseau & Warfield, 2014) are chosen in order to foster entry 
into horizontal mathematization: 
◦ In the first situation, the map, the type of journeys, the type of transportation and 

storage, the possibles interpretations of “the most economical way”, the needed 
approximations, the possible choices of the cost function, are decided for this purpose. 

◦ In the second situation, the nature of the cuts, the nature and organization of the orders, 
the allowed configurations of window panes in the glass slabs, the possible 
interpretations of “minimizing the loss”, the possible loss functions,  are decided in order 
to foster the horizontal mathematization work. 
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In both cases, the modeling is supported by an optimization issue. It is important that the proposed 
situations need to be modeled for a specific purpose, and not for modeling itself. Here, it is 
optimizing; in the two other situations, it was making a prediction. 
The careful design and analysis of the problems and their wording permits anticipation of the 
various mathematical problems that can arise from them and, based on the questions and answers 
sent by the classes and some other constraints, permits the design of a "relaunched realistic fiction" 
which is relevant and appropriate. 
 

3.4. Analysis of the students’ work 

In previous work, Yvain-Prébiski (2018) developed and analyzed problems implemented in 
classrooms that, on the one hand, promotes the devolution of horizontal mathematization to students 
in their work, and, on the other hand, studies the possibles traces of transposition into classrooms of 
identified invariant practices. In order to analyze student’s questions, she has defined three 
indicators of the devolution of horizontal mathematization to students:  
The students’ questions show them: 

• building a model in order to respond to the given situation 
• identifying the relevant features for mathematical processing 
• seeing the relevance of the contextual elements to take into account to make the situation 

accessible to a mathematical treatment. 
 
For the analysis of the student’s answers, she has defined five indicators as follows:  
The students’ answers show 

• the development of a model that enables a response to the situation  
• choices of relevant quantities for mathematical processing 
• choices of contextual elements  
• analysis by the students of the relevance of a question regarding the situation  
• the first mathematical work to answer the question. 

 
Table 1 and 2 show examples of the students’ work based on the "Warehouse" problem. 

Table 1. Examples of students’ work based on the "Warehouse" problem during the question 
phase. 

Building a model in order to 
respond to the given situation 

Identifying the relevant 
features for mathematical 
processing 

Questioning the relevance of 
the contextual elements to 
make the situation accessible 
to a mathematical treatment 

- Is it possible to supply plants 
beyond their demand? 
- Is the truck allowed to bring 
the goods to two factories in a 
row without returning to the 
warehouse? 
- Can central symmetry or axial 
symmetry be used? 
- Should the warehouse be 
placed closer to those who need 
more goods? 

- What does "the most 
economical" mean?: to save gas 
or save money? 
- Do we want the truck to travel 
as few kilometers as possible? 
- Is the distance on the map 
important, the scale? 
- Are the numbers of goods 
requested by the plants 
accurate? 

- What is the type of road 
between the warehouse and 
each plant? 
- What are the types of goods? 
- In which country or city are 
the different factories located? 
- What are the geographical 
constraints? 
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Table 2. Examples of students’ work based on the "Warehouse" problem during the answers 
phase. 

The development of a 
model that enables a 
response to the 
situation 

Choices of relevant 
quantities for 
mathematical 
processing 

Choices of contextual 
elements 

Analysis by the 
students of the 
relevance of a 
question regarding 
the situation 

Q: Should the truck's 
route be planned? 
It is necessary to plan 
the route of the trucks 
in order to optimize the 
organization. You have 
to find the most fuel-
efficient route. 

Q: What types of roads 
should I take? 
The fastest! 

Q: Are there any 
locations where it is not 
possible to place this 
warehouse? 
For us, we have chosen 
to say no. But it's true 
that we wonder what 
happens when there's a 
lake. 

Q: What is the size of 
the warehouse? 
We don't know, but it 
doesn't matter. 

Q: Shouldn't the 
warehouse be located 
at a factory to save at 
least one trip? 
It could be a solution 
but the other trips will 
be longer so it's not 
more economical. 

Q: What does the most 
economical mean? 
It is necessary to pay 
the lowest price, we 
will have to take into 
account the fuel 
consumption, the 
distances covered,... 

Q: How many 
kilometers can a truck 
drive with a full tank of 
gas and where are the 
gas stations? 
It can be 2000km long 
and the gas stations are 
every 500km. 

Q: Are there many 
radars? 
Will this help us to 
position the 
warehouse? 

 
Based on the questions and answers of the students, we designed the "relaunched realistic fiction". 
In this particular case, it was decided to take into account only distances in the cost of the 
transportation “as the crow flies”, to consider only one truck which can be not full and deliver to 
various factories in one trip, to allow a factory to be delivered to in many trips, and that a factory 
can store some supplies in advance. Based on these decisions, the classes were asked to find an 
optimal solution for this (fully mathematized) problem. 
 

 
Figure 4.  Example from students’ work. 
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stratégie1
Nombre	de	livraisons.
Semaine 1 2 3 4
Echo(240) 2 2 2 2
Tango(80) 1 1 0 1
Foxtrot(150) 2 1 1 1
November(150) 2 1 1 1

Quantité	de	marchandises	restante	après	livraison.
Semaine 1 2 3 4
Echo(240) 120+120	-	240=0 120+120	-	240=0 120+120	-	240=0 120+120	-	240=0
Tango(80) 120-80=40 120+40-80=80 0 120-80=40
Foxtrot(150) 120+120-150=90 120+90-150	=	60 120+60-150=30 120+30-150=0
November(150)120+120-150	=	90 120+90-150=60 120+60-150=30 120+30-150=0  

Figure 5.  Example from students’ work. 

 
Figures 4 and 5 show examples of students’ work based on the "Warehouse" problem. During the 
fourth week, several classes used the spreadsheet or Geogebra to solve the problem. In the first 
example, the students chose to go back and forth between the warehouse and the factories, 
considering the possibility of storage. 
In the second example, the students chose a location close to Echo (because it has the greatest 
need), while being at equal distance from Foxtrot and November (same needs), and chose an order 
for the trips according to needs, also allowing themselves to store materials. Their strategy is based 
on having as little as possible left in the warehouse, and on moving the goods left the week before.  
At the end of the activity, the students shared their solutions on the online forum and an “advanced 
solution” was distributed. 

Conclusions and perspectives 

In this work, we developed an epistemological analysis of experts’ practice of modeling, which 
allowed us to identify invariant practices in modeling (in different contexts) and also practices that 
seems to be context-specific. 
This work permits us to design problems that foster modeling activity, and particularly horizontal 
mathematization. These problems are designed following specific characteristics of situations called 
“realistic fictions”, more precisely as realistic fictions conceived as adaptations of professional 
modeling practices. These situations are implemented and experimented in the RESCO device, that 
allows us to make tens of classes work collaboratively through a forum. 
Our experiments show a devolution of the modeling necessity at stake, and the strong involvement 
of students. The epistemological analysis also helped us to develop indicators that permit us to 
compare students’ modeling practices to experts’, and to discuss the way they take into account the 
context of the situation in order to question its modeling. 
This work is still ongoing, and many perspectives have yet to be developed. First, we want to go on 
with the epistemological study, and will conduct more interviews with experts in industrial 
problems. Second, as we have shown that there is an articulation between generic modeling 
practices and context-specific practices, we want to deepen the understanding of this articulation. 
This can be done with an analysis of the previous interviews, but also by exploring the students’ 
work in this direction. This would permit us to better take into account the context while designing 
task, making a priori analyses of modeling tasks, and studying students’ productions, in particular 
concerning the question-and-answer phases in our device. 
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Abstract. The aim of the research is to understand how teachers can approach reading and 
building graphs in class to support successful learning; we want to promote the analysis and 
reading of graphs as a way to understand the world. To do this, we have highlighted main 
difficulties that students find when they have to read and understand a graph or build it from 
evidence provided by national standardized test results. In this paper, we give examples of 
tasks designed leaning on the results of our research that we analyse. 
 
Résumé. L'objectif de la recherche est de comprendre comment les enseignants peuvent 
aborder la lecture et la construction de graphiques en classe pour favoriser l'apprentissage ; 
nous voulons promouvoir l'analyse et la lecture des graphiques comme moyen de 
comprendre le monde. Pour ce faire, nous avons mis en évidence les principales difficultés 
que les élèves rencontrent lorsqu'ils doivent lire et comprendre un graphique ou le construire 
à partir de données fournies par les résultats d'un test national normalisé. Dans ce document, 
nous donnons des exemples de tâches construites à partir de nos résultats de recherche que 
nous analysons. 

1. Introduction 

The aim of the research is to understand how teachers can approach reading and building graphs in 
class to support successful learning; we want to promote the analysis and reading of graphs as a 
way to understand the world. To do this, we have highlighted main difficulties that students find 
when they have to read and understand a graph or build it from evidence provided by national 
standardised test results. 
The choice of theme is based on the importance of the incidence of epistemological and cultural 
factors on the international level. In particular, in all curricula the study of graphs is central in 
mathematics and in many other disciplines. We have chosen to focus on the Italian curriculum to 
allow a detailed comparative multidisciplinary research that will establish connections between 
mathematics, other disciplines and everyday life (Piaget, 1972). 
The qualitative-quantitative analysis of the national standardized tests INVALSI has shown 
fundamental characteristics to project a potential task with the objective to promote learning 
through understanding. We have projected activities with the aim of overcoming the difficulties 
identified. 
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1.1 The Italian mathematics curricula 

In Italy, the curriculum that each teacher must develop in the first cycle of education (from grade 1 
to grade 8 of education) is defined in the document formalized with Ministerial Decree no. 254 of 
13 November 2012: "Indicazioni Nazionali del primo ciclo d’Istruzione" (MIUR, 2012). For 
elementary and middle school, the curriculum is divided into "obiettivi" and "traguardi" (we can 
translate them into intermediate and final objectives) that each discipline must reach by the end of 
its school segment. 
There are several passages in the introduction that offer reflections on the current role of the school 
in society and on the meaning of education for the training of the individual and the citizen, 
suggesting at the same time ways of projecting and planning the training offer. 
In this context, some Italian researchers include their work. In the field of mathematics education, 
the researchers aim at innovation and at producing pragmatic examples of improvement in 
mathematics teaching in specific situations and focused on concrete problems of mathematics 
education. One of the first is the model of Emma Castelnuovo, also well known internationally 
(Castelnuovo CIEAEM, 1958). 
During the training courses carried out by the researchers for the teachers, emerged a limited 
knowledge of these documents on the part of the teachers. The design of interdisciplinary activities 
on the reading and construction of graphs started from the study of the Italian curriculum with the 
teachers, in order to allow them to learn how to design specific activities instead of just replicating 
them. 
For teachers in other countries, it might be interesting to compare the choices made in Italy, 
explicitly or tacitly assumed, with the ones in force in their own country. 

1.2 Reading and constructing graphs in the Italian curriculum 

In this section we will focus on the theme of reading and constructing graphs within the Italian 
curriculum as specified by state documents (MIUR, 2012). 
Mathematical competence is the ability to develop and apply mathematical thinking to solve a range 
of problems in everyday situations. Mathematical competence involves the ability to use 
mathematical models of thought and presentation such as patterns, graphs and representations. 
Let's start by examining how objectives in mathematics evolve from pre-primary school to 
secondary school. Within the guidelines of the MIUR, one of the objectives to be achieved at the 
end of pre-primary school is to discover languages such as voice, gesture, sounds, graphic-pictorial 
experiences. This objective, for the third class of primary school, becomes knowing how to 
represent problems with tables and graphs and, at the end of Primary School, is further developed in 
"Data research to obtain information and build representations (tables and graphs). It also derives 
information from data represented in tables and graphs". Finally, one of the objectives to be 
achieved at the end of secondary school is "Representing data sets, even using a spreadsheet. In 
significant situations, compare data in order to make decisions." It is now clear that this objective 
has been improved with technical details and has been integrated into a wider context. 
In the Italian curriculum, the reading and comparison of graphs must be explored in other 
disciplines. One of the goals that science teachers have to develop by the end of primary school is 
"Identify quantitative and qualitative aspects in phenomena, produce graphic representations and 
diagrams of an adequate level, elaborate simple models". Also one of the geography objectives for 
the primary school is "to analyse the main local and global facts and phenomena, interpreting maps, 
thematic maps, graphs, digital elaborations, statistical repertoires related to socio-demographic and 
economic indicators", and for the secondary school "to use traditional and innovative tools (maps, 
graphs, statistical data, images, etc.) to understand and communicate territorial facts and 
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phenomena". Also the Italian language plays a fundamental role, where for the primary school we 
find "Reading must be constantly practiced on various textual forms (from continuous texts to 
forms, timetables, graphs, maps, etc.)" and "Searching for information in texts of different nature 
and origin (including forms, timetables, graphs, maps, etc.) for practical or cognitive purposes"; 
while for the secondary school "Displaying information using supporting materials such as maps, 
tables, graphs" or "Finding information using [...] images, captions, graphs". In relation to history, 
for the primary "Extracting and producing information from graphs, tables, historical maps", while 
for the secondary "Selecting and organizing information with maps, diagrams, tables, graphs and 
digital resources". 
In Italy, since pre-school, the relations enter powerfully in many activities: record daily presences 
and absences, setting the table for as many people as there are diners, arrange in order of height, 
design or describe the execution of a certain sequence of instructions, counting teeth that every 
child has lost. 
The concept of relations, and in some particular cases function, is the formalization of such 
experiences. 
Conventional graphic representations (tables, graphs, arrow schemes...) suggest, on the one hand, 
strategies for problem solving and, on the other hand, ways of organizing knowledge in memory. 

2. Macro-phenomena highlighted by standardised assessments 

The research has considered all the INVALSI tests that aim to investigate the knowledge of the 
objectives mentioned in the previous paragraph. We have chosen to show some of the ones that 
have most clearly shown some difficulties in the construction and reading of the graphs. The results 
of these studies come from national INVALSI's statistical data. 
The annual records of the Italian students' standards by INVALSI provide information on the classes 
of second elementary (grade 2), fifth elementary (grade 5), third middle school (grade 8) and second 
high school (grade 10). Since our research involved first cycle teachers, we considered grades 2, 5 
and 8.  
Let's see some of the most representative examples, starting from grade 2: 
 

 
Figure 1. Question featured in the standardised assessments INVALSI for grade 2, 2015. 
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The graph represents the number of stickers that Mario, Luca, Paola and Sara have. The problem 
asks to observe the graph and answer three questions: 
 

a. Does Luca have twice as many figurines as Mario? 
b. Does Luca only have one more figurine than Paola? 
c. Does Sara have more years than Luca? 

 
The students have three answer options: "Yes", "No", "It cannot be known". Let's proceed with a 
quantitative analysis of the national sample for each item: 
 

a. To the first item 82.6% of the students answer "Yes" (choosing the correct answer), 13.2% 
of the students answer "No", while 2.5% of the students declare "It cannot be known"; 
b. To the second item 61.5% of the students answer "Yes", 33.7% answer "No" (choosing 
the correct answer), while 2.9% of the students declare "It cannot be known"; 
c. To the third item 40.1% of the students answer "Yes", 7.4% of the students answer "No", 
while 50.8% of the students declare "It cannot be known" (choosing the correct answer). 

 
One of the most interesting aspects that highlights the problem is that 61.5% of students answer 
"Yes" to item b. This answer may be related to the fact that most students are used to reading 
graphs, not building them, so it is assumed that every mark on the axis of graph is worth 1. Another 
interesting aspect is that 40.1% of students respond "yes" to item c, probably related to aspects of 
educational contract. 
Let's continue with a question of grade 8: 
 

 
Figure 2. Question featured in the standardised assessments INVALSI for grade 8, 2016. 

The graph represents the number of goals scored in each game by a football team during a league. 
The number of goals in each game is shown on the ordinate axis, while the number of games is 
shown on the abscissae axis. The horizontal line corresponds to the average number of goals per 
game for the 10 league games. The question asks to mark on the graph the point corresponding to 
the number of goals scored by the football team in the sixth game (p6) of the league. 
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The 15.1% of the students leave the question blank, 36.6% of the students answer it incorrectly, 
while 48.3% of the students answer it correctly. 
The question shows that many students have difficulties not only in constructing graphs, but also in 
reading non-standard graphs. In particular, in Italy most school books use only bar graphs as 
examples. 
We can say that this also applies internationally thanks to the data published by the OECD-PISA 
(OECD, 2013). 

3. Conclusion and further remarks 

In order to follow the Italian curriculum (which highlights the importance of developing the ability 
of students to communicate and discuss, to argue correctly, to understand the points of view and 
arguments of others), we developed activities which consist in stimulating students to read carefully 
and critically different types of graphs, with reference to real situations, in order to learn how to 
compare different graphs and to know how to choose the appropriate conditions for their 
construction. 
The training objectives are to ensure that the students, at the end of this activity, are able to 
 

- use adequate data representations in meaningful situations to obtain information; 
- build reasoning and support their theses, through laboratory activities, peer discussion and 

model observation; 
- use representations to obtain information, make judgments and make decisions. 
 

The activities have allowed teachers to understand what features should a task have in order to 
promote learning with understanding. 
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Abstract.The reference literature converges on the claim that a specific feature of 
mathematical learning is that mathematical "objects" do not exist in material reality and may 
only be represented using an appropriate semiotic register. Authors have also emphasized the 
dialectical nature of the operational and structural dimensions in processes of mathematical 
understanding. To prevent mathematical objects from being confused with their 
representations, it may be of value to coordinate different semiotic representations of the 
same object. This provides the conditions for learners to organize their experience – whether 
visual, tactile, or motor – during the learning process, by ordering and conferring meaning 
upon that which is already familiar to them, and modifying their representations via 
processes of symbolization and abstraction that support an increasing level of formalization. 
In light of this background, we here present the structural characteristics and teaching-
learning processes inherent in simulation games designed, developed, and tested within a 
research project entitled Simulandia. The aim of the project is to enhance children’s 
understanding of geometry concepts, ability to reason about them in the abstract, and 
mastery of mathematical language, by involving them in educational play. The paper focuses 
on the key features of simulation games that foster comprehension of mathematical concepts, 
relating them to epistemological, theoretical and methodological aspects of mathematical 
learning. It also illustrates how these features may be operationalized based on Cartolandia – 
one of four simulation games we have designed – which introduces the geometric concept of 
isometry to fourth-grade students. Finally, we present the “state of the art” of our research 
program, its next developments, and key points of interest going forward.  

Résumé. Les auteurs de référence s’accordent à dire qu’une des particularités de 
l’apprentissage des mathématiques est l’inexistence “d’objets” mathématiques dans la réalité 
matérielle. En effet, ceux-ci ne peuvent être représentés qu’en utilisant un registre 
sémiotique adéquat. Quelques auteurs ont également insisté sur la nature dialectique des 
dimensions opérationnelle et structurelle dans le processus de compréhension des 
mathématiques. Pour éviter de confondre les objets mathématiques avec leurs 
représentations, il peut être bénéfique de combiner plusieurs représentations sémiotiques du 
même objet. Cela permet aux élèves d’organiser leurs expériences – qu’elles soient visuelles, 
tactiles ou motrices – pendant le processus d’apprentissage, en ordonnant et en octroyant un 
sens à ce qui leur est déjà familier. Cela permet en outre de modifier leurs représentations par 
des mécanismes de symbolisation et d’abstraction qui amènent à un niveau toujours plus 
élevé de formalisation. 

  

Dans ce cadre, nous présenterons ici les caractéristiques structurelles et processus 
d’enseignement et d’apprentissage inhérents aux jeux de simulation conçus, 
développés et testés au sein d’un projet : Simulandia. Le projet vise à améliorer la 
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compréhension qu’a l’enfant de concepts géométriques, sa capacité à les penser de 
manière abstraite et sa maîtrise du langage mathématique en lui proposant un jeu 
éducatif. Cet article est centré sur les principes clé des jeux de simulation qui 
promeuvent une compréhension de principes mathématiques, tout en les reliant aux 
aspects épistémologiques, théoriques et méthodologiques de l’apprentissage 
mathématique. Il présente aussi la manière dont ces principes peuvent être 
concrétisés, en prenant l’exemple d’un de nos quatre jeux de simulation, Cartolandia, 
qui introduit le concept géométrique d’isométrie à des élèves de CM1 (quatrième 
année primaire). Finalement, il présente l’état d’avancement de notre programme de 
recherche, ses prochains développements et les axes majeurs à exploiter à l’avenir. 

1. The structural characteristics of simulation games.  

Simulation games for geometry learning foster the development of geometric thinking by providing 
children with experiential opportunities to: - understand geometric concepts in terms of 
discriminating the meaning units merged at the different levels of organization of speech (Duval, 
2017); - formulate geometric concepts that they can use to interpret and act on reality; ask and 
address key questions leading to the exploration, observation and discovery of the fascinating 
relations and structures present in nature and in human creations (Domenici & Frabboni, 2007).   
In light of these aims, our games were intentionally designed to combine the "grammar", or 
procedural architecture, of simulation games (as outlined in the salient literature), with educational 
and didactic theory and methods (Piu & Fregola, 2011; Fregola & Piu, 2011). In terms of their 
theoretical-methodological framework, the games are organized around a model of reality within 
which groups of seven or eight children are invited to take action, by assuming specific roles, 
making the decisions required to resolve implicitly problematic situations, and using suitably 
structured materials (Ellington, 2000). The games invariably present a scenario that reproduces 
mathematizable aspects of reality, representing a single geometric concept in perceptually different 
ways, without the addition of inessential detail or unnecessary information, with a view to 
minimizing extraneous cognitive load that might interfere with the students’ learning (Sweller, 
2003). 

In the case of Cartolandia (see Box 1), a simulation game designed following the principles just 
outlined, the target model of reality is organized around mathematizable aspects of isometries. 
Footsteps of different sizes and pointing in different directions are printed on a carpet. Some of 
them are arranged in rows, while others - designed to act as distractors - are scattered randomly 
about the mat. All of them may be attributed to one or more of a set of characters. 
The simulation game is designed to present a problem situation organized around constraints, which 
in turn prompts the children to take action by moving their bodies and hands and using structured 
materials that have been designed and produced ad hoc for the task. To attain the planned learning 
objectives, the students are invited to compare different figures and identify the regular features that 
emerge from this comparison, enabling them to begin constructing the target mathematical concept. 
In other words, the children are given the opportunity to coordinate verbal and written, iconic and 
non-iconic registers, and this helps them to differentiate between the target concept and its 
representation and to develop an in-depth understanding of the concept (Duval, 2017).  
Specifically, in Cartolandia, the participating children are required to perform isometric movements 
to compare figures and identify the invariances and transformations produced by different kinds of 
movement. At the same time, they are asked to choose codes and modes of communication to 
describe how they solved the problem in hand. In the terms of the simulation game, the children are 
instructed to report to a carto-general on how they conducted their investigation and how they 
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evaluated the different footprints by performing a specific range of movements. 

 
 
 
 

Table 1. Cartolandia 

Cartolandia is a simulation game on the 
theme of isometries designed for fourth-
graders (Piu, Fregola & Santoro, 2011). Its 
specific learning objectives are: identifying 
direct and inverse congruent figures; 
defining the concept of isometry; defining 
the characteristics of isometries in terms of 
the figure itself, the direction of its 
movement, and type of movement; 
identifying direct and inverse congruent 
figures using translation, rotation, symmetry, 
or a combination of translation and rotation; 

jointly inventing and using an economic 
"code" for communicating the 
characteristics of isometries. Cartolandia is 
set in a city of paper, whose inhabitants are 
one day troubled by news that a map of the 
city held in the city museum has been 
stolen. Taking on the role of carto-
detectives, the participants in the game are 
invited to retrieve the map, search for the 
thief, and report to the carto-general on 
how they conducted their investigation. In 
the carto-laboratory, they can analyse the 
clues, or the footprints the various visitors 
to the museum left on the carto-carpet, 
which represents the floor of the hall in the 
carto-museum where the map was on 
display, and a set of silhouettes, or 
photographs of those who entered the 
museum and/or approached the map. They 
can do so in the following ways: by 
"gliding" a footprint or silhouette drawn on 

a transparent plastic sheet sideways, 
forwards or backwards over the paper 
carpet without lifting it; "rotating" a 
figure without lifting it by pinning one 
corner of the transparency to the paper 
carpet; "turning over" a transparency 
while keeping it at a constant distance 
from the figures on the carpet (footprints 
and silhouettes); "gliding" a transparency 
sideways, forwards, and backwards, and 

then also rotating it by pinning down one of its corners. During the game, the 
children decide how to describe to the carto-general the steps they have taken to 
identify the thief and what "code" to use for their explanation.	
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As the example of Cartolandia suggests, simulation games offer a guided learning-by-discovery 
process (Mayer, 2004), creating the conditions for children to journey through the discovery of 
geometrical concepts, by discussing and undertaking joint action under their teacher's guidance.  
 
The concrete model proposed, and the associated gradual learning path, intuitively guide learners 
towards the symbolic representation of the geometry concepts featured in the simulation games, 
helping them to assimilate the importance of representing ideas in order to understand and 
communicate them (Vergnaud, 1994). Of key importance here is the pattern of transcoding used to 
initiate, support and guide such cognitive learning processes, which lay the foundations for the 
mastery of the relative formal language; particular attention must be paid to the use of everyday 
language by pupils and teacher in attributing and sharing meanings concerning the children’s 
discoveries, both in the course of the game and during the final debriefing discussion (Piu & 
Fregola, 2014). 

2. The teaching/learning process. 

The procedural architecture of the simulation games consists of four key phases: - Opening: an 
initial phase that serves to establish the appropriate relational conditions and climate for the 
simulation game to take place; - Briefing: a preparatory phase, during which the objectives of the 
simulation game are made explicit and instructions for its implementation are provided; - 
Implementation: the playing of the simulation game itself, during which each participant is enabled 
to act, experience, and share, problematize reality, make decisions, and discover concepts; - 
Debriefing: a final exchange during which participants can compare and discuss their experiences, 
systematise the concepts learned, and share the specific geometric language they have developed.  
Throughout the game, the teacher mainly plays the role of mediator in the learning process, 
performing different facilitating/moderating/leadership functions at each step (Fig. 1) (Piu, 2015). 

 

 
 

Figure. 1. The main leadership functions of the teacher 
 
Opening. At this stage, the moderator ensures that mutual expectations concerning the forthcoming 
simulation game are made explicit, forming an alliance with the participants based on the shared 
objectives of the game, in a climate of mutual cooperation. During this phase, the moderator 
stimulates the students’ involvement and encourages their participation, establishes a positive 
relationship with them, and provides for positive interdependence among them, combined with 
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individual responsibility.  
Briefing. The moderator’s main function here is to communicate the game scenario, procedures, 
rules, etc. He or she also assigns the participants their roles in the game. To be effective, the 
moderator must be familiar with the complex dynamics to be managed during the communication 
process itself. He or she should identify the communication strategies best suited to the group, with 
a view to providing the instructions for playing the game in a clear, concise, and motivating form.  
Implementation. During this phase, the moderator steers the group towards meeting the goals of the 
simulation game and acquiring the target learning, while facilitating processes of communication 
and interaction, with a view to keeping the group focused on the task in hand while safeguarding the 
relational dimension of the experience.  
More specifically, his or her key functions during implementation include:  
- Guiding and coordinating the game with a view to achieving the learning objectives, 
fostering engagement and participation on the part of the students, and encouraging proposals, 
decisions, and communication. 
- Managing group dynamics to facilitate participation and communication among pupils and 
prevent conflict. The leader’s role is to promote balance, whereby each participant can take part in 
the flow of information and exchange of ideas, in a climate of mutual respect that tolerates different 
points of view and indeed values them as contributions that can help the group to progress towards 
completing the task or solving the problem. 
- Observing and recording information about the interactions, in terms of conversational 
exchanges, that take place among the pupils and between the pupils and the teacher. This data can 
help the moderator to become more effective in guiding the children to focus on the task, inform the 
protocol for the debriefing session, and in general provide material for reflection on the teaching-
learning process. 
Debriefing. At this stage, the moderator uses active listening techniques and displays empathy 
towards the participants, leading the discussion in such a way as to generate positive interaction 
within the group, with a view to making this phase meaningful for each individual participant.  
More specifically, the moderator pays close attention to each participant’s understanding and 
decoding of the content under discussion and at the same time participates more actively in the 
discussion, using proactive verbal forms to encourage the students to analyse his or her 
communications in depth.  
In this way, the moderator leads the group to systematize and formalize the target geometry 
concepts. The pupils are invited to actively recall the experience of playing the simulation game and 
the actions they undertook to apply its rules, and how this led them to compare different figures and 
identify certain regularities among them. The aim here is to help the participants develop mental 
representations of their actions and of the invariant connections they have discovered. This entails 
attributing significance to the “symbols” chosen by individual pupils to reflect similarity between 
signifieds and signifiers. Representation and symbolisation make it possible for concepts to take 
form in the children’s minds. These concepts will enable them to reinterpret the initial (game) 
scenario, but may also be organised into a form of knowledge that is independent of any specific 
situation. Hence, during the debriefing phase of simulation games for geometry learning, the role of 
the moderator is to facilitate the construction of mathematical language, starting from the natural 
language processes upon which formal mathematical language is ultimately built. The teacher helps 
the students to transition from using experiential and informal “codes”, based on natural language 
and on the children’s current ways of representing reality, to intermediate “codes” that are 
increasingly symbolic, abstract, formal and complex. The new codes elaborated by the students will 
reflect their current developmental ability in the domains of abstract and mathematical thinking.  
In sum, with regard to the teaching-learning process, multiple features of a simulation game can 
enhance children's comprehension of mathematical concepts. In the case of Cartolandia, these 
include a scenario presenting mathematizable aspects of reality, and a problem situation on the basis 
of which joint discourse may be initiated and encouraged. These characteristics of the simulation 
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game facilitate the opening up of representational space within a context of meaning. As outlined 
above, the children, in keeping with the objectives of the game, can produce a set of internal 
representations that are based on their repertoire of prior experience and current modes of 
representing reality, and this lays the ground for their subsequent behaviours (see the sample 
dialogue in Box 2). 
 

Ale is observing the duck’s footprints and says to his 
classmates. 
Ale: But, this one here doesn’t work by turning over, I 
mean there’s no turning over (Ale lays transparency with 
figure of duck’s left footprint over duck’s right footprint 
on carpet).  
Giorgia: No! 
Giovanni: Yes, there is! 
Ale: No, it doesn’t work by [turning over]. Although this 
here is shorter! (referring to a part of the toe-print that 
does not match) 
 

 

Ale: Yes but look here! Look how it matches (he glides 
the transparency across the carpet and points to where it 
is now superimposed over the left footprint). 
Giovanni: That’s right, Ale! Yes, look, look! 
Ale, that’s right. Like us.  Left foot, right foot. Left foot, 
right foot.  
(Ale rotates the transparency through 360°). 
Giorgia: They’re not the very same at all! 
Francesco: Yes, but how do you know that? 
   
Giovanni: Yes, this is a turning over one.  
Giorgia: We should start from here (pointing to the first 
duck footprint at the beginning of the trail)! 
(Ale takes the transparency to where she is pointing and, 
rotating it, superimposes it on the first duck footprint. In 
the meantime, the other three children continue their 
discussion). 
Giovanni: (pointing to the footprints with his foot) 
Because if you put them close together, these are like 
our feet (going over and placing his right foot on a right 
footprint and his left foot on a left footprint). See 
France[sco]! 
 

 

Table 2. Cartolandia. Sample dialogues 
 
While acting to solve the problems posed by the game (e.g., by performing isometric movements) 
and while preparing to report on their findings as required by the game format, the students 
gradually refine the meanings of the shared code they are using and begin to coordinate different 
representations of the mathematical object (see the sample dialogue in Box 3).  
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(Next Francesco, and Giovanni join Ale and Giorgia 
begins to record the isometric movements on the 
sheet). 
Giorgia: Let me write for a little while. This is a 
turning over one, isn’t it? 
Ale: No! 
Francesco: Yes!  
Giovanni: So, this one fits properly. Turning over, 
turning over, turning over etc. 
(Ale, while Giovanni is speaking and Giorgia is 
writing, randomly glides the transparency over both 
left and right footprints without observing the 
outcomes). 
Teacher: How can you say it’s a turning over one, if 
you don’t try it out? Hang on, are you are really 
sure it’s turning over here? 
(Prompted by the teacher, the children perform a 
series of isometric movements). 
Giovanni: OK I’ve got a fit. If I put it down like 
this, it matches.  
Ale: Yes, it matches! 
Giovanni: Now, I’m going to prove it to you - these 
footprints are the same. (Performs an isometric 
movement). 
Ale: Yes.  
Giorgia: (as she writes) Turning over, turning over 
(describing the isometric movements performed by 
Giovanni) 
Ale: No! We already had a turning over one. 
Giovanni: Yes, but they’re all turning over ones. 
Giorgia: Good, so let’s see how many times turning 
over works. 

 
 
 
 

 
Table 3. Cartolandia. Sample dialouges. 

 
The debriefing session or final debate at the end of a simulation game (Box 4) allows participants to 
begin constructing their own individual representations of the target concept.  
The teacher’s actions are of critical importance during the implementation phase as well as the 
debriefing session: it is the teacher who guides the members of the group to construct meaning, 
facilitating the formation of internal representations and supporting the coordination (conversion) of 
the different representations. 
 

The following is an example of how the moderator might organize the simulation game 
debriefing session and the kinds of questions he/she can use to elicit the target learning 
contents and facilitate their systematization and generalization. During this phase, pupils are 
invited to share their recall of the simulation game experience with the other players, acquired 
contents and processes are re-rehearsed, analogies with real-world situations are drawn, and 
“codes” or symbols are invented, utilized and shared. 
1. Congruence. During the game, did you superimpose lots of footprints and shapes? Were they 
all the same or were they congruent, as mathematicians call it? When can we say that two 
figures are congruent? Remember the thief’s footprints! (Do the two footprints, shapes or 
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figures overlap exactly? In other words, can we make every point of the two figures coincide?  
2. Direct and inverse congruence. In order to superimpose the footprints, what movement did 
you make? Did you make the same type of movement to superimpose the right footprint on the 
right one and the left footprint on the left one? What were the differences you noticed when 
you superimposed them? For example, to superimpose the right footprints did you slide the 
transparency, or did you rotate it? In order to superimpose the footprints of the right foot on 
those of the left foot, did you turn over the figure drawn on the transparency? Therefore, in the 
first case, did you superimpose the two footprints of the right foot by making a gliding 
movement along the surface, and in the second case, did you superimpose the right footprint on 
the left footprint by making a movement in the air? Good! Now, in the first case, this is called 
direct congruence, and in the second case inverse congruence. Now let’s try this out with a 
geometric figure! What one would you like to try? What happens?  
3. Direction of travel and relevant side of figure. What other differences did you notice with 
regard to the side of the figure after making the movement? What about with regard to the 
direction of travel of the outline? (The direction of travel of the outline and the relevant side do 
not vary in the case of direct congruence, whilst they do vary in the case of inverse 
congruence).  
4. The symbols in the code. When mathematicians discuss things, they often use symbols in 
order to state things in a precise manner. What symbols did you use to refer to all these 
changes? How did you choose these symbols? Let’s take a look and discuss them together!  
5. Definition of isometries. Up to now, we have analysed what changes and what doesn’t 
change after performing the movements with the footprints. So, what doesn’t change? (The 
figures remain the same even after the movements have been made: sliding, rotation and 
turning over). In particular, the distance – or “metry” (i.e., metres) in the word isometry – 
between the points of the figure remains the same (“iso-”). That’s why mathematicians decided 
to use the term “isometries” to refer to movements that do not change the distances between the 
points of a geometric figure.  
6. Summary. Now let’s summarise what we have said up to this point! Thank you for playing! 

 
Table 4. An outline debriefing 

 
In conclusion, in simulation games such as Cartolandia, integrating multiple semiotic systems and 
attending to both the cognitive and social dimensions of learning helps individual learners to 
identify new relations and form new connections starting from their previously held conceptual 
schemas, thus guiding them to integrate old and new schemas and organize their knowledge into 
compact and well-structured networks (Anderson, 1983) in the context of shared experience, during 
which the experience itself is further elaborated through “discourse”. 

3. State of the art and future developments. 

The research and experimentation conducted with our simulation games for geometry learning have 
yielded significant findings that may be divided into two main categories: a first group of outcomes 
concern the efficacy of this teaching-learning method, which has been validated, leading to the 
development of a model for designing and evaluating educational simulation games; a second group 
of outcomes regards the role of the teacher-moderator, and includes the validation of self-evaluation 
tools and the implications for teacher professional development. 
In relation to the first category, of particular note is an experimental study conducted with 179 
fourth grade pupils and their teachers, which compared the simulation game approach with a 
conventional lesson format in order to assess the former’s methodological efficacy and test the 
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hypotheses that Cartolandia would: - facilitate students’ understanding and recall of geometrical 
concepts; - improve their motivation to learn the geometry; - enhance their academic and social 
self-efficacy. 

Following a two-group research design, the simulation game was implemented with an 
experimental group, while a control group took part in conventional geometry lessons. The 
quantitative data was supplemented with qualitative analysis of open-ended questions administered 
to evaluate the children’s learning in relation to specific markers of understanding at a range of 
levels of abstraction. 

 Quantitative analysis (ANOVA) comparing experimental and control group outcomes suggested 
that both groups had made significant gains in learning, while neither group displayed significant 
changes in academic and social self-efficacy. Qualitative analysis of students’ learning and recall 
indicated that participation in the simulation game favoured more complete understanding at a 
higher level of abstraction. The children in the experimental group provided more detailed, clearer 
and more coherent written responses to the open-ended evaluation item (namely, "Pretend that you 
have to explain to a friend from a different class the meaning of the following words: isometry, 
translation, rotation, symmetry. Write down what you would say to him or her"). They drew on 
concrete examples/actions and situations that had clearly been prompted by their participation in the 
simulation game (e.g., defining translation as: "It means placing one figure on top of another, 
sliding it backwards and forwards, to the right and to the left"). In contrast, the control group pupils 
made less coherent use of mathematical terms (e.g., defining translation as: "Movement that takes 
place on the plane"). With regard to level of abstraction, students who had played the game 
provided answers that expressed the concept at the sensory-motor level, in terms of actions and the 
handling of everyday objects (e.g., defining translation as: "Shifting a plane forward, to the right 
and to the left") and gave concrete examples, while the answers of those who had received 
conventional lessons were more frequently framed in conceptual terms only (e.g., defining 
translation as: “It’s the distance that’s on the plane") (Piu & Fregola, 2014; Piu, Fregola, & Barbieri, 
2016). 
Analysis of the research outcomes to date has stimulated reflection on the design and evaluation of 
simulation games for geometry learning, thereby making a key contribution to the study of 
educational simulation games. Specifically, in the course of our research, we formalized the criteria 
we used to design and evaluate our simulation games, as well as defining the conceptual framework 
underpinning the design process. This model has guided the design of other simulation games, on 
similarities, angles, and isoperimetry, in which the learning process remains constant, independently 
of the specific geometry content explored by an individual game (Piu, Fregola, & Santoro, 2015).  

In relation to the second category, defining the specific nature of simulation games has prompted 
closer examination of the teacher’s role as moderator and the main functions fulfilled by the teacher 
during each of the phases in the game architecture, which combine an emphasis on the learning task 
with an emphasis on the relational dynamics underpinning communicative and didactic interaction 
(Piu, 2015). 

The fact that the teacher must fulfil all these functions bears key implications for in-service 
training: to foster the more widespread and effective use of simulation games in the school context 
(Fregola et al., 2014), we validated a self-evaluation tool, an observation grid on which primary 
teachers may record their observations about how they led particular simulation games for geometry 
learning. This tool facilitates monitoring of the moderation process and helps teachers to identify 
the areas that they need to strengthen as part of their personal professional development plan (Piu & 
Fregola, 2016). 
Our ongoing research programme is focused on the children’s dialogues with their peers and with 
the teacher, both as the game unfolds and at the debriefing stage. Our aim going forward is twofold: 
First, to explore the role of the teacher’s relational skills in the teaching-learning activities involved 
in simulation games. 
Second, to analyse the decision-making process implemented by the children to spontaneously 
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produce a code that gradually becomes more structured at multiple levels of abstraction. This 
second focus will include examining how teachers a) fulfil leadership functions to orient the 
learners’ choice and related mode of application - whether intentional or otherwise – of, a given 
semiotic register and b) guide and support students at the debriefing stage.   
To date, preliminary analysis of the recorded dialogues has allowed us to identify a variety of 
semiotic registers chosen and implemented by children; as hypothesized, the initial meanings that 
may be inferred express concepts such as the static vs. dynamic nature of a given geometric 
transformation, the direction of a displacement, and different kinds of spatial relationships. 
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