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Mathematics teacher education 

This working group dealt with connections and complexity in mathematics teacher education, 
approaching the conference theme as a relevant issue for teacher educators. The papers and the 
discussions were focused on five questions that foster our reflection on specific needs and principles 
in the design of mathematics pre- and in-service teacher training. These questions were:  1) What 
kind of mathematics training should teachers have in order to be able to promote learning with 
understanding? 2) How can teacher training contribute to establishing connections between the 
various areas of Mathematics? 3) How can teacher training contribute to establishing connections 
between Mathematics and other subjects? 4) How to promote connections between school 
mathematics and academic mathematics, in teacher training? And 5) What type of competences do 
we need to include in professional training programs for mathematics teachers to cope with the 
increasingly complex world challenges? 
Some of those questions referred particularly to disciplinary knowledge for teaching mathematics to 
promote learning with understanding, establishing intradisciplinary connections between the various 
areas of mathematics and interdisciplinary connections between mathematics and other subjects, as 
well as creating links between school mathematics and academic mathematics. Other issues were 
specifically related to the type of pedagogical and didactical competences to be included in 
professional training programs for mathematics teachers to cope with the challenges of our 
increasingly complex world.  
Numerous experiences were shared through paper presentations and participants’ interventions in 
the discussions. Many of the experiences dealt with primary education, but a non-negligible number 
reported on works with secondary teachers or concerning both levels of education. Most of the 
papers referred to prospective teachers, but some contributions were also related to in-service 
teachers. 
The exchanges of such diverse and various experiences, along with the different countries and 
contexts where they took places, made the richness of this working group. 
Each session was organised around a subtheme and the selected papers allowed the participants to 
take a particular perspective on the features and the challenges in mathematics teacher education. 
More precisely, we discussed (a) the need to develop teachers’ critical thinking, (b) the relevance of 
affective factors and their influence on teaching and (c) the constitutive elements of the 
mathematics knowledge for teaching. 
In Sessions 1 and 2, the communications and the discussion were centred on critical thinking in 
mathematics teacher education (a). Our exchanges allowed us to share possible types of tasks that 
can serve as tools for teacher educators to encourage the development of critical thinking in 
teachers and to give them criteria to evaluate their (future) students’ work in a critical way. We 
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discussed how important is to educate and guide teachers in designing and analysing tasks for their 
students and in assessing their answers. Vlassis and Gamo as well as Bonissoni, Cazzola, Riva, 
Rottoli and Sorgato highlighted the importance of investigating and working on teachers’ beliefs 
and expectations about the transition between arithmetic and algebra and about primary school tasks 
for developing an algebraic thinking, conceived as relational thinking and analytical reasoning. 
Spiliopoulou, Ntouma and Boufi reported on three case studies of pre-service primary teachers who 
changed their ways of using instructional tasks to promote the students’ increasingly sophisticated 
conceptual understandings. Klymchuk and Sangwin pointed out the positive role of provocative 
mathematics questions in teaching and assessment and the potentialities that a mathematics 
education course built around solving and creating such provocative tasks can have in terms of 
teachers’ professional development. Sabena, Albano and Pierri pointed out the necessity to develop 
teachers’ argumentation skills as a component of critical thinking and presented formative 
assessment workshops as a tool to support pre-service teachers giving them criteria to analyse 
students’ argumentations in mathematics. 
In Session 3, the communications and the discussion were centred on the role of affective factors in 
the development of professional competences as mathematics teachers (b). Guzman, Anhalt and 
Sheldon’s contribution led us to take into account the concept of identity – or better, identities – and 
pointed out the delicate trainers’ task of supporting teachers in knowing deeply themselves so that 
they are ready to approach the study of mathematics with more awareness and able to know better 
their students for discovering and potentiating students’ different identities. Making a zoom in the 
concept of identities, Di Martino, Panero and Sbaragli proposed a longitudinal analysis on the 
evolution of pre-service primary teachers’ attitudes towards mathematics and its teaching, 
considering three components – emotions, beliefs and perceived competence – and their mutual 
relationships. With similar purposes, Günther, Reitz-Koncebovski and Klöpping presented the 
workshop that they designed and implemented with pre-service primary and secondary teachers to 
foster and support their reflection on their emotions towards mathematics, by using a powerful tool 
for teacher training: the personal mathematical learning biography and its graphical representation. 
As analytical lenses to seize and study changes in teachers’ attitudes, we need criteria and the 
framework provided by Hummes, Breda, Sanchez and Font appeared rich and complete: the criteria 
of didactical suitability can be used to analyse and support teachers’ didactical choices, allowing us 
to consider the emotional dimension in interrelation with the epistemic and cognitive ones. 
In Session 4, we discussed around the subtheme of mathematical knowledge for teaching, getting 
examples of tasks that can be used in teacher training to reflect on it. For instance, Alencar 
presented a project aimed at creating children’s stories to teach mathematical concepts, with a focus 
on the design process through which the involved teachers reflect on the mathematical knowledge 
for teaching a specific concept. Adesso, Capone and Spagnolo reported on an experience of teacher 
training in upper secondary school based on interdisciplinarity and innovative methodologies; 
again, the focus was on the process through which teachers design activities and reflect on the 
connections they can establish between mathematics and other disciplines. Gonçalves and Gomes, 
finally, addressed the important issue of assessing the mathematical knowledge for teaching; by 
adapting a questionnaire and using interviews as research tools, they pointed out also 
methodological aspects that still need to be deepened in mathematics teacher education. 
In terms of future perspectives of this working group, we made a (non-exhaustive) list of what we 
need to explore and study further in order to outline a 21st century model of mathematics teacher 
education. Here below we list some of the open questions and the future challenges for mathematics 
teacher educators and researchers in this field. During this conference, we got some inspiring 
examples, but we still need to know: 

• more about different experiences at different school levels; 
• how to design professional development programs in order to include the aspects that we 

highlighted in our discussions (e.g., critical thinking, identities and attitude); 
• how to assess mathematical knowledge for teaching;  
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• how to promote interdisciplinarity; 
• which is the role of resources; 
• how to promote and support collaboration;  
• how to support teachers in scaffolding and reflecting about mathematical tasks but also in 

interacting with students in the classroom implementation of those tasks; 
• more and investigate further the teacher educators’ education. 

Hence, we closed the work of this group, looking forwards to meeting again in next CIEAEM 
conferences around the topic of mathematics teacher education, in order to tackle these challenges 
and to continue outlining a new model for mathematics teacher education in an increasingly 
complex world. 

Éducation des enseignants en mathématiques 

Ce groupe de travail a réfléchi sur les connexions et la complexité dans la formation des 
enseignantes de mathématiques, en abordant le thème de la conférence comme une question 
pertinente pour les formateurs des enseignants. Les communications et les discussions étaient axées 
sur cinq questions qui ont favorisé notre réflexion sur des besoins et des principes précis dans la 
conception de la formation initiale et continue des enseignants en mathématiques. Ces questions 
étaient : 1) Quel type de formation en mathématiques les enseignants devraient-ils avoir pour 
pouvoir promouvoir un apprentissage riche en compréhension ? 2) Comment la formation des 
enseignants peut-elle contribuer à établir des liens entre les différents domaines des mathématiques 
? 3) Comment la formation des enseignants peut-elle contribuer à établir des liens entre les 
mathématiques et d'autres matières ? 4) Comment promouvoir les liens entre les mathématiques 
scolaires et les mathématiques académiques, dans la formation des enseignants ? Et 5) Quel type de 
compétences devons-nous inclure dans les programmes de formation professionnelle pour que les 
enseignants de mathématiques puissent faire face aux défis mondiaux de plus en plus complexes ? 
Certaines de ces questions portaient en particulier sur les connaissances disciplinaires nécessaires 
pour enseigner les mathématiques afin de promouvoir un apprentissage riche en compréhension, 
tout en établissant des liens intradisciplinaires entre les divers domaines des mathématiques et des 
liens interdisciplinaires entre les mathématiques et d'autres disciplines, ainsi que en créant des liens 
entre les mathématiques scolaires et les mathématiques académiques. D'autres questions étaient 
spécifiquement liées au type de compétences pédagogiques et didactiques à inclure dans les 
programmes de formation professionnelle des enseignants de mathématiques pour faire face aux 
défis de notre monde de plus en plus complexe.  
De nombreuses expériences ont été partagées à travers les présentations des articles et les 
interventions des participants dans les discussions. Beaucoup d'expériences concernaient 
l'enseignement au primaire, mais un nombre non négligeable portait sur des travaux avec les 
enseignants du secondaire ou concernant les deux niveaux d'enseignement. La plupart des 
communications portait sur les futurs enseignants, mais certaines contributions portaient également 
sur les enseignants en service. 
Les échanges d'expériences aussi diverses et variées, ainsi que les différents pays et contextes dans 
lesquels elles se sont déroulées, ont fait la richesse de ce groupe de travail. 
Chaque séance était organisée autour d'un sous-thème et les communications sélectionnées ont 
permis aux participants de prendre une perspective spécifique sur les caractéristiques et les défis de 
la formation des enseignants de mathématiques. Plus précisément, nous avons discuté (a) de la 
nécessité de développer la pensée critique chez les enseignants, (b) de l’importance des facteurs 
affectifs et de leur influence sur l'enseignement et (c) des éléments constitutifs des connaissances 
mathématiques pour enseigner. 
Au cours des séances 1 et 2, les communications et la discussion ont été centrées sur la pensée 
critique dans la formation des enseignants de mathématiques (a). Nos échanges nous ont permis de 
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partager d'éventuels types de tâches qui peuvent servir en tant qu'outils aux formateurs pour faciliter 
le développement de la pensée critique chez les enseignants et leur donner des critères pour évaluer 
de manière critique le travail de leurs (futurs) élèves. Nous avons discuté de l'importance de former 
et de guider les enseignants dans la conception et l'analyse des tâches et dans l'évaluation de 
réponses de leurs élèves. Vlassis et Gamo ainsi que Bonissoni, Cazzola, Riva, Rottoli et Sorgato ont 
souligné l'importance d'étudier et de travailler sur les croyances et les attentes des enseignants 
concernant la transition entre l'arithmétique et l'algèbre et les tâches d’école primaire visant à 
développer la pensée algébrique, conçue comme réflexion relationnelle et raisonnement analytique. 
Spiliopoulou, Ntouma et Boufi ont présenté trois études de cas d'enseignants du primaire en 
formation initiale qui ont changé leur façon d'utiliser les tâches pour promouvoir la compréhension 
conceptuelle de plus en plus complexe des élèves. Klymchuk et Sangwin ont souligné le rôle positif 
des questions mathématiques provocatrices dans l'enseignement et dans l'évaluation et les 
potentialités d'un possible cours de didactique des mathématiques, conçu pour résoudre et créer de 
telles tâches provocatrices, peut avoir en termes de développement professionnel pour les 
enseignants. Sabena, Albano et Pierri ont souligné la nécessité de développer les compétences en 
argumentation des enseignants en tant que composante de la pensée critique et ont présenté des 
ateliers d'évaluation formative en tant qu'outil d'aide aux enseignants en leur donnant des critères 
pour analyser les argumentations des élèves en mathématiques. 
Lors de la séance 3, les communications et le débat ont été centrés sur le rôle des facteurs affectifs 
dans le développement des compétences professionnelles des enseignants de mathématiques (b). La 
contribution de Guzman, Anhalt et Sheldon nous a amenés à prendre en compte le concept d'identité 
- ou mieux, d'identités - et à souligner la tâche délicate des formateurs d'aider les enseignants à 
mieux se connaître afin qu'ils soient prêts à aborder l'étude des mathématiques avec plus de 
conscience et capables de mieux connaître leurs élèves pour découvrir et potentialiser leurs 
différentes identités. Faisant un zoom sur le concept des identités, Di Martino, Panero et Sbaragli 
ont proposé une analyse longitudinale sur l'évolution des attitudes des futurs enseignants du 
primaire à l'égard des mathématiques et de leur enseignement, en considérant trois composantes - 
émotions, convictions et compétences perçues - et leurs relations mutuelles. Dans un but similaire, 
Günther, Reitz-Koncebovski et Klöpping ont présenté l'atelier qu'ils ont conçu et mis en œuvre avec 
des futurs enseignants du primaire et du secondaire pour encourager et soutenir leur réflexion sur 
leurs émotions face aux mathématiques, en utilisant un outil puissant pour la formation des 
enseignants : la biographie personnelle d'apprentissage mathématique et sa représentation 
graphique. Comme loupe d’analyse pour saisir et étudier les changements d'attitudes des 
enseignants, nous avons besoin de critères et le cadre fourni par Hummes, Breda, Sanchez et Font 
semble riche et complet à ce propos : les critères d'adéquation didactique peuvent être utilisés pour 
analyser et soutenir les choix didactiques des enseignants, permettant de considérer la dimension 
émotionnelle en relation avec les aspects épistémologique et cognitif. 
Dans la séance 4, nous avons discuté du sous-thème des connaissances mathématiques pour 
enseigner, en retrouvant des exemples de tâches qui peuvent être utilisées dans la formation des 
enseignants pour réfléchir sur ce thème. Par exemple, Alencar a présenté un projet visant à créer des 
histoires pour les enfants visant à enseigner des concepts mathématiques, en mettant l'accent sur le 
processus de conception à travers lequel les enseignants impliqués réfléchissent sur les 
connaissances mathématiques pour enseigner un concept spécifique. Adesso, Capone et Spagnolo 
ont présenté une expérience de formation avec des enseignants du secondaire fondée sur 
l'interdisciplinarité et des méthodologies innovantes ; là encore, l'accent a été mis sur le processus 
par lequel les enseignants conçoivent les activités et réfléchissent aux liens qu'ils peuvent établir 
entre les mathématiques et les autres disciplines. Gonçalves et Gomes, enfin, ont abordé 
l'importante question de l'évaluation des connaissances mathématiques pour enseigner ; en adaptant 
un questionnaire et en utilisant les entretiens comme outils de recherche, ils ont également souligné 
les aspects méthodologiques qui doivent encore être approfondis dans la formation des enseignants 
de mathématiques. 
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En ce qui concerne les perspectives futures de ce groupe de travail, nous avons dressé une liste (non 
exhaustive) de ce que nous devons encore explorer et étudier afin de tracer les grandes lignes d'un 
modèle d'enseignement des mathématiques au 21ème siècle. Ci-dessous, nous énumérons quelques 
questions ouvertes et défis futurs que devraient être relevés par les formateurs et les chercheurs en 
didactique des mathématiques. Au cours de cette conférence, nous avons eu des exemples 
inspirants, mais nous aurions besoin d’approfondir et d'en savoir plus sur : 
• les différentes expériences vécues à différents niveaux scolaires ; 
• comment concevoir des programmes de perfectionnement professionnel afin d'inclure les 

aspects que nous avons mis en lumière dans nos discussions (p. ex. la pensée critique, 
l'identité et l'attitude) ; 

• comment évaluer les connaissances mathématiques pour enseigner ;  
• comment promouvoir l'interdisciplinarité ; 
• quel est le rôle des ressources ; 
• comment promouvoir et soutenir la collaboration ;  
• comment soutenir les enseignants dans la réflexion a priori et a posteriori sur les tâches 

mathématiques, mais aussi sur l'interaction avec les élèves dans la mise en œuvre de ces 
tâches en classe ; 

• la formation des formateurs d'enseignants. 
 
C'est pourquoi nous avons clôturé les travaux de ce groupe, en espérant nous réunir à nouveau lors 
des prochaines conférences du CIEAEM sur le thème de la formation des enseignants de 
mathématiques, afin de relever ces défis et de continuer à esquisser un nouveau modèle pour la 
formation des enseignants de mathématiques dans un monde de plus en plus complexe. 
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Abstract. In this paper, we show an ongoing research project about teachers training aimed 
to an interdisciplinary teaching. Competencies based teaching, which include skills, 
knowledges, judgments and abilities, requires the removal of barriers between subjects. 
Nevertheless, teachers should be competent, and the learning planning have to be coherent to 
support a synergy between all the disciplines. We inquire if it is possible to have a teacher 
training based on interdisciplinarity; which are main characteristics of this innovative 
training and if this training improves students’ competencies, too. Our main idea is to start by 
analysing different methodologies, used in the different subjects training, so that a suitable 
methodology and/or a combination of them may be chosen by the teachers to plan and 
experiment an interdisciplinary learning unit with their students.  The experimentation has 
been realized at a High School in Campania, in south of Italy. 92 teachers have been 
involved in this experimentation, which are teaching different subjects. The project was 
carried out in five steps. In the first step, Mathematics researchers of University of Salerno, 
teachers and the headmasters school analyze the teacher training needs; the second step, 
consisted in seminars with practical activities, about innovative methodologies: Inquiry 
Based Science Education, Scrum, Role Playing, Digital Storytelling, Flipped Classroom. 
Some interdisciplinary learning units have been co-planned by teachers together with 
researchers, too. In the third step, teachers have been motivated to implement in their own 
classrooms some of the co-planned activities, choosing the methodologies they believe to be 
more suitable for their purpose, and the researchers observed the teaching phases. In a final 
debate, as a fourth step, researchers show the results of their observation and analysis of a 
final teachers Questionnaire, whereas the teachers discussed about their experimentation in 
the classrooms. Both teachers and researchers co-planned new learning interdisciplinary 
units to be experimented in the classrooms. Future activity is to evaluate the impact of the 
outcomes in the students. In these training-learning-teaching phases, through a meta-didactic 
transposition, praxeologies between teachers and researchers and between teachers of 
different subjects have been shared. Our research questions are "may the meta-didactic 
transposition, through the praxeologies sharing, give rise to a more effective Mathematics 
teaching-learning?  
 
Résumé : Dans cet article, nous présentons un projet de recherche en cours sur la formation 
des enseignants en vue d'un enseignement interdisciplinaire. L'enseignement fondé sur les 
compétences, qui comprend les aptitudes, les connaissances, les jugements et les capacités, 
nécessite la suppression des barrières entre les matières. Nous nous demandons s'il est 
possible d'avoir une formation d'enseignant fondée sur l'interdisciplinarité, ce qui est une des 
caractéristiques principales de cette formation innovante, et si cette formation améliore 
également les compétences des étudiants. Notre idée principale est de commencer par 
analyser les différentes méthodologies utilisées dans différentes formations, afin qu'une 
méthodologie appropriée et/ou une combinaison de celles-ci puisse être choisie par les 
enseignants pour planifier et expérimenter une unité d'apprentissage interdisciplinaire avec 
leurs élèves. L'expérimentation a été réalisée dans une école secondaire de Campanie, dans le 
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sud de l'Italie. 92 enseignants de différentes disciplines ont été impliqués dans cette 
expérimentation. Le projet s'est déroulé en cinq étapes : dans un premier temps, des 
chercheurs en mathématiques de l'Université de Salerne, des enseignants et le directeur de 
l'école ont analysé les besoins en formation des enseignants ; dans un deuxième temps, des 
séminaires avec des activités pratiques ont été organisés sur les méthodologies innovantes : 
enseignement des sciences fondé sur l'enquête, points de presse, jeux de rôle, récits 
numériques, classe inversée. Dans la troisième étape, les enseignants ont été motivés pour 
mettre en œuvre dans leurs propres classes certaines des activités planifiées en commun, en 
choisissant les méthodologies qu'ils estiment les plus adaptées à leur objectif, et les 
chercheurs ont observé les phases d'enseignement. Lors d'un débat final, la quatrième étape 
consiste pour les chercheurs à présenter les résultats de leur observation et leur analyse d'un 
questionnaire final destiné aux enseignants, tandis que les enseignants discutent de leur 
expérimentation en classe. Les enseignants et les chercheurs ont planifié ensemble de 
nouvelles unités d'apprentissage interdisciplinaires à expérimenter en classe. Dans ces phases 
de formation-apprentissage-enseignement, par une transposition méta-didactique, les 
praxéologies entre enseignants et chercheurs et entre enseignants de différentes disciplines 
ont été partagées. Nos questions de recherche sont les suivantes : "La transposition meta-
didactique, par le partage des praxéologies, peut-elle donner lieu à un enseignement et un 
apprentissage plus efficace des mathématiques ?" 

1. Introduction 

An interdisciplinary education, as evidenced by many international researches, can help students to 
develop their knowledge, intuitions, problem solving and problem posing skills, self-esteem, 
emotional involvement (Repko 2008, Klein, 2005). Interdisciplinary techniques are not only 
important for a student to learn any one single discipline or solve problem in a synthesized manner, 
but they also enriched a student’s lifelong learning habits, academic skills, and personal growth: an 
interdisciplinary approach is necessary for exploring the most critical challenges facing the world 
today, including business studies, socio-technological issues, social problems, health care and 
education reform, and the fostering of innovation and knowledge (Aboelela et al., 2007).  
The relevance of the interdisciplinarity on the students is more evident in the scientific subjects: 
Piaget proposed replacing the positivist hierarchization of science with an interdisciplinary cyclic 
epistemology (Piaget, 1972). Moreover, from the first major congress on Interdisciplinarity, it 
emerged that the scientific enterprise was less effective due to disciplinary fragmentation, and that a 
unification of knowledge was necessary. The problem that arose was "how to unify knowledge and 
what could be the multiple implications of such a unit for teaching and research" (Apostel, 1972) 
Nevertheless, an interdisciplinary teaching requires a previous interdisciplinary training of teachers. 
The starting point of our work is to carry out an effective teachers training, in order to find a 
meeting point for teachers from different subjects and, in the meantime, looking for points of 
contact between the high school teachers and the Mathematics Education researchers, in order to 
organize an interdisciplinary teaching. Interaction between teachers is not only a simple 
communication of ideas, it should be also an identification of relationships between disciplinary 
structures, in the mutual integration of the fundamental concepts, in the common organization of 
research and teaching methods and methodologies.  
In the last few years, the number of effective training actions, such as the project of individualised 
courses in an adhocratic approach, the concerted elaboration of objectives and strategies, the 
analysis of the practices adopted, all aspects that design the professional community as a sort of 
"collective mind" (Weick & Roberts, 1993) constantly committed to learning from its own history 
and to producing a vigilant organisational action and a conscientious performance, lies in 
reflectivity (Schön, 1987), which in turn founds and supports research. Recently, teachers training 
has been focused on the competence concept and on the key competences. Moreover, the definition 
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of school assessment processes, which are called to report clearly to users and stakeholders on the 
results achieved, have redefined the role and professional figure of the teacher. The teacher no 
longer represents the repository of concepts, notions, themes already established that the students 
must learn but rather a facilitator, not a solver of problems but a problem poser, a tutor or a coach, 
able both to offer support in the interpretation and negotiation of meanings, and to set up 
interactive, motivating, inclusive learning environments, interpreting a specific situation that each 
time is a case in itself, with its own characteristics, difficult to generalize. Moreover, the definition 
of transversal competences such as citizenship competences, redefines the need for teacher training 
no longer focused only on the contents of one's own discipline, but the need for interdisciplinary 
training that can offer teachers opportunities for reflection on transversal themes and for 
confrontation between teachers of different disciplines also becomes more and more pressing.  
We inquire if it is possible to have a teacher training based on interdisciplinarity; which are main 
characteristics of this innovative training and if this training improves students’ competencies, too.  
According to Dawn Youngblood, the author of “Interdisciplinary Studies and the Bridging 
Disciplines” (Youngblood, 2007), and Laura L. Duerr, author of “Interdisciplinary Instruction” 
(Duerr, 2008), the methodology is the key to interdisciplinary success, not the domain of subject 
material or textbooks alone. For this purpose, our training includes the analysis of different 
methodologies, used in the different subjects training, so that a methodological sharing is a way to 
overcome disciplinary walls. 
Our main idea, schematized in Fig.1, is to carry out an interdisciplinary teachers training, starting 
from the key competencies, aimed to co-plan and experiment some interdisciplinary learning units, 
also using some innovative methodologies, in order to enhance the teaching competencies; we 
suppose that these training-planning-teaching activities will be effective to increase the students' 
competencies, too. 

 
Figure1. Interdisciplinarity as cornerstone to increase the competencies both in teachers and in 

students 
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2. Theoretical framework 

Paraphrasing (Morin, 2000), knowledge grows not only through the sophistication of 
formalization and abstraction but also through the ability to contextualize and globalize. The 
process of teaching/learning must be projected, therefore, to a reorganization of knowledge that 
requires a reform of thought that not only separates to know, but also connects what is separated. It 
is a reform, not pro-grammatic but paradigmatic, that concerns our ability to organize knowledge. 
Nevertheless, it is necessary both the collaboration between teachers of different subjects, but 
working in the same classroom,  to promote a cultural and human growth of the students, and a 
collaboration between teachers who teach the same subject, to improve, through a constant 
comparison, the didactic-educational action. Moreover a collaboration between teachers of different 
school segments is also important, to follow more profitably the growth of the student throughout 
his school career, and the collaboration between teachers of educational institutions and university 
researchers who deal with mathematics teaching, so that the classroom practices become a 
conscious research action and  the research becomes a concrete realization in classroom practices. 
This is the meaning of the experimentation we carried out. The lens of observation of the didactic 
phenomena experimented has been that of the Meta-Didactic Transposition (TMD). The model of 
Meta-Didactic Transposition is based on the Anthropological Theory of Didactics of Mathematics 
(Chevallard, 1999), but it refers to the specific context of teacher training and focuses mainly on the 
"meta" aspects, in the sense that the entire training process is the subject of reflection and the 
didactic actions are seen in the light of the results of research in mathematics teaching. 

The model refers to two types of communities involved in the teacher training process: the 
researcher community, which organizes and manages the training activities, and the teacher’s 
community, which participates in the project. Each of the two communities has its own praxis. 
When we talk about praxeology, we refer to what Garcia et al (2006) declines in two fundamental 
aspects: praxis on the one hand and logos on the other. That is, "know how" (praxis), which 
includes classes of similar problems and their solving methodologies, and "knowledge" (logos), that 
is, the "discourse" that describes, explains and justifies the methodologies used and produces new 
ones (Garcia et al., 2006). Our attention is focused on meta-didactic praxis that includes all forms of 
interaction with teachers in training, including practices and reflections.  

Nevertheless, our idea of intersecting praxeologies, in an interdisciplinary didactic way, refers 
both to the comparison and sharing of praxeologies typical of the academic world and of the school 
world, and to the comparison between praxeologies deriving from epistemologies belonging to 
different subjects. For example, the experimental - inductive approach characteristic of subjects 
such as physics or chemistry may be preferred, in the engage phase, over a hypothetical - deductive 
approach distinctive of disciplines such as mathematics also to approach problems of mathematics.   

The Meta-Didactic Transposition considers the mechanism by which the praxis of the research 
community is transposed to the communities of teachers, and how this transposition transforms the 
professionalism of teachers. There is therefore a shift from "wise knowledge" to the mathematical 
and pedagogical knowledge necessary for teaching (Arzarello et al., 2012; Aldon et al., 2013; 
Arzarello et al., 2014).  

The praxeologies of researchers and teachers can be, from the outset, at an intersection not 
empty, but the purpose of teachers training activities is to transform the praxeologies of teachers 
into new praxeologies, which are a fusion of the praxeologies of the two communities (multiple 
communities, if we consider all the subjects teachers) involved, thus becoming shared praxeologies. 
For the creation of shared praxologies, the figure of the "broker" (mediator) is fundamental, who is 
the subject who be-longs to more than one community and is able to create new connections 
between them and open new possibilities for the creation of meanings and learning (Rasmussen et 
al., 2009). The transposition is then centered on specific actions of "brokering" between the various 
communities.  
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In our specific case, all the training researchers had previous experiences of teaching in high 
schools and therefore they played the role of brokers.  
An important feature of TMD is that some of the praxsiologies of the two communities change over 
time. In interdisciplinary teacher training, the aim is that some of the external components of a 
community become internal as a result of transcoding. For example, thanks to the praxeologies 
sharing, a Mathematics teacher who has to introduce a geometry topic - traditionally teached in a 
transmissive way as a theorem with its demonstration - may introduce it either through a physics 
laboratorial activity or through the vision of a painting (art). A change in teaching methodology can 
have an impact on students in terms of an increasing involvement in the study of mathematics and a 
less disaffection. Moreover, the use of some educational technologies and tools and the dynamic 
geometry softwares for the study of Geometry itself, may be also introduced by the community of 
researchers, so that the process of meta-didactic transposition could produce a dynamic change in 
teacher praxeologies, as some components of researchers' praxeologies could become internal 
components of teachers. In addition, the research community can be a vehicle for good practice by 
having contacts with different communities of teachers. Our Meta-Dicactical Transposition is 
therefore intended both as an intersection of praxeologies of teachers of different subjects and as an 
intersection of praxeologies of teachers and researchers. 

 
 
2. Research Questions 

 

Our research question is about the detection of the most important characteristics of this innovative 
interdisciplinary training and its effects to improve the development of the student’s competences, 
through a sharing of a praxeologies. 
Specifically: may the meta-didactic transposition, through the praxeologies sharing among teachers 
of different subjects and between teachers and researchers, give rise to a more effective 
Mathematics teaching-learning? 

3. Expérimental Phases 

The project has been carried out Campania, in south of Italy, involving 92 teachers of the same 
High School, but teaching different subjects. 
The focus on the specificities of the contexts in which the research-training is carried out, has been 
realized in all the phases of the research through an analysis of the constraints and resources present 
in them. 
In order to develop our research, we created a research-training group of researchers and teachers, 
in which the different roles of the participants (researchers, trainers and teachers) have been 
clarified and in which objectives and objects, values and methodological choices have been 
negotiated and clarified from the beginning (Asquini, 2018). 
It has been necessary to have a continuous and systematic comparison among the participants in the 
research on the documentation of the results and processes implemented in the school and training 
contexts. 
The project has been subdivided into five phases, as shown in the Figure 2:  
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Figure 2. The five phases of the project 

 

3.1. Planning 

In the first phase, researchers of University, teachers and the headmasters school analyze the teacher 
training needs, through a Questionnaire and the analysis of the "Training Plan", that was drawn up 
on the basis of the priorities set out in the school's self-evaluation report.  
A statistical survey was conducted on a sample of 92 in service teachers. The statistical sample is 
characterized by teachers with predominant female component with a long experience in teaching. 
Most teachers believe that the long-life training is very useful. The interview shows that most of the 
teachers want to train on the use of new teaching methodologies and on the use of multimedia tools. 
The need for innovating ways of approaching teaching show an increasing interest for an 
interdisciplinary training. 

3.2. Training 

In the second step, researchers from Mathematics Department of University of Salerno carried out 
the teachers training, through workshops, laboratories and e-learning activities. Training was 
focused on: innovative methodologies, assessment, didactic by competences, national frameworks.  
Specifically, teachers were involved in learning workshop about competencies teaching and 
interdisciplinarity. They also attended to planning laboratories, aimed to co-plan interdisciplinary 
learning units, also supported by the Mathematics researchers.    
Main methodologies, which have been critically introduced, analyzed and used, are: Inquiry Based 
Science Education, often used to teach scientific subjects, also taking into account the Teaching 
Enquiry with Mysteries Incorporated (TEMI (D'Acunto et al., 2018); Scrum methodology (Capone 
et al, 2017), generally used to truly self-organize, collaborate, use creativity and think outside the 
box, develop higher level thinking, and learn accountability in the process; Digital Storytelling 
(Robin, 2008), because a narrative approach supports the networked knowledge and the 
combinatorial creativity and produces hermeneutic - interpretative processes and significant 
conceptual correlations; the Flipped Classroom, as an innovative stimulus in the use of technology 
and because it seems to respond to the needs of an increasingly connected, complex and liquid 
society. By using these innovative methodologies and, if it is necessary, a combination of them, 
some interdisciplinary learning units have been planned, together with all the research-training 
group. 
We focused on the importance of the innovative methodological aspects to better overcome 
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disciplinary walls and to find useful interconnections between the different subjects. The synergic 
working between teachers of different subjects with a common aim, together with a sharing of 
praxeologies among them, is a goal of this project. 

3.3. Teaching (Experimentation phase) 

In this step, teachers, supported by researchers-trainers, experimented the co-planned learning units 
in their own classrooms. Different methodologies and innovative tools have been used, in order to 
better evidence advantages and disadvantage of all of them in the interdisciplinary teaching.  
During this phase, the researchers became observers: they observed one teaching hour in each 
classroom and video-recorded the observed lessons. Protocols about all the teaching phases have 
been collected and critically analyzed. Students produced posters, multimedia products, innovative 
texts. The planned and experimented learning units were focused on interdisciplinary topics, often 
starting from a real problem or inspiring by surroundings.   

3.4. Debating 

Researchers analyzed videos and protocols. They focused their analysis about the sharing of 
praxeologies between teachers of different subjects. They observed that methodological approaches 
used in some disciplines (e.g. art, history, literature) seem to be more effective in student’s 
engagement in Mathematics teaching, too.  
The satisfaction data of the teachers on the training activities have been also collected and discussed 
by the researchers, in particular main difficulties encountered by the teachers have been also 
highlighted. 
Starting from these analyses, a debating meeting has been organized with all the teachers and the 
researchers, in order to share good practices and critically discuss about strengths and weaknesses 
of the training and teaching activities.  

3.5. Updating 

Taking into account researchers’ analysis and debating results, some future activities have been 
designed, in which the mathematical contents have to be introduced through engagement phases, 
including listening to a piece of music, reading a literature piece, viewing a painting or a particular 
architectural work.  

4. Results and outcomes  

A final Questionnaire has been organized by researchers and given to the teachers through a Google 
Moduli. All the teachers answered to it. 
Here we show some questions and some teachers answers which are relevant for our research 
question, focused to analyse if the teachers perceived a crossing of praxeologies,    
a) How much has the interdisciplinary learning improved mathematics teaching? 
b) How useful was a collaborative approach between teachers? 
c) What impact has a collaborative learning had on students? 
d) How much has the presence of a researcher, with his own background of praxeologies, enhanced 
your teaching? 
About the role of interdisciplinarity in the Mathematics teaching, some teachers answered: 
Teacher 1: For me, who teach Mathematics, it was surprising to discover how many different and 
interesting paths can be taken to introduce a new topic, drawing inspiration from literature? 
Teacher 2: It was important to understand how other colleagues approached teaching issues. For 
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example, one could start from the vision of a painting to introduce mathematical concepts or from 
listening to a piece of music to introduce concepts of physics. 
From these answers it is clear that different methodologies, approaches and praxologies can be a 
useful solution for an effective teaching of mathematics.  
About the importance of the collaboration between teachers, some answers are: 
Teacher 3: It was important to work in an interdisciplinary way because it allowed us to understand 
the point of view of colleagues from other subjects 
Teacher 4: Working with interdisciplinarity has been useful in developing the ability to connect 
disciplines and develop critical thinking 
Moreover, all the teachers agree that a collaborative learning had also a positive influence on the 
students, as it is evident in the following answers: 
Teacher 5: It was great for the students to work together: the activities carried out favored 
inclusiveness 
Teacher 6: For the students it was very educational to see their teachers collaborate.  
Teacher 7: You can see the surprise of the students in feeling like protagonists 
About question d), from the teachers' answers it seems evident that our question research has a 
positive response: many teachers have declared that their teaching action has been influenced by the 
researchers' praxeology and that shared praxeologies have emerged and have been effectively 
applied in their teaching. 
From the teaching phase observation and all the teacher answers analysis, we may also deduce that 
the performance of high school teachers has been increased with this interdisciplinary experience. 
In the coming months, the focus will be on the actual impact of the outcomes in the school, both for 
educational and didactic innovation, and for the training of teachers. 
The analysis of the correlations between the teachers training and the improvement of the 
competency’s students’ levels is in progress, too. 

5. Conclusions 

In this paper, we showed some results about a teacher training experiment, involving 92 High 
school teachers of different subjects. Training was based on interdisciplinarity and on the use of 
innovative methodologies (IBSE, Scrum, Storytelling, Flipped Classrooms). 
The aim was to analyze which is the effect of the sharing of praxeologies between teachers and 
researchers and between teachers of different subjects on the Mathematics teaching. 
Interdisciplinary learning units have been co-planned by researchers and teachers, by using the 
aforesaid methodologies, and teachers experimented them in their own classrooms. The researchers 
observed some teaching activities. Their experimentations have been shared with all the 
stakeholders in a final debate. An online questionnaire has been carried out, including all the 
teachers' observations about the interdisciplinary training and teaching and the praxeologies 
sharing. 
From the observations' researcher and the teachers' answers it seems that Mathematics teaching 
action has been influenced by the researchers' praxeology and further teachers' praxeologies   
Nevertheless, it is interesting to analyse if there is a correlation between the teaching training and an 
improvement of the competencies level of the students.  This last research analysis is still going on.  
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Abstract. In a two-year graduate program in mathematics education, we organized a design 
experiment in order to support prospective elementary school teachers (PSTs) to change their 
deeply rooted views of traditional teaching towards a student-centered approach in teaching 
mathematics. By drawing on research in practice-based in-service teacher education, we took 
the perspective that the PSTs should also have opportunities to enact the targeted practices in 
practical settings of graduated difficulty with the support of skilled others. In this paper, we 
reflect on our learning from supporting the field experiences of a group of three PSTs that 
changed their ways of using instructional tasks to promote the students’ increasingly 
sophisticated conceptual understandings. Contrary to their prior experiences, the PSTs came 
to view tasks as being effective when they become adjusted to the students’ current ways of 
reasoning. We analyzed the PSTs’ learning through teaching by documenting the changes in 
how they used tasks along with the means by which we supported these changes. 

Abstrait. Dans le cadre d’ un programme de maîtrise en mathématiques d’ une durée de deux 
ans, nous avons organisé un design experimental pour supporter les futurs enseignants de 
l'école primaire. Notre objectif était qu’ils modifient leur vision profondément ancrée de 
l'enseignement traditionnel en adoptant une approche d'enseignement des mathématiques 
centrée sur l'étudiant. En nous appuyant sur des researches pour la formation des enseignants 
qui sont basées sur la pratique, nous avons considéré que les futurs enseignants devraient 
aussi avoir l’occasion d’ appliquer les pratiques ciblées dans des contextes pratiques de 
difficulté progressive avec le soutien de personnes qualifiées. Dans cet article, nous 
réfléchissons à ce que nous avons appris en soutenant un groupe de trois futurs enseignants 
qui ont modifié leurs méthodes d’utilisation des tâches d’enseignement afin de promouvoir 
la compréhension conceptuelle de plus en plus sophistiquée des étudiants. Contrairement à 
leurs expériences précédentes, en fin, les futurs enseignants en sont venus à considérer les 
tâches comme efficaces lorsqu' elles se sont adaptées au raisonnement actuels des étudiants. 
Nous avons analysé l’apprentissage des PST par l’enseignement en documentant les 
changements dans la manière dont ils utilisaient les tâches et les moyens par lesquels nous 
avons soutenu ces changements. 

 

 Introduction 

If our goal in educating prospective elementary school teachers (PSTs) is to prepare them in 
teaching mathematics based on their students’ reasoning, then the relationship of theoretical 
knowledge and instructional practice should be at the crux of our concern. Depending on our 
assumptions about this relationship, PSTs’ field experiences can be organized in different ways 
(Cobb & Bowers, 1999). For example, PSTs may be called to apply the theoretical principles they 
already know from their university courses to their instructional practice, as they are involved in 
student teaching. Within this perspective, the principles of a theory, such as the Realistic 
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Mathematics Education instructional theory (RME), seem to be directly transferrable to practice. In 
contrast to this assumption, we believe that PSTs’ student teaching should be a source for re-
inventing these principles.  

In this paper, we report our reflections on our collaboration with a group of three PSTs who 
participated in a two-year graduate program. One of the goals for their learning was their coming to 
realize the potential that tasks could have, as they would use them in their student teaching. Thus, 
the intent and potential of instructional tasks was not prescribed as an outcome of RME theory’s 
principles but it was supposed to emerge through their PSTs’ student teaching. In this way, we 
hoped that the PSTs would come to appreciate the students’ ideas and eventually to place them at 
the center of their instructional decision-making.   

As our work in educating PSTs was organized as a design experiment (Cobb, Confrey, 
diSessa, Lehrer, & Schauble, 2003), we had to design supports for their learning.  Research 
literature on practice-based in-service teacher education helped us in this process (Ball, Sleep, 
Boerst, & Bass, 2009; Borko, 2004; Cobb & Bowers, 1999; Grosssman, Hammerness, & 
McDonald, 2009; Lampert et al., 2013). More specifically, on the basis of this research, a crucial 
task for us was to ensure that the PSTs would have opportunities to enact the targeted practices in 
practical settings of graduated difficulty with the support of skilled others and to encourage their 
work as a group. As a result, the PSTs had the opportunity to support a sixth grader’s learning (8 
sessions), as well as to teach in a sixth grade classroom (10 sessions). 

Research based on the above considerations has given considerable attention to in-service 
teachers’ professional development (Visnovska & Cortina, 2018). However, to our knowledge, this 
type of research is less common concerning PSTs. In this study, we try to investigate the ways that 
the three PSTs we collaborated with, came to realize the potential of instructional tasks for the 
students’ learning along with our attempts to support them. 

Conceptual framework  

PSTs’ learning in terms of using tasks for enhancing students’ understandings can be conceptualized 
as a process of reflecting on anticipated relationships between students’ reasoning (effect) and their 
activity in using tasks (Tzur, 2010). Through this process, the PSTs can start thinking about the role 
of tasks in students’ learning as well as about ways to improve the use of tasks to achieve specific 
learning goals.   

We assume that the PSTs’ progress towards re-inventing principles for the appropriate use of 
tasks should be tied to our means of support. We thought that the PSTs’ reflection should be 
oriented towards alternative interpretations of their activity-effect relationships. Our interventions 
could be guided by the requirements that the tasks have to satisfy according to the RME theoretical 
principles (Cobb et al., 2008; Gravemeijer, 1994). On the other hand, local instruction theories 
(LIT) should be an important means of support (Gravemeijer, 2008).  

At this point, we wish to note that our three PSTs decided to support the students’ learning 
with respect to fraction multiplication (the sixth grader) and percent (the sixth grade classroom). 
Before starting their student teaching, we talked with them about the LITs concerning these topics, 
in order to provide them with a framework of reference for their selecting and adjusting tasks that 
would promote the students’ conceptual understanding. Regarding fraction multiplication, we 
argued that the successive partitioning of linear models could be the core activity that the PSTs had 
to support its development (Hackenberg & Tillema, 2009; Lamon, 2012). The use of a double 
number line along with an emphasis on the interpretation of the quantity corresponding to the 
standard of 100%, was the integrating element in our outline of a LIT that could be applied to all 
types of percent problems (van Galen et al., 2008). 
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Methodology  

The sources of our data included: initial and final interviews, questionnaires referring to 
mathematical and pedagogical issues, video-recordings of all the PSTs’ teaching sessions, copies of 
all the students’ work, the PSTs’ written plans and assessment sheets of their teaching sessions, 
video-recordings of our meetings with the PSTs before and after their teaching sessions, notes from 
our meetings and our two sets of field notes, one from the PSTs’ teaching sessions with students and 
one from our meetings with the PSTs.   

Our research questions had to do both with the study of shifts in PSTs’ ways of using 
instructional tasks and with our means of supporting these shifts. In documenting these shifts, our 
focus was on verifying the extent to which the PSTs could deal with different levels of the students’ 
activity, as they were selecting, using and adjusting tasks. In the retrospective analysis of our data, 
we compared the PSTs’ different ways of using tasks in the settings of their one-to-one teaching 
with their whole class teaching in order to identify commonalities or differences. As it will be 
indicated in the findings of our analysis, in both settings, the PSTs’ ways of using tasks followed 
overlapping paths.  

Outline of findings 

Past studies on PSTs education usually document changes in PSTs’ beliefs, expecting that these 
changes can be followed by changes in PSTs’ classroom practices. In our work we did not accept 
such a relation between beliefs and practices (Zhao & Cobb, 2006). From the initial interviews and 
questionnaires as well as their attempt in peer teaching, it was documented that PSTs held 
traditional beliefs and practices in using tasks for promoting students’ learning. We supported the 
PSTs in their development of new ways of using instructional tasks, as they were involved in 
teaching students. Hence, the changes we observed did not reflect a spontaneous progress. In 
addition, these changes were not independent from the students’ characteristics, like the quality of 
their prior knowledge, their beliefs as doers of mathematics, etc. We note that the students had 
already an instrumental knowledge of the topics that the PSTs decided to teach. 

We considered only three PSTs’ learning and, thus, it is not possible to assess the extent to 
which the shifts in their ways of using tasks depict a generalizable pattern. With this caveat in mind, 
our analysis led us to the following trajectory of successive developments in the PSTs’ use of tasks: 
1. The tasks should be extremely complex in order to eliminate the possibility that students would 
apply a known procedure 
2. The tasks should support the students to reason with drawn quantities 
3. The tasks should allow the students to build on their reasoning with drawn quantities 
4. The tasks should trigger the students’ reasoning with number relationships 
5. The tasks should involve the students in connecting their algorithmic solutions to their 
meaningful numerical explanations 

In the following, some examples will be presented in order to illustrate the above trajectory 
as well as the means by which it was supported. With respect to the design experiment on fraction 
multiplication, at the beginning of their field experience, PSTs used extremely complex tasks. In 
this way, they seemed to indicate their expectation that their student would not be in a position to 
recall and apply the fraction multiplication algorithm she had learned. The first task posed to the 
student was: «In a bookstore, 5/8 of the books are school textbooks and the rest of them are 
literature books and cookbooks. Three quarters of the school textbooks are addressed to high school 
students and the rest of them to primary school students. What fraction of the books in this 
bookstore is addressed to primary school students?». Τhe student could not solve the task. Then a 
member of our research team, who assumed a witness role in the design experiment, intervened and 
posed an easier problem to the student. She asked her to imagine the amount of ¼ of a half of a 
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birthday cake. The student computed correctly this amount as 1/8 of the whole cake.  After 
responding correctly to a series of similar tasks, she was asked to draw 1/7 of ¼ of a rectangular 
pizza. The student cross partitioned the rectangle into 4 parts but she did not proceed in partitioning 
each ¼ into 7 mini parts.  Instead, she partitioned the whole pizza into 7 parts, as it is shown in 
figure 1.  

 
 
 

 

 
 
The witness’s intervention along with the student’s way of representing 1/7 of ¼ seemed to 
challenge PSTs’ idea that tasks should be difficult in order to foster student’s deep understanding of 
fraction multiplication.  
 In the sequel PSTs changed their way of using tasks. The student was consistently called to 
figure out different parts of parts in terms of a given whole ribbon. Through the tasks posed to the 
student, PSTs seemed to target student’s use of successive partitioning. Even if the student could 
algorithmically calculate her answers, PSTs pressed her to express her reasoning with drawn 
quantities.  

As the student developed flexibility in using drawings to express her thinking, the witness 
researcher intervened by asking her to describe her actions before making a drawing. The student’s 
success in anticipating the results of her activity prompted PSTs in coming to realize another use of 
tasks, the one that would allow students to build on their reasoning with drawn quantities.  

By focusing the student’s attention on her future actions, PSTs supported her developing 
awareness of the multiplicative and inverse multiplicative relationships of the quantities involved in 
the tasks they posed. As an example, in the last session, PSTs assigned the task: «John runs in a race 
path that in every 1/5 of it there is an exit path. If he covers 1/7 of the distance until the first exit, 
what part of the race path has he covered?». The student argued: «The race path is 5 times as long 
as the distance until the first exit. The first exit is 7 times as long as the distance covered by the 
athlete. So, the race path is 35 times bigger and the athlete has run 1/35 of the race path.». PSTs 
seemed to think that tasks should trigger students’ reasoning with number relationships and thus 
they seemed to have invented a more advanced use of tasks.  

With respect to the design experiment on percent, PSTs made an attempt to get students used 
to considering the quantity corresponding to 100%. They assigned the following task: «Mario wants 
to buy a video game that’s on sale. The game costs 400€ and is 20% off.  How much is the 
discount?» and asked several follow up questions. Eventually, PSTs led the class to a consensus that 
400€ corresponded to 100%. In this case, as students said: «Mario would have saved all the money 
and he would pay nothing». Afterwards, students proposed different ways for figuring out the 
amount of money corresponding to 20% off. As the PST who was teaching this lesson used the 
same number line to symbolize students’ ideas, the witness researcher suggested the use of separate 
number lines. This suggestion paved the way for students’ comparing and contrasting their 
strategies. It seems that PSTs built on their prior experience in teaching multiplication to the 6th 
grade student. They selected a task that supported students’ reasoning with drawn quantities and 
they did not anymore feel the need for complex tasks that would eliminate the possibility to recall 
and apply already known procedures.  

In co-planning instruction with the PSTs, we supported them to come up with an appropriate 
percentage that would allow students to discern the need for finding 1%. PSTs decided to use the 
following task: «A factory produces orange juice containing 26% pulp of fresh oranges.                    

Figure 1. Student’s representation of 1/7x1/4 
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How many litres of pulp should be used in order to produce 520 litres of juice?». As the planned 
lesson was implemented, students came up with different strategies (figure 2 and 3).  
 
 
 
 
 
 
Then, as these solutions became a topic of conversation, one student proposed their curtailment: 
«We could only multiply 1% by 26, instead of finding 5%, 6%, 10% and 20%’» ( 2nd solution, figure 
3). The PST teaching this lesson highlighted the importance of this strategy and represented it on 
the whiteboard (figure 4). 

 
 
 
 
 
 
 
 
Though PSTs used tasks that allowed students to build on their reasoning with drawn quantities, 
there were still some students who preferred to use the algorithmic solution (520x26 = 13,520, 
13,520:100=135.2). It was for th 
is reason that in planning the next lesson, PSTs decided to have students reflect on their prior 
activity and explain why they divided 100% by 100 and multiplied the quotient by 26. Through 
making explicit their students’ reasoning, PSTs seemed to use tasks for triggering student’s 
reasoning with number relationships.   

In executing the plan of this lesson, PSTs tried to have students connect their algorithmic 
solution with the meaningful explanation of using 1% as a necessary step in solving percentage 
problems. By using a schematic representation of both solutions the PST focused the discussion on 
the difference between them (figure 5).  

 
 
 
 
 

 
 
 
Students explained that both solutions use the same operations but in different order and so the 
results must be the same. All students agreed that they better understood the solution which they 
multiplied 1%x26. However, there was a student who claimed to have understood both ways: 
«Multiplying 520x26 we find a bigger part, for example the 2,600%, and then we divide by 100 to 
find the 26%». Unfortunately, PSTs had no more time to make this student’s explanation a topic of 
discussion. PSTs were constantly encouraged to listen carefully to students’ explanations. 
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Eventually, it was their insistence to take into account students’ reasoning that allowed them to use 
tasks for connecting students’ algorithmic solutions to their meaningful numerical explanations.      

By comparing the paths followed by the PSTs in conducting both the one-to-one and the 
whole class design experiment, we were in a position to outline the overlapping path that we have 
described above. We certainly believe that PSTs may follow different paths, as they learn to adapt 
tasks to students’ different ways of reasoning. Our study was only an initial step in understanding 
how PSTs can be supported to change their traditional views of using instructional tasks. Though 
tasks are one of the most significant teaching tools, we should also gain insights into PSTs’ 
treatment of other aspects of the classroom activity structure. These insights could be used for 
designing more effective learning environments for PSTs.    
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Abstract. This work is part of a more general investigation that is being developed by the 
first author, in the scope of her PhD study. In general, Gonçalves is studying the 
mathematical knowledge for teaching (MKT) of teachers who teach mathematics in the early 
years of schooling, in Portugal. For this purpose, a MKT measurement instrument was 
initially translated, adapted and validated for the Portuguese context and later applied to 
Portuguese teachers, in order to analyse their mathematical knowledge for teaching. This 
article discusses the performance of Portuguese teachers on two issues involving the domain 
"Numbers and Operations".  

Résumé : Le travail présenté ici s'inscrit dans le cadre d'une enquête plus générale 
développée par la première auteure, dans le cadre de son doctorat. Elle étudie les 
connaissances mathématiques pour l'enseignement (MKT, Connaissances Mathématiques 
des Enseignants) des enseignants qui enseignent les mathématiques dans les premières 
années de la scolarité, au Portugal. À cette fin, un instrument de mesure des MKT a été 
initialement traduit, adapté et validé pour le contexte portugais, puis appliqué aux 
enseignants portugais, afin d'analyser leurs connaissances mathématiques pour 
l'enseignement. Cet article examine les performances des enseignants portugais sur deux 
questions concernant le domaine "Nombres et opérations". 

Keywords: mathematical knowledge for teaching, elementary school teachers, instrument 

adaptation. 

1. Background 

Over the years, Ball and other researchers such as Heather Hill and Hyman Bass have 
wondered what in practice "teachers need to know about math to succeed with their students" (Ball, 
Hill & Bass, 2005, p.17). They developed a construct, Mathematics Knowledge for Teaching 
(MKT), which maps the domains of knowledge for teaching onto two of Shulman’s (1986) initial 
categories for CK, those of subject matter knowledge and pedagogical content knowledge. 

Through the Learning Mathematics for Teaching (LMT) project, this group of researchers 
from the University of Michigan developed a set of multiple-choice questions to study and measure 
MKT. From the studies on the application of these questions and their analysis, several conclusions 
have emerged about MKT. For example, in 2008 Hill and his colleagues found that teachers with 
high MKTs think qualitatively differently from teachers who did not score well in the tests. In 
addition, it was also found that teachers with low scores tended to have more mathematical errors in 
their classrooms (Hill et al., 2008). The instruments for measuring MKT have therefore been 
positively associated with the mathematical quality of instruction and student learning. Given the 
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good/excellent results regarding the consistency of multiple-choice questions built by LMT, several 
researchers have been adapting these measures to their country and applying them. 
In 2008, Delaney was considered the pioneer investigator in applying these measures in Ireland. In 
the meantime, several researchers have adapted and used the measures or instruments developed by 
LMT in different countries: Ghana (Cole, 2012), South Korea (Know, 2009), Indonesia (Ng, 2012), 
Norway (Mosvold et al., 2012), among others. 

2. Methodology 

This study aims to analyse mathematical knowledge for teaching (MKT) of Portuguese 
teachers using the MKT measuring instrument adapted by Gonçalves.  

For this, a mixed methodology was used that, according to Tashakkori and Creswell (2007), 
refers to the integration of discoveries and inferences “using both qualitative and quantitative 
approaches or methods in a single study or program of inquiry” (p. 4). Through mixed methods, the 
answers to the questions under study of 61 teachers from the 1st and/or 2nd cycles of Basic 
Education were analysed and the consistency of the answers to these questions given by two 
teachers was analysed through the analysis of cognitive interviews. The selection of these teachers 
was based on the following parameters: the result obtained by them when carrying out the MKT 
measurement questionnaire; teaching experience; the level of education he/she teaches; the type of 
school where he/ she is teaching (public or private). Note in the table below the characterization of 
the two teachers interviewed. 
 

Table 1. Data of interviewed teachers. 
 

Name Classification 
on the test 

Teaching  
experience 

level of 
education 

type of school  

Maria 50% 22 years 2nd cycle Public  

Pedro 92% 6 years 1st cycle Private  
 
 

3. The questions 

In this paper, only two questions that evaluate mathematical contents belonging to the domain 
"Numbers and Operations" will be discussed. 

  Question 1. The first question concerns the simplification of fractions (Table 1). In this 
question, teachers had to select the best evidence that a student had understood why it is that 
through the simplification of fractions an equivalent fraction is obtained. A teacher would respond 
correctly if he/she identified that the simplification of fractions is reduced to the division of 
fractions by one and that, for this reason, the new fraction represents the same quantity as the first. 

Question 2. The second question asked to select from four numerical expressions, which 
would be the best example for students to realize the advantage of the distributive property of 
multiplication in the simplification of the calculation. A teacher would have this correct answer, if 
he/she chose the numerical expression, of the four presented, which exemplifies the advantage of 
using distributive property. 

 
As with any question in the MKT assessment questionnaire, these two questions evaluate the 
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mathematical knowledge of the teacher that can be specified, according to the MKT typology 
defined by Ball, Thames and Phelps (2008). 

As shown in Table 2 below, these questions are also characterized by their "Degree of 
Difficulty" - a parameter obtained through statistical studies performed on the mathematical 
knowledge measurement tests of USA teachers. This parameter issues are characterized as easy, if 
the degree of difficulty is less than -2, a bit easy, if the degree of difficulty is between -2 and 0, a bit 
difficult, if the difficulty is between 0 and 2 and, finally, difficult if they present a degree of 
difficulty greater than or equal to 2. 
 

Table 1. Characterization of questions 
 

Questions Mathematical 
content 

Task content Type of 
Mathematical 
Knowledge  

Degree of 
difficulty 
(USA) 

Question 1 Simplification 
of fractions. 

Analyse 
students' 
explanations. 

SCK 0,617 

Question 2 Distributive 
property of 
multiplication  
in relation to 
addition and 
subtraction 
 

Select the 
best 
example. 

SCK 1,462 

 

4. Some results 

In the first question, concerning the simplification of fractions only 18% (11) of the 61 
teachers correctly identified the justification for the rule. Of the 82% (50) of the participants, 3% (2) 
did not respond and 79% (48) did not select the best explanation.  

 
Answers Frequency Percentage 
Correct 11  18 
Incorrect 48 79 
No answer 2  3 
Total 61 100,0 

 
 
Reflecting on the data collected, the values raise some concern, as the approach of the 

equivalent fractions, in Portugal, should be carried out in the 3rd grade, so teachers should be able to 
identify among the various students’ explanations the best evidence that the student had understood 
why the simplification of fractions gives equivalent fractions. 

Regarding this question, Maria answered the wrong way and Pedro did not answer. At the 
interview, Maria kept the (wrong) answer she had given in the questionnaire, and justified her 
reasoning, which reveals that her response to the questionnaire is consistent with her thinking. 

 
Maria: I can demonstrate this to kids through objects. 
We have a game, a game of fractions and they can see that when we divide the 
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numerator and denominator by the same number, the number is the same, it keeps 
it, and then it's done by division: if I have 12/4 and 6 / 2, divide 12 by 4 and 6 by 2 
and the number is the same… 
But it has to be realized, because if not… they don't understand. 
At this stage there has to be realization of everything! ... and the fractions are not 
easy to understand ... they cannot understand.  
 
In her justification, Maria demonstrates a procedural rather than conceptual knowledge 

(Hiebert & Lefevre, 1986) of the simplification of fractions. 
 

Pedro, although he did not answer the question, stated in the interview that if he had given more 
time to this question he would have answered. At the interview, he answered this question correctly 
and justified his reasoning. 

 
 In the second question, which addressed the advantages of simplification of calculation that 
the distributive property can bring in some numerical expressions, just 38% (23) of the 61 teachers 
answered correctly. 

 
Answers Frequency Percentage 
Correct 23 38 
Incorrect 34 55 
No answer 4 7 
Total 61 100,0 

 
In the questionnaire, Maria answered wrongly and Pedro selected the correct answer. At the 

interview, Maria kept the (wrong) answer she had given in the questionnaire, and justified her 
reasoning, which reveals that her response to the questionnaire is consistent with her thinking: 

 
Maria - When we give the distributive property… we give the distributive property and 
then we do the opposite. 
I learned here once from a teacher, it was once in college… “ball property”… that's how 
I teach the students. (...) So this is the gentleman who dances with the first lady and then 
goes dancing with the second lady. 
… And they can understand, mechanize and use distributive property. 
Then I do precisely the opposite, which is… if we go by the rules of operations, of 
numerical expressions, what is done in the first place? What is inside parentheses. … 
And they can understand… 
… This has to be on the board at exactly the same time and in the same place as for 
them to realize that the result will always be the same whether you do it by handing it 
out or using the numeric expressions. This for me was the best example. And still use. 

 
Consider with some concern this focus on memorizing rules for numerical expression resolution. 
Although memorization of calculus rules is important as a way for students to have a quick and 
effective calculation, the teacher's action should be oriented so that students can understand 
operations.  
Again it denotes that Mary encourages a learning "by heart" instead of meaningful learning. 
Procedures and facts learned “by heart” are stored in memory in isolation, without any connection 
to other concepts. 
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Pedro, at the interview, kept the right answer he had given in the questionnaire. His justification 
was:  
 

Pedro - I chose hypothesis D because it is the only numerical expression that shows in 
some situations the distributive property of multiplication can facilitate the calculation 
compared to the resolution of a “normal” numerical expression, where parentheses are 
given priority. 
In all other options A, B, and C, the distributive property made the calculations more 
complex. Thus, none of these three options would be indicated to choose to show 
students a situation in which the distributive property helps in the calculation. 

 
 
Overall, it should be noted that the performance of the teachers involved in this study was poor. 
Teachers presented worse performance in questions that consisted of identifying the one that best 
evidenced that the student had understood.  
These results appear to be of concern since we are dealing with elementary concepts, which are 
included in the official mathematical programs for elementary school and of which the teachers 
should have a sound knowledge. It seems important that during their training (future) teachers solve 
activities that enhance Content Specialized Knowledge (SCK). 
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Abstract. Reflecting one’s own mathematical learning biography provides an often-
neglected perspective for prospective mathematics teachers even though it is relevant for 
their future teaching activity. A survey among students in elementary school teacher training 
showed that this seems particularly significant when students have made negative 
experiences with mathematics at school. In order to encourage this type of reflection, a 
workshop was designed and conducted at the University of Potsdam in which students were 
given the opportunity to review their own mathematical learning biography. Since winter 
semester 2018/19, this workshop was integrated as a preparation for the students’ first 
teaching internship. Results of the accompanying research on the effects on students’ 
reflexive competence are presented.  

Résumé. Le fait de réfléchir sur sa propre biographie d'apprentissage des mathématiques 
offre une perspective souvent négligée pour les futurs enseignants de mathématiques, même 
si elle est pertinente pour leur future activité d'enseignement. Une enquête auprès des élèves 
en formation des enseignants du primaire a montré que cela semble particulièrement 
important lorsque les élèves ont fait des expériences négatives avec les mathématiques à 
l'école. Afin d'encourager ce type de réflexion, un atelier a été conçu et mené à l'Université 
de Potsdam au cours duquel les étudiants ont eu la possibilité de revoir leur propre 
biographie d'apprentissage mathématique. Depuis le semestre d'hiver 2018/19, cet atelier a 
été intégré comme préparation au premier stage d'enseignement des étudiants. Les résultats 
des recherches d'accompagnement sur les effets sur la compétence réflexive des étudiants 
sont présentés. 

1. Theoretical background 

The analysis and reflection of one’s own biographical learning experiences is part of the German 
standards for teacher education (Kultusministerkonferenz [KMK], 2004). Various projects in 
Germany are creating opportunities for prospective teachers to develop biographical-reflective 
competences. They focus on experiences in the school system from a learner’s perspective as well 
as the reflection on the ambivalent role of student teachers who as learners prepare for the teachers’ 
role (Krauskopf, 2019). 
With regard to mathematics, there seems to be a particular need for biography work. Mathematics 
anxiety or avoidance of mathematics are widespread among students, in particular among future 
elementary teachers (Hembree, 1990; Hannula, 2014). The idea to create the workshop ‘Encounters 
with Mathematics’ arose from the feedback of students on their motivation and emotions 
concerning mathematics in a first semester arithmetic course and subsequent interviews in small 
groups on learning barriers and their causes (Reitz-Koncebovski, Kortenkamp, & Goral, 2018). 
Obviously, previous negative experiences with mathematics at school are a major obstacle for some 
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students at the beginning of their math studies, in particular if they ‘have’ to study mathematics in 
order to become elementary teachers and did not specifically opt for mathematics as a subject. In 
order to be able to successfully study mathematics and to teach mathematics in the future, it seems 
essential for these student teachers to reprocess their own mathematical learning biography and, 
moreover, to reflect on and question the image of mathematics implicitly conveyed by their learning 
experiences. Biography work seems to be a prerequisite of developing beneficial self-regulation, 
positive motivational orientations and appropriate beliefs/values/goals — all of which are aspects of 
teachers’ professional competence according to the model of Baumert and Kunter (2013).  
Even if the mathematical learning biography passed without negative experiences, it is important 
for prospective teachers to examine their own image of mathematics. Firstly, in terms of what they 
want to pass on to their future students, and secondly, in relation to the image of mathematics in 
society. Exploring the nature of mathematics and its reflection in the image of mathematics in 
society can be attributed to school related content knowledge (SRCK; Dreher, Lindmeier, Heinze, & 
Niemand, 2018), that facet of teachers’ professional content knowledge which, beyond mere 
academics, should be conveyed in mathematics teacher training. Not least for this reason, the 
workshop presented here is aimed at all student teachers of mathematics, both for elementary and 
secondary schools. 

2. Concept of the workshop 

The workshop ‘Encounters with Mathematics’ was carried out as a pilot project in the summer 
semester 2018. During its first run, math student teachers for elementary and secondary education 
were offered to participate in the workshop voluntarily during three weekly sessions. After a 
revision of the first workshop, a new concept was developed for the winter semester 2018/19, which 
integrates the workshop more into the curriculum of the university’s math teacher education 
program. The offer is now addressed to all students just before their first math teaching internship, 
when they are presumably facing their first role change from learner to teacher. To provide 
comprehensive support for the several weeks long internship, the workshop takes place before as 
well as after the internship. 

Figure 1.  Curves of mathematical learning biographies (summer semester 
2018) 

 
The first meeting focuses on individual biography work. The core element of the session is a 
graphical representation of the mathematical biography in the form of a curve in a coordinate 
system (see figure 1). Participants draw and label their curve individually before entering into a 
dialogue and presenting it to each other. During these one-to-one conversations, listening to and 
understanding each other are paramount whereas evaluations and advice should be avoided. Thus, 
the attention is drawn onto those situations that depict minima and maxima of the curve and can 
therefore be considered high and low points of one's own experience with mathematics. In a group 
conversation, these situations are analyzed for their triggers, persons involved, (un)fulfilled needs, 
reasons for turning points etc. Towards the end of the first meeting, students are taken behind the 
scenes of biographical work and being presented the background and aims of the method. This 
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enables them to not only experience biographical work themselves but also to approach it in a 
theory-based way. After having reflected on their own math biography, students are expected to, 
firstly, understand how their biography affects them in their work as a teacher and, secondly, that 
they are about to enter a position where they are able to influence other people’s math biographies. 
For the upcoming internship, workshop participants are asked to identify and note situations from 
their given lessons which they consider possible causes of highs or lows in students’ experience of 
mathematics. 
These situations depict the center of the second workshop day, which takes place shortly after the 
end of the internship. At the beginning of the session, students are asked to reflect on their choice of 
situations, which forms one part of the data set for the accompanying research of the workshop. 
Subsequent to this self-reflection, students talk about their situations in small groups and select one 
situation per group, that they present as a role-play to the all workshop participants. Afterwards, 
both spectators and actors analyze the teacher’s (re)actions in these situations by trying to think of 
alternatives to their past (re)actions in order to avoid negative consequences. This idea corresponds 
to the concept of counterfactual thinking (Roese, 1997). It will encourage to identify the underlying 
problem, to which was reacted, and to try to find equivalent reactions and compare characteristics 
such as appropriateness or side effects. Rather than providing student teachers with a (non-existing) 
catalogue of correct reactions though, which many student teachers frequently demand, this 
reflection aims at establishing a basic structure that facilitates sensible problem solving in future 
similar (or even unsimilar) situations (Luhmann, 2002). One of the above-mentioned side effects of 
teacher’s (re)actions could be a negative or positive impact on students’ mathematical experience 
and their attitudes towards and images of mathematics. The second part of this workshop session is 
dedicated to this topic and how to get an insight into students’ attitudes to mathematics in a creative 
way. 

3. Evaluative study 

Following the theoretical foundation and the implementation of the concept, we found it interesting 
to ask questions about the effects and effectiveness of the workshop regarding the reflective 
competences of student teachers. The evaluative study focused on how biographical work is 
valuable for reflecting on classroom situations and actions, and to what extent the workshop 
promotes reflective competence.  
We collected two different data sets during and after the workshop. 1) As mentioned, during their 
internship, the workshop participants were asked to pay attention to situations which might 
influence their students’ experience of mathematics. The mere choice of these was reflected upon at 
the beginning of the second workshop session. Why did they choose these exact situations? Could 
their own mathematical learning biography have influenced their choice? If so, does it also 
influence their whole professional activity as a teacher? Student teachers wrote this reflection on the 
spot and then submitted them anonymously. 2) In a compulsive internship report, that every intern 
has to write and submit digitally quite immediately after finishing the internship, student teachers 
contemplated, amongst other things, their new role as a teacher. We analyzed these reports on their 
references to topics and experiences from the workshop. For this data set, we did not only look at 
participants’ reports but also at reports from student teachers who did not take part in the workshop. 
This was thought to enable us to compare the two groups in order to draw conclusions about the 
effectiveness of the workshop.  
To do justice to the eminently personal character of the workshop, the study examined only 
anonymized written products of the participants. The data was analyzed with a qualitative content 
analysis (Mayring, 2000) after the second workshop day in April 2019. In the following, first results 
of the accompanying research are presented. 
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4. Presentation of results 

The results focus on whether and to what extent topics of the workshop were taken up by students 
in their written reflections. Of course, it was not only crucial that but also how students commented 
on the workshop topics. In this article, the presentation of the results will comprise only the results 
from data set 1), namely students’ reflection of their internship task, which asked them to identify 
and note situations which could possibly be causes of highs or lows in students’ experience of 
mathematics. 
In their reflection, that they wrote during the workshop, 13 out of 22 students made relevant 
statements about workshop topics. These statements can be divided and arranged into four 
categories: (a) general empathy, (b) empathy due to biographical experiences, (c) overgeneralizing 
one's own experience and (d) consideration of one’s boundaries in observation (see figure 2). 

 
Figure 2.  Distribution of workshop topics in students' reflection of the 

internship task (22 persons) 

 
Through general empathy, six out of 22 students founded the selection of their high and low point 
situations. We saw an indication for this in phrases such as ‘to put myself in the students’ shoes’ 
(persons 4, 7, 12, 20), ‘to feel with them’ (person 19) or ‘to identify with them’ (person 11). 
A choice of situations guided by empathy due to one’s own biographical experience was identified 
in five reflections. Statements such as ‘could have been a low point for me’ (person 5), ‘connection 
to my own high and low points’ (person 7) or ‘experienced a similar situation’ (persons 13, 18, 21) 
served as an indicator for us. 
Two students justified the selection of their students’ high and low points with their own situational 
feelings in the teacher role. We saw this overgeneralizing of one's own experience indicated in 
phrases such as ‘something was a low for me as well’ (Person 8) or ‘I felt uncomfortable and that is 
why I would call the situation a low point’ (Person 16). We classify items of this category as rather 
contradictory statements to the workshop contents, because we particularly talked about limits and 
risks of overgeneralization, i.e. the transmission of one’s own feelings on other persons. 
Two students opened up a second level of reflection and, in addition to reflecting on their choice of 
highs and lows, they also considered their own observation boundaries. The remark ‘one cannot 
necessarily tell it from the students’ faces’ (person 5) indicates that for us just as much as the 
attempt to objectify one’s own observation, which was carried out by person 7. The latter developed 
observation criteria for the selection of highs and lows and disclosed them. These criteria pointed to 
the facial expressions of pupils and interpreted ‘signs of frustration and disappointment as a low 
point as well as pride and self-esteem as a high point’. 
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5. Discussion and outlook 

In our study we were able to collect only little evidence of the effectiveness of the workshop. We 
assume, however, that participants will be able to refer back on the impulses for reflection initiated 
in the workshop in their future work as teachers. The workshop ‘Encounters with Mathematics’ is 
designed to have long-term effects, which would then need a long-term study to be revealed. 
The workshop ‘Encounters with Mathematics’ will continue to be offered as part of the preparation 
and follow-up of student teachers’ first teaching internship. Participants' feedback during the 
workshop will be used as a resource to further develop the workshop design as well as other courses 
for the students. For instance, some student feedback suggests that they experienced an impact of 
specific university mathematics courses on their mathematical learning biography. This feedback 
should be used for the re-design of respective courses. Such a re-design should include 
opportunities for students to reflect their mathematics studies and its difficulties. Feedback on the 
workshop concept indicates that the exchange between student teachers for elementary and 
secondary school has been experienced as particularly enriching and valuable. It might be 
rewarding to offer more shared courses for future elementary and secondary teachers and to 
research their different perspectives on the teaching and learning of mathematics. 
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Abstract. The paper presents an innovative formative assessment practice exploiting online 
resources in order to foster argumentation competences in primary pre-service teachers. 
Specifically, we designed formative assessment workshops making use of an online e-
learning platform through which students (future primary teachers) are asked to produce 
written argumentation texts and to provide feedback on their peers’ productions, based on 
the three given criteria of correctness, completeness and clarity. We submitted a 
questionnaire concerning the students’ feelings about their participation to the activity and 
on their perceived impact on their learning process. In the paper we describe the design of 
the educational activity and analyze the results from the students’ questionnaire.  

Résumé. L’article présente une pratique novatrice d'évaluation formative exploitant les 
ressources en ligne afin de favoriser les compétences en argumentation des futurs 
enseignants du primaire. Plus précisément, nous avons conçu des ateliers d'évaluation 
formative à l'aide d'une plateforme d'apprentissage en ligne par laquelle les élèves (futurs 
enseignants du primaire) sont invités à produire des textes d'argumentation écrits et à fournir 
des commentaires sur les productions de leurs pairs, en fonction des trois critères donnés 
d'exactitude, d'intégralité et de clarté. Nous avons soumis un questionnaire pour les élèves 
quant à leur participation à l'activité et à leur impact perçu sur leur processus d'apprentissage. 
Dans l'article, nous décrivons la conception de l'activité éducative et analysons les résultats 
du questionnaire.  

1. Introduction 

Developing argumentation skills and critical thinking is recognized as a key-feature to deal with a 
complex world and mathematics may play a major role therein (see CIEAEM Manifesto, 2000). In 
Italian National Guidelines, mathematics is mentioned as a “cultural means for citizenship” (MIUR, 
2018) providing tools for the scientific description of the world and for everyday life problems, and 
contributing to the development of thinking in its various aspects: intuition, imagination, design, 
hypothesis and deduction, control and therefore verification or denial. In this perspective, 
“argumentative skills are relevant to the formation of an active and conscious citizenship, in which 
each person is available to listen carefully and critically to the other and to a comparison based on 
the reference to relevant topics” (MIUR 2018, p. 12). 
As a consequence, the development of argumentative skills and critical thinking becomes mostly 
relevant in mathematics primary teacher education programs, especially in those countries, as in 
Italy, where student teachers are not specialists in mathematics and in many cases have a 
problematical relationship with the mathematics discipline (Coppola et al., 2013). 
In our study we designed and experimented an innovative practice, which we called formative 
assessment workshops, aimed at enhancing students’ mathematics learning through formative 
assessment activities supported by an online platform. Hence, the study is part of the recent line of 
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research on the role of technologies within processes of formative assessment, which has been 
recognized “among the emergent issues that require further theoretical and methodological 
development” (Trgalovà et al., 2018, p. 158). 
In this paper we focus on the experimentations carried out within Mathematics Education courses 
for future primary teachers and centered on mathematical argumentation. For complementary 
results, see Albano et al. , 2019 (in print). 

2. Theoretical framework  

In mathematics education, argumentation has been defined as “the discourse or rhetorical means 
(not necessarily mathematical) used by an individual or a group to convince others that a statement 
is true or false” (Stilianides et al., 2016, p. 316). Two components may be distinguished (Hitt & 
Gonzalez-Martin, 2016): 

• A component that tries to convince (persuading), in the sense of removing any doubt from 
others; 

• A component that tries to explain (ascertain), in the sense of removing any doubt to 
themselves, and that is based on reasoning. 

In our research, we designed and experimented formative assessment practices aimed at developing 
argumentation according to the latter component. 

Formative assessment (FA) or assessment for learning (contrasted to assessment of learning) 
includes all the activities and practices that are enacted by teachers with the aim of improving 
students’ learning. As largely shared within education literature, FA is conceived as a teaching 
method, where “evidence about student achievement is elicited, interpreted, and used by teachers, 
learners, or their peers, to make decisions about the next steps in instruction that are likely to be 
better, or better founded, than the decisions they would have taken in the absence of the evidence 
that was elicited” (Black & Wiliam, 2009, p. 7). Wiliam and Thompson (2007) have elaborated a 
theoretical framework for FA, highlighting that it can be developed through five key strategies: 

(A) Clarifying and sharing learning intentions and criteria for success;  
(B) Engineering effective classroom discussions and other learning tasks that elicit evidence 
of student understanding;  
(C) Providing feedback that moves learners forward;  

(D) Activating students as instructional resources for one another;  
(E) Activating students as the owners of their own learning. 

In this model, three different agents intervene in FA practices: the teacher, the learner, and the 
learner’s peers. The teacher is responsible for clarifying learning objectives and criteria for success, 
which become assessment criteria (key strategy A), for organising class activities and discussions in 
which she can have evidence of pupils' understanding (key strategy B) and for providing feedback 
to enable students to progress in learning (key strategy C). Beside the teacher, learners have 
important roles also, both in understanding the learning objectives and criteria for success (key 
strategy A), and in taking responsibility for the learning of their fellow students and themselves 
(key strategies D and E).   

Feedback concerns the information that the student receives about his/her performance and is 
undoubtedly one of the most important tools for building a bridge between actual and expected 
learning. Following the definition of Ramaprasad (1983), feedback only becomes formative if the 
information given to the student is used in some way to improve his performance. It is therefore 
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important that the feedback goes beyond a simple green or red 'traffic light' for the student, which 
would merely orient the student's behaviour, and that it rather shows him what any errors, 
deficiencies, inaccuracies and possibly what may cause them. Based on these reflections, Hattie and 
Timperley (2007) then distinguished four types of feedback: 

a) feedback on the task, focusing attention on the interpretation of the text of the task or the 
correctness of the response provided (a sort of feedback on the product);  

b) feedback on the performance of the task, related to the processes necessary to understand 
and effectively address the task;  

c) feedback for self-regulation, focused on the individual's ability to self-monitor and 
consciously direct her/his own actions;  

d) feedback on the individual as a person, which concerns issues related to the individual's 
assessment and includes emotional aspects. 

Based on extensive meta-analysis, Hattie and Timperley (ibid.) highlight the effectiveness of 
feedback on the task (type a) and its performance (type b), while minor effects are found on 
feedback on the person, such as compliments and reprimands (type d). 

Due to the great amount of data that is involved, and the individual nature of effective feedback, 
formative assessment practices may be highly demanding for teachers. Recently, innovative 
projects have given attention to the new possibilities offered by technology in this respect, such as 
the STEP project (Chazan et al., 2016) and the European project FaSMEd (Improving Progress for 
Lower Achievers through Formative Assessment in Science and Mathematics Education, 
https://microsites.ncl.ac.uk/fasmedtoolkit/). Within FaSMEd, a new framework for the design and 
implementation of technologically-enhanced formative assessment activities has been proposed 
(Aldon et al., 2017; Cusi et al., 2017). The framework considers three fundamental dimensions: 
besides the different agents in formative assessment and the five key-strategies as described above, 
attention has been placed to how technology may support FA processes within educational contexts. 
With respect to this latter dimension, three main functionalities have been identified: 

(1) Sending and displaying, e.g. sending and receiving messages and files, displaying and 
sharing screens or documents to students; 
(2) Processing and analysing data collected during the lessons, e.g. showing the statistics of 
students’ answers to polls or questionnaires, or the feedbacks given directly by the 
technology to the students when they are performing a test; 

(3) Providing an interactive environment, in which students can interact to work 
individually or in groups on a task or to explore mathematical/ scientific contents (e.g. the 
use of specific software where it is possible to dynamically explore specific mathematical 
representations). 

In our research study, we refer to the sending-and-displaying and the processing-and-analysing 
functionalities of an online platform to promote mathematics formative assessment processes 
involving the three agents—teacher, students and peers— and in particular peers in a blended 
modality. Shared experiences and literature review (Larreamendy-Joerns & Leinhardt, 2006) show 
evidence of benefits from the integration of online instruction practices at University level. These 
benefits seem to be mainly found in the freedom of the students to move at their own pace. 
Nonetheless, there is not enough literature reporting the actual added-value of online with respect to 
the traditional face-to-face instruction.  
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3. Formative assessment online workshops 

The online formative assessment activities, which we call ‘Formative assessment workshops’ (FA 
workshops, in the following), are centered on peer review processes implemented by using the 
‘workshop module’ of the web-based platform Moodle, followed by a structured feedback by the 
teacher. FA workshops allow students, on the one hand, to upload the resolution of specific 
problems/exercises and, on the other hand, the automatic and anonymous redistribution of the 
works to be assessed by other students and related to a specific topic of the course (sending-and-
displaying functionality of technology). The submission consists of plain text and optional attached 
files including the students’ answer with respect to a specific topic assigned by the teacher.  
We have been experimenting FA-workshops in two different University courses, at the Universities 
of Torino and of Salerno (Italy), where the first and second authors teach and the third author serves 
as assistant (Univ. Salerno). In this paper, we focus on FA workshops that have been carried out 
during a course of Mathematics and Mathematics Education for 200 future primary teachers, in 
which the first author is the teacher. The course focuses on arithmetic and early algebra and among 
its major goals there are i) developing future teachers’ argumentative competences in these domains 
and ii) developing future teachers view on mathematics as processes-oriented. The course is 
mandatory for all students, but participation to lessons is not. About one third of students do not 
usually attend lessons, since mostly of them are already working in school as teachers in non-
permanent positions. Workshops are purposely open also to these students and indeed the efficacy 
of FA workshops for this specific typology of students is of great importance, even if it is not 
specifically investigated in this paper. 
Five FA workshops have been designed and implemented during the course (which lasts about one 
semester). In each FA workshop session, students receive a series of 3 to 5 exercises or problems to 
solve, related to the topics discussed during face-to-face lessons. They are asked to solve some 
argumentation problems and to upload their solution within a given deadline. Then the online 
system assigns randomly and anonymously three solutions to each student, with the request to 
assess them. Assessment is addressed by specific criteria defined by the teacher (FA strategy A): 
correctness, completeness, and clearness. These categories emerged within the teaching-experiment 
carried out by the Italian team of the FaSMEd project, in which the first author was involved (Cusi 
et al., 2019).  
Overall, the FA workshops activity are carried out in the following sequential phases (Figure 1): 

 
Figure 1. Didactical design of FA workshops 

 
- Setting up of the workshops: the teacher sets up the structure of the workshop by: assigning a 

time for the resolution of the various tasks; defining the assessment criteria (correctness, 
completeness, clearness); distributing a specific number of products for each student. 

- Solving task (Task 1): each student receives a problem to solve and is required, for each 
question, to provide correct, clear and complete answers. An example of task given to the 
students is: “Consider a natural number and determine the difference between its square and 
that of its predecessor. Repeat the operation for several numbers: what regularity do you 
observe? Justify what you say”.  
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- Peer assessment (Task 2): each student receives the productions of three randomly chosen 
anonymous peers; (s)he examines them, assess them according to a scale 0 to 30 (the same as 
the final exam) and provides feedback (FA Strategy C) according to the assessment criteria 
detailed below:  
•  Correctness: “Are there mistakes in the result or in the resolution process? Are all 

answers provided? Is the theoretical recall, if any, correct? Are mathematical symbols 
used correctly”?  

•  Completeness: “Are there missing parts or jumps in reasoning? Or unjustified 
conclusions? Can you find all necessary steps in the argument?” 

•  Clearness: “Is reasoning expressed clearly and unambiguously? Are sentences 
understandable?”. 

 
As a final step, the teacher makes available in the platform optimal solutions for each problem, 
chosen among the ones produced by the students. Also, the teacher uploads annotated solutions 
containing the most common mistakes, and gives a feedback to them according the three 
dimensions of correctness, completeness and clearness.  

4. Methodology: the questionnaire 

In order to collect data on the impact that the FA workshops activities had on the students, we 
designed and submitted a questionnaire concerning the students’ feelings about their participation to 
the activity and on their perceived consequences on their learning process. The questionnaire has 
been submitted through the online platform in an anonymous way. Its structure is shown in Figure 
2.  
 

 
 

Figure 2. The structure of the students’ questionnaire. 
 
We can identify two part of the questionnaire. The first part includes quantitative data such as the 
students’ participation to face-to-face lessons, the use of the online platforms and some general 
information about their participation to the FA workshops. The second part gives us some 
qualitative information about the students’ feelings and self-perception on their role as assessors, the 
impact of FA workshops on content learning and on their learning approach (i.e. how the 
participation to the workshops affects the student learning approach for being successful in exams). 
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As a second step in data analysis, we will carry out semi-structured interviews on chosen students, 
in order to further deepen specific issues. 
The following section gives information about the data analysis and presents the first obtained 
results from the questionnaire. 

5. Data analysis and results 

Students’ participation to the online FA workshops has been very high: as a mean, 172 students 
over 200 participated to them. To this regard, even if participation to FA workshops was on 
volunteer base, we have to say that it provided an extra-point (over 30) in the final examination 
score, so a certain component of extrinsic motivation has to be taken into account.  

Among participants, 83 students answered the questionnaire. 62,5% of respondents took part to 
the entire set of five FA workshop, and only 2,5% participated to only one FA workshop, which 
means that students that answered the questionnaire took seriously into account their participation 
to the online FA process. In the following, we report on the main results from their answers to the 
questionnaire. 

5.1. Frequency at lessons  

The questionnaire was mostly answered by students that took part also to face-to-face classes: 
only the 25% of the students (answering the questionnaire) attended less than half of the classes, 
and 10% actually never participated to classes.  

5.2. Use of online platform  

The 57,5% of the students did not use any online platform before their participation to FA 
workshops.  

5.3. Solving argumentation tasks   

About half of the respondents found the proposed argumentative tasks as ‘easy’ (49,4%), and half 
of them as ‘difficult’ (49,4%; other answers were “very easy” and “very difficult” and received very 
little score). Students were also asked about the difficulties that they met. Many of them (19 
answers) refer in a generic way to “argumentation” (“I could not answer when argumentation was 
required”, “It was difficult to argue precisely all the arguments and passages”), and this aspect is 
also related by some students to a new way of doing and conceiving mathematics, due to their 
previous school experience of mathematics as a procedural and oriented to getting correct results 
(“For me specifically to enter into a "new way" of seeing and understanding mathematics as a 
process and not as a result”, “I was used to solve without explaining anything”). 

5.4. Assessing and Being assessed 

One question investigated about the influence of the three criteria (correctness, clearness and 
completeness) with respect to the students’ solving phase. About half students (52%) answers that 
knowing to be assessed with these criteria did influence their solving phase. Of those that specify in 
which way, half mention that they paid attention in particular to the clearness criteria (22 answers 
out of 41), and one fourth refer to the completeness criteria (10 out of 41). 
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Almost two thirds of them found ‘difficult’ or ‘very difficult’ to absolve the role of assessors. 
Among the reported difficulties, we find 29 answers (36,7%) referring to uncertainty about 
assessing the correctness of their peer’s reasoning and 13 answers (16%) referring to difficulties 
understanding “the other’s reasoning”, in especially in those cases in which it was different from 
one own: 

Understanding all the steps and be able to see different points of view.  

Not having followed the execution procedure often made it difficult for me to find the logical 
thread of reasoning.  

Sometimes this aspect intertwines with the clearness criteria:  

Because what may be clear to me may not be clear to someone else. I had to get inside my 
companions' heads to understand what they had written. 

These difficulties were discussed during the lessons in presence, and finally led to a modification 
of the design, in which correct, clear and complete answers were uploaded by the teacher before the 
assessing phase of FA workshops:  

 
Figure 3.  Re-design of FA-workshops 

The modified design (Figure 3) was experimented in workshops 4 and 5. Students reported to the 
teacher that this additional resource resulted very helpful to them, especially to those that had not 
able to carry out the assigned problems.  

On the other hand, we investigated which criteria was perceived as easiest to apply in the peer-
assessment work, and why. The three criteria received the same percentage of answers. More than 
the percentage, it is interesting in our perspective to investigate the reasons underlying them. Some 
students answering that correctness was easiest to assess refer to a sort of objectivity associated to 
the mathematics tasks: 

Because usually the result is either correct or wrong, so it does not require interpretation. 

Exactness is not questionable. 

Because the clarity of the exposure of the contents is easily detectable. 

Answers reporting that completeness was easiest to check appear to refer to completeness as a sort 
of “check the answers list” rather than referring to the argumentation steps, as expected and 
required: 

Because you check if the questions were all made. 

Because it is sufficient to check if all the questions in the question have been answered 
completely. 
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    Some questions investigated the students’ affective dimension during the assessment phase. To 
the specific question How did you feel when you were assessing your peers’ work?, 20 out of 83 
students (24%) reported on negative emotions, such as struggling/difficulties/not up to the 
task/fear to be wrong. Here we can identify to main reasons. The first refers, again, to the 
correctness criteria, and also to self-perception in mathematics: 

Fear of not evaluating it correctly. 
I was afraid to correct the things that were right, but for me they were wrong. 

Worried about not being able to assess correctly, unprepared. 
Sometimes I felt uncomfortable when I wasn't sure of my arguments. 

The second refers to lack of experience in peer-assessment or to a feeling of embarrassment with 
respect to their assessed peer: 

In awe if my mate’s work was done wrong in my opinion. 
I found it difficult to make constructive criticisms. 

I felt a little guilty when I was perhaps criticizing and maybe I didn't give a very good grade even 
though I never really lowered the rating much. 

A specific fear emerges: the fear that a feedback to a product or process could be interpreted as a 
feedback to a person. 

Positive emotions refer to responsibility (19 answers, 23%), related to feeling helpful to other 
students (specifically mentioned by 4 answers): 

I felt the duty to give the right argument and explanation to any mistakes in order to make myself 
understood as much as possible. 

I felt a great responsibility: it was important that I help him understand the nature of his mistakes 
without risking humiliating him with my words or with a numerical evaluation. 

Enthusiastic and hopeful that my corrections would help my peer to better understand the 
subject. 

Positive emotions are also associated to perceiving themselves as teachers, and in feeling in a 
“teacher’s shoes”: 

I understood what a teacher feels about correcting homework, on the one hand I felt the 
responsibility to evaluate it well, on the other hand I felt some frustration 

I understood how a teacher feels about marking assignments, on the one hand I felt responsible 
for evaluating it well, on the other hand I felt a certain frustration 

5.5. Feedback 

The models of good answers, as well as the mistaken & commented answers provided by the 
teacher at the end of the peer assessment cycle (or in the middle, as in the re-design) have been 
deeply appreciated by students, since they were recognized as useful to understand their own errors 
and solve doubts, but also to become acquainted with the teacher’s expectations and criteria for 
success (FA strategy A).  

The role of the assessment received by peers results more controversial: 8,8% of students declare 
that they were not useful, and 13,8% declared that they were useful. The vast majority (77,4%) 
declared that they were partly useful. Among the positive aspects, students mention that their peers’ 
feedback helped them to understand their mistakes, to reflect further on the exercise, to improve: 
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In some cases, the comments have been clarifying some of the passages that I had actually not 
dealt with in the best possible way. In other cases, I have noticed a certain urgency in expressing 
the evaluation with generic "Task well done" while knowing from other corrections that instead it 
presented obvious errors. 

Because they were argued and therefore helped me to understand my mistakes. 

To understand where there were errors and unclear arguments. 

Students appear to be very critical. Overall, only 21 students mention positive aspects (26,5%), 
while 57 students (72,1%) report about negative aspects, and in particular: assessment accompanied 
by no or minimal explanation (17 cases out of 57), and the assessors considered as mistakes 
something that was correct (11 cases out of 57): 

Some gave an explanation of what pointed me out as wrong, others just dwelt on-though it was 
wrong, without explanations. 

Some evaluations did not allow to understand the mistakes made. 

Also, students mention cases of not clear feedback (5 cases), and assessment given on their peer 
as a person rather than on their elaborate (3 cases). As a consequence, positive emotions are 
reported with respect to the cases in which the assessment was accompanied by indication on how 
to improve, which is indeed the fundamental feature of formative assessment. Two reasons are 
indicated for negative feelings: the first is the most obvious, and relates to the case in which the 
assessor did mistake in assessing. The second is more interesting, because it regards the nature of 
the feedback, and refers to the cases in which feedback was not motivated. 

5.6. Effects on own learning and perceived effectiveness 

One question investigated if the participation in the workshops affected learning: the vast majority 
of students (91,5%, 76 answers) answer “yes”, and only 7 students answer “no”. The motivations 
relate to know what was required in the exam and to learn to produce argumentations (19 out of 83, 
22,9%), to helping in studying regularly and to review topics (16 out of 83, 19,3%), and less to 
reflecting on mistakes (7 out of 83, 8,4%, “I've often understood my own mistakes”). Four students 
indicated that participation to FA workshops contributed in changing vision on what it means doing 
mathematics: even if this was mentioned only by 4 students out of 83, we consider it as a very 
positive result, considering the small amount of time in which the overall activity spanned (one 
semester).   

In particular, about half of the respondents (55,4%) answered that the role of assessor has been 
useful in preparing for the exam. In these answers, the importance of self-assessment emerges, even 
if this question has not been directly investigated in the study.  

5. Conclusions 

Students are still facing exams in different sessions and we do not have yet a complete picture about 
the actual impact of FA online workshops on their exam performance: with this respect, data 
analysis is still on-going. However, starting from the students’ answers to the questionnaire, we can 
trace the first considerations and implications from the study.  
Almost all students found added values in participating to FA online workshops, so that they would 
propose that these activities should be combined with the course, if they were teachers. Among the 
reasons they give, we can identify three categories: 
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a) Elements concerning student’s relationship with the course and the exam: the students 
individuated in FA online workshops a help for keeping up with the face-to-face classes, for 
maintaining the focus high all along the course, for forcing personal rethinking at home and 
finally for figuring out what the exam will look like. This appear to concern also those 
students who could attend lessons (e.g. student workers), even if we could gather only few 
data on this category of students, since few of them answered the questionnaire; 

b) Elements concerning self-assessment and recovering: FA online workshops were deemed 
useful by the students to figure out whether or not they understood the topics at stake and, 
consequently, their level of knowledge; in particular, the peer assessment helped them to 
understand your own mistakes as well and to clarify doubts and questions; 

c) Elements concerning their prospective role of teachers: participating in FA online workshops 
was felt by the students as a way to approach the evaluation as a teacher, on one hand 
learning an articulated method of correction by using the three proposed criteria, and on the 
other hand also experiencing the responsibility of the role of the teacher, in resonance with 
Coppola et al. (2013) results.  

Absolving the assessor role constituted a challenge for many students. In particular, students who 
did not feel self-confident with mathematics and were not sure of their own answers to the 
argumentation tasks, reported difficulties in assessing according to the correctness criteria. In order 
to meet this need, we re-designed the FA workshop structure so to include a model of correct, 
complete, and clear answers by the teacher, before the peer assessment phase (Figure 3). This 
modification became a precious tool for the teacher to share the learning goals and criteria for 
success (FA strategy A according to Wiliam and Thompson, 2007). More generally, the peer 
assessment process appears to need a dedicated reflection within the mathematics education course, 
in order to help students developing an attention to processes and to become able to give useful 
feedback on the performance of the task, rather than merely on the task, and to avoid any risk of 
giving feedbacks to the individual as a person (Hattie & Timperley, 2007). As a matter of fact, 
getting involved first-hand in assessment processes, but within an anonymous environment, 
constituted be a good occasion for students to start this reflection, but was not sufficient for it. In 
view of re-designing FA workshops, a complementary activity to face this issue will be organizing a 
classroom discussion on the positive emotions that are reported in the questionnaire with respect to 
the cases in which the assessment was accompanied by indication on how to improve, which is 
indeed the fundamental feature of formative assessment.  
 Another aspect that will receive further improvements and investigation concerns 
developing students’ competences about the completeness criteria for assessing argumentation 
tasks. Answers reporting that completeness was easiest to check appear to refer to completeness as a 
sort of “check the answers list” rather than referring to the argumentation steps, as expected and 
required. This is a precious indication to the teacher about an aspect that needs further discussion 
with the students, concerning the expected learning goals and criteria for success (again, FA strategy 
A). 

Finally, motivational aspects (e.g. relation between participation to workshops and exam 
evaluation) and the impact of FA workshops on students who do not attend lessons will be also the 
subject for further considerations.  
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Abstract. Teacher education, in recent years, has been a subject of increasing concern and in 
need of research. With this in mind, the teacher education program was undertaken.  It 
promoted the study and creation of stories for teaching Mathematics. Thus, the objective of 
this paper is to identify how creating Children’s Literature stories (using animated e-books, 
as well as, printed books) for the development of Mathematical concepts, influences 
professional practices and/or the knowledge of a group composed of teachers from Early 
Childhood Studies and the initial phrase of Primary School. In order to accomplish this, the 
methodology ‘Design Experiments’ was used along with the Mathematics Teacher's 
Specialized Knowledge – MTSK, as theoretical reference for analysis. In general, it was 
discovered that creating children's stories can be a new proposition for the formation and 
development of teacher education. 

Keywords: Children’s Literature; Teacher Education; Mathematics Teaching. 

Résumé:La formation des enseignants au cours des dernières années a été un thème avec 
l'intérêt croissant et la nécessité d'investigation. Dans ce but, nous avons dirigé la formation 
et les enseignants qui ont promu la création d'histoires d'enfants pour l'enseignement des 
mathématiques. Notre objectif était donc d'identifier comment la création d'histoires de 
littérature pour enfants (livre électronique animé et livres conventionnels) pour le 
développement de concepts mathématiques influencent les pratiques et/ou les connaissances 
professionnelles d'un groupe d'enseignants L'éducation et les premières années de l'école 
élémentaire. Pour sa réalisation, nous avons utilisé la méthodologie de l'expérience de 
conception et comme cadre théorique pour l'analyse des connaissances spécialisées de 
l'enseignant de mathématiques – Mtsk. En général, nous avons identifié que la création 
d'histoires d'enfants peut être une nouvelle proposition de réflexion sur la formation des 
enseignants. 

Mots: littérature-enfants; Formation des enseignants et enseignement des mathématiques. 

1. Introduction 

Teacher education has been a concern in the last few years, according to Gatti (2010) there are 
significant barriers that institutions face due to the difficulty of school learning; the scarce initial 
quality, current educational programs and the ineffective career plans offered to Brazilian teachers. 
The author provides us with the basis of this research by declaring the need to think about teacher 
education and how we might improve this educational scenario.  
The objective of this paper is to identify how creating Children’s Literature (animated e-books, as 
well as conventional books) for the development of Mathematical concepts influences professional 
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practices and/or knowledge of a group composed of teachers from Early Childhood Studies and the 
initial years of Primary School. 
The main purpose of this research is to coordinate training programs for Early Childhood Education 
and Primary School teachers which encourage the use of existing Children’s Literature for the 
teaching of Mathematics. In addition, formative actions are to be provided to create stories for this 
purpose, in which teachers’ knowledge will be observed during the creative process. 

2. The project 

The project “Creating Children’s Literature Stories for Teaching Mathematics” initiated its activities 
in 2017 and they are currently ongoing. It has been gifted a favorable evaluation on behalf of the 
Ethics Committee, number CAEE 90142518.0.0000.5160, and its activities are financed by the 
Serrapilheira Institute. 
The proposal was developed in conjunction with studies from some theorists in the area: Galperin 
(2013), Zacarias and Moro (2015) and Alencar e Silva (2017), all of whom have been developing 
research that considers Children's Literature as a resource for teaching Mathematics and other 
subjects. Alencar e Silva (2017) warn us of the need for accessibility to those with special needs. 
Thus, we consider that the development of this project will propose that creating children's stories 
allows access, in an interdisciplinary manner, to Mathematical knowledge, as well as, promoting 
access to that knowledge.  
The methodology used was ‘Design Experiments’ by Cobb; Confrey; Di Sessa;  Lehrer and 
Schauble (2003) which aim to analyze more practical activities for creating more theoretical studies. 
This methodology analyzes a group of teachers.  
Thus this methodology consists of a peculiar approach to explore mathematical concepts. , which 
allows the elaboration of a small theory for the teaching and learning process. Thus the creation of 
history in formative moments can be considered as one of the potential resources for this 
development of learning, in which when creating stories for animated eBooks and printed books, 
with mathematical concepts can influence and help the practices and / or professional knowledge of 
a group of early childhood teachers and early elementary school teachers. 
We emphasize that the elements that compose this methodology are based on Cobb et.all (2003) 
they consider as the ecology of learning, the activities performed and the formative process. 
Therefore the activities that are in the study are the different representations, having different 
records that promoted the interpretation and analysis of the results, the statements prepared by the 
subjects, the planning and organization of the subjects in the development of the tasks, the resources 
to be used and the means of intervention and mediation between the researcher and the research 
subjects. 
We further note that Design Experiments has “interactive systems in a collection of activities or a 
list of separate factors that influence learning” (COBB et. Al., 2003, p.11). Thus all the stages of the 
formative process were recorded, recorded and analyzed, in order to identify the knowledge and 
difficulties explicit in each stage of the process. We made it clear that in case of need we would 
modify the tasks and create a new elaboration of the strategies, with preliminary analysis, which 
will later be applied to the same group of teachers. In our case our hypotheses were not refuted and 
with the development of the formation we began to identify the teachers' knowledge and the 
beginning of the elaboration of a formative planning that we call small theory for the development 
of future formations. 
Through practical activities, it was observed how knowledge can contribute to teacher education. 
From this research, the six stages developed were: 1) Distribution of a questionnaire for the 
teachers; 2) Education with activities focused on Children´s Literature to teach Mathematics 
through the use of existing books and different curricula; 3) Creation of children’s stories by groups 
of teachers from each teaching field; 4) Adjustment of collective creations; 5) Analysis of 
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illustrations, 6) Project layout of the children's books. 
The theoretical framework that will be used for the analysis is Mathematics Teacher's Specialized 
Knowledge - MTSK, referenced by Carrillo-Yañez, Climent, Miguel Montes, Contreras, Flores-
Medrano, Escudero-Ávila, Vasco, Rojas, Flores, Aguilar-González, Ribeiro and Muñoz -Catalan 
(2018).   
 
This study presents, as Figure 1 the knowledge of the mathematics teacher in two domains and 
subdomains, also presenting the beliefs and affective aspects.  

 
 
Figure 1 Mathematics Teacher Specialized Knowledge Model, MTSK 

Source: Carrillo-Yañez, et. al (2018) 
 
We identified in the figure its organization in two major domains: content knowledge - MK - and 
pedagogical content knowledge - PCK. 
  Mathematical Knowledge (MK) refers to the teacher's knowledge about the characteristics and 
elements of Mathematics. This domain consists of the subdomains: Knowledge of Topics (KOT), 
Knowledge of Mathematical Structure (KSM), and Knowledge of Mathematical Practice (KPM). 
The didactic knowledge of the content (PCK) are the resources used for the teaching of 
mathematics, this is composed by the subdomain: knowledge of the characteristics of learning 
mathematics (KFLM), knowledge of the teaching of mathematics (KMT) and the knowledge of 
standards. Learning Mathematics (KMLS). 
It should also be noted that all subdomains have interrelationships for the promotion of mathematics 
learning teaching. 

3. Formative actions of the project  

In this section we present excerpts of the development of the formations following the steps 
described in the methodology. It is noteworthy that in this proposal we do not delve into the 
presentation of deeper analysis, we will briefly show some conclusions found, with the purpose of 
global knowledge of the project, given the limited extent we have to describe it. 

• Step 1: Questionnaire Application 
In our research we applied an open-ended questionnaire consisting of 5 questions to identify 
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teachers' conceptions of the use of children's literature for teaching mathematics and the teaching of 
mathematical notions to early childhood students and the early years of elementary school. the 
objective of identifying the profile of the investigated subjects. 

The questions were: 
1- Have you ever observed, experienced or used a history of children's literature for teaching 

mathematics? If yes report your experience 
2- What factors do you consider pertinent and / or not, in the use of stories of Incredible 

Literature for the teaching of Mathematics? 
3- What mathematical content of early childhood education do you consider important to be 

covered in early childhood stories? Explain Your Considerations 
4- What mathematical content from the early years of elementary school did you consider 

important to be covered in children's literature stories? Explain Your Considerations 
5- Have you created or adapted any children's stories for teaching math or other subjects? 
In general, the answers of the teachers in question 1 showed that the vast majority (90%) of 

the teachers have had some experience as students or have developed some activities using 
children's literature. Some reported on the importance of child-friendly literature for their training 
and others reported on adaptation and stories for the teaching of Mathematics. This fact leads us to 
the studies of Zacarias and Moro (2005) and Alencar e Silva (2017), which point to the existence of 
few specific books on children's literature in the area. 

In question 2, in its entirety (100%) of the teachers consider children's literature can make 
teaching more playful and allows the relationship with everyday situations. Such evidence is in 
agreement with the studies by Gasparin (2013). 

Question 3 and 4 served to allow us to identify the contents in which we would create the 
stories of Children's Literature, being for Early Education Geometry (flat figures) and Localization 
and for Elementary Education the Decimal Numbering System. 

Question 5 shows the use that this teacher makes with Children's Literature, in which we 
observed that 60% use this methodology as a teaching resource and 40% have difficulties in 
establishing the relationships that the children's book can provide. This data highlights the need for 
continuing training on this theme. 

• 2nd stage: Study on Children's Literature and Mathematics and presentation of a didactic 
sequence to teachers 

With the data obtained in the questionnaire we planned some didactic sequences, curriculum 
studies, book reviews of children's literature for the group of teachers. 

Our goal at this stage was to develop in the group of teachers the opportunity to analyze, 
experiment, evaluate and reflect on the use of children's literature for teaching mathematics, as well 
as reflection on some didactic sequences. We aim to conduct a discussion on possible intervention 
strategies to assist students' difficulties. It is also important to investigate possible activities that 
obtain a satisfactory learning outcome. 

Some of the didactic sequences made used as children's stories: History of Dona Hipotenusa; 
Once upon a time there was a ball armadillo, the wolf turning geometric shapes, gambling with the 
monster and the duck lollipop. For each story, a sequence of activities that allowed teachers to 
reflect on the use of Children's Literature for the teaching of Mathematics was approached. 

In this process of knowledge it was also important to study the Brazilian and foreign 
curricular documents (Spain, Italy, Sweden, Norway, Portuguese, Mexico), since books produced 
by having different translations allow them to be used in different countries. Therefore it was 
necessary to understand what is the teaching of geometry (flat figures), location and the decimal 
numbering system in other countries. We emphasize that the selection of curricula was carried out 
by the partnership in other projects already consolidated with researchers from the respective 
countries. 

 
• Step 3: Creation of children's stories collectively for the development of mathematical 
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concepts. 
With the development of initial training, we propose to teachers moments to create stories 

collectively for teaching mathematics. We hope to provide teachers with the foundation and 
reflections for the research subjects to elaborate new stories. This stage aimed to analyze the 
process of story creation by teachers and verify which strategies they use for its development. 

We can see in Figure 2 the teachers in groups gathered to elaborate the fantastic stories. 
 

 
 

Figure 2- Story-making activities 
Source: Own authorship 

 
The stories created for Early Childhood Education was “The Adventures of Guto”, which 

works on the location references and the characteristics of the flat figures. For the Elementary 
School was created the story “The magic tree of numbers”, which work the Decimal Numbering 
System. 

• 4th stage: Discussion and analysis of collective creations for rewriting and adaptation. 
With the completion of the previous stage and storage of the teachers' writings, we expose 

them to the group's interpretation and collective analysis, as a means of promoting a discussion in 
order to understand the most efficient and appropriate approaches. At this stage it will be possible to 
rewrite and adjust the productions. The university's teaching professors were present at all times to 
help with the discussions and the realization of the mediation. 

• Step 5: Creation of Illustrations and Their Analysis 
With the final writing of children's stories for teaching mathematics, they were taken to the 

professional who performs the illustrations. After the first layouts, they have passed the collective 
approval of the group of teachers who will approve the illustrations or make corrections. This 
process was performed until the final elaboration of the book was obtained.. 
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Figure 3- Analysis of the illustrations 
Source: Own authorship 

 
• Step 6: Animated eBook and conventional book layout. 
With the final elaboration of the illustrations, the conventional book was diagrammed and 

began the process of elaborating the animated e-book. We can see in the following figure 4  the 
cover of the book The Adventures of Guto for Early Childhood Education. 

 

 
 

Figure 4- E-book 
Source: Cunha et. al (2019) 
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In addition to the Elementary School was created the book The magic tree of numbers, 
presented in figure 5. 

 

 
 

Figure 5- E-book 
Source: Cunha et. al (2019) 

 
With the completion of the two children's books, they were disseminated and of their 

formative development in different media, national and international events, periodicals and others. 
It should be noted that the animated ebook is available at www.literaturamatematica.com.br 

and was designed and edited by Twee publisher. 
Printed children's books will be donated to vulnerable institutions. For this, we analyzed the 

latest reports from the National Institute of Educational Studies and Research Anísio Teixeira - 
INEP, where we analyzed the list of early school performance and the age / grade distortion rate. 
Data from 163,000 brazilian schools were analyzed, in which we chose 4 public schools with high 
distortion index and very low schooling performance. With the other institutions found we will in 
the future do a work of dissemination of children's books and distance education with teachers. 

It should be noted that this stage of the project is still ongoing and therefore some of these 
moments have not yet been finalized. 

4. Some considerations 

The development of this project fostered reflection on how the creation of children's Literature 
stories for math education through teacher training can benefit the expertise of the teacher teaching 
mathematics in early childhood education and in the early years of elementary school. . 
Moreover, the stories developed can help in the teaching of more meaningful mathematics, 
contributing to the right of learning for all in a way accessible to the deaf, blind and visually 
impaired. These stories also make it possible to know them in different languages and to promote 
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their dissemination in another country. 
Given the above, we consider a project that has social potential and in its first year of development 
already raised the proposed objectives to expand the possibilities of teaching and learning. 
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Abstract. In this presentation, three classroom practices about early algebra are discussed. 
The first, the game of hiding, promotes a dialogue in the form of the inner conversation 
through which the movement towards and away from the concrete, develops. The second 
practice rests on the wider base of thinking quantity proposed by Davydov; it is 
characterized by using symbols, high contextualization and development of forms of 
reasoning that concern relations and operations. The third practice concerns the 
reconceptualization of “Whole”, “Unit” and “Quantity”.  

Résumé. Dans cette présentation, trois pratiques de classe sur le pré-algébrisme sont 
abordées. La première, le jeu de la dissimulation, favorise le dialogue sous la forme d'une 
conversation intérieure par laquelle se développe les allers-retours vers le concret. La 
deuxième pratique repose sur le concept plus large de "quantité de pensée" proposée par 
Davydov ; elle se caractérise par l'utilisation de symboles, une contextualisation élevée et le 
développement de formes de raisonnement qui concernent les relations et les opérations. La 
troisième pratique concerne la reconceptualisation du "Tout", de l'"Unité" et de la 
"Quantité". 

Introduction 

Since 2000 we are proposing some early algebra practices in our primary school classes. The 
activities carried out were presented in some conferences (Cieaem 55 in Plock (2003), Cieaem 57 in 
Piazza Armerina (2005) and EME-08 in Braga (2008)). Now, at the beginning of a new cycle of 
primary school for some teachers who had participated in the project, we develop further 
considerations about the proposed practical activities, keeping in mind many reflections present in 
scientific literature. 
Premises. We remind that, speaking of early algebra - algebra for primary school -, we refer to the 
Italian school: in Italy, primary school ends with the fifth grade (10-11 years), while in other 
countries primary school also includes the sixth grade; just the year in which the actual transition to 
algebra takes place. 
We take advantage of three quotes to mention three important concerns we do not develop in this 
presentation. (a) Algebraic thinking. NCTM (2001) mentions the following goal: “To develop 
algebraic ideas in the earlier grades”. Using the term “algebraic ideas”, the term “algebraic 
thinking” is wisely avoided, together the wide accompanying debate . (b) Transformations. 
"Algebra is first characterized by its method that involves the use of letters and literal expressions in 
which transformations are performed according to well-defined rules" (Alexandrov et al., 1974). 
The term “transformation” is little used in the literature concerning early algebra. But we have been 
prompted to design our primary school practices, just by the difficulties with transformations of our 
students (in later grades). Perhaps giving more importance to simple transformations since primary 
school, can offset the excess of importance that is often given to finding solutions. (c) Algebra 
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early. “Early algebra is not algebra early” (Carraher et al., 2008). The opposition highlighted in this 
quote, rises directly the question of familiarization as an educational goal: “familiarization” as 
opposed to “algebra early” that is sometimes proposed in primary school. 
Rethinking. This presentation is structured on three practices: The game of hiding, Quantity, 
“Forms”. In all these three practices, rethinking will be the core of the reflection: rethinking 
abstraction in the game of hiding, rethinking generalization in the practices concerning quantity, 
rethinking measure in the practices concerning forms. 

The first activity. The game of hiding. Rethinking abstraction 

The game is performed with the children of the first class. It was adapted from a Whetley’s activity. 
It is described in the Proceedings of Cieaem 54 by the table presented in Appendix 1. 
Early algebra. The practice of this game concerns early algebra because it promotes a circular 
movement towards and away from the concrete. Let's try to clarify it.  
In our classes we enact practices concerning the construction of number sense, following the 
indications of the American school. Particularly stimulating is the idea exposed in Howden (1989) 
to search for numbers in the real world.1  
Alongside the discovering numbers in the real world, we looked for activities to guide children in 
"detachment from the body” (Malara, 1994), practicing a circular movement between the search for 
the number in the real and the detachment from the real. The game of hiding is one of these 
activities.  
Early algebra is kept in this movement towards and away from the concrete. It has some features: 
Inner conversation - Rethinking abstraction - Dialogical interaction 
Inner conversation. This movement towards and away from the concrete lives on an inner 
conversation:  

The hiding helps the child to break away from the concrete, 
replacing it with a "story": “3 marbles are under the cardboard”;  
the child dwells on the "story"  
and develops an “inner conversation2”  
to find the "link"3 that gives meaning to the experience. “How many are all the marbles?” 

Rethinking abstraction. The practice of activities of the same type as the game of hiding, supports 
the rethinking of abstraction,4 a process critical to approaching algebra. The inner conversation that 
supports the movement towards and away from the concrete, brings up5 children so that they start 

                                                
1 The teacher interviewed by Howden beautifully describes what this search consists of: “We spend a great 

deal of time talking about numbers and working with concrete materials. … But they (children) have 
fingers, the school grounds are strewn with lots of pebbles and leaves, and pinto bean are cheap. So we 
count, sort, compare, and talk about such objects. We’ve measured and weighed almost everything in this 
room and almost everything the children can drag in.” 

2 The term “inner conversation” is linked to the Vygotsky’s term “inner speech”. Vygotsky argues that 
"children speech" instead of disappearing with age, as Piaget says when speaking of "egocentric speech", 
becomes “inner speech”, “thereby shaping mental functioning in a uniquely human way” [Wertsch, 
1988]. The transformation into "inner conversation" refers to the etymological meaning of "conversation" 
(from the Latin "cum versari": “to get acquainted with”/ “becoming familiar” with oneself), to highlight 
how activities such as the game of hiding are "interactive and discursive activities" with himself; 
therefore first steps in the development of consciousness (“cum scio”) [Fellus & Biton,  2017]. 

3 The effectiveness of the “inner conversation” is based on its link with the concrete problem. 
4 “Abstraction: process by which the mind is able to form universal representations of the properties of 

distinct objects” [Merriam-Webster Dictionary]. 
5 The term “upbringing” expresses better than the term “education” the didactic process aimed at bringing 

children to a higher level from which to begin the journey towards abstraction. 
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from a higher level to “form universal representations”. In this sense rethinking abstraction is a core 
element of early algebra. 
Dialogical interaction. We conclude the first part with a consideration on the role of the teacher. 
Here we have a very simple example of “dialogical interaction”6 in which two dialogues attune.  

In the dialogue between teacher and child, the word is momentarily suspended.  
The silence allows the inner conversation to develop.  
The role of the teacher is to manage the attuning of these two dialogues. 

We conclude our considerations on the game of hiding maintaining that, in this activity, early 
algebra intertwines with the topics of early mathematics. 

Second experience: Quantity – Rethinking generalization 

The second experience concerns the use of symbols and the upbringing to transformations. It 
involves the rethinking of generalization, starting from a broader basis in thinking quantity. 
The symbolic aspect. The problem area. The second activity concerns the symbolic aspect more 
directly. The problematic of the symbolic aspect has already been raised in the ICMI held in 
Melbourne in 2001: “Would it be advantageous to introduce the symbolic aspect already in primary 
school?” In our opinion the answer is positive, but on one condition: the introduction of the 
symbolic aspect already in primary school is useful on condition that it is highly contextualized.7 
Upbringing to transformations. The use of letters and literal expressions necessarily brings with 
itself the question of upbringing to transformations, which goes through the training of children to 
focus their attention on relationships themselves.  
The introduction of symbolic aspect and the upbringing to transformations “prepare children in the 
early grades for more-sophisticated work of algebra in the middle and high school” (NCTM, 2000).  
Davydov’s proposal. Activities for primary school that at the same time use symbols, are highly 
contextualized and bring up to transformations, are proposed by Davydov (1982) to introduce the 
concept of quantity. Our second experience concerns classroom activities about quantity, that are 
derived from the Davydov’s project. In the appendix 2 we propose some examples of these 
activities.  
Although Davydov was a source of inspiration, we disagree with some of his didactic proposal. We 
try to clarify which aspects of Davydov's proposal were motivating for us and in what we do not 
agree. 
Students' difficulties with algebra. Davydov starts from specific students' difficulties: “The usual 
procedure of presenting algebra as a generalization of arithmetic is at the origin of the students' 
difficulties with algebra. […] When a child is performing an arithmetic procedure, his attention is 
mainly focused on numbers and algorithmic rules and laws.” (Davydov, 1982) According to 
Davydov, the students' difficulties derive from their focus on solving, leaving the transformation 
aside. These difficulties led Davydov in the construction of his didactic proposal. 
Symbolism. Symbolism is for Davydov a tool to overcome these students’ difficulties, as it allows 
students to focus on the relationship itself: “The use of symbolism helps children to move away 
from the consideration of specific objects, and to focus on the relationship itself.” (Morris, 2000) 
Davydov's Bourbakism. An extensive debate has developed around Davydov's proposal to 
introduce the postulates and theorems related to the concept of quantity before the introduction of 
the concept of number. “Postulates and theorems related to the concept of quantity form the basis of 
the first part of the first-degree curriculum and are introduced before the introduction of the concept 
                                                
6 We have taken the term “dialogical interaction” from David Guillemette. This term effectively synthetizes 

the different ways Backhtin meditated on dialogue. 
7 “The aim […] is to contribute to current efforts to provide alternatives to the traditional emphasis on a rote 

and decontextualized approach to algebra” (Friedlander & Arcavi, 2017). 
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of number.” (Morris, 2000).  
We have not followed this indication. The Davydov’s directions that seemed more interesting to us, 
concern the “working with real things” and the concept of quantity. 
“While working with real things …”. Davydov's first indication is that children should work with 
real things.8  Working with real things is the first step in providing “alternatives to the traditional 
emphasis on a rote and decontextualized approach to algebra”, favoring its contextualization. 
Working with real things was the basis also in the construction of our activities. 
Wider base of thinking quantity. The concept of quantity deserves special attention. Quantity is a 
central concept in mathematics and teaching mathematics. In teaching, it is mostly developed in 
close connection with the construction of the concept of number: the sense of quantity is the sense 
of how much; it is a feel for amounts and magnitudes. Davydov goes beyond a naive definition of 
quantity and adopts a definition that makes clear the “objective content” of this concept: “When we 
determine comparison criteria, we change a set into a quantity”. Davydov plans a succession of 
activities for the primary school, aimed at bringing to the fore this objective content. He 
summarizes his project very clearly: “While working with real things […], the children were taught 
to compare these things […]. The relationships were recorded by signs. Then they passed to writing 
the results of a comparison by a letter formula …”. (Davydov, 1990) 
Comparison. In what has been said so far, the role of comparison in our proposal is evident. On the 
one hand comparison plays an important role in the construction of the number concept;9 on the 
other side, thanks to the activities indicated by Davydov, the comparison becomes the tool to build 
the concept of quantity. So, in our proposal, comparison constitutes the core around which 
arithmetic and early algebra develop simultaneously. “Now algebra is no longer initially learned as 
a generalization of arithmetic, but rather as a generalization of the relationships between quantities 
and the properties of actions on quantities” (Morris, 2000).  
Rethinking generalization. Generalization is a central topic in Davydov's reflection (Davydov, 
1990). The kind of generalization that takes place in these Davydov activities, is based on the 
broadening the way of thinking about quantity: a broader way of thinking that is built up through 
actions on quantities. These activities keep important indication about rethinking generalization: the 
process of generalization goes beyond the trivial inductive generalization and turns towards a 
broader way of thinking about a concept. This broadening led Davydov to a leap, to “a new form of 
reflection, … qualitatively different from the preceding stage in knowing.” (Davydov, 1990). 
Early algebra. Now we summarize the features of the early algebra present in this second practice. 
In this practice, early algebra is a way of thinking that develops alongside the arithmetic way of 
thinking and benefits from the wider base of thinking quantity. It is characterized by a) use of 
symbols, b) high contextualization, c) development of forms of reasoning that concern relations and 
operations. 
Teacher Role. About the role of teacher, she/he needs to interact on a properly structured project. 
The dialogue between the teacher and the researcher is a new dialogue that fit in the dialogical 
interaction. 

Third experience – “Introduction to forms” – Rethinking measure  

Forms. “To put in formula” is an activity frequently associated with the inductive generalization, 
which is a theme that often recurs even in early algebra. But here we do not face it. Instead, we 
would like to show an example in which our practice has had to deal with formulas. That practice 
concerns the activity with fractions that we have also presented to ICMI 24 in Hamburg. In this 
                                                
8 “Davydov asserts the primacy of external object-oriented activity and the derivative nature of internal 

activity.” (Smitthau, 2008). 
9 “So we count, sort, compare, and talk about such objects” is said in the previous quote from Howden. 
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activity, the introduction of the mathematization of the comparison (in some third classes) and the 
consequent use of the common unit, lead to a reconceptualization of the names Whole, Unit and 
Quantity. The clearest way to define these concepts is to use the respective formulas: Whole = n/n; 
Unit = 1/n; Quantity = m/n. These formulas become a clear reference for the teacher. However, the 
question arises whether and how these formulas should be presented to the children. The solution 
we have chosen and proposed was not to present the formulas directly. Instead, we have developed 
classroom practices that lead children to owning and using the "forms" of these concepts without 
knowing the formulas explicitly. With "form", we indicate those mental structures that precede the 
concept and the formula, and that constitute the "memorative synthesis" of own history of active 
learning. The construction of forms enacts a type of early algebra. 

Final consideration  

Familiarization. Early algebra aims at familiarization. The use of the term “familiarization” in 
reference to early algebra would require a reflection on the principles and practices related to early 
algebra. We limit to saying that the objectives, more than "competences", are "intentions". A "trace" 
remains that guides children in "turning their minds towards", favoring a "coherent" development of 
“thinking algebra”. 
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Appendix 1 

The game of hiding is described in the Proceedings of Cieaem 54 by this table: 
 

Table 1. Game of hiding: Succession of the activities 

 
Activity 1  Teacher asks the child to count the marbles in the following situation. 

 
 
 
 
“3 marbles are under the cardboard. How many are all the marbles?” 
 

Activity 2 The teacher shows five marbles; the child counts them. Then the 
teacher hides some of them. 
 
 
 
“How many marbles are under the cardboard?” 
 

Activity 3 Two hidden quantities 
 
 
 
 
First Modality 
“Three candies are under the first cardboard, two are under the second 
one. How many candies are under the two cardboards?” 
 
Second Modality 
“All candies are five; two of them are under the first cardboard. How 
many candies are under the two cardboards?” 
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Appendix 2 – Activities on quantities 

During the primary school years, we offer dozens of different activities in the classroom. As 
example, here we present the activities proposed at the EME-08 conference in Braga. They concern 
the change: a) To register the change; b) To discuss and to describe the change; c) To recognize the 
change; d) To get the quantity that produces the change. 

To register the change 

This activity was proposed to children in second grade. Three identical glasses are used. 
 
 
 
 
 
The same amount of water is poured into two of them. Water levels are marked. Two labels A and B 
are attached.  
 
 
                                                            
                                                 A                     B 
 
Children write the relation A = B. 
 
The water from glass A is poured into the third glass. More water is added to this glass. The new 
quantity is called C. Children compare the quantities B and C  
 
 
 
 
 
                                  A                   B                     C 
 
Children register the comparison by symbols:                   C > B                      B < C         
Teacher guides children through discussion and turns their attention upon a property of inequalities. 

To discuss and to describe the change 

The registration above is used to develop the discussion and the description of change.         
Children describe the happened changes by pointing at quantities and obtained relations. 
Teacher guides the exposition of child by proper questions. 

To recognize the change 

This activity is proposed in the third grade. In this activity children proceed in reverse. They start 
from their own registration   
“At the beginning A = B; we execute the change; at the end, C < B. What’s happened?” 
Children discuss the change; they show by practical activity what’s happened.  
For example, they represent A and B by two strips of paper. 
 
“At the start A = B      
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A 
B                            

 
“A piece of paper is cut from the strip A. The quantity A is diminished and became C” 
                                                                              

C                                           
        B  
 
“The quantity C is minor of B”  C < B. 

To get the quantity that produces the change 

This activity was proposed in the fourth grade. 
Four glasses are used. The first three reproduce the foregoing activity. The fourth one is empty.  
 
 
 
 
                                                  

     A                  B                      C                 K 
 
B and C contain water; A is empty but signed; K is empty. 
“Determinate the quantity of water that was adjoined to obtain C”. 
 
 
 
A part of quantity C is poured in the first glass in order to newly obtain the quantity A. 
 
 
 
                     
 
              A                   B                    C                   K 
 
  
 
                                 
 
                                                  A                   B                   C                 K 
 
“Which quantity was adjoined to A in order to obtain C?” 
 
 
                                                             
 

    
   C                                        A                  K 

                                                                                   
A + K = C 

 
Now a quantity of water C is poured in the third glass.  
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                           A                  B                A+K=C             K 
 
Then, some relations are written. For example: 
 
                                                     A = B    →   A+K > B;  
                                                     C > B,  C = A+K         →              A+K > B. 
 
It’s important to discuss these relations; they are properties of equality and inequalities. 
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Abstract. Teacher preparation programs play a role in supporting future teachers to 
develop a range of competencies for teaching in an increasingly complex world. From 
a sociopolitical perspective, some competencies focus on mathematical identities. We 
developed a framework for mathematical identities and developing mathematics 
teacher identities that we used to analyze survey responses of prospective secondary 
mathematics teachers. The data analyses unveiled two domains within these identities: 
self-perception and perceptions of others’ conceptions. Findings focus on the impact 
of prospective teachers’ self-awareness of mathematics and mathematics teaching 
identities and their development of equity-oriented mathematics teaching practices. 
These findings inform our work in supporting future mathematics teachers develop 
equity-based practices that promote inclusive classroom spaces for students. 

Résumé. Les programmes de préparation des enseignants jouent un rôle en aidant les 
futurs enseignants à développer une série de compétences pour l'enseignement dans un 
monde de plus en plus complexe. D'un point de vue sociopolitique, certaines 
compétences sont axées sur les identités mathématiques. Nous avons élaboré un cadre 
pour les identités mathématiques et le développement des identités des enseignants de 
mathématiques que nous avons utilisé pour analyser les réponses à l'enquête auprès 
des futurs enseignants de mathématiques du secondaire. L'analyse des données a 
révélé deux domaines au sein de ces identités : la perception de soi et la perception des 
conceptions des autres. Les résultats portent sur l'impact de la connaissance que les 
futurs enseignants ont de leur propre identité d'enseignement des mathématiques et des 
mathématiques et sur le développement de pratiques d'enseignement des 
mathématiques axées sur l'équité. Ces conclusions éclairent notre travail de soutien 
aux futurs enseignants de mathématiques pour qu'ils développent des pratiques 
fondées sur l'équité qui favorisent des espaces de classe inclusifs pour les élèves. 

1. Introduction 
Chubbuck (2010) stated that “socially just teachers recognize the need to look beyond the 

school context and transform any structures that perpetuate injustice at the societal level as well” (p. 
198). This work can involve interrogating systems of power through a critical consciousness 
(Freire, 1974) by supporting students to question, challenge, and critique structural inequities. In 
mathematics education, foregrounding identity and power can shed light on inequities that have 
historically marginalized groups of people from mathematics spaces. Given increasingly complex 
global challenges, we cannot afford to exclude students in mathematics spaces; these issues require 
collective efforts across disciplinary contexts. Our work serves to support future mathematics 
teachers develop equity-oriented practices that embrace students’ multiple identities and strengths in 
the classroom. 
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2. Theoretical Perspectives 
Our work focuses on identities as narratives that include our knowledge, experiences, and 

perceptions (Van Zoest & Bohl, 2005). Identities involve how we might view ourselves but also 
how we might be viewed by others (Wenger, 1998). Adapting from these scholars, we created a 
framework with two dimensions: (a) perceptions of ourselves; and (b) our perceptions of others’ 
conceptions of us. Identities with these perceptions emerge through narratives—what we say about 
ourselves and other people. 

We view narratives as dynamic shared storylines of circulated discourses “taken up, reproduced, 
and resisted in multiple ways in daily life” (Nasir & Shah, 2011, p. 26). Dominant narratives in 
mathematics education shape who is seen as mathematically competent. Racialized narratives (e.g., 
Larnell, 2016) and gendered narratives (e.g., Leyva, 2017) might evoke unfair stereotypes that 
exclude groups of students from being viewed as successful with mathematics. 

We argue that ideologies of inclusion should be part of teacher education programs. Teacher 
education programs can support future mathematics teachers to recognize and draw on students’ 
mathematics identities with practices that are inclusive of non-traditionally recognized 
mathematical strengths (Aguirre, Mayfield-Ingram, & Martin, 2013). Such assets could be 
connected to personal or mathematical identities such as knowledge of multiple languages or non-
standard mathematical algorithms. 

3. Background on Project 
Prospective teachers in this study participated in monthly seminars that centered conversations 

about making visible and mitigating inequities in mathematics education, utilizing approaches such 
as funds of knowledge and anti-deficit teaching. An explicit focus on identity and power as a critical 
dimension of equity (Gutiérrez, 2012) became both an opportunity for introspection and for 
prospective teachers to see their future students as complex human beings (Gomez, Rodriguez, & 
Agosto, 2008). 

On the survey, we posed explicit prompts about how they perceived themselves and how others 
might perceive them: 

● Describe 4-5 dimensions of your identity. 
● How did the dimensions you identified affect how you were perceived as a K-12 student? 
● How do you think your professors in college perceived you? 
● How do the dimensions you identified play a role in your teaching practice? 

Our analytic framework helped us compartmentalize the data in the two dimensions 
aforementioned, identities related to prospective teachers’ (a) self-perceptions in mathematics and 
as mathematics teachers, and (b) perception of their teachers’ and professors’ conceptions of them. 

4. Findings 
The secondary mathematics prospective teachers generally had mixed (positive and negative) 

experiences with mathematics. One theme across many of the female prospective teachers’ stories 
involved gender as an important marker related to their identities. 

One prospective teacher, Mia, wrote about frequent comments from others that she did not 
“look” like she was majoring in mathematics, or more bluntly, “we do not see a lot of pretty girls 
doing math” because the stereotype is often that “nerdy” (i.e., more introspective, less attractive) 
people do mathematics. As a bisexual Hispanic prospective teacher, Mia perceived her identities as 
“not the major identities you see in people who are teaching.” She described frustration with not 
being taken seriously by many of her college professors, which she attributed to her “big 
personality.” In turn, Mia reported that her identities and experiences have inspired her to be more 
inclusive in her future classroom so that “students’ identities are celebrated and recognized.” 
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Rebecca, similarly, reflected on experiences in school where her perception of herself did not 
seem to match others’ conceptions. Rebecca thought her K-12 teachers viewed her as “less 
Mexican” than other students because she did not speak Spanish. Some of her college professors did 
not know she was Hispanic, and she felt it was “a little hurtful to know that they did not identify me 
the same way as I identified myself.” When asked about how dimensions of her identity play a role 
in her teaching practice, Rebecca emphasized the importance of not making assumptions about her 
future students and to make efforts to “ask about their culture and the parts that they think are 
important about them.” 

5. Conclusions 
By providing experiences for prospective teachers to disentangle and critically examine their 

identities, prospective teachers were able to develop orientations toward teaching mathematics that 
is more inclusive to diverse groups of students. Through unpacking these identities, prospective 
teachers developed complex competencies that promote inclusive mathematics classroom spaces for 
students to see themselves as valued. 
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Abstract. This paper reports on an ongoing action research project aimed at investigating the 
evolution of preservice primary teachers’ attitude towards mathematics and its teaching and 
at testing the effects of specifically planned interventions on this evolution. Data from 
students are collected in three significant moments of their “Teaching for the elementary 
level” bachelor studies (DFA-SUPSI, Switzerland) through an initial, an intermediate and a 
final questionnaire. These instruments are designed to investigate emotional disposition, 
perceived competence and vision about mathematics and its teaching, following the three-
dimensional model of attitude developed by Di Martino and Zan (2011). In this article, some 
preliminary analyses are presented. 

Résumé. Nous présentons un projet de recherche-action en cours visant à étudier l’évolution 
de l’attitude des futurs enseignants du primaire envers les mathématiques et leur 
enseignement et à tester les effets d’interventions spécifiquement conçues sur cette 
évolution. Les données sont recueillies à trois moments significatifs de la licence en « 
Enseignement pour le niveau primaire » (DFA-SUPSI, Suisse) à travers trois questionnaires : 
initial, intermédiaire et final. Ces instruments sont conçus pour investiguer la disposition 
émotionnelle, la compétence perçue et la vision des mathématiques et de leur enseignement, 
selon le modèle tridimensionnel de l’attitude développé par Di Martino et Zan (2011). Dans 
cet article, quelques analyses préliminaires sont présentées. 

1. Introduction 

This paper reports on an ongoing action research project aimed at investigating the effects of 
specifically planned didactic interventions, in the context of a teacher training, on the evolution of 
preservice primary teachers’ attitudes towards mathematics and its teaching. The research began in 
the academic year 2017/18, following the 72 students who were starting their bachelor’s degree in 
“Teaching for the elementary level” provided at the SUPSI’s Dipartimento formazione e 
apprendimento, in Locarno (Switzerland). The students enrolled at this teacher training generally 
come from very different school backgrounds and their mathematical knowledge is often limited. 
For many of them, school experience with mathematics has been extremely negative, with an 
impact on their attitude. 
This worrying phenomenon is well known to all mathematics teacher educators and spread in many 
countries, as documented by international research (Wood, 1987; Hannula et al., 2007; Di Martino 
& Sabena, 2011). Preservice primary teachers’ negative attitude towards mathematics risks having a 
double effect: it might affect how they approach the teacher training, as well as their identity as 
mathematics teachers and therefore their future choices in the classroom (Coppola et al., 2012; 
2013). Hence, it appears crucial that mathematics teacher education takes responsibility for this 
phenomenon, creating the conditions to reinforce or to rebuild a positive relationship with 
mathematics. In our project, we are designing and experimenting specific interventions, while 
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developing observation tools to analyze and interpret any changes in attitudes towards mathematics 
and its teaching during the training.  

2. Theoretical framework 

Since the mid-1980s, mathematics education research developed a specific interest in studying 
students’ beliefs about mathematics. This trend was born with the aim of interpreting, within 
problem solving activities, phenomena that are difficult to explain in purely cognitive terms 
(Schoenfeld, 1983). In particular, Schoenfeld (1992) highlights how students view and 
conceptualize differently mathematics and how this vision influences their behavior in problem 
solving. In the same period, drawing on the studies of Thompson (1992), an important research 
trend emerged with a focus on studying teachers’ beliefs about mathematics. The assumption behind 
these studies is that the vision of mathematics can influence teachers’ didactic choices (Calderhead, 
1996; Sbaragli, 2006; Hodgen & Askew, 2011) and teacher-student interactions (Buehl et al., 2002). 
For instance, teachers who tend to consider mathematics as a static body of knowledge to be learned 
could be more inclined to adopt approaches that emphasize technical training and memorization. 
The studies focused on students’ and teachers’ beliefs were the first step to go beyond the purely 
cognitive approach in mathematics education, assuming the influence of affective factors (emotions, 
values and attitudes in addition to beliefs) in the process of teaching-learning (McLeod, 1992). In 
this frame, attitude is considered as the more stable affective construct: in the model developed by 
Di Martino and Zan (2011), attitude towards mathematics is defined as a three-dimensional 
construct including emotional disposition, beliefs, perceived competence and their mutual 
relationships.  
Recent studies used this theoretical model to analyze the preservice primary teachers’ attitudes 
towards both mathematics and the idea of teaching it (Coppola et al., 2012). As the authors 
underline, this field is still little explored: so far, mathematics education research on teacher 
education has devoted much energy to determine the disciplinary and didactic knowledge that 
preservice teachers need, but little attention to the crucial aspect of their relationship with the 
discipline. 
In the Italian context, Coppola et al. (2012; 2013) confirm the worrying spread, among preservice 
primary teachers, of strong negative (unpleasant) emotions towards mathematics. Nonetheless, they 
highlight an interesting phenomenon: the desire for a “math-redemption”, accompanied by positive 
(pleasant) emotions related to the possibility of redeeming oneself from past experiences by 
becoming a good teacher. This desire needs for an important teacher education support in order to 
be fulfilled. 
Drawing on these studies, we developed our project in three phases: 1) collection of incoming data 
and analysis of the initial situation; 2) design and implementation of didactic interventions aimed at 
promoting a positive attitude towards mathematics according to the picture emerged in phase 1, 
collection of intermediate data, and design of observational tools to analyze the students’ attitude 
evolution; 3) collection of final data and analysis of the final situation.  
One of the main objectives of the entire project, indeed, is to compare the initial and the final 
attitudes – described in terms of emotional disposition, vision of mathematics and perceived 
competence (Di Martino & Zan, 2011) – of the individual students and analyze if and in what 
dimension(s) they have changed, also thanks to the designed didactic interventions. In this paper, 
we provide a preliminary analysis of preservice primary teachers’ incoming emotions towards both 
mathematics and the idea of teaching it, drawing on data collected at the beginning of their training, 
with some hints at their attitudes at the halfway.  
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3. Methodology 

It is important to premise that data have been collected through questionnaires, built and sent 
online. In fact, we wanted to leave the students as free as possible to participate in the survey and 
not to impose them the filling of the questionnaire during the lesson hours in classroom. For this 
reason, the number of students composing the sample will vary from questionnaire to questionnaire, 
depending on the students who decided to send their answer. Let us consider the different phases of 
the project from a methodological point of view.  
 
First phase (September - November 2017). In the initial phase of the project, we designed and 
administered a questionnaire to students in order to collect data on their incoming attitudes. This 
questionnaire was composed of three sections, one for each attitude dimension: 

•  Emotional disposition was investigated through open questions regarding mathematics, 
such as “Write the first emotion you associate with the word ‘mathematics’. Explain why 
you associate this emotion with mathematics”, “How would you define your relationship 
with mathematics?” accompanied by the description of a significant episode; and 
concerning mathematics teaching, namely “What emotion do you feel at the idea that one 
day you will teach mathematics? Explain why you think you feel this emotion”.  

•  Students’ vision of mathematics was explored by asking to indicate a good and a negative 
aspect of mathematics, with argumentation. 

•  Regarding the perceived competence, we measured the sources of self-efficacy in the 
specific context of mathematics learning through a validated measure (Ulsher & Pajares, 
2009), composed by 24 items, response format on a 5-point Likert scale, ranging from 1 
“Totally not true” to 5 “Totally true”. 

 
Second phase (November 2017 - May 2019). In the intermediate phase of the project, in 
mathematics and in mathematics education courses, students were encouraged to change or widen 
their beliefs regarding their relationship with the discipline, and constantly guided to analyze and 
reflect on their possible choices as mathematics teachers in a metacognitive perspective. In addition, 
some meetings have been devoted specifically to workshops and discussions in order to make 
students verbalize, argue and become aware of the aspects related to their attitude towards 
mathematics and to their representation of the professional identity as mathematics teachers. While 
at the beginning of the project the great part of them had never been in a classroom, at the halfway 
of their training, they have had their practical internship with pupils in the classroom every week for 
an entire day and once a semester for a longer period of three weeks. To foster the reflection on this 
teaching experiences and to monitor the evolution of attitudes towards mathematics and its 
teaching, an intermediate questionnaire was proposed in January 2019, with the following open 
question: “What emotion do you feel when you think back on the mathematical activities you have 
proposed in your internship in the classroom? Explain why you feel this emotion”. This 
questionnaire was followed in presence by a group and, then, a collective discussion, both 
organized around questions about emotions:  

a. Compared with the beginning of the training, do you feel the same emotions towards 
math and towards the fact that you will teach it? 

b. If they are different, in which way they changed? According to you, what made them 
change? 

c. Do you think that the courses and/or the internship had an impact on these emotions? 
 
Third phase (May 2019-August 2020). In the closing phase of the project, a final questionnaire has 
been designed and proposed to students (May 2019). It is composed of three sections, one for each 
attitude dimension, as the initial one. Some questions remain the same in order to facilitate 
comparison while other ones are specifically centered on the preservice teachers’ experience as 
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university students. Moreover, some additional questions are asked about their vision of 
mathematics teaching and their sense of self-efficacy as future mathematics teacher. 
 
The participants have been assigned an anonymized identification code, so that we can make a 
longitudinal comparison of the collected data. 
As mentioned before, in September 2017, the students enrolled at the first year of the bachelor’s 
degree were 72: 78% of them were women, they were between 18 and 31 years old, and came from 
different school backgrounds, as shown in Figure 1: 

 
Figure 1. School backgrounds of the participants 

4. First analyses 

We analyzed the data emerging from the initial questionnaire, in particular those related to the 
students’ emotional dispositions, which turned out to be very heterogeneous. Using Pekrun and 
colleagues’ categories as analysis lenses, we identified achievement emotions (Pekrun et al., 2007), 
related to both activity and outcomes, and epistemic emotions (Pekrun et al., 2017), related to the 
knowledge-generating qualities of cognitive activities. We analyzed such emotions in terms of 
valence (positive/negative) and activation (activating/deactivating). 
Regarding the emotion associated with mathematics (Figure 2), we identified: 

•  39 negative emotions (54%): 31 activating (e.g., anxiety); 8 deactivating (e.g., 
hopelessness); 

•  24 positive emotions (34%): 21 activating (e.g., enjoyment); 3 deactivating (e.g., relief); 
•  3 contrasting or intermediate emotions (4%) (namely, enjoyment/shame and 

enjoyment/anxiety as contrasting, while indifference as intermediate); 
•  6 non-classifiable answers (8%) that do not refer to a specific emotion. 
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Figure 2. Students’ initial emotions related to mathematics 

 
It is worthwhile noticing that negative emotions are strong and mostly activating, such as anxiety, 
fear and anguish.  
Concerning the emotions towards the future teaching of mathematics (Figure 3), data are more 
encouraging:  

•  47 positive emotions (65%): 44 activating (e.g., hope); 3 deactivating (namely, calm); 
•  5 activating negative emotions (7%) (namely, fear and anxiety); 
•  17 contrasting emotions (24%) (e.g. enjoyment/fear); 
•  3 non-classifiable (NC) answers (4%) since they do not refer to a specific emotion. 

 

 
Figure 3. Students’ initial emotions related to mathematics teaching 

 
We remark that 16 of the 22 contrasting emotions towards mathematics teaching are declared by 
students whose attitude towards the discipline is linked to negative emotions. That is why it is 
interesting to cross the two dimensions in the data analysis: the emotions towards mathematics and 
the emotions towards its future teaching. Various profiles can be identified (see Table 1 for details): 

• students whose emotions have the same characterization (positive or negative) with 
respect both to the discipline and to its future teaching;  

• students for whom the emotion is slightly different or varies greatly, even changing from 
negative to positive, if expressed in relation to the discipline or to its future teaching. 
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Table 1. Different students’ profiles according to emotions towards mathematics or its teaching. 

  Emotion towards the math teaching 

  Positive Negative Contrastin
g NC 

E
m
ot
io
ns

 
To

w
ar

ds
 m

at
h Positive 19 students 1 student 4 students 0 students 

Negative 21 students 4 students 12 students 2 students 
Contrasting/Intermedia
te 3 students 0 students 0 students 0 students 

NC 4 students 0 students 1 student 1 student 

5. Discussion and perspectives 

The first analyses we carried out show a prevalence of unpleasant emotions towards mathematics 
that can negatively influence the students’ attitude towards the discipline and its teaching. 
Preservice primary teachers need support not only on the disciplinary and didactic sides, but in 
parallel they should also be helped reflect upon their relationship with the discipline and upon their 
being mathematics teachers in the classroom. We consider essential to foster their metacognitive 
reflection upon what they were able to do and what difficulties they encountered, both as adult 
students of mathematics and in relation to their internship in the classroom, while teaching 
mathematics to pupils. Identifying and sharing difficulties and how they have coped with them is 
promoted as an important activity in their training. 
Students’ preparation, in fact, without a specific work on attitudes, could be undermined as soon as 
negative emotions, twisted beliefs or a weak sense of self-efficacy regarding mathematics and its 
teaching prevail.   
For example, one of the students, in the initial questionnaire, associated the emotion of anxiety with 
mathematics. However, the emotion she expressed at the idea of teaching mathematics one day was 
contrasting: a mix of anxiety, fear and calm. This case shows how important is to analyze the 
justifications that each student gave with respect to the emotions expressed. To this purpose, we are 
analyzing all the students’ open answers to find reasons for specific emotions. The above-mentioned 
student, for instance, justified her anxiety towards mathematics as follows: “I had teachers in high 
school who made me feel this way every time I entered the classroom”. At the same time, 
concerning emotions towards mathematics teaching, she wrote: “I feel a bit of anxiety anyway, 
because of my ‘bad’ past with this subject, but on the other hand the fact that I will teach in a 
primary school calms me down, because it is not the mathematics I had difficulty with (which was 
high school mathematics). However, there is a part of me that is a little bit scared because I want to 
be able to teach it well, so that my future pupils will not find themselves in the same situations as me 
(suffering because I did not understand anything)”. Notice that her attitude towards mathematics 
was clearly influencing her attitude towards mathematics teaching. Negative emotions towards 
mathematics were mixing with her desire of a math-redemption (Coppola et al., 2012).  
In this regard, concerning the evolution of students’ attitudes especially in the emotional dimension, 
which is the object of this paper, we already have some promising data from the intermediate 
questionnaire that has been sent back by 32 students. Our analyses are ongoing, but we can identify 
a generally positive trend regarding the emotions towards mathematics teaching. Anyway, there are 
also some non-negligible cases in which the trend is slightly negative (see Table 2 for details).  
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Table 2. Emotions towards mathematics teaching in the intermediate questionnaire compared to 
those of the initial questionnaire. 

 Initial emotion Intermediate emotion Number of students 

14 stable cases 
Positive Positive 13 

Negative Negative 1 

10 positive trends 

Contrasting Positive 7 

Negative Positive 2 

Negative Contrasting/Intermediate 1 

8 negative trends 

Contrasting Negative 1 

Contrasting Contrasting 1 

Positive Contrasting 5 

Positive Negative 1 

 
The reported trend is encouraging for our research project. Moreover, in the discussion meeting 
held after the intermediate questionnaire, some students confirmed that something has been 
changing. They also provided reasons of this evolution; for instance, one of them claimed that her 
vision of mathematics teaching has been changing, and she made explicit reference to the courses: 
“[The change has happened] with the courses we have done here. The aspects of the a-didactic and 
laboratory situations, in which children build their knowledge, leads us to have a more open vision 
and not to consider mathematics as mechanics. Here we have been offered many ideas and we have 
been able to realize some of them in our internship”.  
 
 
Feedback of this kind are important for us, since with our action research we expect to have an 
influence on the teacher education courses offered by our Department: not only for the bachelor’s 
students involved in the project, but also for future pre- and in-service teachers, with indirect effects 
on their pupils. Our ambition, in fact, is to succeed in intervening significantly, at least at a local 
level, in the dangerous cycle that transforms students with a negative attitude towards mathematics 
into future teachers with a negative attitude towards mathematics and its transposition into the 
classroom, with harmful consequences for their pupils. After all, already in the ‘70s, Mihalko (1978, 
p.36) wrote: “[Mathematics teachers] cannot be expected to generate enthusiasm and excitement for 
a subject for which they have fear and anxiety. If the cycle of mathophobia is to be broken, it must 
be broken in the teacher education institution”. 
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Abstract. This study analyses school mathematics teachers’ attitudes towards using 
provocative mathematics questions in teaching and assessment as a potential pedagogic 
innovation. By a provocative mathematics question, we mean here a non-routine 
mathematics question/problem that looks like a simple routine task but, in fact, it has some 
catch. It normally calls for an impossible task. For example, the question might ask for a 
proof of something that is not provable; or show the existence of a solution of an equation 
that does not have a solution; or find a certain feature or characteristic (e.g. area, derivative) 
of a mathematical object (e.g. triangle, function) in a case where the object itself does not 
exist. Often a catch is based on a restricted domain or indirectly prompts the use of a rule, 
formula, or theorem that is inapplicable due to their conditions/constraints. Five groups of 
school mathematics teachers did a mini-test consisting of provocative questions. A post-test 
questionnaire was given to the teachers to obtain their feedback on the possible use of 
provocative questions in their teaching practice. Teachers’ responses are discussed and 
analysed in the paper. 
 
Abstrait. Cette étude analyse l’attitude des enseignants de mathématiques à l’école vis-à-vis 
de l’utilisation de questions mathématiques provocantes dans l’enseignement et dans 
l’évaluation comme une innovation pédagogique potentielle. Par question mathématique 
provocante, nous entendons ici une question / problème mathématique non courant qui 
ressemble à une tâche routinière simple mais qui, en fait, a un piège. Cela appelle 
normalement une tâche impossible. Par exemple, la question peut demander une preuve de 
quelque chose qui n’est pas prouvable; ou montrer l'existence d'une solution d'une équation 
qui n'a pas de solution; ou trouvez une certaine caractéristique ou caractéristique (par 
exemple, une zone, une dérivée) d'un objet mathématique (par exemple, un triangle, une 
fonction) dans un cas où l'objet lui-même n'existe pas. Souvent, une capture est basée sur un 
domaine restreint ou implique indirectement l'utilisation d'une règle, d'une formule ou d'un 
théorème inapplicable en raison de leurs conditions / contraintes. Cinq groupes de 
professeurs de mathématiques ont fait un mini-test composé de questions provocantes. Un 
questionnaire post-test a été remis aux enseignants pour obtenir leurs réactions sur 
l'utilisation éventuelle de questions provocantes dans leur pratique pédagogique. Les 
réponses des enseignants sont discutées et analysées dans le document. 
 
MSC: 97D, 97C, 97A 

 
1. Introduction 

 
Everyone can make and face mistakes in their life. The reality is that mistakes, errors, incorrect 
statements and misinformation are everywhere. Some of them are unintentional but some are made 
deliberately in order to mislead, misguide, and misinform like for example fake news. Regardless of 
the nature of a mistake, an ability to recognise it and act accordingly is a valuable skill. School 
mathematics curricula in all countries of which we are aware require the development of students’ 
mathematical ways of thinking, in particular critical/analytical thinking as a learning outcome. 
Attention is also paid to developing students’ confidence in mathematics. For example, the Finish 
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Mathematics Curriculum specifically states that the students in the last 3 grades (6-9) should “learn 
how to trust themselves in mathematics” (Finnish National Board of Education, 2004, p.161). The 
Mathematics Curriculum in India “is explicit in mentioning the importance of encouraging children 
to freely express thoughts and emotions; this is seen to be a way to avoid copying what the teachers 
say. Children should develop their own voice”. (Sumpter, 2015, p.127). Critical thinking is 
beneficial not only in the academic environment but also in other areas of life. Developing a 
sceptical habit of mind to analyse a mathematics question in a classroom should enhance an ability 
to analyse critically other situations outside mathematics. This is an important component of the 
theory of formal discipline, which asserts that mathematical understanding can be valuably 
transferred to other situations, see Inglis & Attridge (2017). It includes an ability to spot a mistake 
and avoid becoming the victim of mistakes.  
 

1.2. Examples of Mathematical Mistakes 
 

Mathematics is not immune from mistakes. Mistakes are in mathematics textbooks and dictionaries 
published by reputable publishers, highly ranked international research journals on mathematics 
education and national school exams. The four examples below would frustrate many mathematics 
teachers and lecturers. 
 
Example 1. The textbook on engineering mathematics by Bolton (1997): “With a continuous 
function, i.e. a function which has values of y which smoothly and continuously change as x 
changes for all values of x, that we have derivatives for all values of x.” (p. 332). 
 
Example 2. The Collins Reference Dictionary of Mathematics by Borowski & Borwein (1989): 
“The function 𝑦 = (𝑥 + 2) whose graph is shown Fig.102…” (p.132). 
 

                                                     
 

Figure 1. Copy of Figure 102 from Example 2. 
 
Example 3. The journal article published in a top international journal in mathematics education 
(Saenz-Ludlow & Walganuth, 1998): “For both equations 𝑥! + 2𝑥 + 1 = 0 and sin2x = 1 the equal 
symbol means equality for only 2 values of x”. (p.155). 
 
Example 4. The national school mathematics exam in New Zealand in 2000 where all four choices 
provided in a multi-choice question asking to match the correct graph of the quadratic function 
𝑦 = − 𝑥 + 2 ! + 3  were wrong. That led to a series of discussions nationwide including an article 
in the leading newspaper “The New Zealand Herald”. The extract from the article is in figure 2: 
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Figure 2. The extract from the newspaper in Example 4. 
 
There are human inconsistencies even in typesetting mathematics, which could lead to error. 
Fateman & Caspi (1999) provided many examples of ambiguous use of writing mathematical 
expressions. One example is below: 
 
Example 5. “We can argue that 1/2π means 1/(2π) because if we had meant π/2 we would have 
written it that way. Indeed, such hackishness has been encoded deliberately in Scientific Workplace, 
which interprets sin π/2 as sin(pi/2) but the more general sin a/(b+c) as !"#!

!!!
 . There is an 

opportunity to ask the system to explain unambiguously what its interpretation is in such cases, but 
in our experience it is in human nature to fail to check such matters when they really count.” (p.10). 
 
The computer algebra community have been key in trying to avoid mistakes. Interesting examples 
are given in (Stoutemyer, 2011): “Most publications containing the Cardano solution of a cubic 
equation do not mention that his formula is not always correct for non-real coefficients. 
Consequently this formula has been misused by many people, including some computer algebra 
implementers, such as me. The consequences can be disastrous.” (p.865). 
 
We all notice mathematical mistakes from time to time in our everyday life, in particular in the 
media. Collections of mathematical mistakes can be a good resource for teachers like, for example 
the Australian project “Numeracy in the News” (https://www.tas-education.org/numeracy/). Here is 
one example from this resource: “…the case of an opposition member of the Tasmanian parliament 
who was outraged by the supposed drop of 500% in the tax paid by the local casino on its poker 
machine profits” (Watson, 2008, p.6). Another good resource is MisMaths, “a collection of 
mistakes, misconceptions and misrepresentations involving mathematics, which have appeared in 
some media or other, at some time” (http://www.cleavebooks.co.uk/trol/mismaths/trolmm.htm). 
Here is an example from that resource: “The ship is facing the wrong way and will need a 360° turn 
before sliding through the relatively tiny harbour entrance”. One of the most famous books 
presenting a big collection of incorrect and misleading graphs published in books, magazines and 
newspapers is “How to Lie with Statistics” by Huff (1954).  
 
Unfortunately, not all mathematical mistakes are just funny slips. Some of them led to tragedies. 
The recently published book “Humble Pi: A Comedy of Maths Errors” (Parker, 2019) in spite on its 
light subtitle presents many tragic real cases when mathematical mistakes caused the death of 
people. One such chilling story happened in 1986: “When the space shuttle Challenger exploded 
shortly after launch on 28 January 1986, killing all seven people onboard, a Presidential 
Commission was formed to investigate the disaster. As well as including Neil Armstrong and Sally 
Ride (the first American woman in space), the commission also featured Nobel prize-winning 
physicist Richard Feynman… The Challenger exploded because of a leak from one of the solid 
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rocket boosters… The performance of the rubber O-rings was definitely the primary cause of the 
accident and remains the headline finding that most people remember… But Feynman also 
uncovered a second problem with the seals between the booster sections, a subtle mathematical 
effect... Checking if a cross-section of a cylinder is still circular is not that easy. For the boosters, 
the procedure for doing this was to measure the diameter in three different places and make sure 
that all three were equal. But Feynman realized that this was not sufficient… As well as the O-ring 
findings, and recommendations for how NASA should handle communication between the 
engineers and management, there is Finding #5: ‘significant out-of-round conditions existed 
between the two segments’. NASA undone by simple geometry.” (Parker, 2019, pp.75-77). The 
simple geometry is the fact that the converse of the statement “if we have a circle then the diameter 
is constant” is false, for example the Reuleaux triangle. However, the NASA engineers used the 
wrong criterion of a constant diameter to identify a circular shape. That mathematical error 
contributed to the disaster as reported in Finding #5 of the Investigation Report quoted above. 
  

1.3. How to Deal with Mathematical Mistakes 
 
In spite of the clear evidence of existence of mathematics mistakes and misuses of mathematics, 
there is scant mathematics education research conducted on how to deal with this issue. One 
obvious way is to improve the quality of published resources on mathematics. At the very least, 
mathematics teachers should carefully select teaching materials (textbooks, websites, articles, etc.) 
before accepting and recommending them as teaching/learning resources for their students. Some 
countries take it seriously and impose fines on publishers that publish textbooks with mistakes: “In 
a recent review of textbooks proposed for adoption in California, a panel of mathematicians found 
hundreds of errors. While the mistakes ranged from a missing equals sign to a muddy explanation 
of the quadratic equation, it was their pervasiveness that surprised state officials most…"It was 
shocking," said Cathy Barkett, the administrator of the curriculum-frameworks and instructional-
resources office. "In one 200-page text, 50 of the pages had errors."…Hefty fines will be levied for 
mistakes that publishers had previously agreed to correct--up to $25,000 and 1 percent of the sales 
for major errors that impede student learning, and $5,000 for less serious ones”. (Manzo, 1999, 
pp.6-7). Kajander and Lovric (2009) investigated the role of mistakes in mathematics textbooks in 
developing students’ misconceptions. They conclude: “Situations leading to potential 
misconceptions occurred consistently in multiple sources. Acknowledging that textbooks remain a 
fundamental teaching resource, we suggest that more attention be paid to the presentation of 
mathematics. Furthermore, analyses of textbooks should include developmental as well as subject 
matter scrutiny” (p.180). Another way to deal with mathematics mistakes is try to prevent them. 
Sangwin (2015) claims that “many of the classic problems, fallacies or examples of false reasoning 
can be avoided by using an audited elementary algebra. The word audited refers to the explicit 
tracking of domains throughout the calculation. Auditing (i) eliminates many of the problems of 
spurious or missing solutions when solving equations, (ii) reveals where in a chain of reasoning 
such problems occur, and (iii) is a natural extension of algebra which does not introduce any 
artificial devices” (p.298). Cipra (2000) suggests a number of strategies and a series of exercises in 
calculus to look for possible mistakes and “how to find them before the teacher does”. He argues: 
“Everybody makes mistakes. Young or old, smart or dumb, student or teacher, we all make ’em. The 
difference is, smart people try to catch their mistakes” (p.xi).  
 
A common way to prepare students to deal with mathematical mistakes is asking them to disprove 
incorrect mathematical statements by counterexamples. In an international study (Gruenwald & 
Klymchuk, 2003) involving more than 600 students from 10 universities in different countries, 92% 
of the participating students found the use of counterexamples to be very effective. The students 
reported that it helped them to understand concepts better, prevent mistakes, develop logical and 
critical thinking, and made learning mathematics more challenging, interesting, and creative. A 
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practical experience of using counterexamples as a pedagogical strategy in an introductory calculus 
class was shared in Klymchuk (2014). Some of  the strategies include: “On different occasions, I 
have given students mixtures of correct and incorrect statements,  asked students to create their own 
wrong statements and associated counterexamples,  made deliberate errors in my lecture and moved 
on with the  hope that students would detect them,  asked  students to spot errors in their textbook, 
given students extra credit for providing counterexamples to challenging statements I posed in class, 
and included on assignments and tests questions that require students to construct counterexamples” 
(p.1264). A collection of incorrect statements in an introductory calculus and suggested 
counterexamples illustrated by graphs can be found in Klymchuk (2010). Abramovitz, Berezina and 
Berman (2003) shared their similar practical experience of giving students incorrect proofs and 
asking them to identify mistakes (by a definition it is a sophism although the authors did not use this 
word). They also used such tasks in tests and exams. The feedback from their students was very 
favourable and the authors concluded: “It was found that explaining the mistakes is an effective 
way to improve students’ understanding of the theory. Examinations are an essential part of the 
learning process, a part that is highly respected by students. Motivated by these remarks we 
discussed in this paper several examples of wrong proofs used to help the students to understand 
some fine points in calculus and improve their understanding of the subject.” (p.764).  
 
An innovative pedagogical strategy to prepare students and teachers to deal with mathematical 
mistakes and enhance their critical thinking was suggested in Klymchuk (2015). The idea was to 
use so-called provocative questions. A provocative question is a non-routine mathematics question 
that looks like a simple routine task but in fact, it has some catch. It normally calls for an impossible 
task. For example, the question might ask for a proof of something that is not provable; or show the 
existence of a solution of an equation that does not have a solution; or find a certain feature or 
characteristic (e.g. area, derivative) of a mathematical object (e.g. triangle, function) in a case where 
the object itself does not exist. Often a catch is based on a restricted domain or indirectly prompts 
the use of a rule, formula, or theorem that is inapplicable due to their conditions/constraints. A 
provocative question often provokes a solver to find a wrong solution. The intention of using such 
questions is to test solver’s attention, critical thinking and confidence in a hope that they would find 
and avoid the catch. Provocative questions as understood in this paper closely relate to recreational 
mathematical puzzles. Probably the first provocative mathematics question in the Western history 
was posed by Alcuin of York, an English scholar born around 732 AD, in his book “Problems to 
Sharpen the Young”. An annotated translation of his book Propositiones ad acuendos juvenes, the 
oldest mathematical problem collection in Latin, is given in Harley and Singmaster (1992). One of 
the 56 problems presented in the book asks for an impossible task:  

“Problem 43. A man has 300 pigs and orders that they are to be killed in 3 days, an odd 
number each day. (There is a similar puzzle with 30 pigs). What odd number of pigs, either of 
300 or of 30, must be killed each day?” (p.121).  

 
Provocative questions can often be found in books on puzzles. An example of an impossible task 
from Badger et al. (2012) is below: 

“Task 8. There are two telephone poles, perpendicular to level ground. Each one is 30 m tall. 
The poles are an unknown distance apart. A 50 m cable is to be strung from the top of one 
pole to the top of the other. Because the cable is heavy, it will of course droop and take up the 
shape of a catenary. What must the distance between the two poles be so that the lowest point 
of the cable touches the ground?” (p. 6). 

 
Many teachers use puzzles in a classroom as a fun break. However, specifically designed 
provocations tailored to the topic and used not only in a classroom but also in assessment is a 
pedagogical strategy we seek to investigate. This paper deals with school mathematics teachers’ 
attitudes towards this strategy. 
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2. The Study 

 
At the first stage, a mini-test consisting of 7 provocative questions and a post-test questionnaire 
were given to four groups of school mathematics teachers from Germany, Hong Kong, New 
Zealand and Ukraine to investigate teachers’ level of attention (Klymchuk, 2015). Later, the same 
study was replicated in Australia and reported in Brown (2018). The total number of participants in 
all five groups was 127. In spite of the warning that some questions might contain a catch, the 
majority of the teachers solved most of the questions incorrectly.  
Examples of the questions from the mini-test are below. 
 

Question 1. Find the area of the right-angled triangle if its hypotenuse is 10 cm and the height 
dropped on the hypotenuse is 6 cm. 
 

 
 
 
 
 
 

Figure 3. The diagram for Question 1. 
 
Solution: There is no sense to talk about the area, as the triangle does not exist. By the Thales’ 
theorem, the hypotenuse in a right-angled triangle is a diameter of its semicircle so in this case the 
height cannot be bigger than 5 cm. 
 

Question 4. Prove the identity .)cos1(sin 2 xx −=  
Solution: The ‘identity’ is not true. Squaring both sides does not prove it because this operation is 
irreversible. It is not an identity but an equation with infinitely many solutions [ ])12(,2 +∈ nnx ππ .  
 

Question 6. Find the derivative of the function )4)3sin(2ln( −= xy . 
Solution: The derivative does not exist because the function does not exist, as the argument of the 
log function is always negative. 
 
The above two studies analysed teachers’ feelings and reasons for their performance on the test 
using theories of selective, divided and focused attention from psychology and Mason’s (2002) 
concept of discipline of noticing. This paper focuses on teachers’ responses to the last question of 
the questionnaire, in particular on the use of provocative questions in assessment. 
The last question of the questionnaire is below. 
 

Question 3. Would you make any changes in your teaching practice after doing the test? If so 
– which changes? If not – why? 

 
In both German and New Zealand groups (10 and 14 teachers respectively), all participants reported 
that they would make changes in their teaching practice after doing the test. Common comments 
were as follows: “Introduce tricks like this to class to make them think; keep encouraging and 
creating environment where a deep conceptual knowledge is cultivated; encourage and reward 
checking of answers; more emphasis on the validity of solutions; teach them to examine the 
question thoroughly; give students more questions that will force them to think about the conditions 
surrounding the questions; I would encourage students to think through questions carefully; I try to 
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make my students think more about restricted domains, check solutions and not trust graphical 
calculators; give them problems occasionally that will ‘trip’ them up if they have not gone back and 
re-assessed their solutions; more emphasis on the nature of problem solving; stop answering 
impulsively, think before respond; I will expose students to such questions to get them to think 
more deeply about the conditions; re-think exercises; discuss more special cases; implementing 
exercises with surprising answers; more emphasis on self-control”. Only one teacher made the 
comment related to assessment: “Unless it is an element of the assessment I might not have time.” 
 
In the Hong Kong, Ukrainian and Australian groups (26, 26 and 51 teachers respectively), about 
half of the participants reported that they would make changes in their teaching practice with 
common comments as follows: “stimulate student’s thinking, solving the questions not only 
according to an algorithm, be attentive rather than solving automatically, develop logical thinking, 
develop thoughtfulness and reasoning; it is very easy to follow a rule / algorithm / formula, but 
unless you have the understanding ‘why’ you cannot see when there may be no solution”. The other 
half reported that the questions from the test were not common and not part of assessment and 
therefore they would not change their teaching practice. The most strong comments about rejecting 
provocative questions in teaching and assessment came from the Australian group: “In my teaching 
practice my students are given only problems which are possible to solve, they follow the script; at 
school we don’t tend to pose impossible questions; exams always have questions which make sense, 
so why teach them beyond the process; I am worried that in an assessment they will become 
absorbed by looking for the trick and waste precious time, as the assessments they do, do not have 
trick questions; we are trying to get them to be successful in their WACE [West Australian 
Certificate of Education] exams after all”.  
 

3. Discussion and Recommendation  
 
About 60% of the participants from both studies reported that they would make changes in their 
teaching practice by introducing ‘trick’ questions in their teaching, encouraging students to 
‘question the question’ and analysing conditions and constraints before applying a certain formula 
or theorem. The remaining 40% of the participants probably tend to ‘teach to the test’ which 
consists mainly of procedural routine questions. They clearly indicated that they would not use 
provocative questions, as they are not in the assessment. Brown (2018) argues: “If senior secondary 
mathematics assessments contain few questions which explore full understanding, the questions 
presented to “trusting” students must be routine, the content pre-negotiated and expected. Students 
who are not exposed to the risk of losing their self-confidence are therefore not being challenged in 
assessments to demonstrate more than procedural competence. This suggests there may be a 
conspiracy between teachers and their students to avoid coverage of true conceptual understanding 
in senior school mathematics tests and examinations.” (p.191). Klymchuk (2015) suggests: 
“Including the type of questions from the mini-test into the assessment would encourage those 
teachers to pay more attention to details and analysis and enhance such skills in their students. After 
all, many situations in real life do not have a single ‘correct’ answer as is the case with routine 
questions from traditional assessments in mathematics.” (p.69).  
 
It is easy to create or collect provocative questions at any level, use them in a classroom and include 
them into assessment. For example, in an introductory calculus course along with a routine 
procedural question like “Find the derivative of the function 𝑦 = cos ln 𝑥” one can include the 
provocative question “Find the derivative of the function 𝑦 = ln ln sin 𝑥” that tests completely 
different skills (the Chain Rule is not applicable as the function has an empty domain). Or, along 
with a conceptual question like “Sketch a graph of the derivative of the function based on the graph 
of the function provided” one can include the question “Sketch a graph of a function that is 
differentiable on the interval (a,b) and discontinuous at least at one point on (a,b)” that tests 
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completely different skills (it is impossible as a function differentiable on (a,b) is continuous on 
(a,b). At a lower level, one can include questions like these “Show that the area of the triangle with 
the sides 20 cm, 10 cm and 8 cm is larger than 50 cm2” or “Explain why a longer number means a 
larger number” or “Prove that the orange rectangle on the right has a larger area than the orange 
rectangle on the left in figure 4”. 

 
 

 
 

Figure 4. The diagram for the question on the areas of the rectangles. 
 

There is another cunning way to create a provocative question apart from asking someone to do an 
impossible task in a way that it looks like it is possible. The trick is to deliberately divert attention 
into a wrong direction of thinking. As an example, let us look at the following recreational puzzle. 
 
Puzzle. Two coins total 30 cents. One of them is not a 10-cent coin. What are these coins? 
 
Using italic font to emphasise the word ‘not’ the attention is deviated to the wrong direction of 
thinking such that there are no 10-cent coins. Surprisingly, many people are stuck with this simple 
puzzle as they replaced the condition ‘one of them’ with ‘none of them’ due to the shift of attention. 
 
Another example of the diversion of attention is demonstrated by the following famous conjunction 
fallacy created by psychologists Tversky and Kahneman (1983). 
 
“Linda Problem. Linda is 31 years old, single, outspoken, and very bright. She majored in 
philosophy. As a student, she was deeply concerned with issues of discrimination and social justice, 
and also participated in anti-nuclear demonstrations. Which is more probable: 

a) Linda is a bank teller. 
b) Linda is a bank teller and is active in the feminist movement.” 

 
Here the Linda’s background provokes to the wrong thinking. In spite of the clear logical reasoning 
that the conjoint statement is less probable, between 85% and 90% of people participated in 
multiple experiments of Tversky and Kahneman gave the wrong answer (b). 
 
There are well-known collections that can inspire the design of provocative questions, see for 
example: Maxwell (1959), Northrop (1945), Posamentier & Lehmann (2013). The website 
resources like Numeracy in the News and MisMaths mentioned earlier are also useful.  
 
Typical assessment in mathematics consists of the following three types of questions/problems: 
procedural, conceptual and applications. In the vast majority of such questions, all conditions of 
theorems/formulas/rules are met. Therefore, students might develop a habit of applying formulas 
and rules without checking the conditions/constraints. In real life, not everything behaves so nicely 
and ignoring conditions/constraints might lead to significant and costly errors. The intention of 
including provocative questions in mathematics assessment is to prepare students for real life by 
enhancing their critical thinking that includes the abilities to analyse questions and recognize 
mistakes. These abilities can be transferred outside mathematics classroom into everyday life so 
students become better-informed citizens. As a pedagogical strategy, provocative mathematics 
questions are deliberately designed to mislead the solver. They demonstrate the importance of being 
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alert and ready to analyse everything. They enhance a habit of questioning the question and not to 
take anything for granted which is an essential part of a mathematical way of thinking. We suggest 
including provocative questions as the fourth type of questions in any mathematics assessment 
along with the common three types - procedural, conceptual and applications. There might be a 
better and more positive word to describe this type of questions instead of ‘provocative’. We 
suggest that the inclusion of provocative questions should be gradual: first use them as an 
additional, extracurricular activity; then include them in the mathematics curriculum and 
subsequently into formative assessment and later summative assessment. Practice in solving and 
posing provocative questions should be an integral part of training of prospective mathematics 
teachers, and is included into professional development of in-service school mathematics teachers. 
Taking into account a solid professional background of mathematics teachers, the investment in 
training them in using provocative questions in a classroom and assessment might be very small – 
attending just 1-2 seminars or workshops – however the benefits for their students and society is 
enormous. These benefits include but not limited to recognising mistakes and fake news, identifying 
contradictory information, eliminating impossible cases, using sceptical and unbiased analysis, 
making rational judgement and decisions based on factual evidence, and other traits of critical 
thinking. 
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Abstract. This work aims to identify what are the criteria used by groups of teachers, in the 
instructional processes (design, implementation and reflection/redesign), carried out in 
Lesson Study (LS) experiences. The theoretical tool Didactical Suitability is used for the 
qualitative analysis of two videos. As a result, it is inferred that groups of professors 
implicitly use some of the components and indicators of the Didactical Suitability Criteria 
(DSC). In addition, it is concluded that the LS methodology becomes a type of training 
device that promotes that some of the indicators and components of the DSC arise as 
consensus in the reflection of the group of professors.  

Résumé : Ce travail vise à identifier quels sont les critères utilisés par les groupes 
d'enseignants, dans les processus pédagogiques (conception, mise en œuvre et 
réflexion/redéfinition), menés dans les expériences de Lesson Study. L'outil théorique de 
pertinence didactique est utilisé pour l'analyse qualitative de deux vidéos. On en déduit que 
des groupes de professeurs utilisent implicitement certains des éléments et indicateurs des 
Critères de pertinence didactique. En outre, il est conclu que la méthodologie des lesson-
studies devient un type de dispositif de formation qui favorise l'utilisation de certains 
indicateurs et composants des critères de pertinence didactique comme consensus dans la 
réflexion du groupe de professeurs. 

1. Introduction 

Many trends related to teacher training, whether initial or continuous, suggest that teacher research 
and reflection on their own practice are key elements for professional development and the 
improvement of teaching. In that sense, since the Didactics of Mathematics, different proposals 
have emerged that provide conceptual frameworks related to the development of reflexive 
competence, such as: the competence to look meaningfully (Mason, 2002), the professional look 
(Llinares, 2012 ), the methodology of the study of the concept (Davis, 2008), the mathematical 
knowledge for a quality mathematical teaching (Hill et al., 2008), the Lesson Study (LS) 
methodology (Fernández & Yoshida, 2004) and the notion of didactical suitability (Font et al., 
2010; Godino et al., 2019). 
LS has to do with a research activity in the classroom (Burghes & Robinson, 2010; Ponte et al., 
2012), since it allows the development of reflexive competence during the realization of the 
teaching activity. On the other hand, the Ontosemiotic Approach of Mathematical Knowledge and 
Instruction (OSA) (Godino et al., 2019) provides us with the Didactical Suitability Criteria (DSC), 
and its breakdown into components and indicators, as a tool to structure the reflection teacher. From 
this perspective, these criteria can be used to guide the teaching and learning processes of 
mathematics and to evaluate their implementation. As has been done in different training processes 
in some countries (Font et al., 2017; Pochulu et al., 2016; Seckel & Font, 2016). Therefore, DSC 
are, first of all, principles that indicate how things should be done and, secondly, they help in the 
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evaluation of the study process carried out (Breda et al., 2015; Breda et al., 2018). Each of these 
methodologies has advantages and limitations. 
In line with investigating the role of teacher reflection as a strategy for their professional 
development and as a tool for the improvement of teaching and learning of mathematics, the 
objective of this work is to identify what are the criteria used by two groups of teachers of primary - 
to guide their practices - in the phases of design, implementation and reflection of the instructional 
processes carried out within the framework of an experimentation of the LS methodology. 
After this introduction, the second section of this document presents the theoretical framework used 
and a review of the literature on this topic: Lesson Study and Didactical Suitability Criteria. In the 
third section, the methodology used is presented. In the fourth section the analyses of the data are 
presented and, in the fifth, a discussion about the results and some final considerations.  

2. Theoretical Framework 

This section presents the theoretical framework used: the Lesson Study (LS) methodology and the 
Didactical Suitability Criteria (DSC) tool and a brief review of the literature is made. 

2.1 Lesson Study (LS) 

The LS methodology emerged in Japan as a teacher professional development strategy. It focuses on 
collective learning based on teaching practice. It basically consists of the collaborative design of a 
class, its implementation and direct observation in the classroom, and a subsequent group analysis 
(Fernandez & Yoshida, 2004; Lewis, 2002; Murata & Takahashi, 2002; Wang-Iverson & Yoshida, 
2005; Hart et al., 2011). LS are methodologies of teaching work supported by research attitudes and 
collaborative practices among teachers, which seek, at the same time, the improvement of teaching 
practice and student learning and the professional development of teachers. 
The idea is that teachers meet with a common problem about their students' learning, plan a lesson 
for the student to learn, and, finally, examine and discuss what they observe in such 
implementation. Through multiple interactions, teachers have many opportunities to discuss student 
learning and how teaching affects them. This methodology can consists of four stages: class 
planning; class performance and observation; joint reflection on the recorded data and redesign; but 
there is no explicit guideline that guides reflection and decision making. To investigate what are the 
criteria that guide the practices and how they are generated in an LS experience, the notion of 
didactical suitability has been used. 

2.1 Didactical Suitability Criteria (DSC) 

The DSC proposed in the theoretical framework OSA, are intended to be a partial response to the 
following problem: What criteria should be used to design a sequence of tasks that allow the 
evaluation and development of students' mathematical competence and what changes must be made 
in their redesign to improve the development of this competence? DSC can first serve to guide the 
teaching and learning processes of mathematics and, second, to assess their implementations. In the 
OSA the following DSC are considered (Breda et al., 2017): 1) Epistemic Suitability refers to the 
teaching of “good mathematics”. In order to achieve this, in addition to considering the approved 
curriculum, the intention is to refer to institutional mathematics that have been incorporated into the 
curriculum. 2) Cognitive Suitability refers to the extent to which applied/desired learning is within 
the parameters of the students’ potential development, as well as the correlation between what the 
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students indeed learn and the applied/desired learning. 3) Interactional Suitability is the extent to 
which the means of interaction allow conflicts of meaning to be identified and solved and how 
interaction methods favour autonomous learning. 4) Mediational Suitability is the degree of 
availability and aptness of time and material resources necessary for the development of teaching-
learning processes. 5) Affective Suitability refers to the degree of the students’ involvement 
(interest, motivation) in the study processes. 6) Ecological Suitability is the extent to which the 
process of study is adapted to the centre’s educational project, the curricular norms and the social 
environment. 
The operability of the DSC requires defining a set of observable indicators, which allow assessing 
the degree of suitability of each of these criteria. For example, there is a consensus that it is 
necessary to implement “good” mathematics, but it is possible to understand very different things 
about it. In Breda and Lima (2016), Seckel and Font (2016), Breda et al. (2017) and Breda et al. 
(2018) a system of indicators is provided that serves as a guide for the analysis and assessment of 
didactical suitability, which is intended for an instructional process at any educational stage and 
explains how these criteria have been generated and their respective components and indicators. 
The criteria and components of didactical suitability are detailed below (more details in Breda et al., 
2018) (Table 1). 
 
Table 1. Didactical Suitability Criteria and components. 
 

DSC Component 

Epistemic (IE1) Errors, (IE2) Ambiguities, (IE3) Process wealth, (IE4) 
Representativeness 

Cognitive (IC1) Prior knowledge, (IC2) Curricular adaptation to individual 
differences, (IC3) Learning, (IC4) High cognitive demand 

Interactional (II1) Teacher-student interaction, (II2) Student interaction, (II3) 
Autonomy, (II4) Formative evaluation 

Mediational (IM1) Material resources, (IM2) Number of students, class 
schedule and conditions, (IM3) Time 

Affective (IA1) Interests and needs, (IA2) Attitudes, (IA3) Emotions 

Ecological (IEC1) Curriculum adaptation, (IEC2) Intra and interdisciplinary 
connections, (IEC3) Socio-labor utility, (IEC4) Didactic innovation 

 
 
As shown in the literature review conducted in Breda et al. (2015), the notion of didactical 
suitability had a relevant impact on teacher training in different countries (Mallart et al., 2015; 
Seckel & Font, 2015; Pochulu et al., 2016). This impact is related to the idea that one of the 
components of the teacher's didactic-mathematical knowledge is one that allows the assessment and 
justification of the improvement of the teaching and learning processes of mathematics. 

3. Methodology 

In this research, exploratory and analytical-interpretive, the qualitative analysis of two videos that 
present different stages of LS experiments is carried out, with the purpose of examining what were 
the criteria used by the groups of teachers to guide their instructional processes (design, 
implementation and reflection). 
After a search for different videos about LS on the YouTube web platform, these two videos were 
selected for three reasons. The first was the significant number of visualizations they present on the 
web platform. The second is because in these videos the LS process can be observed almost 
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completely, that is, there is a design phase, an implementation phase and a reflection phase. And 
third, because one of the videos is about an experience of LS in Japan, the East, and the other is 
about an experience of LS in Chile, the West. 
In the analysis process, we first sought to select considerations used by teachers to support the 
sequence of tasks proposed in their classes. Secondly, it was analysed whether these considerations 
can be considered as evidence of implicit use of some of the components and indicators of DSC. In 
a way it is a "content analysis" of the interventions. To do this, the two videos were first transcribed, 
so that the information units were all the interventions of the participating teachers. Next, the 
consecutive interventions that the authors considered as evidence of an implicit use of a component 
or indicator of a DSC were grouped. Finally, this analysis was triangulated with an expert in the use 
of DSC. 

4. Analysis of videos of Lesson Study 

4.1 Japanese Lesson Study Video 

The first video analysed is an instructional process carried out by a second grade teacher at the 
Japanese primary school. At the end of the classes, professor P starts planning the class he will 
implement in the following week. The theme of the class he is planning is the subtraction. In 
particular, the class focuses on subtracting from a three-digit number a two-digit number, so that the 
result is a one-digit number, and, for that, the teacher uses subtraction problems in which you have 
to fill in the blanks when only the result is known. 
Now, the teacher's first formulation is not very clear since it literally says the following: 
P: With that kind of problem only one or two digits are hidden. I will not hide the two numbers in 
the subtraction problem. The answer is there. Students have to find out the subtraction equation that 
leads to that answer. I think it will be enough to attract your attention to the problem. 
From what is observed in the subsequent implementation, when he says digits he is referring to 
numbers (minuend and subtracting), and despite saying that he will not hide the two numbers, it 
turns out that he hides the miniature and the subtrahend and, when he says subtraction equation, is 
referring to the combinations of minuend and subtracting that give the result supplied. 
 

 
Figure 1. Task proposed by Professor P. 

However, regardless of the difference observed between this first formulation of the objective and 
the subsequent implementation, we can observe that P is making a positive assessment of certain 
aspects in the expected LS experience. Specifically, it is implicitly using the indicator “selection of 
tasks of interest to students” of the “interests and needs” component of the affective suitability, 
since it positively values the fact of developing an activity that promotes the interest of the students. 
In addition, this motivation will be achieved by presenting a task of high cognitive demand (another 
component of cognitive suitability). 
In addition to motivation, P also intended for students to find certain hidden rules in the answers to 
the problem. The first rule was that given a result and found a combination of minuend and 
subtracting that give such result, if the minuend and the subtrahend are increased by one unit, then 
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the same result is obtained. The second rule was that for a value of the difference x there are a 
number x of combinations of minuend and subtracting possible. For example, there are three 
combinations when the difference is three, five combinations when the difference is five and so on. 
By discovering these rules, you can find all the combinations of the minuend and subtracting more 
quickly. 

 
Figure 2. Problem rule. 

The class supervisor (S) visits the teacher at the time he is planning his class. At this moment 
professor P asks for his opinion. 
P: You see that the difference and the number of equations is the same. I believe that students will 
see that there is something here. 
S: Yes, from there you move depending on how the students react. You don't need to push them, just 
go where they take you. Then, at some point he throws a word that leads them to the right path. 
In this dialogue we can first infer that P and S are interested in designing a task that is at a 
reasonable distance from what students know, but at the same time requires a high cognitive 
demand, in the sense that leads them to perform processes relevant to the mathematical activity (in 
this case, observe a regularity and formulate a conjecture (<<I believe that students will notice that 
there is something here>>). Secondly, we can observe how they comment on the type of 
management that the teacher must do to get the students to succeed, but without overly scheduling 
the task (<<Yes, from there you move depending on how the students react. You do not need to push 
them, just go where they take you. Then, at some point throw a word that leads them to the right 
path >>). 
Later, we can observe how P insists that he has designed the task with the objective that the students 
make conjectures that allow them to formulate the rules discussed above: 
P: I think that students will sooner or later discover certain rules while dealing with 1, 2 and 3 as 
answers to the equation. I am looking forward to the moment you discover the rules. I will highlight 
things that they can say about the rules, so that the rest of the class understands how far we are 
going. Finally, I will ask you “How many equations can you make when the answer is 9?” Getting 
to the point where I can ask this question is crucial. 
Subsequently, at the time of reflection on the class taught, when asked about whether the class had 
developed as he had planned it, he comments as follows: 
P: It developed very much according to what I wanted to happen. The children reached the exact 
conclusions that I wanted them to discover. However, I could have gathered or connected thoughts 
and explanations in a better way to help everyone understand what some students were saying. 
In this paragraph we can infer in the P discourse the importance given to the indicator “the different 
modes of evaluation show the appropriation of the knowledge/competences intended or 
implemented” of the component of the cognitive suitability “learning” of the students. The implicit 
use of the indicator “assess whether the interactions managed in class resolve students' doubts and 
difficulties” of the component of the interactional suitability “teacher-student interaction” is also 
evident. 
Later, the professor reflects because some students had difficulties: 
P: It is interesting to note that students who are usually good at math had difficulties at first. I 
wondered why later and said to myself: Those who are good at math were trying to find the number 
that goes in the tens column, when the difference was 3. Those who unexpectedly got the correct 
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answer looked at the Problem as a whole. Because the difference was 3, they simply reached 100 
and 97 immediately. 
In this reflection, the implicit use of the “systematic observation of students' cognitive progress” 
indicator that is part of the “formative evaluation” component of the interactional suitability can be 
inferred. 
A teacher (M1) proposes to the teacher an alternative way of presenting the problem: 
M1: I was wondering why you didn't allow children to try number one. I think it would be good to 
start with one, because that way you can explain everything that should be covered in today's class. 
Those who are not good at math will probably have problems with it. If the problem were for 
example 9 - 8 = 1, working with the number one could give children a better clue as to what is 
happening. 
The reflection made by M1 emphasizes that the intended meanings must present a manageable 
difficulty, an indicator of cognitive suitability. In return, the professor argues that: 
P: Today I used number three and 27 or 28 students got it right away. There were approximately 10 
students that took a long time to solve. If you look at the average, I think presenting the problem 
using number three was a good solution. 
In that statement, what the teacher does not take into account is the diversity in the pace of learning 
of his students, that is, he does not contemplate the “curricular adaptation to individual differences” 
component of the cognitive suitability. 
Another teacher (M2) proposes to the teacher an alternative way of developing the task: 
M2: You have those letters, right? The problem with subtracting a two-digit number from a three-
digit one that gives a difference of five is, well, I was wondering why you are immediately giving 
them the answers. (Comment that the teacher had given the students the answers very quickly). If 
you let the children solve the problems, it would be much more interesting. Choose some children at 
random, call them on the board and ask them to write the answers. I think that will make it more 
interesting. In this way there is no order in your answers. If they say, "there are five answers" then you 
say, "let's choose 5 students". If you ask them to write the answers, then you will not present that 
perfect order. There may be duplicate answers too. That way they can clearly see what is needed. If 
you do that, won't it make the students work together to “put the equations in the right order”? 
In this reflection, the M2 teacher suggests that the "high cognitive demand" component of the 
cognitive suitability be promoted. In particular, that the relevant cognitive processes (generalization, 
intra-mathematical connections, representation changes, conjectures, etc.) present in the “process 
richness” component (the sequence of tasks contemplates the realization of relevant processes in the 
mathematical activity) be contemplated: modelling, argumentation, problem solving, connections, 
etc) of epistemic suitability ”. 
Although the teacher, in his class did not take into account the diversity in the pace of learning of 
his students (cognitive criteria), another teacher (M3) has this aspect in mind in his reflection: 
M3: Because each child can take a different path to discover the rules the teacher uses, it would be 
better to focus on how each child discovers. In doing so, such discoveries would be shared with the 
entire class to deepen everyone's understanding. 
On the other hand, the teacher (M4) makes a comment related to the affectivity between the teacher 
and his students, contemplating the affective suitability. 
M4: The teacher has a wonderful relationship with the children. I don't think anyone can build such 
a relationship in one day. He has had to put a great effort day by day with the children to reach 
such a relationship. 
At the end of the video professor P presents a redesign of the class taking into account the 
improvement observations suggested by the other teachers who have participated in this LS 
experience. 
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4.2 Chilean Lesson Study Video  

In the second video, a group of Chilean teachers met to collectively plan a math class based on a 
performance standard that appears in the Chilean curriculum for basic level 2 “They characterize 
straight prisms and pyramids considering the number and shape of faces and the number of edges 
and vertices. They select networks of prisms and pyramids to assemble a geometric body given 
some characteristics of this ”. Professor T, who later teaches the class, starts the discussion by 
presenting a task to his colleagues: 
T: Based on this generic activity, I looked for a regularity that is what we had planned, of always 
having a challenge or something. True? Then I took a base three pyramid, the vertices increase by 
one and the edges increase twice as much as the base. 
In this comment it can be inferred that the group takes as a first criterion the design of a task, that it 
presents a challenge for students (it is, above all, the high cognitive demand component of the 
cognitive suitability). 
A teacher (N1) questions T what the specific objectives are and what students are expected to learn 
in class: 
N1: What is the objective and what is the learning we are going to expect from the students? What 
do the pyramids conclude? What transforms us into a class of [not understood] by putting together 
the pyramids and counting the vertices and edges or what? 
The N2 teacher (who has the role of moderator of the group) intervenes the other members of the 
group: 
N2: What do the other colleagues think? 
A teacher from group (N3) argues: 
N3: In other words, what is important is not construction, but rather the child relies on the material 
and then comes to reflect, look at what he built and get to reflect on that, the material he was able 
to elaborate. 
In this comment, it is inferred that the teacher considers that in these ages it is convenient to use 
manipulative material to facilitate being able to find regularities. Although they do not say it 
explicitly, it is inferred that the other colleagues assume this criterion (it is the material resources 
component of the mediational suitability). 
Next, more teachers intervene and the following dialogue takes place in which N4, with the support 
of N2, points out the importance of taking into account the students' prior knowledge (a component 
of the criterion of cognitive suitability): 
N4: I think that we must first see this if children really know well and identify well what is vertex, 
what is edge and what is side. 
N2: Previous learning? 
N4: Sure. 
Consistent with the fact of wanting to design a challenging task, then a dialogue takes place in 
which one can infer the interest in designing a task that leads students to carry out a generalization 
process, which allows them to guess a relationship between the number of sides of the base of the 
pyramid, the number of edges and the number of vertices (this is the process richness component of 
the epistemic suitability). 
N3: That is, the children would start by building the geometric bodies and from there they can make 
a record, go counting, looking, watching, counting the number of vertices, counting the number of 
edges, making a record, perhaps in their notebook, to generalize all the work that is being done, 
take it to a table on the board ... 
T: [Going to the board] Let's see! [Pointing at the board] We have the base number of the pyramid. 
N2: The number of sides of the base. 
N4: It is clear. 
T: So, the idea is that the children register ... They themselves pass these records ... [Point in the 
column "base number of the pyramid" on a table that he builds on the board] base 3, base 4, and we 
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leave a base free and we move on to 6. 
The teacher completes the table with the number of vertices and corresponding edges. 
The group then focuses on analysing whether the task can be solved by the students and how to 
manage it so that they can solve it. In the first part of the dialogue, it is the indicator the intended 
meanings can be achieved (being in the area of the student's next development) and the learning 
component of the criterion of cognitive suitability, and also the indicator contemplates moments in 
the students assume responsibility for the study (exploration, formulation and validation) of the 
autonomy component of the criterion of interactional suitability: 
N1: What are we going to expect in response from the students? That they realize that there is a 
relationship between the number of sides of the base, the amount of vertices and the number of 
edges. True? 
N5: Because they would have to take a vertical or horizontal look at the picture we are doing there 
N1: For them it will be very easy to look down and they will find a rule, immediately regularity, but 
they will see it down. That is, they will not see the relationship horizontally, which is what we 
expect. [Gesturing with your hands pointing down and horizontally.] 
N2: What questions are we going to try to bring the children to find the regularity? 
T: Are we going to let the kids analyse the shot [at the moment]? Or first record several pyramids 
and analyse the table at the end? Or do they already place in base three and then to the side, to the 
side and in that minute they analyse the shot or first it is allowed to make several, they register and 
in the end the table? 
N4: Yes, there they will discover. If they do several exercises they will discover regularities, if they 
do one they will not discover. 
Once the first stage of an LS (the planning) has been completed, the video continues with the 
implementation of professor T of the planned class (second stage of the LS). Then, the video shows 
fragments of the third stage (analysis and reflection of the implemented class). In this third stage, it 
is intended to generate a work space that allows sharpening the eye paying attention to how students 
reacted in the classroom, how they expressed their ideas and how the teacher has led the learning 
processes. In any case, for professor T it was an impact to see himself teaching a class. 
T: The truth is that I almost got excited [Laughs]. Already, it is very impressive one does not really 
appreciate the children when they are in the moment, as if they can perceive there [points to the 
screen where they have seen the video of their class] those faces, that joy, those desire to participate 
in the kids. 
Next, the video presents a fragment whose objective is to show what happened with the reading of 
the table (figure 3). In particular, if there is evidence of the expected learning in students. 
 

 
Figure 3. Table proposed by Professor T. 

Their conclusion is that they did not reach the goal of finding a relationship between the number of 
sides of the base, the number of vertices and the number of edges (what they call horizontal table 
reading), but recognize the realization of relevant processes as the transition from the concrete to 
the abstract and the importance of the “table” resource to facilitate it. This dialog shows the learning 
component of the criterion of cognitive suitability and the component use of material resources of 
the mediational suitability: 
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N2: As teacher N4 said, at one point the children saw the table vertically. 
N4: Yes. 
N2: The reading was vertical. Ya! And our goal, what was it? 
T: Our goal was to be horizontal. To make the children know that at the base they would only have 
to add one to know how many vertices and that the double will always be the edges. 
N2: When does T allude to base five and an A1 student instantly starts raising her hand, before he 
asks the question, did she expect the children to give answers as quickly, as it emerged in the video? 
T: No, I think, when we planned it, if you remember, we had some doubts about whether they would 
be able to get to this soon, right? To respond to those spaces that we had left within that table we 
made. And I didn't think it was going to be so fast. 
N4: I really believe that the action of the student A1 clearly demonstrates that the children there at 
that minute abandoned the concrete and went to the abstract. That really is the ultimate goal of a 
math class. Let them jump and what, she didn't build to pyramid 5, but she immediately jumped into 
the mental. 
N1: Now I think that the fundamental vehicle here is not it? In achieving the results and that the 
student A1 responded so quickly was the table. [Point to the table] This table that we raised when 
we did the planning, was the one that gave the very clear indicator to establish a merely abstract 
order, that is, work in numerical form. 
Next, the group goes on to make positive assessments about the interaction between students (this is 
a component of the interactional criteria): 
N1: In the video, the group caught my attention when I was working where they couldn't put 
together the pyramid. 
N3: The collaborative learning. It was the first point, I think, it seems to me, upon hearing you, that 
it was what immediately caught our attention. That is, the boy began to build the pyramid and if he 
was wrong and the girl immediately began to interact with him in the sense of correcting him. 
Later, they begin to reflect on the treatment of diversity, in particular on the lack of extension and 
reinforcement activities (an indicator of the curricular adaptation component to the individual 
differences of the criterion of cognitive suitability). Also, the indicator is inferred, it facilitates the 
inclusion of students in the class dynamics and not the exclusion, of the teacher-student interaction 
component of the criterion of interactional suitability: 
N4: Like Cecilia, I have seen some boys who after finishing the completion on the board, the 
vertices, the edges, if they started playing, to take the straws. So, I think that there we would have to 
rethink some activity in which we would leave this situation and those children will not be left 
without doing anything. 
N3: It seems to me that when she appeared, the first student A1 came out, to put the numbers 
forward there it seems to me that there was perhaps a question left to integrate the other children 
who were very quiet some behind. Working yes, but quieter because there was another who was 
with another personality that participated a lot. 
N2: Something then we will have to aim for the next planning that we do, for the reorganization it is 
to think about the most advanced and the most backward children, not only in general. 
Based on this reflection, teachers propose changes in tasks to generate an interaction that facilitates 
the integration of students and the treatment of diversity (cognitive and interactional suitability): 
N4: Speaking a little what the colleague says the closing was that the closing challenge we did it we 
planned it orally and maybe it should, so that he had participated, because in the oral some 
children participate ... 
T: A small template should have been made with the three bases at hand and maybe it is three 
challenges to have them inserted, one gives the base, the other gives the edge and the other gives 
the truth the vertices and that the children They have delivered and so one is having the detail of the 
course. 
The video ends with a comment that makes an assessment related to emotional aspects (emotions 
component of the criterion of affective suitability): 
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N2: Any other comments? 
N1: I was very attracted to a guy who, in the end, when he was finishing, right? With the closure. 
But I was desperate [to give the right answer]. I already knew I had it ... I mean, there I find, for 
example, a face of happiness, and that happiness is enthusiasm because he learned. That is, in fact, 
for example, a student who learns is a happy student. 

5. Discussion of the results and final considerations 

In the analysis carried out, it is evident that in classes based on the LS methodology implicit 
consensus emerges between the teacher who develops the class and the other participating teachers 
on aspects that are positively valued, which can be reinterpreted in terms of indicators and 
components of the DSC ̶ is a result that coincides with those obtained in Hummes, Font and Breda 
(2019). The results obtained show how in the planning and reflection stages some of the 
components and indicators of the DSC appear implicitly in the reflections of the participants. 
In particular, both in the experience of LS conducted in the Japanese context, and in the Chilean 
context, teachers use the interactional and cognitive criteria very significantly. On the other hand, in 
both scenarios, there is little reflection on the mediational and affective criteria and there is almost 
no reflection on the criteria of ecological suitability. This result can generate other inquiries, such 
as: Why does this regularity arise in an experience of LS in two different contexts? Why do groups 
of teachers attribute more emphasis to interactional and cognitive issues, less emphasis on issues 
related to emotions and resources and have almost no reflections related to environmental issues? 
Questions like these demonstrate the importance of doing research that seeks to analyse the 
experiments of LS carried out in different contexts. 
One of the advantages of working with the dynamics of LS is that some of the aspects that are not 
present in the reflection of the teacher himself may be present in the reflection of the other teachers 
who participate in the instructional process. That is, the LS methodology becomes a type of training 
device that promote that some of the indicators and components of the DSC arise as consensus in 
the reflection of the group of teachers (Hummes et al., 2019). 
Regarding the results obtained, one aspect to be explained is the reason why the DSC implicitly 
function as regularities in the teachers' discourse without being taught the use of this tool to guide 
their reflection. A plausible explanation (Breda et al., 2018; Hummes et al., 2019) is that DSC 
reflect consensus on how good mathematics teaching should be widely assumed in the community 
of educators; and it is plausible to think that the implicit use made by DSC teachers is due to their 
previous training and experience, which makes them partakers of such consensus. Now, another 
explanation, also plausible, is that the teacher who uses these criteria, having not participated in the 
process of generating the consensus that supports them, assumes them as regularities in his speech 
simply because, in the training he has received, they are presented as something naturalized and 
unquestionable in the training they have received. 

6. Thanks 
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