“Quaderni di Ricerca in Didattica (Mathematics)h. 21, 2011
G.R.I.M. (Department of Mathematics, UniversityRelermo, Italy)

Multiple-choice math tests: should we worry about gessing?
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Abstract. With reference to the recent diffusion of multioleoice testing in Italy, we argue
that — in the absence of an appropriate methodmbgackground — the ubiquitous adoption of
“formula scoring” may reveal an incorrect view @etfunctioning of multiple-choice items.
We point out that common motivations for assignéngenalty to incorrect answers are based
on a misconception of the effects on the answestrategy of the examinees. To support our
viewpoint against indiscriminate use of formularstg, we report the case study of math items
used in entrance tests for undergraduate currigtifhe University of Turin (Italy), where
comparative IRT analysis shows no evidence of systie guessing under right-only scoring.

MSC: 97C06

1. Introduction and background

In Italy, multiple-choice have been increasinglppid after 2001 as entrance tests for undergracwati-
cula and in the admissions to qualification (pcestigiate) courses for perspective high-school teaclvet,
such tests are still perceived as foreign to thkah educational system, which traditionally relien oral
examinations and non-standardized written tests.

At present, most Italian education professionals lfar granted that in multiple-choice tests onewt as-
sign a negative score for incorrect answers, agugto the well-known formula-scoring rule. The wfe¢he
formula scoring, as opposed to the right-only saprihas been the subject of a lively debate in @
with a long-established practice of multiple-chaiests since in the first half of the XX Centuryh(ifstone,
1919; Holzinger, 1924). In Italy, this debate seembe ignored.

Multiple-choice tests have specific features thatirmguish them from open-ended ones. One of thetmo
evident differences is that only the result of shedent’s solving process is observable. In ouesgpce, we
have often observed that math teachers, usedaditibnal” types of examinations, tend to regardtiple-
choice items as substitutes for open-ended exsrcigal therefore to assume that a single multiptéce
guestion should provide a reliable evidence orathility of the student to solve a specific probldmview

of that, they expect that each item should be areiy reading the question, identifying and periog
the appropriate computations, and only afterwamsparing the found solution with the proposed amswe
(possibly retaking the previous steps, if nonehefanswers corresponds).

These assumptions entail almost naturally a deapeta about the possibility that a student maycséhe

correct answer — among the k available choicesa-rasult of blind guessing (with probability 1¥dich is
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usually far from being negligible). The better smln to get rid of guessing appears to be the Gisermula
scoring.

The simplest scoring rule — often referred to asimer-right or right-only scoring — merely counts thum-
ber r of correct answers. This scoring rule is nbays used, for example, by the American Collegdifigs
(ACT) and by the Graduate Record Examinations (Giritleral exams. Although under this rule it is meve
better to omit the response than to choose an arswandom, it has been repeatedly observed tdmé s
examinees do not answer all items. For exampl&984#, shortly after the introduction of number tigbor-

ing rule, only 44% of GRE examinees answered adktjans and 5% of them (about 3000 examinees) omit-
ted 20 items or more (Grandy, 1987).

The most known formula-scoring rule consists irmgti@aassigning one full point for each right ansvaaro
points for each omitted answer and -1/(k-1) pdiotseach wrong answer, so that an examinee ansyvirin

a totally random way to all questions would havesgpected score of zero points.

An alternative rule (Traub & Hambleton, 1972) agkie a similar result by adding for each omissidn 1/
points and being neutral regarding incorrect respsnAlthough in the latter version the idea ofrigley” is

not explicitly suggested, it is easy to see thatahitcomes of the two methods are linearly related.

The typical motivations for the choice of a formslzoring rule tend to be either “technical” or “rabjr In

the first case, it is believed that formula scorijugt because it produces a zero average scahe icase of
pure blind guessing, has the effect of suppres$iaglistortion due to the guessing practice. Adogrdo

the “moral” viewpoint, on the other hand, the pigebf guessing is unfair, because a guesser wihikin a
higher score with respect to an equally skilled;, tmore “honest”, candidate (this consideration ¢gfy
arises whenever the test is used in a competitido produce an admission list: in Italy, suchgastvaria-

bly adopt formula scoring). The formula scoringoeieved, in this case, to effectively discouragean-
fair” practice through the introduction of an apprate “penalty”.

A large literature focused on development, evatuatand comparison of different scoring rules, andhe
effects of each scoring method on the answeriradegly of the examinees. Diamond and Evans (1973) as
sumed that examinees either know the answer tst étden or else choose among all alternative resgoat
random. Lord (1975) suggested that examinees may & intermediate position, being able to ruleane

or more of the alternatives with a certain levelbe$urance. From a psychometrical point of vievindika
and Traub (1973) found evidence of higher integisistency for formula-weighted scores. Hambleton,
Roberts, and Traub (1970), instead, found no sgaf increase in internal consistency for formula-
obtained scores.

Kansup and Hakstian (1975; Hakstian & Kansup, 19Hserved that formula-scoring methods require spe-
cial training for examinees and considerably mestinng time. Their results, jointly with earliestdts (Col-

let, 1971; Coombs, Milholland, & Womer, 1956; Drels& Schmid, 1953), had shown that a significant in

crease of reliability and validity is not met whimmula-scoring procedures are compared to numight-r
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ones, during tests requiring the same time. Thailgyacoefficients were not increased (and, intfagere
lower) for the formula-weighted scores, and thetamted a significant decrease in validity with tathe-
matical Reasoning test. They also measured whgtdaked “an additional trait”, largely unrelateal the
ones of interest. A further investigation of perady traits affecting the reaction of examineeddomula
scoring can be found in Cross and Frary (1977).eMecently, Budescu and Bar-Hillel (1993) arguext th
Guessing is bad for test makers, not necessarilye$b takers. Formula scoring was initially deyeld
to discourage guessing. For the ideal test takmveler, formula scoring merely obviates guessing —

and only random guessing at that. To really dissgeiguessing, the penalty for errors should exceed
1/(k-1).

In the next section of this paper, we shall addtlessnotivations often leading test makers to fdenacor-
ing, and question their soundness. Furthermoreangee that the actual incidence of guessing ungbt-r
only scoring cannot be assumed a priori, and shioeldxperimentally assessed. Math items deserpe-a s
cific attention from this viewpoint: first, the divsity of available solving strategies (with regp®ecopen-
ended exercises) is more likely to be overlookedesy makers; second, the alternatives are oftesechto
correspond to the possible outcomes of typical amseptions or procedural errors, and it is thes=foore
likely that an examinee is led to a wrong answsteiad of guessing at random. In the third sectiemeport
some preliminary results of a research project diaterevealing the occurrence of guessing in meskst
under right-only scoring, for first-year undergrathi students scarcely trained in multiple-choictstéthe
standard present situation in Italy). We obsena &émcoding the assumption of systematic guessirtige
IRT model used for the analysis of our test datalpces a lower reliability for math items, whilértreases

the reliability for vocabulary and grammar itema @different group of examinees).

2. Formula scoring: a critical perspective

We have already remarked that “naive” motivatiamstiie use of formula scoring rest on the paradigat
a multiple-choice questionnaire should work asolection of exercisesach testing the knowledge of a
specific method of solution. This paradigm obscuhesfact that in most cases the set of answeizopeal
for each item provides additional information oe throblem. Extracting and using this informatioracs
tually a component of the ability one wishes to meastie rather odd to pretend, for instance, tiat &x-
aminees do not get the correct answer by exclusibenever this is the most efficient way to obtiiOne
should accept the fact thdiscriminating between the proposed answsrthe core of the response process
in a multiple-choice test, and a “clever” guessingy be a perfectly legitimate strategy in some calsas
true that the possibility of guessing preventstdst makers from inferring that an examinee chapsire
right answer is actually able to solve the poseaiblem. Indeed, in a multiple-choice test it is thi set of

responseso all questions that is relevant to measure daengnee’s ability (Rasch, 1980).
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Still, let us take for a moment the viewpoint obsle who aim at wiping out any instance of guessNogor-
dingly, we shall assume that the formula scoring the ultimate power of inducing every examineertot
the response if he/she is unable to single outdneect answer, whereby under the right-only s¢@ishe
would respond randomly. As stated by Lord (1975),

The difference between an answer sheet obtainegl dodnula-scoring directions [...] and the same

answer sheet obtained under number-right scorirggtdns [...] is only that omitted responseshiy.a
on the former answer sheet are replaced by rand@ssgs on the latter. (Lord, 1975, p. 8)

This conclusion is in accordance with the fact thhenever an examinee is at least able to exclndeoo
more answers, it is statistically advantageousifiovher to guess among the remaining answers,rritha

omitting the response. However, if Lord’s statenisritue, then formula scoring is pointless. Lesuppose
that in a test oh multiple-choice items (witlk possible answers to each question), a given examacon-
fident about the answers $atems € < n), and uncertain on the remaining- sitems. Letc be the number of
right answers for the “non-guessed” itemsc(< s. the examinee may have been misled in a numbeassf

es), which is not affected by the scoring rulethia right-only scoring scenario, the (average) etgubscore

. n
of the examinee would be,,=cC+

In the formula-scoring scenario, the score woblel

Mes :C—%. Then, rg :ero_k_—l: the two scores are linearly related. If examihdehavior
changes with the scoring rules exactly as desciilyedord, thenthe average effect of the formula scoring
directions only amounts to an overall rescalinglef expected scores

This conclusion, however, rests on the assumphiahdll examinees adopt the optimal answeringegiyain
either situation. As a matter of fact, this repreagon is not realistic. With respect to each itenma mul-
tiple-choice test, an examinee can be in one @ktlisubjective) states: absolute certainty, tatakttainty,

or partial uncertainty. These states corresporgpedively, to being 100% sure of an answer, asxgiga
probability of 1k to each answer, or assigning some non-uniformestileg probability distribution over the
possible answers (Budesetial, 1993). Let us stress that the subjective stanafxaminee with respect to
an item does not reflect his/haility, but rather his/hdbeliefs The examinee’s actual behavior, in the case
of partial uncertainty, is in turn determined bye tfadditional trait” observed by Hakstian and Kgmsu
(1975). Under formula-scoring directions, an exaainvith a low level of self-confidence may omit-res
ponses even in cases where he/she had singleteoobtrect answer, but is not “completely sureitofo
avoid such distortion, which may heavily affect tislity measure, all examinees shoulditaénedto apply
the optimal response strategy, which doesconsist in “honestly” omitting the response wheareane is
unable to solve correctly the problem, but insteaduessing systematically the answer wheneveroone
more alternatives can be excluded. The effectraduical: “honest” examinees will eventually gdoaer

score with respect to “clever guessers”. Furtheentire strategy of judging the likelihood of eaciswer,
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rather that solving the problem on the basis ofgirestion alone, is promoted rather than discoukafieese

effects are exactly opposite to the above-repartetivations for the adoption of formula scoring.

3. Guessing under right-only scoring: a case study

We have compared the results of three item poais:df them (M1 and M2) were employed to test under-
graduate students enrolling at the Faculty of Maidiical, Physical and Natural Sciences of the TUi
versity. M1 consists in a set of 86 math items adstéred (via computer) to 500 students in Septembe
2004. The second set (M2) includes 58 math itemtlypin common with the previous set, administeied
409 students in September 2005. The third set @@ngidered for comparison purposes, contains 186-q
tions on lItalian vocabulary and grammar, adminestdo 500 students enrolling at the Philosophy tgrde
duate course of the Turin University from 2004 692.
Each student taking test M1 responded to a forntatming 40 items: each item was extracted amongawo
more variants of comparable content and difficultyanalogous way, the test forms extracted fromi2
cluded 36 items, while those extracted from thep®bl included 20 items. Each question had fourradie
tive answers, only one being correct. All studemse informed that zero points were assigned teein-
correct or omitted answers; examinees were neifoeised to always respond, nor discouraged from
guessing. Taking the test was compulsory for albking students; the only formal consequence dinig
the test was a more or less stringent advice émathdditional tutorial activities. Further detaifghe design
of the three tests can be found in Andra (2009).
Both sets of math items require calculation or wbsolving to be answered correctly, while thedtset
of items (Ph) request mainly mnemonic knowledger. ®ypothesis is that, under right-only scoring, $gie
ing is more likely to occur for the latter typeitefims.
The data have been analysed according to fourreifferesponse models (Birnbaum, 1968): 1-PL (one-
parameter logistic) model, 2-PL model, (unconstd)n3-PL model and 3-PL with the constraint that th
lower asymptote of all item characteristic curvesu@lly referred to as “guessing” or “pseudo-guegspa-
rameter) be fixed at ¢ = 0.25.
Birnbaum’s 1-PL model assumes that the probalolitgnswering correctly to iteimfor the examineg(item
characteristic curvejs given by the expression

F?L(ﬂi B)= 1+eg+’3i—§j)
where is theability of the examineef is thedifficulty of the item andr is an overall slope parameter,
equal for all items. This model coincides with fRasch model up to rescaling of the difficulty arulity
scale by a factos.

In the 2-PL model one has instead
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1

P&y, B) = mmr

(the slope parameter is now different for each item). These models asstimat the probability of correct
answer tends to vanish whgh- 4 is large. This assumption is contradictory witle thypothesis that ex-
aminees being unable to solve the posed problemsehihe answer at random, for in this case theapitrb
ty should be equal toKivhens >> §. The 3-PL item characteristic curve is

1l-c
whereby a different lower asymptote can be assigoathch item. For a set ofitems, 3 free parameters
have to be estimated under 3-PL model, in contea®tPL 2n parameters), 1-Pln 1) or Rasch modeh)

Py(Z,0:,8.¢c)=¢c +

(Rasch, 1980). A larger number of parameters igebedl to improve the goodness-of-fit and the oVeeal
liability of the test estimates. If we constraim tharametec in the 3-PL model to be equal td1the nhum-
ber of free parameters is the same as for the &y®del, but the latter should in principle fit betileguess-
ing is negligible, while the former (constrained®B} should have higher reliability if guessing oczu
systematically.

The MMLE (maximum marginal likelihood) parametetiestes have been done using MULTILOG 7.0.3,
which provides for each set of items and for eadponse model the resulting marginal reliabilitiéEen,

1991). Table 1 shows the observed values for ezstluhder the four models.

Test label Marginal reliability
1-PL 2-PL 3-PL, unconstrained 3-PL,c=0.25
M1 0.954 0.954 0.956 0.944
M2 0.925 0.930 0.937 0.915
Ph 0.915 0.957 0.982 0.979

Table 1: Observed MMLE marginal reliability.
As expected, the marginal reliability increaseshwiite number of free parameters; yet for both nitatin
pools, as soon as the lower asymptote of the iempanse curve is uniformly set to bk, ihe reliability de-
creases not only with respect to the 2-PL model,elven in comparison to the 1-PL estimates. ForPthe
pool, in contrast, the assumption that examineesgat random when they don’'t know the correct answ
still produces a much better fit with respect tB12-
The software MULTILOG computes the’ Gtatistics (-2 times the logarithm of the likelift), which could
in principle be used for a comparative test ofbfttween the different models (Maydeu-Olivares &,Cai
2006). The difference between constrained 3-PL inaale the unconstrained 3-PL shows, as one should e
pect, a significant improvement of fit in the absewnf constraints, for all the three item poolse T differ-
ence between constrained 3-PL and 2-PL modelrim tsli largely positive for the two math pools aredja-

tive for the (Ph) pool — quite in line with whatshbeen observed for marginal reliability — but aper
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statistical test for the difference in goodness$tofrould require one model to be “nested” into titber one,

which is not the case.

4. Conclusion

Our observations support the feeling that guessiag be not a primary concern in mathematical migHip
choice testing under right-only scoring directioat]east in situations comparable to the studieel and
suggest that guessing is reduced when items regpgisening rather than mnemonic knowledge.

These results, to be complemented by a carefuy sifithe applicability of the likelihood ratio test com-
pare the goodness-of-fit of the different modelxyudd be regarded as preliminary to further stuti@sed
on large-scale tests at national level (starteSeiptember 2008). Such studies could be significeview of
a follow-up of the overall impact of the diffusiah multiple-choice assessment on mathematical tegah

Italy.

241



“Quaderni di Ricerca in Didattica (Mathematics)h. 21, 2011
G.R.I.M. (Department of Mathematics, UniversityRelermo, Italy)

References
Andra, C. (2009). Assessment of prerequisites fatengraduate studies through multiple-choice tebts:

case of the University of Turin (Italyiph. D. DissertationUniversita degli Studi di Torino, Torino, IT.
Birnbaum, A. (1968). Some latent trait models #meir use in inferring an examinee's ability. In: Nt
Lord, & M. R. Novick (Eds.)Statistical theories of mental scorépp. 397-472), Reading, MA: Addison-
Welsley.

Budescu, D. & Bar-Hillel, M. (1993). To Guess ortNo Guess: A Decision-Theoretic View of Formula
Scoring.Journal of Educational Measurement, 27,7-291.

Collet, L. S. (1971). Elimination scoring: An enipal evaluationJournal of Educational Measurement, 8,
209-214.

Coombs, C. H., Milholland, J. E., & Womer, F. B9EB). The assessment of partial knowledgphucational
and Psychological Measurement, 13-37.

Cross, L. H. & Frary, R. B. (1977). An empiricastef Lord's theoretical results regarding formsdaring

of multiple-choice testslournal of Educational Measurement, 843-321.

Diamond, J. & Evans, W. (1973). The correction doessingReview of Educational Research, 481-
191.

Dressel, P. L. & Schmid P. (1953). Some modificaiof the multiple-choice itenieducational and Psy-
chological Measurement, 1874-595.

Grandy, J. (1987)Characteristics of examinees who leave questiosiswered on the GRE general test
under right-only scoringPrinceton, NJ: Educational Testing Service.

Hambleton, R. K., Roberts, D. M., & Traub, R. E9TD). A comparison of the reliability and validiy two
methods for assessing partial knowledge on a nhedtipoice testJournal of Educational Measurement, 7,
75-82.

Holzinger, K. J. (1924). On scoring multiple-respertestsJournal of Educational Measurement, ¥8l5-
447.

Kansup, W. & Hakstian, A. R. (1975). A comparisdrseveral methods of assessing partial knowledge in
multiple-choice tests: I. Scoring procedurdsurnal of Educational Measurement, 229-230.

Hakstian, A. R. & Kansup, W. (1975). A comparisdrseveral methods of assessing partial knowledge in
multiple-choice tests: Il. Testing procedurésurnal of Educational Measurement, 231-239.

Lord, F. M. (1975). Formula scoring and number-rigtoring.Journal of Educational Measurement, 12,
11.

Maydeu-Olivares, A. & Cai, L. (2006). A Cautiona¥pte on UsingG%(dif) to Assess Relative Model Fit in
Categorical Data AnalysiMultivariate Behavioral Research, 435-64

Patnaik, D. & Traub, R. E. (1973). Differential \gkting by judged degree of correctneksurnal of Educa-
tional Measurement, 1281-286.

242



“Quaderni di Ricerca in Didattica (Mathematics)h. 21, 2011
G.R.I.M. (Department of Mathematics, UniversityRelermo, Italy)

Rasch, G. (1980Probabilistic models for some intelligence and imtaent testChicago, IL: University of
Chicago Press.

Thissen, D. (1991)MULTILOG: multiple category item analysis and tesbring using item response
theory.Chicago, IL: Scientific Software International, Inc

Thurstone, L. L. (1919). A method for scoring teBtsychological Bulletin, 1635-240.

Traub, R. E. & Hambleton, R. K. (1972). The effestsscoring instructions and degree of speededoess
the validity and reliability of multiple-choice tiss Educational and Psychological Measurement, BZ{(-
758.

243



