Counting mental strategies as new mathematical operations
DAVID WOMACK

Abstract: Drawing on my previous published work with both children and teacher trainees, | will present a
variety of argumentsfor allowing children to develop aview of addition which sees numbers primarily as
positions. Thisisgenerally known asa'transformational’ understanding of number operations; aview which
considers addition as transforming anumber from one position to a‘ higher’ position.

In such aview thereisadifference between the two *aspects’ of subtraction known to teachers as ‘ take-away’
and ‘ comparison’. If these 'subtractive operations' are given their own signs, algebraic equations can be formed
in which terms can be substituted for and transposed like orthodox operations. Also, if the system is extended to
negative positions, then algebraic findings such as 'two minus's make aplus' are seen to be clearly
demonstrable.

Participants are invited to give their own opinions as to why this formalisation has not beenattempted before
and also give their views on the pedagogical and theoretical significance of the idea.

Background — the Investigation

This paper builds on severd previoudy published papers describing an Investigation
conducted with asmadl group of 5 and 6-year-old children in a 35-pupil rurd schoal in the
Langdde Vdley (Lake Didrict, U.K.) over aperiod of 14 weeks. The findings were
presented firg to amesting of the British Society for Research into Learning Mathemdatics a
Oxford Universty (Womack, 1997).

The Invedtigation began from the premise that the intuitive number framework which young
children adopt prior to schoaling regards numbers primarily as objects with positions rather
than symbols for collection Sze (see Rationde 1). The distinctive characteritic of this

mental modd, isthat there are two ‘ subtractive’ Srategies, referred to in the literature as
counting-back and counting-up (Fuson, 1988) , both of which yidd the same numerica
answer. For example, 11 — 6 can be mentaly caculated as ‘ count back 6 from 11 (to reech
position number 5) or ‘ count-up from 6to 11' (in which case 5 numbers have to be counted —
7,8,9, 10, 11).

Aims

One of theams of the Invedtigation was to discover whether these mentd srategies of
counting-back and counting-up could be taught in asmilar pedagogica manner to the
teaching of the conventiona operations of addition and subtraction in school ? However, to
do this, these dtrategies would need to be given Sgnsto ingruct children which opeaaionto
cary out, just as conventionaly, ‘8+3' indructs children to ‘add 3, whils ‘8 — 3 indructs
children to ‘subtract 3 ? Hughes work (1986) suggested thet children have avery sheky
undergtanding of the conventiond operaion signs but in the Invedtigation it was found that
children could handle new sgns— provided they were 9gns which they themsdlves hed
invented (see Rationde 2).

Rationale

1. The'stepping ssone mode of numbers

Dufour-Janvier & d (1987) daimed that many children mentaly envisage numbersasa
series of sepping sonesin which children do not see the necessity for placing the ‘stones’ &
equd digances. Galistd and Gelman (1992) appear to give support to this mode when they
suggested that children seem to possess the ability to “directly enter thepositional
representation for anumber upon hearing its name’. More recently, Butterworth (1999) has
clamed that many children and adults visudise numbers as a sequence of bubbles stretching
away into the distance. Based on such findings, it was argued (previoudy), that children’s
underganding of numbersis primarily one in which the number symboals represent positions
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in ahierarchical sequence, rather than sizes of collections. In the Investigetion, children did
not identify the cardina aspect with an unordered collection of objectsin a set, but with the
ordered sequence of counting actions between two positions (Womack, 1995) [See Note 1].
It isdamed thet thisintuitive theory of numbersis frequently not redaced when

conventiona definitions are introduced but remains a covert modd through which mentd
caculations are meade throughout adult life (Womack, 1998b). In the case of unschooled
adults, living in nonrtechnological societies, it remainsther only nodd and isandogousto
the body- counting systems used by various orate African societies (e.g. Saxe, 1982; Pdtito &
Ginsberg, 1982; Womack, 2000c) [See Note 2].

| have shown in previous papersthat in this mental modd, the Srategies of counting-on,
counting-back and counting-up can be replicated by walking on, back or between the
sepping stones (Womack and Williams, 1998). In the * stepping sone’ setting of the
Investigetion, two basic types of question could be asked (and answered): Where will you
reach? and How many steps did you take? Wherewill you reach? questions require children
to count-on (or back), whereasto answer the question, How many steps did you take?
requires children to count-up (Womack, 2000a, 2000b) [ See Note 3].

2: Childrerisuse of symbols

Gifford (1990) notes that children tend to see the equas Sgn as a prompt for an adding
procedure and suggests that children tend to read Sgns as actions rather than relationships
between numbers. Gifford argues that children have difficulty rdaing plus, minusand equals
sdgnsto dl the different agpects of the concepts involved — in this case, difficulty rdating
minus Sgnsonly to the ‘take-away’ and not to the *difference’ Stuations. For example one
child' sidiosyncratic notation for finding the largest difference between pairs of numbersisa
sgn conggting of asort of skipping rope linking the two numbers - in children’sminds,
clearly adifferent menta process from thet of ‘take-away’. Ancther exampleisthe child
who, whenfaced with a, How many more? type problem said, ‘I don’'t know the sign for
adding on’. However, it seems children do not consider this* operation’ as subgtantidly
different from the conventional operation of subtraction (Sgnified by the ‘hyphen’ Sgn).
Atkinson, (1992) provides many more examples.

In summary, dthough children’s undergtanding of conventional mathematicd symbalsis
greatly overestimated, it was found thet they can invent and use thair own symbolswith greet
fedility (Gardner and Walf, 1983; Hughes, 1986; Resnick et d, 1990; Atkinson, 1992;
Neuman, 1987, 1993).
| ssues
The 5 year old children in my Investigation dearly understood the difference between these
two ‘processes on the numbered * stepping stones' and | now believe thet these strategies are
andogous to (and perhaps preparatory to) atransformational understanding of addition. [See
Note 3].

In transformationa addition, children regard the addition Sgn as an indruction to do

something (Hughes, 1986). Trandformationd addition implies two subtraction ‘ operations’ -
take-away and find the difference which are dearly differentiated in school teaching contexts.
[See Note 4].

Pedagogicaly, take-away and find the difference have dways been considered as dternative
menta strategies which achieve the same end — the subtraction of one number from another.
However, within atransformational modd, where the addition operation is essentidly norn
commutative, these are two different processes. This can be demondrated by consdering the
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higher but equaly non-commutative operation of exponentiation in the following equetion: 3
powered by 4 = 81, in which the operator (4) transforms the operand (3). To find the
operand, requires the operation of taking the 4th root of 81 but to find the operator, requires
the operation of finding the logarithm of 81 (to the base 3). Therefore, if taking the root and
finding the logarithmare considered different mathematical operations associated with the
trandformationa operation of exponentiation, should not the operations of take-away and find
the difference be consdered in the same way - as different mathematical operations
asociaed with the transformationa operation of addition?

Proposed participant discusson

| will refer to these menta operations as ‘ operactions and put forward for congderation the
possihility that with suitably devised Sgns, these could be used initidly with children. The
trangtion to conventiona operations can then be made at alater time when commutativity is
confidently espoused and operation Sgns can be understood as standing for both count-back
and count - up.

However, irrepective of the practica and pedagogica merits or demerits of this approach,
this paper invites

discussion of the mathematical implications of regarding the non-commuitetive form of
addition asavalid (and dternative) mathematica operation.

NOTES

1. Notetha acardind modd of numbers may be adequate for deding with collections up to
about 6 (the subitizable range), but beyond this, numericd Sze cannot be adequately
envisaged mentally.

2. Where will you reach? questions were asked usng vertica arrows, written on cards. How
many steps did you take? questions were asked much later in the investigation sessions,
usng another Sgninvented by the children - ahorizontal arrow which indructed children to
find the number of sepslinking two numbers. For example, 9= 6 meant Walk to 9 from 6.
Effectively, this was a finding-the-counted- on steps question. The relation between count-on
ggns and count- up sgnsis more fully discussed in Womeack (1998a).

3. Vergnaud (1982) has given a comprehensve account of different types of transformationa
addition and subtraction problems.

4. The confuson sometimes caused by usng asingle ‘subtraction’” Sign to represent digtinct
number-related Stuations can be clearly seen when negative integers are introduced. Some
researchers have made this distinction very clear (e.g. Rowland, 1982; Haylock, 1995, p.95).
One ggnificant difference between the two mental processes subsumed under * subtraction’ is
that ‘take-away’ isan ingruction for action without requesting an answer, wheress ‘find the
difference asksfor an answer without giving any indructions as to how this might be
achieved. For the further implications of the fundamentd difference between ‘take awvay’ and
‘difference methods for subtraction, (see Womeack, 1998a, 1998D).
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