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Abstract. In Turkey, only Euclidean geometry is studied immary and secondary education.
Non-Euclidean geometries are covered only at usityelevel. This study was conducted with
those students taking Geometry course offered imdy Education Mathematics Teaching
program. The content of Geometry course coversi@t@mh and non-Euclidean types of geo-
metry. The concepts aimilarity, difference, incongruitgndoppositionare extremely impor-
tant in teaching. In order to be able to distinguietween twaery similar things, the differ-
ences between them need to be identified. In thidys therefore, it is suggested that only
mentioning the presence of non-Euclidean typesoftetry is insufficient to teach those types
of geometry as well as to teach Euclidean geométcgordingly, the aim of this is to have
Mathematics teacher candidates discover the difterdbetween a non-Euclidean geometry —
Hyperbolic Geometry — and Euclidean geometry bynaisbeometer’s Sketchpad, a dynamic
geometry program.

Subiject classification numbers: 97G99,97G20

1. Introduction

Geometry is a branch of mathematics that is comcewith the examination of the relationships ofnp®;
lines, curves and surfaces and studies of spacen&ey, which also means knowledge of shapes eanaes
has an outstandingly irreplaceable role and sicgmiice in mathematics teaching. In Turkey, only eein
geometry is studied in primary and secondary edutalNon-Euclidean geometries are covered onlynat u
versity level. What non-Euclidean geometries mdégperbolic geometry and a special model of it -nPoi
caré disk model — and Geometer's Sketchpad hygerboitware, which allows studying on this modet a
briefly mentioned below. The main objective of thtady is to help Mathematics teacher candidatesdut
the existence and properties of a non-Euclideamgéy, hyperbolic geometry, by discovering the fanu
ties and differences between Euclidean and nonid&aart geometries.

1.1 Non-Euclidean geometries

In geometry, point, line and plane are undefineacepts. On the other hand, though not a matherhdiea
finition, what is meant by Euclidean plane or plamahort is a straight smooth surface expandingviery
direction. In the concept of plane, consisting oihps and lines, some statements concerning paimddines
are accepted without a need for proof of theirdrgli The proof of these statements, which areedall
axioms and considered to be self-evident, is nesipte (as they are postulates). In geometry, nipica-
tions of the accepted axioms are examined. Thedems of the Euclidean Plane, covered and studied
detail in primary and secondary education mathermaturse syllabus, are listed below (Kaya, 2004):

1. For every poinP and for every poin® not equal td® there exists a unique linghat passes throudh
andQ.

2. For every segment AB and for every segment @petlexists a unique poiktsuch thaB is betweerA
andE.

3. For every poin© and every poinA not equal tdD, there exists a circle with centérand radius OA.
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4. All right angles are congruent to each other.
5. Only one parallel can be drawn to a line fropoant not lying on this given line.

The 8" axiom in Euclidean Geometry, known as Playfaioaxistates that in plane, only one parallel line
can be drawn to a line from a point not lying ors tiven line. However, by the end of 1820s, Bolyad
Lobachevsky showed that a new type of geometrydcbelformed by taking the statement that “H: thfoug
any given point not on a given line, two (or infely many) lines can be drawn parallel to that giliae”
and some other Euclidean axioms. That is how hypiergeometry and therefore non- Euclidean geometry
emerged. There are other geometries which negatpatallel postulate. Two of them are sphericahyzo
try and elliptic geometry. Among non-Euclidean getrmies, the one that is closest to Euclidean gegniget
hyperbolic geometry, in that only one axiom of hyymdic geometry is different from Euclidean georgetr
(Dwyer & Pfiefer, 1999). On the other hand, theeesigl difference is that while there is only orlane for
Euclidean axioms, there are many models giving iHyplee Geometry (Bolyai-Lobachevsky) axioms. Some
of these models are the Klein Model, Maximum Plktalel, Poincaré Upper Half-Plane Model, and Poin-
caré disk model. These models can be used to igsuidlyperbolic plane and to explore the geometrical
properties of plane (Dwyer et al., 1999). This gtués conducted by using Hyperbolic geometry and-Po
caré disk model.

1.1 Poincaé disk model

Henri Poincaré (1854-1912) developed a disk modelrevthe points of hyperbolic plane were definethas
terior points of an Euclidean circle. In this madaeles are not merely straight lines like the otiesy see in
Euclidean plane. Instead, the lines of the geometeyformed by segments of circles contained indibk
orthogonal to the boundary of the disk, or elsendiers of the disk (see figurel).

Figure 1. The lines of hyperbolic plane

Also, the boundary of the disk is not included @different in distance. All the interior pointé the
circle form this plane. In order for two pointshtie collinear in this plane, they either need torbihe form
of the arc of a circle perpendicular to C or needbé¢ on a diameter. The angle between two lindghiin
model is the angle between the tangents drawretbirtes on intersections of these lines (see figre

Figure 2. Theangle between two lines in hyperbolic plane
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2. Method

The sample study population is composed of 15 madlies teacher candidates. After being introduced t
the technical properties of Geometer’s Sketchp#ishace in a total of 10 hours in 3 weeks, the saustu-
dents were asked to complete the activities byguspecial Sketchpad tools so that they exploréhyiper-
bolic geometry modeled by Poincaré disk model. Tdsearch activities were prepared under the subject
headings points-lines, angles and triangles. Sommmples of these research activities are presdmaiooy.

3. Findings

The students actively participated in the procéshediscovery and development of the similariaes differences be-
tween Euclidean geometry and hyperbolic geometrynbyipulating shapes and changing their forms(sgee 3). In
Angles in Triangle Activity 1, for example, integative questions were asked so that the studearniag and con-
struct the idea that in hyperbolic geometry the sdithe interior angles of any triangle is lesathi80 degrees. Accor-
dingly, it was expected that the students wouldhehe generalization that “the sum of the inteangles of a triangle
is less than 180 degrees” by manipulating the drgsvthey created and performing measurements om the

R Figure 3. Students explore the differences between the twongéries

In general, the students were asked to show gewmalstrwhich of the Euclidean geometry theoremsspreed in
each activity are also valid in hyperbolic geomeifjhen the students claimed that a theorem was vaiid one in
hyperbolic geometry, they were asked to show a Eamgt proving the theorem in hyperbolic geometigydel by us-
ing Sketchpad program. If they couldn'’t find an e not giving the theorem, they were asked tahrehe generali-
zation that “this is a valid theorem in hyperba@®ometry, too” by showing that it was proven foteast three samples
and by recording them. Two of these activities studlent samples are presented below.

3.1. Angles in triangle

1) The sum of the measures of the interior andglestdangle is equal to 180 degrees.

2) The sum of the exterior angles of a trianglegaal to 360 degrees.

3) The measure of an exterior angle of a triangleats the sum of the measures of its two nonadjacen
terior angles.

4) The angle between the bisector of the intengleon a vertex of a triangle and the bisectahefex-
terior angle on the same vertex is equal to 90esegyr

After all of the students completed the first qiastthey were asked the question “What is the sfithe
interior angles of the triangle you have drawn?halugh they all found got the right sum, they dad give
an immediate answer because they thought they madistake. However, they did give their answers for
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the question when they realized that they all petdame result. The students were all surpriséiddamout
that the sum of the interior angles of a triangléess than 180 degrees in hyperbolic geometrkeurhe
sum in Euclidean geometry, a well-known fact fdradithem. Then, they all answered the questionwHo
does the sum of the interior angles of the triamtyl@nge when you change the triangle by draggiagyéh-
tices?” in the same way; again they all gave tgbtranswer that the sum remained less than 18@eegr
They realized that the result would still be Ids®t 180 degrees when they were asked to draw efifferi-
angles and reached the conclusion that in hyperigelbmetry the sum of the interior angles of angia is
less than 180 degrees. In figure 4, the resultseglby one of the students are presented. Congetimin
first question, this student wrote the followinghctusion: “It is evident that while the sum of thieeasures
of interior angles of a triangle is equal to 18@mes in Euclidean plane, the sum of the intenwles is

less than 180 degrees in hyperbolic plane.” Theltsegained by the other students indicate sinuitarclu-
sions.
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Figure 4. One of the students answer

3.2. Right triangles
1. Itis possible to draw a right triangle.

2. Pythagorean Theorem: In amnght triangle the area of thequareof thehypotenuses equal to the sum
of the areas of the squares whose sides are thiegso
A student sample for this activity is given in figlb. As can be seen in the student’s statemesyt viiere

again surprised to realize that the PythagorearorEne well-known by them in Euclidean plane, is not
proven in hyperbolic geometry.
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Figure 5. A student sample for right triangles

3.3. Special theorems

1. If two or more straight lines which are paralieleach other intersect two other straight lirtas,
lengths of corresponding line segments determimeith® secants are proportionaf {lhales’ Theorem)
2. When two parallel straight lines cut two intetggy straight lines, the angle sides of the triasg

formed are divided into proportional segment& Thales’ Theorem)
3. Menelaus’ Theorem.

4. Ceva’'s Theorem.

The result gained on thé' Thales’ Theorem by one of the students checkingtlar the special theorems
are proven |n hyperbollc geometry or not is presgiitigure 6.

il = [Pudieay s Disi|

it Display ©onstruct Transform Measure Graph Window Help -8 =
% | Poincare Disk Model =
< { 1. Talsstacrami: Birbinina paralal olan g ve dana fazis 448 i fand) dadnuda kesgies, kasenlar Uzarinda aynian karlkl 408 Fargalannin USURTUKSH Srantdidir
ip i i bu teerem Al 2 itadin,

|| kL=n086in
Al wm=o7sin
)}' MO = 0,65 in
QP = 1,04 in

T/D' &) u

v [E, \4, W
z By
4Dy =084in .6, = 0,88
D,Eq = 0,48 in. GyH, = 0,51 in
&40, FyGy
e =172
D4E, GaH, e
< | 5T
| = I =s i | E=)

Figure 6. The result gained on thé' Thales’ Theorem by one of the students
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By different examples, this student and all of dtigers indicated the conclusion that tieThales theorem

was not proven.
One of the students obtained the model of Ceva¢he@ Euclidean and hyperbolic geometry on thaesa

screen(see figure 7). This programs is dynamic. Stbdent tried different positions and comparedrier
sults.

Figure 7.The result gained on the Ceva’s Theorem by onbkeo$tudents

The result gained on the Ceva’s Theorem by theestiuchecking ,the Ceva’s theorem is not proven in
hyperbolic geometry presented figure 8.
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Figure 8. The result gained on the Ceva’s Theorem by thdesiiu

One of the students obtained the model of Meneldnegirem in Euclidean and hyperbolic geometryhmn t
same screen. The sudent reached the conclusionratiéng the necessary calculations using the featof

the program (see figure 9).
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Figure 9. The student make the necessary calculations osctieen

The student tried different positions and compdredresults. The result gained on the Menelausoiidma
by the student checking ,the Ceva'’s theorem iprmten in hyperbolic geometry presented Figure 10.

i

Figure 10.The result gained on the Menelaus’ Theorem bysthdent

Once they completed all of the activities, the ehid stated that there were many differences bettmse
two types of geometry, whose axiom systems werg ¢lese to each other (only parallelism axiomsdife
ferent). They said they showed that many theoremgen in Euclidean geometry were not valid in hyper
bolic geometry. They realized that the axioms oflieiean geometry were just self-evident and thanes
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minor change in the axioms would yield a geometitegdifferent from Euclidean geometry. They also
stated that the dynamic software helped them eellize these differences.

3. Conclusions

The aim of this study is to help students recalirtprevious knowledge on Euclidean geometry arith the
help of a computer software program, discover thdlarities and differences between Euclidean gaoyne
and hyperbolic geometry, which is one of the nogliean geometries and which was chosen becaise it
really similar to Euclidean geometry. As hyperba@mometry is abstract, the use of technology hetped
students visualize the space. Also, because theasef program used made it possible for the stedent
work on Poincaré model, a hyperbolic geometry mathel students were able to manipulate how thegurop
ties of Euclidean plane changed or remained unathimghyperbolic plane. Each of the students irmftial-

ly formed their own examples on computer and coegb@ach others results. Through the observatians ca
ried out to determine the efficiency of the classiesas concluded that they all obtained the sessalts by
different examples. Moreover, they had the oppatyun see the different examples of each othezesthey

all formed different ones. Above all, the teachandidates who knew no geometry other than Euclidean
geometry became aware of the existence of othanggies.

Non-Euclidean geometries can be included in seagnelducation geometry course syllabus at an ele-
mentary level. The use of dynamic computer softwagrams in teaching non-Euclidean geometries can
help students visualize these abstract geomefierally, an experimental study might be conductgdk-
panding the study group.
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