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Mathematical content and curriculum development /  

Contenu mathématique et développement du curriculum 
 

Marcelo Bairral, Sixto Romero and Ana Serradó 
 

 
Discussion document challenged presenters of the Working Group 1 to analyse the complexity of 
the teaching and learning of mathematics through the double-face of resources and obstacles of the 
curriculum development of mathematical knowledge. 
Although we propose an initial analysis of the arguments presented through the traditional topics to 
understand if there is any specific content that needs a special attention, these were only a resource 
for the discussants of the group to establish as a proposition the need of making cross-curricular 
connections.  
 
In the topic of arithmetic, three papers complemented the view of number line, fraction and rational 
number. The analysis of the Italian national standardized assessment in Primary Education led to 
reflect on the difficulties students face dealing with the number line (Lemmo et al.). Those 
difficulties could come from the relationship that exists between the concepts of number line and 
measurement. Mengual et al. analysed the epistemological obstacles related to the arithmetization of 
measure in textbooks. Becoming these textbooks also a didactical obstacle in the teaching and 
learning process. Robotti recognised these difficulties and proposed the use of the number line to 
construct the notion of fraction through the use of colours. There were recognised by the assistants 
the main ideas of Cousenaire (CIEAEM1957), when presenting her rules identified with colours as 
a resource for constructing natural numbers.  
 
On the analysis of the difficulties of the number line and the different conceptualizations of the 
notions of fraction, always remained the idea of how those fractions can become an obstacle to 
construct the notion of rational number. Rottoli (Alessando et al.) presented theoretically these 
reflections, and he proposed a new paradigm to understand the mathematization process. 
 
New proposals to understand the mathematization process were presented, exemplified and 
discussed by Romero, when introducing the problem solving as a tool for mathematical modelling. 
The modelling was presented as a resource to grow from the real life, although some obstacles can 
emerge on these grow. Serradó presented a categorization of the epistemological, didactical and 
ontogenic obstacles, as described by Brousseau (1997), that can emerge in a probabilistic modelling 
process. In particular, the didactical obstacle of the need of circularity between the theory-driven 
approach and data-driven approach can also be understood as a resource when designing classroom 
activities. In these sense, Ginovart presented a classroom activity for tertiary Byosystems 
Engineering students to build diverse models with the help of the computer. In this case the use of 
the technology become a tool to improve the growth of students understanding of modelling 
process.  
 
This was not the only paper that presented the use of digital technology as a resource to enhance the 
learning of students’ skills and content knowledge: variable (Zimoch), geometric foci (Ferrarello et 
al.), rotation (Bairral, et al.), similarity, homothety and Thales Theorem (Gualdron). Different 
technological tools were presented Scratch, Mathlab, GeoGebra, GeoGebraTouch and Maple, that 
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were contrasted with outdate digital software such as Logo. The word “use” of technology had a 
broad sense that needed to be clarified in different senses. For instance, touching is more that an 
action; it is also an aim for communicating, reasoning and thinking. Programing is more than a 
process; it is a resource to reason on mathematical concepts and to develop algorithmic thinking. 
Geometrical transformation is more than a tool; it can be seen as a mathematical object to grow on. 
This grow was categorized through Van Hiele model of geometric reasoning, concluding that 
GeoGebra help to conjecture but it does not really aims improving proving skills. 
 
As, consequence, these technologies were considered as a resource to enhance teaching and 
learning of participant teachers during all the schooling. Although discussions on the group made 
emerge different unsolved questions as: what to do first-paper or technology? What could be 
different in each approach? When it is an obstacle or a resource? What opportunities does the 
technology give to introduce, teach or enhance the reason and thinking of concepts? 
The duality pen and paper or technology can not be considered as a dichotomy, it has to be analysed 
through the view that one enhances the stimulating use of the other when promoting student 
thinking and teacher professional development. Furthermore, its different uses promote the student 
integration of some concepts and processes, and developing new conceptual structures.  
This is not a neutral proposition recognised by the participants for new curriculums that should aim 
to integrate technology, make cross-curricular connections through different levels of schooling, 
though different topics, and to real-life.  And, it means a new opportunity for Geometry, Statistics 
and Probability in the intended, enacted and learned curriculum. 
 
As a final proposition of the working group 1 was that between researchers and teachers have to be 
developed new forms of communication to reflect on the teachers use of technology to enhance the 
relationships between mathematical content that make sense of the world.  
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High school students rotating shapes in geogebra with 
touchscreen 

Marcelo Bairrala,1, Ferdinando Arzarellob, Alexandre Assisc  

(a) UFRRJ (Brazil), (b) Turin University (Italy), (c) PPGEduc/UFRRJ and IERP/RJ (Brazil) 

Abstract: This research investigates aspects of students’ cognition during the process of solving tasks using 
GeoGebra with single touch. We designed teaching experiments with Brazilian High School students. In this 
paper we focused on strategies used by students to solve the proposed tasks where they applied the concept 
of rotation or other manipulation related with plan transformation. Based on previous research we identified 
students using one or two fingers to solve the tasks. Even without previous instruction concerning rotation 
and reflection students applied these concepts naturally, sometimes even doing composition between them. 

Résumé: Cette recherche s'intéresse aux connaissances des élèves dans un processus de résolution de tâches 
utilisant GeoGebra avec "simple touche". Nous avons élaboré des expérimentations avec des élèves 
brésiliens de lycée. Dans cet article, nous nous intéressons plus particulièrement aux stratégies utilisées par 
les élèves pour résoudre les tâches proposées, dans lesquelles ils utilisent les concepts de rotation ou d'autres 
transformations du plan. En nous appuyant sur des recherches précédentes nous avons repéré les élèves qui 
utilisaient un ou deux doigts pour résoudre ces tâches. Même sans instructions préalables sur les rotations et 
les réflexions, les élèves appliquent spontanément ces concepts, parfois même en les composant. 

 
Introduction 
The emergence of multi-touch devices is providing new insights and challenges in mathematics 
learning and instruction. For instance, rotating and other kind of gyrating movements on screen 
often take place due the freedom of handling on touchscreen device. Is this paper we will illustrate 
some strategies used by Brazilian High School students applying rotation concept to solve task on 
GeoGebra with touch.  
Since students and teachers are becoming increasingly familiar with multi-touch technology and 
manipulation, this kind of research addresses issues on CIEAEM67 subtheme 3 (Classroom 
practices and other learning spaces). We believe that looking for types of manipulation can provide 
new epistemological insights for geometrical conceptualizing in touchscreen devices. Particularly, 
identifying in which geometric construction the manipulation with more than 2 fingers occurs may 
be an interesting issue on plan transformation.  
 
Interaction and performing rotation on touchscreen devices 
Interaction through current mobile touchscreens basically occurs with the computer recognizing and 
tracking the location of the user’s input within the display area. Most current tabletop interaction 
techniques rely on a three state model: contact-down, contact-move, and contact-up—more akin to 
mouse dragging (Tang et al., 2010).  
We assume that touchscreen manipulation on mobile device is not cognitively the same as mouse 
clicks, those we often do in dynamic geometry environment (Arzarello et al. 2014), for instance, 
due to the simultaneity of motion in different elements (points, sides, angles, areas etc.) from one 
picture (Bairral et al. 2015). Regarding the usage of single or multi touch fingers in previous 
research we observed that students had been manipulating the figures using mainly one or two 
fingers only (Tang et al. 2010). Since they worked in pairs sometimes they also shared fingers (for 
instance, 1 finger each) or hands to manipulate some figure, especially when the shape had more 
geometric objects or constructions.  
Although rotating appeared few times, those appearances allow us to observe three different ways 

                                                
1 Research granted by Capes (Ministry of Education, Brazil), Observatório da Educação Program. 
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of rotating on Geometric Constructer (GC) multitouch device (Arzarello et al. 2013, 2014): rotation 
using one finger; rotation using two fingers, but with one fixed finger, and rotation with two fingers, 
with both in movement, as we illustrate in the next Chart. 
 
 
 
Rotation types using GC Example Geometric process 

Rotate using one finger  

 

Student making construction and moving the 
selected point with one finger.  

Rotate using two fingers but 
with one fixed finger 

 

Student keeps one finger fixed (from the left), 
moves the middle and observes what happens. 

Rotate with two fingers (both 
in movement)  

 

Student selects and rotates the shape in two points. 

Chart 1: Example of students’ rotating on GC (Arzarello et al. 2014, p. 46) 
 
Although the first two types seem the same mathematically, we think cognitively they can provide 
different insights in terms of the use of the fingers. Conceptually, in order to rotate one shape we 
need to determine before in each point (the center of rotation) and with the use of two fingers the 
decision could have not been done beforehand. Or, at least this was not explicit for touch users. In 
that sense it can bring new conceptual aspects for the way we deal with rotation and, so far, in the 
same direction, the last observed way of rotating (two fingers in movement) we agree with Sinclair 
and Pimm (2014) that these types of manipulations involve contact with a screen and they perform 
an action. Finally, since mobile touchscreen devices provide more freedom on manipulation, that 
particular way of rotation may serve as an important function of grounding mathematical ideas in 
bodily form and they may also communicate spatial and relational concepts (Boncoddo et al. (2013) 
in the field of plan transformation. 
Manipulation on screen with more than 2 fingers may be an interesting and challenging issue in 
future mathematic education research with touchscreen mobile devices. As we said before, due to 
the nature of software GC (multi-touch) and of the geometrical task (Varignon Theorem) previously 
proposed we identified that rotate manipulation occurred few times. To solve the task students 
haven’t applied the rotation concept or other concept related with plan transformations. In our 
current analysis we are providing tasks where students have to apply the concept of rotation. In this 
paper we address results from students dealing with GeoGebra touch to solve the proposed task. 

 
Methodological aspects of the study 
We are conducting teaching experiments with High School students (15-17 years old) at Instituto de 
Educação Rangel Pestana (Nova Iguaçu, Rio de Janeiro, Brazil). All of them had no previous 
experience with dynamic geometry environment (DGE) and had no lesson concerning plan 
transformation. In each session the students worked out on proposed activities with GeoGebra app 
as describe below.  
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Software Interface Device features 

GeoGebra touch  

 

-Runs and allows save constructions off-line 
-Version used on the analyzed task in this paper: 4.3 
-Single touch only 

Chart 2: GeoGebra touchscreen features 
 
Each session was 2 hours long and in each one the students did three activities like the one 
illustrated above.  
 
The analysis process was mainly based on the (1) videotapes of students working on the software, 
(2) written answers for each task and (3) the use of the shift of icon. 
 
 

Writing answer for tasks Sheet of icon2 Video3 

 
 

 

Chart 3: Data collection (three main sources) 
 

 
Open the file “Stair task”. Will appear only the following triangle: 

 
Selecting the tool         will open a bar with 6 options: 

 
Elaborate a strategy for construct the following picture using only the tools 

                                                
2 Sheet containing all GeoGebra icons. Each student had his/she own sheet and every TE they filled it and reviewed it as 

they wanted. 
3 The red arrows indicate some motion on screen done by students. 
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Chart 4: Stair task 

 
We observed all the students’ manipulations on the screen and identified the type of actions (tap, 
hold, drag, flick, free and rotate). In this paper we will focus on the student’s strategies to solve the 
tasks, which applies the rotation concept, as we illustrate below. 
 
Results 
In the following pictures and timing interval we illustrate and describe student Adriano dealing with 
the task on GeoGebra by using single touch. He starts (12:14) constructing lines and reflecting 
triangles relating with them. Moving the line (27:34) he tries to locate the triangle to become 
coincident, but since he has no success he decides to restart the construction.  
 

12:14 27:34 28:14 

   
Using reflection tool and moving the 

line trying to adjust the reflected 
triangle 

Restarting the construction, observing and adjusting 

 
While observing and adjusting it’s interesting to highlight how he keeps his left finger under some 
point on the line and makes the rotation of the line using his right finger. In the next figures we 
observe Adriano constructing lines and using reflection to move the triangles. 
 

28:28-28:33 35:51 38:16 

  
 

Constructing line and using reflection 
tool 

Using reflection tool and line by two 
points afterword reflects the triangle 

Applying rotation motion 

 
Student constructed line (28:28) and used reflection tool (28:33) to move the triangle. Afterword 
constructed other lines and repeated the process of reflection the triangles (35:51). In the next three 
pictures we illustrated Adriano applying rotation motion keeping on finger on the line. Particularly, 
at 38:17 he makes a rotate motion with his finger to move the triangle and complete the shape 
(38:18). 
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Rotate touch 

   
38:16 38:17 38:18 

 
The next following pictures show how Adriano was dealing with his constructions to put the 
triangle (38:18) in a right position according to the task.  
 

38:19 38:22 49:48 51:39 

  
 

 

After motion realize that triangle is inverted Reflecting triangle Adjusting and finishing 
the construction 

 
Using the same finger that Adriano was working with before he selects the line (38:19) and translate 
it in a way that the triangles become coincident. He created one more line and reflected the triangle 
(49:48). Afterwards he adjusted and finished the construction according the task statement. 
 
Final remarks and future analysis 
For solving a task, which involved the concept of rotation and using a device with single touch, we 
observed that students used their fingers – no more than two (Tang et al. 2010) – in the similar way 
that students did when dealing with software GC in a open task which did not apply the referred 
concept (Arzarello et al. 2014). 
Although GC it is a device with multitouch, we decided to use, at this moment of our research, 
GeoGebra, which provides only single touch, due its stability and its possibility for working and 
saving constructions off-line. Our prior assumption was that single touch provided by GeoGebra 
would be a restriction on us to observe different ways of rotate manipulation on screen. However, 
even students without previous lessons concerning rotation or reflection they used those concepts 
naturally, sometimes isolated, or even doing composition between them. 
Finally, since students were unacquainted with DGE the sheet of icon was didactically helpful for 
them. During each teaching experiment they had the opportunity to remember the functionality of 
the tool, review it and do new adding on the sheet. Throughout the sessions we observed they 
resorted the sheet as a source to realize the best tool to use in some task. As we observed students 
doing rotation and reflection into some shape we believe that looking for the types of manipulation 
can provide new epistemological insights for geometrical conceptualizing in classroom touchscreen 
devices. Our next step will be to use a multitouch device as GC.   
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ressources et obstacles 

 
Sabrina Alessandroa), Petronilla Bonissonia), Samuel Carpentierea), Marina Cazzolaa),  

Paolo Longonib), Gianstefano Rivab), Ernesto Rottolia),b) 
 

a) Gruppo di Ricerca sull’insegnamento della matematica per la scuola primaria –  
Università Milano Bicocca 

b) Laboratorio Didattico di Matematica e Filosofia, Presezzo (Bergamo), Italy 
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Abstract: The results of teaching the fractions are not generally satisfactory. Among the many obstacles 
there are: the complex structure of the concept of rational number; the uniqueness of the "action scheme" that 
underlays teaching and learning fractions in classroom practice; the "bias" of the whole number. The three 
points that characterize proposal that we are experiencing in the third year of primary school, are the 
following ones: the universe of fractional numbers is a new universe, different from the universe of natural 
numbers already well-known to children; the comparison between two homogeneous quantities gives rise to 
an elementary and fundamental process of mathematization; the measure, defined as the comparison between 
quantity and whole, is an ordered pair of numbers that shows how many times the quantity and the whole 
contain the common unit respectively. 

Résumé: Les résultats de l'enseignement des fractions ne sont pas généralement satisfaisants. Parmi les 
nombreux obstacles, il y a: la structure complexe de la notion de nombre rationnel; l'unicité du "schéma 
d'action" qui fonde l’enseignement et l'apprentissage des fractions dans la pratique en salle de classe; le 
«rappel» du nombre entier. Les trois points qui caractérisent notre proposition, que nous expérimentons dans 
la troisième année de l'école primaire, sont les suivantes: l'univers des nombres fractionnaires est un nouvel 
univers, différent de l'univers des nombres naturels déjà bien connus des enfants; la comparaison entre deux 
quantités homogènes engendre un processus élémentaire et fondamental de mathématisation; la mesure, 
définie comme la comparaison entre la quantité et l’entier, est un couple ordonné de nombres qui indique 
combien de fois la quantité et l’entier contiennent respectivement l'unité commune. 

 

Introduction 
Dans cette présentation, nous proposons une réflexion sur quelques activités qui actuellement sont 
en progression dans deux troisièmes classes de l’école primaire (enfants de 8/9 ans) et qui 
concernent l’introduction du concept de nombre fractionnaire. 

A l’origine de notre proposition il y a cette constatation. Malgré les efforts depuis plus d'un demi-
siècle dans la recherche et dans la pratique, les résultats de l’enseignement des nombres 
fractionnaires ne sont pas satisfaisants et les difficultés sont très répandues et persistantes. 

Obstacles 
Les obstacles qui sont à l'origine de ces difficultés sont nombreux. Nous en énumérons trois, selon 
nous, particulièrement significatifs. 

1. La structure complexe des concepts de nombre rationnel et de nombre fractionnaire est 
certainement un obstacle : « Le nombre rationnel est un méga concept dans lequel nombreux 
filaments s’entrelacent » [Wagner (1976) dans Kieren]. Cette complexité est bien 
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représentée dans le schéma des cinq « sous-constructions de la construction du nombre 
rationnel » qui a été proposé par Kieren. 

2. Autre obstacle : la recherche et la pratique didactique ont proposé des processus 
d'enseignement-apprentissage qui sont souvent fondés sur un unique  « schéma d'action ». 
Cette approche implique des difficultés dans le transfert vers autres types de situation des 
connaissances acquises. Dans la pratique didactique, la situation utilisée dans la plupart des 
cas est celle de division associée à la sous-construction part-entier ; une situation dont 
désormais la littérature scientifique a largement confirmée l'efficacité limitée[Nunez & 
Bryant]. 

3. Un obstacle crucial est représenté par le choix très répandu d’introduire l’ensemble des 
nombres fractionnaires comme une extension de l'ensemble des nombres naturels. A notre 
avis, l'inefficacité de ce choix réside dans le fait que les trois caractéristiques 
« structurantes » (l’équivalence, l’ordre et les opérations) sont de natures entièrement 
différentes dans les deux ensembles. 

• Nunez et Bryant parlent de l'équivalence dans les rationnels  comme extension de 
l’équivalence dans les naturels. Mais l’équivalence dans les naturels est reliée à 
l’équivalence entre les ensembles et cette dernière n'a rien à voir avec l’équivalence dans 
les nombres rationnels. 

• De l’autre coté, tandis que l'ordre des naturels est conséquence de la consécutivité, 
l’ordre des nombres fractionnaires est lié à la densité ; consécutivité et densité sont deux 
concepts très lointains et pas associables  dans un processus d'extension immédiat. 

• En ce qui concerne les opérations, tout le monde sait que quelques-unes des erreurs les 
plus communes que les élèves commettent dans les opérations avec les nombres 
fractionnaires, résultent de l'extension inappropriée des procédures relatives aux 
opérations entre les nombres naturels. 

Nous croyons que le chemin à parcourir pour éliminer, au moins partiellement, ces obstacles est de 
repenser l'approche de l’enseignement et de l’apprentissage des nombres fractionnaires. La nouvelle 
approche produirait avant tout un changement dans la façon dans laquelle les enseignants 
conçoivent  les nombres fractionnaires ; seulement après ce changement, l’approche peut être 
transférée à la classe. 

Notre proposition a une valeur générale ; elle se concrétise en activités concernant les enfants de 
l'école primaire. Précisément pour cette raison, elle n’est pas structurée dans un chemin spécifique 
d'enseignement / apprentissage mais plutôt elle vise à un processus de familiarisation visant à 
façonner l'environnement d'apprentissage. 

Ressources 
Dans notre proposition, il y a trois éléments principaux qui devraient fournir des ressources utiles 
pour surmonter les obstacles ci-dessus : 

• l'univers des nombres fractionnaires comme nouvel univers ; 

• une mathématisation élémentaire et fondamentale ; 

• le « dialogisme » entre les activités et les situations. 

L’univers des nombres fractionnaires est un nouvel univers 
L'univers des nombres fractionnaires appartient à l’univers des couples de nombres entiers : « Les 
fractions sont utilisées à l'école primaire pour représenter des quantités qui ne peuvent pas être 
représentées par des nombres uniques. » [Nunez & Bryant, 2007] Nous proposons d’acheminer dès 
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le début les élèves le long d’un processus d’exploration et de découverte de cet univers ; un nouvel 
univers libre des contraintes que les connaissances procédurales antérieures peuvent générer. Dans 
ce processus d’exploration et de découverte, les élèves utilisent essentiellement les mêmes 
matériaux didactiques qu’ils avaient utilisé dans l’exploration et la découvert de l’univers des 
nombres naturels. Mais maintenant, ils sont guidés vers la découverte des objects, de propriétés, 
d'opérations nouvelles ; c'est-à-dire, ils sont sollicités à changer la manière de lire les 
caractéristiques de ces matériaux didactiques et la manière d'opérer avec eux. Ils s’apprêtent  à 
entrer dans un univers numérique nouveau, autre que l’univers familier des nombres naturels ; un 
univers dont ils ne connaissent aucune propriété et dont ils commencent maintenant l'exploration. 

Mathématisation élémentaire et fondamentale 
Dans notre projet, l’introduction du nouvel univers est fondée sur un type particulier de 
mathématisation qui se réfère à la façon dont les pythagoriciens comparaient deux quantités 
homogènes. Il étend la proposition de Davydov, dérivée de mathématiciens éminents tels que Klein, 
Lebesgue et Kolmogorov, selon laquelle l'origine véritable du concept de fraction réside dans la 
mesure de quantités. Nous la transformons dans la forme suivante : l'origine véritable du concept de 
fraction réside dans la comparaison de quantités homogènes, avant que dans leur mesure. Cette 
extension vise à donner un sens plus immédiat au formalisme, qui, dans la manière présentée par 
Davydov, risque d'apparaître injustifié. 

Notre point de départ est la formalisation de l'acte de comparer deux quantités homogènes par un 
couple de nombres naturels. Ceci est un acte « élémentaire », qui peut être appliqué d'une manière 
simple aux situations «ordinaires» de comparaison de quantités homogènes ; en même temps il est 
un acte « fondamental », par le fait qu’il permet de gérer un chemin unitaire d’exploration et de 
découverte à travers toutes les sous-constructions du nombre rationnel. 

Exemples d'activités en salle de classe : la comparaison entre quantités 
Dans les activités dans la salle de classe, les élèves ont travaillé soit avec des quantités discrètes soit 
avec des quantités continues. En ce qui concerne les activités avec quantités discrètes, le choix 
décisif de l'enseignante a été d'associer la comparaison à un jeu, le jeu des tables de 
multiplication4 : le contexte du jeu a permis de créer une motivation pour l’acte de la comparaison. 

La comparaison des quantités continues a mis à profit les activités avec l’eau, proposées par 
Davydov et utilisées par nous pendant les années précédentes pour introduire les concepts de 
quantité et de multiplication. 
Les élèves ont achevé ces activités avec : 

• la description de la procédure suivie, dans la quelle l’existence de l’unité commune est 
soulignée ; 

• la représentation par des carrés ou des segments ; 

• la désignation de la comparaison soit avec le couple de lettres indiquant les grandeurs 
comparées, soit avec le couple des nombres obtenues : 

A;B = 13;8 : 
c’est-à-dire : « la comparaison entre les quantités A et B est le couple de nombres 13 ; 8. » 

                                                
4 Le jeu des tables de multiplication: l’enseignante prépare un paquet de carte. Sur chacune est écrite une multiplication. 

La classe est divisée en deux groupes. L'enseignante joue une carte et lit la multiplication. Le groupe qui le premier 
donne le produit gagne un bonbon qui est mis dans le panier du groupe. Si les réponses des deux groupes sont 
presque simultanées, chaque groupe remporte un bonbon. A la fin il y a le processus de comparaison des bonbons 
remportés par chaque groupe. 
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« Dialogisme » entre les activités et les situations 
Pour indiquer la troisième ressource qui, dans notre projet, peut aider à surmonter les obstacles à 
l'apprentissage des nombres fractionnaires, nous empruntons le terme de Bakhtine « dialogisme », 
en le paraphrasant de la manière suivante : notre objectif est de créer collaboration et intégration 
entre les différentes activités et situations, de sorte que chacune reçoive sens des autres et donne 
sens à eux-mêmes. Tous les matériaux didactiques offrent la possibilité de mieux mettre en 
évidence des propriétés particulières ; le « dialogisme » est l'acte de mettre en jeu des matériaux 
différents en fonction des propriétés que l’on veut présenter. C’est grâce au « dialogisme » que nous 
essayons de donner forme à l’exigence, souvent exprimée dans la littérature didactique, de donner 
aux élèves une large base d'expériences soit pratiques soit linguistiques, concernant le nombre 
fractionnaire. 

Exemples d'activités en salle de classe : la mesure « composite » 
Le noyau de la deuxième partie de notre proposition concerne l'introduction de la mesure 
« composite », c'est-à-dire le comparaison entre la quantité et l’entier ; quantité et entier qui 
partagent l’unité commune. 
Par rapport aux activités de comparaison faites jusqu'ici en classe, la mesure « composite » présente 
nouvelles caractéristiques importantes qui devraient être mises en évidence avec soin et attention. 

• Tandis que la comparaison précédente produisait un couple non ordonné de nombres, dans la 
comparaison-mesure les couples deviennent ordonnés grâce au  rôle d’entier possédé par la 
deuxième quantité. 

• L’enseignante a utilisé plusieurs stratégies pour mettre en évidence le rôle spécial de l’entier : la 
position de l’entier dans la représentation, la couleur, l'utilisation constante de la lettre « W » 
pour l’indiquer. 

• La comparaison-mesure est indiquée avec une forme différente: A / W. 

• Aussi le couple des nombres représentant la comparaison-mesure est écrit d'une manière 
différente : 13/8. Voilà la « fraction ». 

• La lecture de la formule A/W = 13/8 est la suivante : « la mesure de la quantité A  par  rapport à 
l’entier W est la fraction 13/8 ». 

Dans l'exécution des activités de cette deuxième partie, la classe a utilisé plusieurs types de 
matériaux  didactiques, soit discrets soit continus : les coquetiers, les lego, les bonbons, l’eau, la 
tarte, les bandes de papier etc.. Les matériaux didactiques sont disposés sur un plan de travail et les 
activités avec les différents matériaux sont alternés selon l’idée que les différents matériaux 
fournissent  l’occasion de souligner plus efficacement des propriétés particulières des nombres 
fractionnaires. Voici quelques exemples. 

• Les coquetiers ont semblé efficaces pour mettre en évidence l’unification du double compte (le 
compte du nombre total d'œufs et le compte du nombre d'œufs contenus dans un coquetier) dans 
le nombre de paquets qui peuvent être susceptibles de se former. 

• Les activités avec les lego permettent d'introduire dans une manière plus incisive les fractions 
avec numérateur plus petit et égal au dénominateur et de commencer les premières réflexions 
sur la comparaison et sur la fraction entière. 

• Les sachets de bonbons, qui contiennent traditionnellement un nombre impair de bonbons, 
attirent l'attention sur les fractions avec le dénominateur impair. Également ils permettent de 
faire face à un dépaysement que la manque d’une explicite organisation des unités dans l’entier 
introduit dans les activités concernant la fraction « entière », la fraction « unité » et la fraction 
« nulle ».   
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• Alors que les matériaux discrets sont caractérisés par la détermination physique de l’unité 
commune, les activités avec l’eau abordent des situations dans lesquelles l'unité commune n’est 
pas déterminée a priori. Dans ces activités, la question du choix de l'unité commune est 
entrelacée avec le problème du reste. 

• Dans les activités avec les tartes, l'entier est déterminé physiquement, tandis que la 
détermination de l’unité introduit les élèves à différentes situations problématiques, soit de 
partition, soit de relation [Nunez & Bryant, 2007]. Ces situations problématiques aident à attirer 
l'attention sur la spécificité de quelques caractéristiques des opérations d’addition et de 
soustraction de fractions.  

• Enfin les mesures de longueur avec les bandes de papier amènent à discuter la division en dix 
parties égales au cours de la recherche de l'unité commune. 

Réflexions 
Nous concluons avec quelques réflexions sur trois concepts significatifs de cette présentation : la 
familiarisation, le paradigme, la trace. 

La familiarisation 
Notre proposition didactique n’est pas organisée dans un cadre structuré d’enseignement / 
apprentissage. En s’inspirant de Davydov, elle est structurée en un processus de familiarisation ; 
c'est-à-dire, elle ne vise pas à la connaissance systématique et opérationnelle des propriétés et des 
opérations entre fractions ; plutôt, elle a pour but de « donner aux élèves une large base 
d'expériences soit concrètes soit linguistiques, liées aux nombres fractionnaires ». Cette base devrait 
être l'environnement dans lequel ensuite développer des activités efficaces 
d’enseignement/apprentissage. Ce choix implique d’une part de privilégier tous les éléments qui 
favorisent le développement de l'intérêt, de la curiosité et de la participation active des élèves ; 
d’autre part de diriger le processus d'évaluation à ce que les élèves arrivent à faire et comment ils se 
conduisent lorsqu'ils sont correctement guidés. 
Peut-être que la familiarisation avant l’enseignement / apprentissage peut influencer positivement 
non seulement la didactique des nombres fractionnaires, mais aussi la didactique d’autres sujets. 

Le Paradigme 
L'approche des nombres fractionnaires, que nous avons proposée et expérimentée dans la salle de 
classe, oblige les enseignants à déconstruire leur façon de penser ces nombres. Les nœuds qui 
affectent cette déconstruction sont : 

• Dans ces activités, les enseignants utilisent principalement les mêmes matériaux de 
manipulation couramment utilisés jusqu'ici. Toutefois ils doivent changer leur façon de 
voir et de penser, pour conduire les élèves à agir différemment, à la découverte d’objets, 
de propriétés, d’opérations qui appartiennent à un nouvel univers. En empruntant les 
termes de Khun, on demande aux enseignants un changement de « paradigme », une 
« révolution » qui déconstruit leur manière habituelle de voir et de penser les nombres 
fractionnaires. 

• Cette révolution est très profonde parce que le nombre fractionnaire est un « méga-
concept dans lequel de nombreux filaments s’entrelacent ». Alors que la «simplicité» du 
nombre naturel permet une libre action de découverte des propriétés, en capitalisant une 
quantité riche d'activités également efficaces, la structure complexe du nombre 
fractionnaire exige que parmi les activités sur les fractions existe « un dialogisme ». 
Comme mentionné ci-dessus, chaque activité doit dialoguer avec les autres dans le but 
de créer une polyphonie entre les différents filaments du méga-concept. 
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La trace 
Ce qui caractérise notre proposition est qu'elle est basée sur l'acte de mathématisation, élémentaire 
et fondamental, d’identifier la comparaison entre deux quantités homogène avec un couple de 
nombres entiers. C’est l’extension de la recherche par Davydov de « la véritable signification de la 
notion de fraction » ; une extension en direction de la détermination d'un point de vue originaire. Le 
fait d'identifier une valeur originaire dans l'acte de mathématisation, s’oppose à la recherche de la 
« construction mathématique plus large », qui a souvent caractérisé la recherche du XXe siècle soit 
dans les mathématiques (et la physique), soit dans leur enseignement. 

La mathématisation élémentaire et fondamentale constitue la « trace »  autour de laquelle se 
développe le processus de la didactique des nombres fractionnaire ; une trace qui ne doit pas être 
comprise dans le sens d'un chemin prédéfini à suivre, mais plutôt dans le sens de Lévinas, avec ses 
caractéristiques de « présence et absence ». Dans la complexité du « méga-concept » de fraction, 
l’acte mathématique élémentaire et fondamental déforme les lignes d’action de « l’espace-temps 
didactique » [Mercier, 2012] , en devenant le focus autour duquel les diverses activités et situations 
gravitent : un foyer vers lequel toutes celles-là convergent et d'où elles émergent. Dans cet acte 
mathématique les différentes suos-constructions du nombre fractionnaire trouvent unité. 
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Studying geometric loci 
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Abstract: In this paper we present an experimental activity  that we conducted with 10 teachers in several 
high school in Sicily. The activity deals with the study of some geometric loci and is based on the use of a 
Dynamic Geometry System on the one hand and on properties of geometric transformations on the other 
hand. The results of the experiment are presented. 
Résumé: Dans cet article, nous présentons une activité expérimentale que nous avons menée avec 10 
enseignants dans plusieurs lycée en Sicile. L'activité traite de l'étude de certains lieux géométriques et est 
basé sur l'utilisation d'un logiciel de géométrie dynamique d'une part et sur les propriétés de transformations 
géométriques, d'autre part. Les résultats de l'expérience sont présentés. 

Introduction 
We present an activity we carried out with teachers and students in several high schools in Sicily 
and the results of the experimentation. The whole activity is centred on the concept of geometric 
locus: several loci are introduced and some properties are explored and proved. 

The concept of locus is usually introduced in school studying the axes of a segment, the 
circumference first and the other conics afterwards. It remains a quite hard topic to understand for 
students (Pech, 2012), and teachers quite often do not go into details of it. The idea of the activity is 
to present new geometric loci so to deepen the concept. We based the activity on the use of a 
Dynamic Geometry Software (DGS) on the one hand and some properties of the geometric 
transformations on the other. The software helps students in the “investigation” process, the 
geometrical transformations in the proving part. 

Theoretical framework 
Koehler and Mishara highlight in the TPACK framework the interplay of the three components, 
Technological, Pedagogical and Content Knowledge, in the learning and teaching process. “Good 
teaching is not simply adding technology to the existing teaching and content domain. Rather, the 
introduction of technology causes the representation of new concepts and requires the development 
of sensitivity to the dynamic and transactional relationship between all three components suggested 
by the TPACK framework” [Koehler & Mishara, 2008]. 

 
TPACK image (from http://tpack.org/) 

The activity we present fits this framework, conjugated as it follows:  
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- As for the Technological Knowledge, (TK) “Knowledge about certain ways of thinking 
about, and working with technology, tools and resources” (Koehler & Mishra, 2009), we use 
the DGS to discover, conjecture and verify properties. Students are guided by worksheets 
and teachers. 

- As for the Pedagogical Knowledge, (PK) “Teachers’ deep knowledge about the processes 
and practices or methods of teaching and learning” (Koehler & Mishra, 2009), we refer to 
the zone of proximal development of Vygotsky, Learning by doing of Dewey and 
Enactivism. In fact, students face new problems to work on, that they solve together with 
classmates, so to expand their zone of proximal development (Vygotsky, 2006). In this 
process the students are the principal actors (Rossi, 2011): they “get their hands dirty” 
(Dewey, 1950) interfacing with the DGS, indispensable tool for understanding and using the 
worksheets. In fact, using the DGS, peer confronting, supported by the careful presence of 
the teacher, students discover, understand and master a new mathematical concept. Many 
factors take part in the action: involvement, enthusiasm, communication skills in showing 
the contents, accepting and enhancing others’ interventions. These factors do not descend 
automatically by the chosen methodology, but rather by how the teacher uses them "in 
action" during class practice (Shulman, 1987). 

- As for the Content knowledge, (CK) “Teachers’ knowledge about the subject matter to be 
learned or taught” (Koehler & Mishra, 2009), we refer to some recent studies of Ferrarello et 
al, (Ferrarello, Mammana, Pennisi, 2014) that deals with the study of some geometric loci. 

In this methodological context, it is very important to pose problems, that is watching mathematics, 
school, world with a critical sense, to become a citizen who uses mathematics as an aware person. 
Acquiring critical skills that will be useful well beyond math’s or school’s environment, the student 
dominates the techniques and is not dominated by them. 

Among students, but also between students and teacher, space to mathematics discussion is given: 
this allows students to check the accuracy and richness of the proposed solutions, their consistency 
and the reliability and their level of adopted generalization. This phase leads to the construction of 
meanings that go beyond those directly involved in the solution of the task, to enable students to 
know new aspects of mathematical culture, enhancing in particular, a gradual but systematic 
approach to theoretical thinking. In the mathematics discussion teacher has a leading role: he/she 
influences the discussion in a decisive way, with proper and effective interventions, because he/she 
has in mind both general and specific targets of the activity. 

The students become a major player in the construction of his knowledge, in accordance with the 
Enactivism principles (Rossi, 2011): they overcome difficulties by themselves, but also working 
with each other (collaborative learning) or with the teacher who does not tell answers, but rather 
gives some hints and to make them think and own the topic (favouring the growth of the zone of 
proximal development). Mathematics is discovered and handled (learning by doing), also, but not 
only, with the use of computers, which facilitate learning. All within a "mathematics laboratory," 
according to the indications of Curricula UMI (Anichini, Arzarello, Ciarrapico & Robutti, 2004). 

Contents 
The activity is inspired by a recent work of Ferrarello et al, (Ferrarello, Mammana & Pennisi, 2014) 
and deals with the study of some geometric loci. The students’ work is based on the use of a DGS 
(Geogebra) for the discovery of properties and the use of the geometric transformation for their 
proof. In this way we provide examples of applications of geometric transformations: this topic is 
often mistreated and relegated to a separate chapter, while it often simplify demonstrations 
otherwise very long and hard to understand. We get, then, elegant proofs, allowing students to 
reason in a simple way, without getting lost in the calculations and focusing on the concepts. 
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In particular, we studied loci generated as it follows: let γ be a circle with centre O and radius r; fix 
n points on γ, with n=1, 2, 3 and consider a generic point P of γ; we define a point L that depends 
on P and study the locus λ described by L when P moves on γ. 

In the following table we report the cases we examined. 

n=1  

Let A be a fixed point of 
γ and P a generic point 
of γ. Let L be the middle 
point of the segment AP. 
The locus λ described by 
L when P moves on γ is 
a circle with radius r/2 and centre the middle 
point of AO 

n=2, a 

Let A and B be two 
distinct points of γ, P be a 
generic point of γ. When 
P moves on γ, the locus λ 
described by the centroid 
L of ABP is the circle 
with radius r/3 and centre the point C of the 
segment OM such that CM=1/3OM, where M is 
the middle point of AB. 

n=2, b 

Let A and B be two 
distinct points of γ, P be a 
generic point of γ. When P 
moves on γ, the locus λ 
described by the 
orthocentre L of ABP is 
the circle that is symmetric 
of γ with respect to AB. 

n=2, c 

Let A and B be two 
distinct points of γ, P be a 
generic point of γ. When P 
moves on γ, the locus λ 
described by the incentre 
L of ABP is the done by 
two arcs of the circles through A, B and with 
centres the common points to γ and to the axes 
of AB. 

n=2, d 

Let A and B be two distinct points of γ, P be a 
generic point of γ. When P moves on γ, the 
locus λ described by the circumcentre L of ABP 
is one point, the centre O of γ. 

n=3, a 
Let A, B and C be 
three distinct points of 
γ. Let P be a generic 
point of γ. When P 
moves on γ, the locus 
λ described by the 
anticentre L of ABCP is the Feuerbach circle of 
the triangle ABC.  

n=3, b 

Let A, B and C be three 
distinct points of γ. Let 
P be a generic point of 
γ. When P moves on γ, 
the locus λ described by 
the centroid L of ABCP is 
the Feuerbach circle of the medial  triangle of 
ABC. 

Some more loci, a 

Let A and P be points of 
γ. The locus λ described 
by the orthocentre L of 
the triangle AOP, when 
P moves on γ, is a cubic 
with a node in O 
(Strophoid). 
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Some more loci, b 

Let A and P be points of 
γ, t the tangent line to γ in 
P and L the foot of the 
perpendicular to t from A. 
The locus λ described by 
L when P moves on γ is a 
bicircular quartic with 
one cusp in A (Cardioid). 

Some more loci, c 

Let AB be a diameter of γ. Let r be a 
perpendicular line to AB. Let P a point of γ and 
R the point in which AP meets r. Let L the 
midpoint of PR. The locus λ described by L 
when P moves on γ depends on r, but it is in 
general a cubic. 

Table 1 - Topics  

Teaching experiment and activity 
The activity was carried out by using the method, widely experienced by the authors, of a double 
laboratory (Ferrarello, Mammana & Pennisi, 2013): in the first laboratory (teachers lab) teachers 
design teaching materials and in the second one (students lab) students benefit the produced 
material.  
This is in accordance with the "Learning by doing" of Dewey, and the in the Vygotskijan practical 
intelligence perspective, which supports the creation of mathematical concepts through a mediated 
relationship, through the use of artifacts. The activity is based on the idea that “the best way for 
students to learn is to touch and build ... [and] for teachers the best way to learn to teach is to 
experience first hand, touch and build on their own teaching materials” (Ferrarello, Mammana & 
Pennisi, 2013). 

Then, the construction of the classroom worksheets are the heart of the teachers’ lab. The tutors (the 
authors of the paper together with two more high school teachers) plan a preliminary worksheet for 
the teachers. The worksheets have usually two columns:  in the left column an action is indicated, in 
the right column the action is explicitly made. In such a way students are perfectly aware of what they 
are doing (Ferrarello & Mammana, 2012). Some parts of the worksheet presents construction of 
figures, exploration, and the student has to follow the instruction and verify the properties; other parts 
of the worksheet have to be filled by students, for example he/she has to write the conjecture or the 
proof of the theorem. In preparing the worksheets particular attention was given to the zone of 
proximal development related to the individual competence, with the aim of collocate the teaching 
experiment in the zone of proximal development and to organize good hints and the metacognitive 
reflection. The teachers, guided and supported by tutors, build other worksheets comparing each 
others ideas and practicing "first-hand" how to run a laboratory. In this way the teachers acquire 
skills useful for the conduction of the students lab, which has different protagonists (students), but 
the same methods of the Teachers lab. 

Common factor to the two laboratories is the modus operandi of the mathematics laboratory 
(Chiappini, 2007) in a collaborative learning environment, since working with peers, with an 
experienced guide (tutor and teacher respectively) facilitates the socialized learning in the zone of 
proximal development in a positive atmosphere, as advocated in the theory of Vygotsky: given a 
problem that is slightly above his/her current capacity, the student, thanks to the collaboration 
between peers, acquires new skills that allow its zone of proximal development to expand more than 
how it would expand if the student was working alone. 
The choice of writing the worksheets with teachers is due to several fact: above all because, “The 
integration of technology in mathematics education is not a panacea that reduces the importance of 
the teacher. Rather, the teacher has to orchestrate learning. To be able to do so, a process of 
professional development is required” (Drijvers, 2012). Furthermore, the possibility of using an 
artifact like the DGS lets the learners discover the properties independently. Nowadays the 
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educational software are widespread, but not always the teachers know how to use them from an 
educational point of view (Doğan 2011). So, it is very useful to make teachers able to effectively 
manage such tools, in order to disseminate good practices of teaching (and learning).  

The teaching materials built up by teachers consists of worksheets, according to the scheme 
described in (Ferrarello & Mammana 2012), leaving the student the opportunity to fully use the 
"explore-discover-test-conjecture-proof" model. In this way the student is not a passive listener of a 
lecture, but an active subject in the first hand experience of discovery. 

10 worksheets were written, according to the various cases described in Table 1. Each one is 
divided into two parts: the first part guides discovery’s activities with the use of the software, the 
second part guides the proofs. 
Students, as mentioned, work on their own and together: they work on their own because each 
student has a worksheet to be elaborated and they also work together, comparing ideas and insights, 
and having at their disposal a space (the worksheet and the working environment of the software) 
and a time, suitable to their own learning. So each one builds his/her own knowledge according to 
his/her need of time and space, in an inclusive education perspective, which fosters both "less 
smart" students in motivation (see paragraph on the results) and "more smart" students in deepening 
the concepts. Students work independently, but they are never left completely alone: the teacher 
supports, encourages, helps them. Moreover, at the end of each worksheet, the teacher, by means of 
a final discussion  with all the students,  remarks the obtained results, giving strength and clarity to 
the concepts just discovered, so that they are clear to all.  

In the final discussion the students reflect together or alone on the difficulties they encountered, 
about what they did to overcome them, on the hints that have been decisive and what was 
misleading, thus developing the metacognitive awareness, which allows them to assimilate new 
skills and knowledge to add to those they already hold in the long-term memory. 

Results 
The experimentation involved 210 high school students from different kinds of secondary schools: 
scientific oriented high schools, foreign language high schools and a human science high school. 
At the end of the activity teachers logbooks and students worksheets were collected, together with a 
questionnaire that was given to teachers and a questionnaire given to students.  
In the logbooks, teachers described the development of activity in class (faithful to the protocol), 
reporting the management for the whole task, the behavior of students and the results, both on the 
motivational point of view (attitude, interest, engagement) and on the cognitive point of view 
(learning development). 

The teachers questionnaire consisted of 10 open questions, asking them to highlight remarks on the 
effectiveness of the teaching proposal, on the mood created in class during the activity, and some 
other questions about the possibility to share such a methodology with colleagues or to participate 
to similar activities. 

The students questionnaire, aimed at verifying if the goals of the activity were achieved and 
evaluate the satisfaction level, consists of two three sections: 

- Overall assessment of the course; 
- Self-assessment of skills that the student believes to have developed during the course; 

- personal comments. 
In the first section there were 9 closed questions, structured using ordinal scales, with these 
answers: Definitely not, More no than yes, More yes than no, Definitely yes. 
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In the second section there were 6 closed questions, structured by ordinal scales at intervals whose 
parameters answers vary from a minimum of 1 to a maximum of 4 points. 
In the third section there are 7 open questions.  

In the following we report some considerations arising from logbooks, teachers questionnaires and 
students questionnaires (sentences of the teachers or of the students are written with italic font). 

As a general remark, the activity was appreciated both by teachers and students. 
In particular, teachers underlined the importance to create and write the class worksheets together 
with a team of teachers from University (the tutors), because “not only we focus on the targets to be 
reached, but also we did not overlook the difficulties pupils could meet in learning”; moreover, 
during our meetings teachers not only mastered the use of Geogebra, but they also comprehended 
“the methods and techniques to offer the activity to students and to get in such a way the best 
results”. Then teachers understood the interplay of “what” (CK), “how” (PK) and  “by what” (TK) 
of the TPACK framework. 

All the teachers unanimously stated that it is desirable to integrate dynamic geometry systems in 
everyday teaching, because “not only it is able to make immediately visualize the geometric locus, 
but also it is a valid help to verify the results obtained in analytical way”, perceiving the role of 
practical intelligence and semiotic mediation of tools. 
The same is strengthened by their students, that said, for instance “the use of Geogebra is useful to 
better understand studied topics, because by the construction you get the definition. Step by step 
construction of geometric loci through Geogebra surely helped to facilitate the understanding of the 
concept of locus” and “Geogebra is a very interesting program because it let me to verify with my 
eyes all the properties I just studied in the books”, highlighting the connection between Technlogy 
and Content. 
As for the use of class worksheets, it came to light that “the activity worksheets were a valid 
support: each student, with the help of the worksheet, succeeded  to work peacefully and in 
autonomy” being “teacher of him/her self”. All the teachers highlighted enthusiasm in his/her own 
pupils, that “faced the task with a certain level of autonomy, sometimes giving some original 
contribution: […] the enthusiasm is due to feeling of the activity as cool and easy, almost a 
geometric game. A game of construction e visual verify, free by the struggle of computations”. 
Moreover a collaborative way of working seems to be effective in students’ learning. They stated 
that “among us (classmates) there was a collaborative climate, that let us carry out the assigned 
task in the best way, we learned several topics in a easy way, collaborating in group” (in a social 
learning mode). 
Working in the Laboratory of Mathematics, all students tested their knowledge, used artifacts and 
tools, made explorations, formulated conjectures, acquired concepts and skills: “mathematics does 
not belong to another planet and it is not just for someone who has some special skills, but it is 
accessible to all”. Some teachers pointed out that “the activity allowed us to stimulate the interest 
of those pupils more fragile and less inclined to discipline, being personally committed to work, 
those students had fun discovering and building geometry through Geogebra”. 
On the other hand the teacher was always ready, if necessary, to correct their conjectures with 
appropriate suggestions; to ask questions to make them guess something could be useful and/or 
necessary to discover something else; to encourage them to continue; to praise them for any 
significant obtained result, in the Vygotskijan perspective (ZPD and positive mood). 
Students had no problems in approaching the proposed loci. Some of them even considered easy to 
apply the encountered properties and to use them. We should underline that worksheets are 
sometimes too guided for some students, but we took this choice, so that all students would feel 
equally involved. 
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Finally, students knew that they were participating to an experimental activity and that they will not 
be evaluated by the teacher. This allowed also fearful or less able students to feel involved, the 
wrong answers were not evaluated negatively, indeed those answers served as a basis to trigger 
collective discussions to clarify the problem: The error is seen as a resource, rather than as 
something to be condemned, according to the Enactivism’s perspective. 

The following general overview concludes the analysis of the student questionnaire, with regard to 
the first and the second part. An overview of the Questionnaire is given in the end. 

For most of the pupils involved in the activity (51%) the topics are interesting (Figure 1), also 
confirmed by 55% that said they had actively participated to it (Figure 2). 

More than half of the students found the activity is not too demanding, but they worked hard into it 
(Figure 3). Students appreciated working in groups, in fact 58% of the statistical units is favourable 
to the work group (Figure 4), and the interaction established between the members of each group 
(Figure 5) were positively judged by more than half of the sample (65%). 

It is interesting to report the claims made by some students who confessed their disaffection to 
mathematics, "I hate math, for me it's boring because I do not understand it. But I liked this 
experience with the computer because math seemed to me more interesting." 

In any case, the 45% of students admits that it was is worth to participate to the activity (Figure 6); 
moreover some students said that such an activity allowed them to see the math from another point 
of view; they would like to repeat a similar experience and hope the same for the students of lower 
classes "because maybe everyone could like more mathematics, if you start on the right foot." 

 

Was the topic of the activity interesting? 

 
Figure 1	

 

Was your participation in the course active? 

 
Figure 2	

	

Commitment	

 
Figure 3	

 

Availability for teamwork	

 
Figure 4	
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Integration in group		

 
Figure 5	

 
 

Figure 6	

 

 
 

Students questionnaire 

Overall assessment of the course 
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Was the topic of the activity interesting? 2% 17% 51% 30% 
Was the activity difficult? 7% 42% 36% 15% 
Was your school knowledge enough to attend the activity? 0% 65% 54% 40% 
Were the activity worksheets clear? 2% 10% 38% 50% 
Was interesting and surprising studying loci? 4% 19% 47% 30% 
Were the teachers clear? 0% 4% 34% 62% 
After this course has your motivation to study mathematics 
increased? 6% 32% 40% 22% 
Was your participation in the course active? 1% 4% 40% 55% 
Was it worth to participate in the activity? 2% 16% 37% 45% 

     
     Self-assessment of skills that the student feels to have developed 
during the course: 

1(min)-4(max) 
1 2 3 4 

Commitment 4% 6% 59% 31% 
Desire to explore the topics 3% 32% 45% 20% 
Availability for teamwork 10% 28% 47% 15% 
Ability to speak in public 0% 15% 64% 21% 
Ability to think about things 1% 9% 32% 58% 
Integration in group 0% 9% 26% 65% 
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     What would you like your math teacher would give more attention to? 
     - practical and applicative aspects 56% 
     - theoretical aspects 10% 
    - history 3% 
    - relationship with other subjects 31% 
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Abstract: Taking into account that the majority of the models with more tradition in the mathematical 
curriculum to represent temporal evolutions of the number of individuals are continuous models in the class 
of empirical models, it has an added value to deal with these models, but where the parameters involved are 
claimed to have a biological meaning. These types of models are not completely mechanistic o heuristics, 
and therefore they are called pseudo-mechanistic models. It is a challenge to link mathematical tools and 
concepts with biological ideas, and also a chance to use the help that computers provide in this context. The 
aim of this study was to design a set of rich tasks to be performed with the help of the computer and 
implement them in the classroom in order to investigate a real data set to deal with empirical models and 
pseudo-mechanistic models. One of the main purposes in the designing of this set of tasks was to configure a 
framework showing different strategies to deal with the data and also, how each of these approaches could 
generate a variety of responses to the problem in hand. The sequence and structure of these tasks, according 
to the students’ perceptions collected, enhanced the understanding about the construction and use of these 
primary growth models. 

Résumé: Étant donné que la plupart des modèles programmes de mathématiques les plus traditionnels pour 
représenter l'évolution temporelle du nombre de gens sont des modèles continus appartenant à la classe des 
modèles empiriques, a ajouté la valeur de travailler avec ces modèles, mais où les paramètres impliqués Ils 
ont une signification biologique. Ces types de modèles ne sont pas totalement mécaniste ou heuristiques, et 
sont donc appelés modèles pseudo-mécaniste. Il est un défi de relier les outils et concepts mathématiques 
avec des idées biologiques, et aussi une chance d'utiliser les ordinateurs d'assistance fournies dans ce 
contexte. Le but de cette étude était de concevoir un riche ensemble de tâches à accomplir avec l'aide de 
l'ordinateur et de les mettre en œuvre dans la salle de classe afin d'étudier et de décrire un ensemble de 
données réelles avec des modèles empiriques et les modèles de pseudo-mécaniste. L'un des principaux 
objectifs dans la conception de cet ensemble de tâches a été de mettre en place un cadre pour montrer 
différentes stratégies pour traiter les données et aussi comment chacune de ces approches pourrait générer 
une variété de réponses au problème à la main. La séquence et la structure de ces tâches, selon les 
perceptions recueillies auprès des étudiants, sont susceptibles d'améliorer la compréhension de la 
construction et l'utilisation de ces modèles de croissance primaires. 
 

Introduction 
Actually, in the twenty-first century, computation is more than an assistant support of scientific 
activity, computation is changing the fundamental way that science is practised and also how this it 
is being learnt and taught (Shiflet and Shiflet, 2014).  

Computation allows us to obtain and analyse big data, consider and solve problems inaccessible 
until now, build sophisticated models, visualize phenomena, conduct experiments difficult or 
impossible in laboratories, among other options. Teaching and learning mathematics in any context 
should promote the development of thinking and the possibility of an appropriate use of the 
technology available nowadays. Processes such as developing curiosity, critical thinking, reasoning, 
as well as developing modes of verification, refutation, and deduction should be found in the 
activities proposed to our students in classroom, and for some of these processes the help of a 
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computer can be very valuable. In this context, for instance, analysis of real data and the building of 
different kinds of models for this data could be good opportunities to train in those processes. In the 
teaching of applied mathematics, it would be desirable to design and develop profitable strategies to 
tackle real data and deal with models that require thinking at multiple levels of abstraction or 
understanding, plus to know how to use the computational resources offered by general or specific 
software accessible nowadays. The computer must be seen as a convenient work “companion” and 
an attractive resource, and never as an obstacle for the mathematics learning. The potential of the 
software present in the majority of the computers of our laboratories cannot remain unexplored and 
unexploited when activities related to quantitative modelling and numerical methods are carried out 
in the classroom. In this line, teachers need to have (or develop) suitable knowledge and 
competences in digital technologies, otherwise their teaching will not be so effective (Bennison & 
Goos, 2010).  
It is widely accepted that mathematical thinking arises and develops in a complex interplay of 
languages and representations. There is a relatively new term or idea that is “Computational 
Thinking” (Papert, 1996; Wing, 2006), that although its definition is still under discussion, it 
appears to focus on computer science concepts in relation to processes of problem solving such as: 
pattern recognition, pattern generation, abstraction (composition, de-composition, generalization, 
and specialization), modelling, algorithm design (sequence, iteration, and selection), data analysis 
and visualization (Caspersen & Nowack, 2014). Thus, it is also accepted that “Computational 
Thinking” can be envisaged as a fundamental skill for everyone and in particular that it is very 
attractive for anyone who is involved in teaching and learning mathematics. In the context of the 
Millennium Mathematics Project (a maths education and outreach initiative) can be found the 
NRICH website (http://nrich.maths.org/) containing a list with some characteristics that make a task 
rich, highlighting the fact that it is the way in which the task is planned and used in the classroom 
that makes it rich. Some of those characteristics can be common to the way in which 
“Computational thinking” can be practised and trained. 
In the field of mathematical biology, the capability of designing classroom activities that encompass 
quantitative modelling with mathematical concepts and tools to deal with biosystems is much 
appreciated (de Vries, Hillen, Lewis, Müller & Schönfisch, 2006). In addition, these activities can 
justify and give room for the introduction and workout of complementary computational methods 
(Ginovart, 2014). Mechanistic or heuristic models are those whose development comes from the 
understanding of the underlying biochemical or biological processes governing populational 
phenomenon and their parameters have biological meaning, while empirical models are 
mathematical functions simply describing observations of the phenomenon. Taking into account 
that the majority of the models with more tradition in the mathematical curriculum to represent 
temporal evolutions of the number of individuals that configure the populations in certain 
environments reported in periods of time are continues models in the class of empirical models, it 
has and added value to deal with these models but in which the parameters involved are claimed to 
have a biological meaning. These types of models are not completely mechanistic o heuristics, and 
therefore they are called pseudo-mechanistic models (Perez-Rodriguez, 2014), and it is a challenge 
to link mathematical tools and concepts with biological ideas, and also a chance to use the help that 
the computers can provide.  

The aim of this study was to design a set of rich tasks to be performed with the help of the computer 
and implement them in the classroom in order to investigate a real data set (a temporal evolution of 
a microbial population grown in a specific environment) to deal with empirical models and pseudo-
mechanistic models. One of the main purposes in the designing of this set of tasks was to configure 
a framework showing different strategies to deal with the data and also, how each of these 
approaches could generate a variety of responses to the problem in hand. The students’ perceptions 
about if the sequence and structure of these tasks have enhanced their understanding about the 
construction and use of these primary growth models were collected and analysed. 
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Material and methods 
The participants in this study were a group of 50, third-year students of a Bachelor's degree in the 
field of Biosystems Engineering at the Universitat Politècnica de Catalunya (Barcelona, Spain). The 
prior coursework for these students was related with the following compulsory subjects: 
Mathematics I and II, Physics I and II, Chemistry I and II, General Biology, Microbiology, 
Statistics, among others. This previous preparation guarantees a good knowledge of some biological 
systems (microbial systems in particular) and basic mathematical concepts and tools.  

Students’ responses regarding analyses and modelling of the growth population data and the distinct 
methodologies applied sequentially for the study of the different phases observed in the pattern of 
this temporal evolution, were collected via commented spreadsheets, outputs of statistical software, 
open-ended questionnaires, and face-to face dialogues during the development of the sessions in the 
computer lab. The students' perceptions about the set of tasks conducted were explicitly questioned 
and collected at the end.  

A set of 17 observations corresponding to the size of a population (numbers of microbes) grown in 
a liquid medium of 1 mL with an initial quantity of sugar and no further addition of nutrient during 
a period of 48 hours is the data to be analysed (Table 1), and used to build empirical models and 
pseudo-mechanistic models. Each student had a computer with access to spreadsheet (Excel), 
mathematical software (Maple) and statistical software (Minitab and R) utilized in previous 
subjects, and with a free connexion to Internet when looking for specific information. The activities 
were designed to be carried out individually, however, with lab sessions and small groups of 
students, comments, suggestions, and interactions with the teacher were always held whenever 
required or considered appropriate. 
 

Time (h) Number of microbes 
0 145349 
3 146217 
6 139333 
9 143620 

12 168557 
15 287768 
18 972270 
21 2996236 
24 4444266 
27 5953756 
30 7245644 
33 7614686 
36 8187928 
39 10214427 
42 11842517 
45 13650985 
48 12837014 

 
Table 1. The experimental data to be analysed. 

 
Some preliminary questions were answered without reading the guide to the activity, as a first task, 
so that the students had the possibility to reflect on what they have studied and learned up to now, 
as well as what was convenient to apply to solve this kind of problem. These preliminary questions 
were: Taking into account that the set of data in Table 1,  
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• Which strategies or resources that already know can be used to analyse this data? 
• Which type of function or model can be adjusted? 
• Which programs can be utilised for that purpose? 

The outline of the set of tasks to be performed with the help of the computer 
Part A. To perform an exploratory analyse of the data and decide the best way to represent it, 
performing or not some nonlinear transformations of this data. It is important to point out that the 
context application of this data is microbiology and we are dealing with the growth of huge number 
of microbes.  

Part B. To deal with the use of polynomial functions to describe or fit the data and highlighting 
some advantages and disadvantages of this type of approach. 

Part C. To identify the three different phases in the temporal evolution and use straight lines to 
describe each of these phases. The succession of phases may be conveniently distinguished because 
they are characterized by variations of the growth rate: first, the lag phase with growth rate null, 
second, the exponential phase with a constant rate, and third, the stationary phase with no clear 
growth. The reading of the paper of Buchannan and coauthors (Buchanan, Whiting & Damert, 
1997), where the so-called three-phase linear model is presented, completes this part where the 
students can recognize their own work.   
Part D. To build, step by step, a discrete logistic model by means of set of calculations and linear 
approximations of the transformed data. After this, the comparison of the built model with the 
observed data is carried out with a simulation in a simple way in a spreadsheet assessing the 
agreement between them. 
Part E. To introduce the family of mathematical models known as sigmoid functions and their 
relation to the growth models, being the continuous logistic model one of them. The use of the 
mathematical software to manipulate their mathematical expressions and graphical representations 
with the purpose of identifying the role of the set of parameters involved in their definitions. The 
identification of the meaning of these parameters is followed by a convenient reparameterization of 
them, allowing us to have parameters with a clearer biological meaning and models utilized in the 
prediction of microbial growth in real applications. 
Part F. To explore the options that R, a free statistical software, and the packages developed to 
manage growth curves have to deal with this data (http://www.inside-
r.org/packages/cran/nlstools/docs/growthmodels). 

At the end of the activity, and after the work was carried out through the six parts describe above, 
the questions posed at the start were presented again to the students in a new context: If you have to 
analyse another set of microbial growth data, what would your answers be to those preliminary 
questions?, and one more: What would your priority be in the set of tasks to be carried out in order 
to model the new data set?  

Results and discussion 
Students’ responses regarding the analyses of the data and the various microbial growth models 
were prepared individually and collected by means of file texts, giving answers to the questions 
posed, spread sheets with comments, and outputs of mathematical and statistical programs inserted 
in an explicative text. In addition, interviews and personal communication during the sessions in the 
computer lab made it possible to collect further information on the development of the activity. 
This activity has been divided into a set of tasks which have been grouped in six different parts (A, 
B,..., F) facilitating the organization of the work to be performed by the students. The various parts 
were carried out in three lab sessions of two hours each, so the extension and diversity of the results 
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obtained by the students were remarkable. 

The answers to the preliminary questions before beginning the tasks of the activity (“Which 
strategies or resources already known can be used to analyse this data?”, “Which type of function 
or model can be adjusted?, and Which programs can be utilised for that purpose?”) were rather 
disappointing and poor. The majority of these responses were about the use of a spreadsheet to 
achieve a graphical representation, but no references to the use of mathematical programs like 
Maple or statistical programs like Minitab or R, programs that had been used in the previous 
mathematical and statistical subjects. Undoubtedly, it was also evident that no relationships or links 
between the previous knowledge of microbiology and different phases of the growth of the 
population were made or identified, in spite of these phases being linked with the numerical 
derivatives of the data by means of growth rates. The possibility of connecting the two disciplines 
involved in the modelling process, microbiology and mathematics, did not appear in those first 
answers. Only the 10% approximately of the students mentioned the fact that the transformation of 
the data by means of the logarithm function could be helpful in this microbial context, due to the 
magnitude of the numbers and the rate in the population growth. It was really a discouragement to 
see the lack of association with other subjects in these students’ answers. Maybe, this is something 
not really surprising in the teaching in general, taking into account that subjects and teachers have 
their own specific areas, and on very few occasions do they allow interference or collaboration in 
sharing activities that involve simultaneously diverse areas of knowledge, and it that moment the 
students were in a mathematical-computing context.  

The set of results that the students obtained, analysed and discussed in connection with their 
knowledge of biology were graphic representations of the temporal evolutions of the number of 
individuals in the population and the transformations performed with the data, definitions and 
manipulations of mathematical functions to construct and formulate different models, together with 
the calculation of the corresponding parameters involved in those models, plus the assignment of 
biological meaning to them in the case of pseudo-mechanistic models. Only some aspects or parts 
of the processes involved in the tasks designed will be presented in this section, accompanied by 
some computer screenshots to illustrate them.  

Regarding the tasks in Part A which were in some way conducted with questions like: 
- Is it better to work with the original data or can you imagine a linear or nonlinear 

transformation of this data?  
- Are the magnitudes of the observed values (and their changes) at the beginning of growth 

very different from those obtained at the end of the experiment?  
- What mathematical function can be used to modify or modulate this behaviour? 

the students completed an exploratory analysis of the data by deciding which was the best way to 
represent it, considering the nature of the experimental observations that they handled and 
remembering the way to present data in a microbiology field. The graphical representation of the 
original data at different scales and through some nonlinear transformations were options examined 
by the students. At the beginning of the temporal evolution the original data had values of about 105 
and values of around 107 were reached at the end of the evolution, so the magnitude of the range to 
be represented was considerable. The increases (in absolute values) of one time to another time 
showed very different magnitudes depending on the time sampled. At this point, the students 
appreciated why in the context of microbial communities, the populations are usually expressed in 
logarithmic units (base 10). Logarithm transformations with different bases were one of the 
strategies tested by students in the spreadsheet (Figure 1). 
In Part B, and after verifying that neither linear nor exponential growth were detected with this data, 
the fittings with polynomials of diverse degrees to describe the original data were examined and 
discussed by students, focusing this discussion on some advantages of this empirical modelling and 
emphasis on some of its disadvantages. In particular, the concept of the model or what a model 
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should be, together with its purpose was debated, and the conclusion in this part was that this type 
of model (polynomial functions) did not exemplify it very well. They discussed what it was like to 
work with empirical models (fittings of functions) and what the limitations were, and applauded the 
possibility of providing a pseudo-mechanistic model in this context. The coefficients of the fitted 
polynomials showed no opportunity to incorporate any of the ideas behind the microbial growth 
phenomenon. The purpose would be to try the description of this phenomenon: a population located 
in a space, in a new environment with nutrient, using the energy resources found in it, thus enabling 
the reproduction of individuals in the population, increasing its size; nevertheless, with this 
utilization of nutrient from the environment without its replacement, leads to an unfavourable 
situation, which is no longer possible for the population to continue to grow. The inability of these 
empirical models to explain the biological phenomenon, added to the fact that some of the fitted 
polynomials reached negative values, made it evident that they are not appropriate and these 
mathematical expressions had lost all meaning to represent this data. 

In Part C of the activity, the use of the logarithm transformation of the number of microbes 
observed over time, along with the increases observed in each of the sample time (Figure 2), 
allowed the identification of various growth phases that occurred during the temporal evolution of 
the population size. A first approach for the construction of a simple model with the capability to 
pick up the features or major trends in this type of growth goes through consideration or recognition 
of the three main phases of the growth, lag phase, exponential phase and stationary phase, and it 
uses piecewise linear functions for its formulation. The students studied this option with the 
spreadsheet using linear regressions to describe each of these phases which are characterized by 
significant variations in growth: first, the lag phase with a zero growth rate, after the exponential 
phase with a constant growth rate, and finally no growth for the stationary phase (Figure 3). 
Reading the companion document of Buchannan and others [2] to which the students could access, 
entitled "When good enough is simple: a comparison of the Gompertz, Baranyi, and three-phase 
linear fitting models for bacterial growth curves", illustrated and revealed that the piecewise linear 
model built by the students was in tune with one of the possible solutions that researchers presented 
and accepted in the environment of predictive microbiology. The three-phase linear model was the 
first pseudo-mechanistic model obtained, as in its formulation parameters with biological 
significance were recognized, such as the logarithm of the initial population and the final 
population, duration of the lag phase (intersection of the two first straight lines) and the maximum 
growth rate (slope of the second line), start of the stationary phase (intersection of the second and 
third lines). Students were able to recognize their own work in a spreadsheet as a simple modelling 
choice but well placed in a broader context of interest in biotechnology and predictive 
microbiology. 

 
Figure 1. Temporal evolution of the logarithm of the number of microbes. 
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Figure 2. Variations in the logarithm of the number of microbes during the temporal evolution. 

 
Figure 3: The three-phase linear fitting model for microbial growth, a simple pseudo-mechanistic 

model. 

 
In relation to the possible use of the logistic function and other functions of the sigmoid family 
(corresponding to the Parts D and E), only some results will be presented and discussed here, those 
connected with the process of assigning biological meaning to the parameters involved in the 
definitions of those functions. Figure 4 shows some parameters illustrating or denoting important 
features of the microbial population growth. The logistic function is one of the most frequently 
studied, but in this study we focus on the use of Gompertz function, another sigmoidal function also 
widely used for certain temporal evolutions, and defined as follows: 

 
where A, B and C are the parameters involved. The process allowing reassignment of these 
parameters to others with biological meaning makes it possible to connect and use previous 
mathematical knowledge. As we know that microorganisms can grow exponentially over a period 
of time, it is useful to apply the logarithmic transformation on population size (N = N (t)) as has 
been mention before. Thus, working with the natural logarithm (or logarithm) in this case, the 
relative size of the population can be considered a new variable as follows: 
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The three main phases of the microbial growth curve can be described by three parameters (Figure 
4): 

1) The maximum specific growth rate, µm, which is defined as the tangent at the inflection point of 
the curve. 

2) The latency or lag time, λ, which is defined as the value of the intersection of this tangent with 
the abscissa. 

3) The asymptote determined by the maximum value that the population can reach, Max. 
 

 
Figure 4. Generic microbial growth curve parameters: maximum growth rate (µm), lag time (λ), and 

the maximum possible value that can be achieved (Max). 

 
A study of the first derivative and second derivative of the function allows us to identify the role 
played by the parameters involved in the definitions. Identifying the meaning of the parameters of 
these Gompertz functions, followed by a suitable reassignment, enables us to have a function with 
meaningful biological parameters in the context of microbial growth, and consequently obtaining a 
new pseudo-mechanistic model for this context [12]. 

The purpose of this task is to rewrite the Gompertz function using the Maple program, a new 
expression replacing the parameters A, B, and C given in the above expression (with no biological 
significance) by the parameters µ, λ, and Max (with biological significance) as Figure 4 illustrates. 
Whereas this could be solved by hand (with pencil and paper), and because one of the purposes is 
the use of the computer, the calculations involved in this process were carried out with Maple, 
avoiding errors in transcription or errors in simplification, and making these calculations faster. The 
students’ responses to this part of parameters’ reassignment to obtain the pseudo-mechanistic model 
were surprisingly interesting. It allowed students to use the incessantly repeated knowledge during 
their previous stages in Mathematics: first derivative, second derivative, inflection point, slope of 
the tangent line at a point, asymptote ..., but this time in a context that gave meaning to everything 
they had learned in both mathematics and microbiology.  
A screenshot of the sequence of steps performed with Maple to get this pseudo-mechanistic model 
with µ, λ, and Max is as follows: 

>  
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>  
 

>  

 

 

Now considering that  , , we obtain 

 

. 

This last expression, which is the formulation of a pseudo-mechanistic model of the population 
growth from Gompertz function, is appropriate for microorganisms when population sizes are 
expressed in logarithmic units, and it is one of the models that the program R uses. This model has 
been carried out with our set of data (Table 1) and the results achieved are shown in Figure 5, where 
the punctual estimations of the parameters µm, λ, Log10(N0) and Log10(Nmax) were 12.6, 0.35, 5.15 
and 7.03 respectively. 

 
Figure 5. The Gompertz model adjusted to the data with the free statistical software R. 

 
The perceptions of the students carrying out these tasks were collected by means of the following 
question: “Please, indicate any positive aspect of the activity performed”, and some of the answers 
were: 

ü Tracking the activity in parts I think it is good and helps you to get a pretty solid idea of the 
different ways to build a model from the same data and compare these models. 

ü One of the positive aspects of the activity is the use of software tools for processing data. In 
order to improve the development of this practice, I think it would be necessary to have 
prior explanations or recall programs used in previous years. 

ü The previous analysis of the data that has been done with spreadsheets helped me a lot. I 
think the section corresponding to the use of R is a higher level because you have to 
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understand the program and run it properly. You should also have a very clear idea of what 
you are analysing and what you want to achieve, because R gives you more information 
(graphs and tables) than what is absolutely necessary for the analysis or which for me is not 
completely understandable. 

ü We have built and represented models which are easily understood in a particular case like 
the growth of microorganisms.  

ü It is important to learn to manage helpful data processing programs, and this practice gives 
us an idea of how to do this. Plot some functions using Maple and compare the differences 
between Excel solver and the R program has helped me to better understand the data 
analysis and modelling. However, I think prior oral explanation of the practice would have 
been helpful to refresh some mathematical concepts and programming. 

ü On my part, the entire process, applying different ways of analysing the same data, trying to 
discover which is the best fit for the data, testing what happened when increasing, or 
decreasing or increasing the parameters of functions, was a good idea. So, the whole process 
of going slowly and answering the questions has helped me learn a way to try using some 
experimental data, and also the fact that you can apply many models and some of them will 
adjust better or worse. Nevertheless, it is really important to try to understand the situation 
and not just end up having results or numerical values of certain parameters, for example. If 
you have not made the effort to think about the data, may not be able to interpret these 
results correctly. 

ü One positive aspect of this activity could be the use of mathematical programs such as 
Maple, because it is a very useful when solving differential equations, representing data, 
drawing graphs of functions, and manipulating expressions. 

ü It helps you understand that in order to solve the problem with the data available you can 
choose different methods. My opinion is that the practice has been very good. The fact that 
it is structured in straightforward steps makes it possible to follow without getting lost, 
while improving learning. At the same time it encourages an order and an explanation of the 
steps. It teaches us that every experiment fits a certain model and goes through a series of 
steps to obtain the best result. 

ü I have seen many different models to fit the initial data and that means that I will be able to 
analyse data using methods which I did not know before this activity. 

ü I learned various methods to address a situation that may recur in my studies such as the 
growth of microorganisms, and also the fact that what I did can be extrapolated to other 
populations. 

ü I found it very positive to understand the fundamentals of a solid growth model used in the 
R program. Testing other available options and how these can help us to solve our problems 
as biological engineers, using our current knowledge without advanced programming skills, 
have been profitable. 

Final remarks 
A rich context for exploring mathematical ideas and developing mathematical skills is biology. In 
this context, the models have been used in order to analyse and understand phenomena and to 
design and construct instruments that make a virtual “experimentation” possible, improving in an 
iterative way our representation of reality. The tasks designed have encouraged some imaginative 
applications using previous mathematical knowledge that students already had in order to build new 
models, starting with initial and not complicated approximations and relatively simple models to go 
deeper into the mathematical understanding of more sophisticated models, where the help of the 
computer has been revealed as indispensable. Its use was justified and integrated efficiently, 
training and improving the digital literacy of the students, that is, the general ability to use 
computers to tackle real problems.  
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Abstract: In this paper we show partial results from a research aimed to analyse the ways of reasoning and 
evolution of some students when they carry out homework for a teaching unit related to similarity, 
homothety and Thales theorem. The analysis is based on Lemonidis (1991) and the Van Hiele model of 
reasoning (Gutiérrez and Jaime, 1998). The sample for this study was a group of 9th grade students (14-15 
years old) in a school from Floridablanca (Santander, Colombia). A preliminary analysis from the data 
collected shows interesting ways of solving certain tasks in which the participants used a rich language and 
showed a variety of ways of reasoning. 
 
Résumé: Dans cet article, nous montrons des résultats partiels d'une recherche visant à analyser les modes de 
raisonnement et de l'évolution de certains étudiants quand ils effectuent des devoirs pour une unité 
d'enseignement liés à la similitude, homothétie et théorème de Thalès. L'analyse est basée sur Lemonidis 
(1991) et le modèle de raisonnement de Van Hiele (Gutiérrez et Jaime, 1998). L'échantillon de cette étude 
était un groupe d'élèves de 9e année (14-15 ans) dans une école de Floridablanca (Santander, la Colombie). 
Une analyse préliminaire des données recueilliés montre façons intéressantes de résoudre certaines tâches 
dans lesquelles les participants ont utilisé un langage riche et ont montré une variété de modes de 
raisonnement. 
 

Introduction 
Several studies conclude that teaching of similarity is very precarious and, thus, it generates weak 
learning in students, which does not contribute to the effective development of students’ geometric 
thinking (Gualdrón, 2006). 
We present here some results of a teaching experiment based on an original teaching unit that 
integrates similarity, homothety, and the Thales Theorem. The teaching unit was designed to 
improve the ways of geometric reasoning of a group of students who participated in the study. The 
main difference between this instructional proposal and others is that the activities we have 
designed present in a connected way the concepts and properties of similarity, homothety, and the 
Thales Theorem. This helps student to better understand the topic and to learn tools useful to solve 
problems and to improve their geometrical reasoning. 

Theoretical Framework 
To design a teaching unit for similarity, homothety and the Thales theorem, and then to analyse 
students’ performance in the unit, we have taken into account the analysis of teaching homothety by 
Lemonidis (1991) and the Van Hiele model of reasoning (Gutiérrez and Jaime, 1998; Gualdrón, 
2007). 
Lemonidis (1991) characterized three different approaches to similarity to be considered when 
teaching this topic:  

a) Intrafigural relationship: when the correspondence between elements of a figure and 
elements of a similar figure is highlighted, but without considering the idea of transforming 
a figure in the other one.  Within this approximation, we may distinguish: 
• When the figures are part of a Thales configuration, in which the homothety components 

are considered, with adequate reasons. 
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• When the figures appear apart one from the other. 
b) Geometrical transformation seen as a tool: the geometrical transformation is perceived as an 

application from the set of points in the plane into itself. This approach to similarity is useful 
to solve problems, for instance in trigonometry and calculus. 

c) Geometrical transformation seen as a mathematical object: the geometrical transformation 
is characterized by an algebraic approach in which the objective is to find the transformation 
resulting from the composition (product) of two or more transformations. 

The Van Hiele model of geometric reasoning is proving to be an excellent theoretical reference to 
organize and assess teaching and learning of geometry. However, similarity is a geometry topic in 
which research about the application of the Van Hiele model is very limited (Gualdrón, 2006). In 
this study we used the descriptors of level identified by Gualdrón (2006) and we have extended 
them to the specific contents of the teaching unit. 
The activities in the teaching unit are mainly focused to students in Van Hiele level 2, although 
some students could be reasoning at level 1 or at level 3. Then, we include below the main 
descriptors of levels 1 to 3 for the topic of similarity, based on Gualdrón (2006): 
 

• Descriptors of Van Hiele level 1 for similarity: 
− Students recognize similar shapes based on their appearance that is based only on visual 

characteristics. 
− Students describe and compare shapes with terms like bigger, smaller, longer, etc. 
− Some students can use mathematical characteristics of similarity, but they do not do it in 

a consistent way. For instance, they may measure some corresponding angles and note 
that they are congruent. 

− Students identify the similarity of shapes in Thales configurations, but their arguments 
are visual. 

− Students can build or draw shapes being similar to a give one, but they do it visually, 
without taking into consideration mathematical properties like measure of angles or 
length of sides. 

• Descriptors of Van Hiele level 2 for similarity: 
− Students recognize similar shapes based on mathematical characteristics like measure of 

angles or length of sides. 
− Students may identify and generalize properties of similar shapes, like proportionality of 

corresponding sides, parallelism of sides when they are in a Thales configuration, etc. 
− Students assume that relative positions of similar shapes are irrelevant. They also assume 

that congruence is a particular case of similarity. 
− Students can build or draw shapes being similar to a give one taking into consideration 

mathematical properties like measure of angles, length of sides, or ratio, and making 
arithmetic calculations. 

− Students can use Thales configurations to prove that two shapes are similar. 
− Students may discover or induce some properties of similarity, for instance the cases of 

similarity of triangles. 
− Students can use the definition of similar shapes. 

• Descriptors of Van Hiele level 3 for similarity: 
− Students identify empirically the necessary and sufficient conditions for two triangles to 

be similar, and prove their truth deductively. 
− Students understand and use relationships among properties of similarity. For instance, 

they relate the characteristics of homothety to the different Thales configurations to prove 
that such configurations are cases of homotheties. 
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− Students identify necessary and sufficient properties of specific similar shapes. For 
instance, they acknowledge that having equal pairs of angles is necessary and sufficient 
for two triangles to be similar, but it is not sufficient for other polygons. 

− Students can write informal deductive proofs of properties involving similarity of plane 
shapes. 

Methodology 
The sample for this study was a group of 27 grade 10 students (14-15 years old) in a secondary 
school in Floridablanca (Santander, Colombia). These students had studied in different grades the 
Thales theorem and homothety, but they had not studied the general concept of similarity before. 
Then, we planned the teaching unit to integrate the contents of similarity, homothety and Thales 
theorem, aiming to create on students a network of knowledge. 
The teaching unit was designed taking into account the phases and levels of the Van Hiele model 
(Gutiérrez and Jaime, 1998) and the results of Lemonidis (1991). The activities were posed to 
students one after the other in the order determined by the consideration of Van Hiele phases. Each 
activity was presented to students in a sheet of paper, where students should justify the steps to the 
answer (numerically, graphically or verbally). Students could use ruler, square, compass, and other 
auxiliary drawing elements. 
The teaching experiment took place in the ordinary classroom during the scheduled mathematics 
classes; the physical characteristics of the classroom allowed working in groups of three students. 
The teacher and a researcher (the first author) participated in all the experimental teaching sessions. 
The teacher was the responsible for the organization of the classes. The researcher was a participant 
observer, observing the students activity and, at the same time, cooperating with the teacher in 
tutoring and orientation to students during the classes. 
The experiment was developed in nine sessions of 100 minutes, during 8 weeks. The students were 
organized in groups of three students, who discussed the possible solutions and then, each student 
wrote her own answer and conclusions. 
The data collected consists on students’ worksheets, video tapes of the classes showing the work 
made by the groups of students, interviews to some students, and researcher’s field notes. The 
videotapes were done from. Some interviews were conducted in order to ask for clarifications and 
extra justifications, to ask students to explain what they have done, or to pose them other analogue 
tasks. 

Analysis and Discussion 
We present here the most relevant aspects of the data we have collected, with some representative 
examples of students’ ways of reasoning and comments about them. We have focused on one 
activity (activity 24), shown in Figure 1. Each part of this activity asked students to prove that two 
triangles are similar. 
The first part of the activity shows a intrafigural relationship among triangles APC and DPB, since 
the statement focus students’ attention to corresponding sides of the triangles. 
The second part of the activity presents the geometrical transformation of homothety as a tool to 
solve the problem, since identifying an homothety relating both triangles is the key to solve it. 
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Activity 24. 
(1) Segments AP and DP belong to lines that intersect in point P and, at the same time, cut the 

circumference as shown in the diagram below. Justify that triangles APC and DPB are similar. 

 
(2) Draw any triangle and, for each vertex, draw a line containing the vertex and parallel to the 

opposite side. In this way, you get a bigger triangle. Justify that this triangle is similar to the 
first one. 

Figure 1. Activity 24. 
 
One of our students, named Carlos (pseudonymous), used the homothety to prove the similarity of 
triangles in part 1 of the activity 24. In his answer, he first justified that there is a homothety, and 
then he used this homothety to justify the similarity of the triangles: 
 

 
Figure 2. Carlos’ answer to activity 24(1). 

 
Carlos: Translating [copying] distance PC over line PA and distance PA over line PD, we have 

triangle PA’C’, which is similar to triangle DPB, since this process is just like tumbling the 
figure [PAC]. With this, it is possible to establish a homothety with centre P, since the 
correspondent vertices and P are collinear, PC’ ||PA and PA’ ||PD. And to prove that 
A’C’ ||BD, I used that, as <BAC and <BDC comprise the same arc, they are congruent, and 
as I have line PD, with two different lines cutting it forming the same angle, so the two lines 
are parallel and as these lines are BD and C’A’, we have proved the last condition necessary 
to have a homothety. 

 
The previous answer shows a consistent use of Van Hiele level 3 reasoning, since the student did 
not use any specific measurement, but organized different properties of triangles and of the angles 
among parallel lines cut by another line to deductively prove that triangles APC and DPB are 
similar. The style of the proof is far from the formal proofs typical of level 4. 
In his answer to activity 24(2), Carlos also used the homothety to justify that triangles ABC and 
A’B’C’ are similar: 
Carlos: As the sides of the big triangle [A’B’C’] are parallel to the sides of the small one [ABC] 

(the correspondents), and knowing that, if the correspondent sides are parallel then they can 
be aligned to make an homothety and confirm the similarity, then we have a complete proof 
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of the similarity [of A’B’C’ and ABC]. 

 
Figure 3. Carlos’ answer to activity 24(2). 

 
Carlos’ answer to the second part of the activity is consistent with his previous answer, since he also 
produced a deductive proof. However, Carlos still has not fully acquired the ability of proof typical 
of Van Hiele level 3 since, in this answer, he did not feel the need to make explicit mention of 
Thales theorem nor to provide details to identify the focus of the homothety. One of the objectives 
of the teaching unit was to provide students with opportunities to practice and improve their proving 
abilities. 
The results of the analysis seem to indicate that this way of teaching similarity (linking it to 
homothety and Thales theorem) was a factor highly positive for the acquisition by students of more 
and better abilities of reasoning. 

Conclusions 
Traditionally, the teaching of similarity is limited to the presentation of conditions for two 
geometrical figures to be similar, and then to the presentation of some graphic examples. Diverse 
studies (for example, Gualdrón, 2006) have shown that this way of teaching the subject limits 
extremely the geometric reasoning of students. 
In this study we have analysed the arguments that a group of students stated to justify similarity 
among polygons, and we have found that students had more and better reasoning tools respect to 
results presented by previous studies (Gualdrón, 2006) where direct connections between similarity, 
homothety and the Thales Theorem were not established. 
The results of this study contribute to the literature about effective ways of improving geometric 
reasoning, specifically in tasks related to similarity, by showing successful ways of connection 
among geometric subjects that, in most of cases, are taught in an isolated way. 
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Abstract: In this paper we analyse some peculiar students’ mistakes in a task selected from the Italian 
National Mathematics Standardized Tests. In particular we show different types of errors identified in the 
solutions of grade 6 students who faced an item that involved the management of the number line. We use 
both the statistical results of the national sample and the qualitative analysis of answers in a smaller sample 
of 181 students. Our study draws on previous research on difficulties that students face placing rational 
numbers on the number line. We use an intertwinement of different theoretical lenses to explain the possible 
causes of failure. We show how some students’ answers can be interpreted as results of different 
misconceptions. The identified mistakes are related both to the management of the rational numbers 
representations (i.e. decimal representation and fraction) and to the manipulation of the graduate scale of the 
number line. 

Résumé: Dans cet article, nous analysons certains particulières  erreurs des élèves dans une tâche 
sélectionnée à partir des tests standardisés national italien en mathématique. En particulier, nous montrons 
différents types d'erreurs relevées dans les solutions des élèves de 6e année qui ont repondu à une question 
qui a impliqué la gestion de la ligne graduée. Nous utilisons à la fois les résultats statistiques de l'échantillon 
national et l'analyse qualitative des réponses dans un plus petit échantillon de 181 étudiants. Notre étude se 
fonde sur des recherches antérieures sur les difficultés que les  étudiants ont à placer des nombres rationnels 
sur la ligne graduée. Nous utilisons un combinaison des différentes lentilles théoriques pour expliquer les 
causes possibles de l'échec. Nous montrons comment les réponses de certains élèves peuvent être interprétés 
comme des résultats de différentes misconception. Les erreurs identifiées sont liés à la gestion des 
représentations des numéros rationnels (i.e. représentation décimale et fraction) et à la manipulation de la 
ligne graduée. 

Introduction 	
This paper presents an ongoing research developed in the Ideas for the Research project, funded by 
the Italian National Institute for the Educational Evaluation of Instruction (INVALSI). The aim of 
the project is the analysis of the outcomes of the Italian mathematics standardized tests that were 
collected by INVALSI from 2010 to 2013 in grades 6 and 8. Here we discuss only one of the stages 
of this research: the identification and analysis of students’ errors in answering to an item that will 
be part of a vertical study over different grades. Our research group is composed by researchers in 
Mathematics Education (authors of this paper) and Statistics. 	
In the first part of the research, qualitative and quantitative analyses were intertwined. The 
quantitative analysis of the national sample was carried out by Mariagiulia Matteucci and Stefania 
Mignani: the two researchers in Statistics of our group. They used some INVALSI results to 
investigate possible trends in the data. They implemented a multilevel latent class analysis 
(Vermunt, 2003, 2008) to classify students and to judge the item characteristics. This Statistical 
method has given a classification of students in a fixed number of groups characterized by different 
levels of performance. The researchers identified some items in which the students with low 
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performances had a higher probability to give a wrong answer in comparison with the other students 
(Branchetti et al., in press). Starting from these results, we carried out a qualitative analysis of the 
solution strategies developed by students when facing the identified items. We made a longitudinal 
analysis of the outcomes of the Italian national standardized mathematics tests in grade 6 and 8 
(ibidem): in a subsample of the national one, students’ answers were analysed to identify the 
possible mistakes that occurred in linked items. We focused on the mathematical concepts (in the 
sense of Vergnaud, 2009) involved and the possible difficulties arising from conversion among 
different semiotic representations (Duval, 2003). 	
We conjecture that the grade 6 items selected by our study could have a predictive power for the 
outcomes in the linked items identified in grade 8. Therefore, in the second step of the research, we 
are carrying out some classroom activities in order to collect new data about the possible students’ 
answers to the items analysed in the first part of the research. For example, we have already re-
administered some items to a sample of 181 students from different Italian cities (both from North 
and South Italy) and from schools with different socio-economical backgrounds. The data collected 
are coherent with the national sample results.	
In this paper we discuss this last part of our ongoing research on the analysis of students’ answers 
and identification of their errors over different grades.. In particular, we show the analysis of the 
solutions of some grade 6 students who faced a task that involves the management of rational 
numbers’ different representations and the number line. We selected this topic because literature 
shows how ability to perform well on this task with fractions is highly predictive of later 
performance in mathematics (Jordan et al., 2013). Our analysis is based on previous research on 
students' difficulties with natural or rational numbers on the number line.	
After a brief overview of the theoretical lenses used to look at students’ answers, we describe and 
analyse the data collected, showing our interpretation of students’ difficulties.  

The number line 	
The international Research highlights the crucial role of the number line in mathematics education. 
For example, in Skoumpourdi (2010) the number line is presented as a didactical tool with high 
potential, especially since it provides a simple way to picture mathematical concepts: as a matter of 
fact, the number line is used for counting, for estimations and for representing time, but also for the 
representation of different number sets. Moreover, number line can be used for providing geometric 
models of the arithmetical operations, for measuring, and comparing quantities. In the same work it 
is also pointed out that many studies report difficulties and limitations in the use of the number line 
and propose educational activities to overcome these difficulties.	

The potential of the number line for organizing thinking about numbers and operations on the one hand, 
and the difficulties that arise from its use on the other hand, lead many researchers to propose learning 
strands and teaching sequences for its use in the teaching/learning process of mathematics. 
(Skoumpourdi, 2010, p. 2)	

Skoumpourdi stresses that the number line can be presented in different versions: structured or semi 
structured, with or without numbers and other symbols, but also empty. For each of these 
representations, students may use different approaches	in	finding	solutions.	
In this paper we will focus on the difficulties that students could have facing tasks in which they 
have to place rational numbers on the number line. 	
In the following, we briefly present some results from the educational research about this specific 
topic.	
Concerning the placing of rational numbers on the number line, we initially have to distinguish the 
difficulties about the management of decimals and fractions. According to Iuculano and 
Butterworth (2011) both adults and children are more accurate when performing this task with 
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decimals rather than fractions because “decimals afford direct mapping onto a mental number line 
and, therefore, allow for easier magnitude assessment than do fractions” (De Wolf et al., 2014, 
p.2136).	
Students may also have difficulties in conversion between representations in different semiotic 
registers (Duval, 1993): they could have troubles in finding strategies to pinpoint numbers on the 
number line because the number line is a hybrid representation (a line with a scale on it). Every 
geometric operation can be translated into an arithmetic operation and carried out algorithmically 
and vice versa (Gagatsis, et al., 2003). Some studies on the number line and fractions highlight the 
distinction between making partitions and reading pre-marked partitions (Mitchell & Horne, 2008). 
In fact, the identification of the unit in number lines seems to be problematic; in particular students' 
strategies may change whether the line is partitioned or not, since marks may act as perceptual 
distractors (Lesh et al, 1982). Students may have difficulties if one unit of length is divided into 
parts (Behr & Bright 1984): for instance some students, in order to determine the fraction 
denominator, ignore the endpoint and count only internal hash marks. If intervals between points 
already drawn have unequal lengths, students can count the number of points ignoring the distance. 
Other difficulties may stem from an over-generalization of part-whole partitioning strategies in 
measurement contexts. For example, Saxe and colleagues (2007) show that a student can 
progressively divide one unit by 2 and then an half by 2 and find ¾, but this strategy does not work 
in general: e.g. 2/7 . Therefore many mistakes can be generated by the interlacement of 
misconception about rational numbers and number line management. Other studies (e.g. Hartnett & 
Gelman,1998) show the conflict between ordering natural numbers on the number line (when 
numbers get bigger as values increase) and fractions (when the denominator gets bigger the fraction 
is smaller). A common error is to put the fraction close to the value of numerator or of the 
denominator: this can be explained in terms of the “whole number bias”, that means considering 
fractions as two separated whole numbers (Ni & Zhou, 2005) and comparing them separately 
(Stafylidou & Vosniadou, 2004). 	
In the next paragraph we analyse many of the difficulties identified in the quoted literature. 
Moreover we show how the same mistakes can be interpreted as the product of different 
misconceptions.	

Data analysis 	

The item that we analyse in this paper was administered at national level to grade 6 italian students 
in 2011. This item has been selected, according to statistical methods, because it has a high 
discriminating power for low achievers: i.e. in the Italian national sample the students with low 
performances had a higher probability to give a wrong answer in comparison with the other students 
(Branchetti et al., in press).	

	
Figure 1: Item D8 from INVALSI test administered in grade 6 (2011)	
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Item D8 (Figure 1) concerns the placement of rational numbers on an oriented line. The rational 
numbers are presented in both decimal and fraction representations. The hash marks drawn on the 
line, refer to a specific unit of measure: the distance between two consecutive hash marks is 0.5. 	
On national level, only 11% of students places all the numbers in the correct positions (Fig. 2a). In 
order to identify possible students’ difficulties, we administered this item to a sample of 181 
students from different Italian cities (both from North and South Italy) and from schools with 
different socio-economical backgrounds. The data collected are coherent with the national sample 
results (Fig. 2b). 	
	

2a: National results 	 2b: Sample results	

  
Figure 2: Results of Item D8	

	
Drawing on the literature results described in the previous paragraph, it sounds reasonable to 
suppose that students, who faced the D8 item, should:	

● identify the correct unit of measure referring to the hash marks (Saxe et al, 2007; Behr & 
Bright, 1984);	

● manage different number representations (Duval, 1993; Gagatsis et al. 2003);	
● find out the order relation between these numbers (Hartnett & Gelman, 1998).	

First of all, we focus on some difficulties already noticed in putting decimal numbers on the line: 
identify the unit of measure and the order relation between numbers.	
Students’ answers analysis allows us to recognize the following possible wrong behaviours. 	
a) Students do not correctly manage the unit of measure.	
Among students who give a wrong answer, almost half of them (46%) fails in the management of 
the unit of measurement. Students do not consider the size of the intervals (the distance between 
hash marks): e.g. 2 and 2.5 are placed in two consecutive hash marks, subsequently to 1 (Fig. 3). 

	

	
Figure 3: Students who pinpoint 2 and 2.5 subsequent to 1. 
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b) Students identify correctly just the natural number (2).	
The 15% of students correctly uses the hash marks only for the natural number: the most common 
mistake is to put the 2.5 between the hash mark of 2 and the next one (Fig. 4). The other types of 
errors are less than 10% frequent. 

	

	
Figure 4: Students who place 2.5 between two consecutive hash marks.	

	
c) Students have many difficulties in placing fractions on the number line 	
In our sample, 80% of the students correctly places the numbers in decimal form. The main 
students’ difficulty is to identify the correct order between the numbers in different representations: 
decimal and fraction. In this case, the most frequent approach for numbers comparison is the 
conversion between registers (Duval, 1993): in particular from fractions to decimals, a conversion 
that frequently results in errors. Analysing students’ errors, we define some common difficulties 
observed in converting fractions to decimals. Some students try to convert numbers from fractions 
to decimals dividing numerator and denominator, but they invert the order calculating the division 
between denominator and numerator. For example, a group of students (8%) places 5/10 as if it 
were 2 (Fig. 5), probably because they divide 10 by 5.  

	

	
Figure 5: Students place 5/10 as if it were 2.	

	
Other students (41%) pinpoint 3/2 near the hash mark referred to the value 3, probably because they 
convert 3/2 as if it were 3.2 (Fig. 6).  

	

Figure 6: Students place 3/2 near 3.	
	

We	can	also	provide	an	alternativeinterpretation of this phenomenon:students may consider 3/2 
equivalent to 3+½, so they put the number in the hash mark next to 3 (Fig. 7). 	
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Similarly, some students place 5/10 over the end of the line (7%), probably because they interpret 
5/10 as 5.10, 5+1/10 or something else greater than 5 (Fig. 7). 

	

	
Figure 7: Students place 3/2 as it were 3+1/2 and 5/10 as it were more than 5.	

	
Other errors are less frequent (6% of the students). For example, in Figure 8 we can see one of these 
unusual answers. A possible interpretation of this excerpt is that the student tries to represent the 
numbers with brackets that,	in	two	cases	(5/10	and	2),	are	long	as	the	number	that	they	would	
like	to	identify.	

	

	
Figure 8: Unusual approach.	

Conclusions 	
In our research we identify and analyse items from Italian national mathematics standardized tests 
over different years in different grades. We have identified items in which the students with low 
performances in the tests had a higher probability to give a wrong answer in comparison with the 
other students and, among those, we have selected items that deals with longitudinal topics. For this 
reason in this paper we argue an items on rational numbers and number line. Jordan et al (2013) 
also argue that tasks involving the placing of fractions on a number line, can be high predictive for 
future outcomes in mathematics. 	
The data analysis presented in this paper shows some difficulties that students face while dealing 
with the number line. These difficulties depend both on the number line scale’s management and 
the specific number set that is considered. In particular, according to literature (Iuculano & 
Butterworth, 2011; Saxe et al., 2007), we observe that most of errors concern the pinpointing of 
fractions. 	
Our data confirm that students have fewer difficulties with natural numbers, while errors are more 
frequent when rational numbers are involved. Students’ mistakes concerning decimal representation 
are related to the management of the placement on hash marks. The analysis carried out in our study 
show that some students seem to interpret the number line as a list of ordered numbers. They do not 
take into account that the distance between the hash marks represents the difference between 
numbers: e.g. many students have difficulty in positioning 2.5 correctly (Fig.3). Furthermore, we 
find many examples of excerpts as the one shown in Figure 4. These students’ answers suggest a 
kind of implicit model (in the sense of Fischbein et al., 1985): hash marks can be employed just for 
integers. 	
As already emphasized by many studies, more frequently students show difficulties with fraction 
and, in particular, in the conversion from fraction to decimals. The explanation of the fact that many 
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students try to convert fractions to decimals can be both didactical and psychological.  DeWolf et al. 
(2014) highlight that in many textbooks decimals are used mostly to refer to continuous models (as 
the line) while fractions generally represent the discrete ones. Such a result suggests that pupils may 
try to convert fractions to decimals because decimals are more familiar in the context of a 
continuous model as the number line is. The same authors suggest, quoting Iuculano & Butterworth 
(2011), that decimals afford direct mapping onto a mental number line and, therefore, allow easier 
magnitude assessment than fractions do. The analysis presented in the previous paragraph suggests 
that most of the errors are not related specifically to the number line representation, but they are 
connected to the manipulation of fractions in general. For example, students who place 5/10 as if it 
were 2 can be influenced by what Fischbein et al. (1985) define as “implicit model’s rule that the 
dividend must be larger than the divisor”. According to these authors the violation of such rule 
shows in reversing the order of terms (Fig.5). Moreover, Markovits & Sowder (1991) show that 
there are students who convert the fraction a/b as the decimal a.b, as we observe in the answers 
given by pupils who put a/b near the numerator a (Fig. 6). 	
Other errors with fractions could be related to the “whole number bias” (Ni & Zhou, 2005) as, for 
example, the placing of 5/10 over the position of 5 on the number line. There could be different 
interpretations about the possible mistakes identified:	

• To put 5/10 after 5 because it is transformed in 5.10 or because is seen only as something 
greater then 5 (5+1/10)	

• To put 3/2 after 3 because it is transformed in 3.2 or because is seen only as something 
greater then 3 (3+1/2)	

There are also mistakes that depend on the particular fraction that is considered as, for instance, the 
identification of 5/10 with 2 (the greater number divided by the smaller one if the bigger is a 
multiple).	

As the difficulties that students face with decimals and fractions seem to be different, it can be 
questioned if there is a relationship between them. By combining the analysis of the different errors 
observed in our sample, we have found out an interesting fact: almost all students who place 2.5 
wrongly on the number line show difficulties also in placing the two fractions. This evidence leads 
to conjecture that the inability to pinpoint decimal numbers can be a predictor of the inability of 
placing fraction, but the question remains still open. In our further research we will deeply 
investigate this aspect.	

This analysis can be useful in teacher education: as a matter of fact, it contains suggestions 
concerning the most significant students’ wrong strategies in a typical item of the Italian national 
assessment (the management of number line).	

Students’ strategies can be further investigated in "vertical chains" made of questions on different 
levels that involve same contents. This kind of analysis may give insights about the predictive 
power of these tasks. 
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Abstract: This paper presents a quantitative study, initial part of a larger work that also involves a 
qualitative component, which aims to study the conceptions of mathematics teachers in 5th to 9th grades 
(n=115) about mathematical proof. The results, that are based on the application of a questionnaire, show 
that teachers, despite their different academic backgrounds (all of them with a background in mathematics, 
but some performed courses with a strong pedagogical component and others with a predominant 
mathematical component), recognize the nature of proof and its importance in student learning, showing 
awareness of the need to adapt proof to students capabilities. 
Résumé: Cet article présente une étude quantitative, première partie d'un plus grand travail qui implique 
également une component qualitative, qui vise à étudier les conceptions des enseignants de mathématiques 
de la 5ème  à la 9ème  année (n = 115) au sujet de la preuve mathématique. Les résultats, qui sont fondées sur 
l'application d'un questionnaire, montrent que les enseignants, en dépit de leurs différents formations 
académiques (chacun d'eux avec une formation en mathématiques, mais certains ont effectué cours avec une 
forte component pédagogique et les autres avec une component mathématique prédominante) , reconnaître la 
nature de la preuve et de son importance dans l'apprentissage des élèves, montrant prise de conscience de la 
nécessité d'adapter la preuve aux capacités des étudiants. 

Introduction 
The influence of knowledge, conceptions and beliefs of mathematics teachers in their professional 
practices has been widely documented by research (Ponte & Chapman, 2006; Thompson, 1992). 
This influence can result in opportunities for successful teaching practices, and, consequently, in 
rich student learning, or, on the contrary, in obstacles to the complex teaching-learning process. An 
example of this is the way the teacher outlooks and integrates mathematical proof in classroom 
activities. The mathematical proof is an important element in mathematics and mathematics 
teacher’s activity, both in training and teaching practices. Recent curriculum changes in Portuguese 
mathematics programs (ME, 2007; MEC, 2013) have given more emphasis to mathematical proof. 
This is the context from which this work arises, that. We are interested in understanding how 
Portuguese Mathematics teachers look to mathematical proof and how they integrate it in their 
practices and also the goals they seek to achieve through it, having on the horizon, the current math 
programs. 

In this study, proof is understood in a wide manner, and not strictly formal, covering reasoning and 
communication mathematical processes which allow to sign the veracity of certain mathematical 
statements by the force of the reason and not based on authority criteria, whatever it is. The broader 
research, combining quantitative with qualitative data, integrating survey of teachers (questionnaire 
and interview) and classroom observation, starts with a macro look at mathematics’ teachers. It is 
that more general look that we present here, that is, we seek to an approach to conceptions of 
mathematics teachers in 5th to 9th grades by applying a structured questionnaire. 

Background 
To prove is an activity present in various fields of human action, whenever you want to ensure a 
certain statement, by its intrinsic value, and not by any other powers associated with who says or 
where says. This activity, although it is present in our everyday life, it is particularly relevant in 
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contexts of genesis and communication of knowledge, such as the scientific production, in 
particular mathematics, and the case of the teaching-learning of mathematics in the classroom. In 
any of these contexts, prove is a condition of freedom and an affirmation of the "force of reason", 
being connected to the argumentation capacity (Boavida, 2005). 
Proof, understood as the result of the proving action, assumes in various fields of science different 
forms that result from the nature of the knowledge that is concerned and especially from the 
practices followed by the communities in which that is developed. In mathematics, proof assumes 
proper contours, leading some authors (Dreyfus, 2000; Hanna, 2000, 2002; Knuth, 2002) to 
consider that proof is what distinguishes mathematics from other sciences. 

Definitions for mathematical proof are usually related to the functions assigned to it. De Villiers 
(2003) considers six proof functions: i) verification; ii) explanation; iii) systematization; iv) 
discovery; v) intellectual challenge; and vi) communication. These proof functions are related to the 
context in which they are performed. While verification is more common in mathematician's 
activity, the explanation appears more linked to educational activity (CadwalladerOlsker, 2011). In 
turn, the communication function may either arise in the mathematician’s or school mathematics 
activity. In this work, considering the educational context in which the research takes place, we 
have adopted a definition of mathematical proof as a process of argumentation, emphasizing it 
explicative and communicative functions, aimed learning of mathematical topics and transversal 
capabilities (Boavida, 2005). 
This didactic value of mathematical proof has been stated by several authors and professional 
organizations (Hanna, 2000, 2002; NCTM, 2000). In this regard, the Principles and Standards for 
School Mathematics (NCTM, 2000) consider that must be provided to all students the opportunity 
to “recognize reasoning and proof as fundamental aspects of mathematics; make and investigate 
mathematical conjectures; develop and evaluate mathematical arguments and proofs; select and use 
various types of reasoning and methods of proof” (p. 56). 
In this sense, Portuguese programs of Mathematics (5th to 9th grades) suggest student work with 
proof, first informally and then with a progressive degree of formalization. In 5th and 6th grades it is 
suggested in the program, for example, that "to the sum of the amplitudes of internal and external 
angles of a triangle resort to informal proof" (ME, 2007, p. 38). For students of 7th to 9th grades, 
mathematics program advocates that students should "understand the notion of demonstration and 
be able to do deductive reasoning" (ME, 2007, p. 51). The current mathematics programs of basic 
education (MEC, 2013) also gave greater prominence to proof, although in order to give it greater 
level of formalization. 
In this context of curricular recommendation, and because of their potential to influence practices, it 
seemed pertinent to study what teachers think about mathematical proof and how they conceive 
proof in student’s activity and in their own professional activity. 

Methodology 
In this paper, we focus on conceptions of mathematics teachers of 5th to 6th grades (2nd cycle) 
(n=43) and 7th to 9th grades (3rd cycle) (n=72) on the mathematical proof, adopting a quantitative 
approach in the treatment of information resulting from the application a questionnaire (Gall, Gall 
& Borg, 2003). In the sample selection, we sent questionnaires to elementary schools of the 
northern of Portugal, where the majority of the schools stand. There two districts were chosen, one 
inland and the other from the coast. Doing so, we pretend to cover a diversity of schools. The 
sampling method was by convenience (Hill & Hill, 2012), since the questionnaires were distributed 
in various schools by some teachers who had contact with the Project team. 

This methodological approach arises from the fact that, initially, we want to meet in a broad way 
teachers’ conceptions about mathematical proof, with no intention to generalize to all the 
mathematics teachers. The sample is formed by all questionnaires received. Among participant 
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teachers (n=115), the female gender is prevalent (85), the age is 41 years old (ranging between 30 
and 62 and the average age is 44) and 15 is the mode of years of service (ranging from 5 to 35 
years). 

The questionnaire consists of five parts: the first part includes four questions about age, gender, 
school year and years of service; the second part consists of 14 closed questions about proof in 
mathematics; the third part includes 11 closed questions about the proof in the student activity (5th 
to 9th grades); the fourth part has nine closed questions about proof in teacher activity; and the fifth 
and final part includes eight questions about proof in mathematics curricula. 
In data analysis, responses were organized and processed using the SPSS software. Analysis was 
guided by the following dimensions: (i) proof in mathematics; (ii) proof in elementary school 
student’s activity; and (iii) proof in teacher's activity. In these dimensions, the answers to the items 
of the questions relate to the selection of a frequency option, according to the scale: Strongly 
Disagree (SD); Disagree (D); Neither Agree Nor Disagree (NAND); Agree (A) and From the 
answers we have determined average and standard deviations for all options after the coded options 
SD, D, NAND, A and TA with the values 1, 2, 3, 4 and 5, respectively. 
From the numerical values, we applied the Student’s t-test for independent samples, considering the 
group of the 2nd cycle teachers (5th to 6th grades) and the group of teachers of the 3rd cycle (7th to 9th 

grades). In the statistical analysis performed adopted the level of significance of 0.05. 

Results 
To understand what teachers think about mathematical proof, we organize information from their 
responses to a questionnaire according to the dimensions already mentioned. 

Proof in Mathematics 
The underlying formality to logical argument of proofing the veracity of a mathematical statement 
leads, in general, teachers to distinguish this method from experimental ones that are used in other 
areas of knowledge. In addition to the deductive method, teachers recognize other proof methods. 
Whichever proof method to which they use to prove the veracity of a mathematical result, to most 
teachers this activity is evidenced by being the basis for mathematical knowledge construction 
(Table 1). 
 

 2nd cycle 3rd cycle 
     
The proof in maths has different nature of the proof in 
other sciences. 3,5 1,07 3,7 1,05 

The deductive method is the only method that proves 
mathematical results. 2,1 0,84 1,9 0,88 

The proof is essential for the construction of 
mathematical knowledge. 3,8 0,99 3,9 0,83 

Table 1. Nature of mathematical proof. 

 
Comparing the average of the two groups of teachers (see Table 1), we find that there are no 
statistically significant differences between these groups. Teachers’ conceptions about proof are 
associated with the functions they give to it. 

For all teachers, proof performs several functions, including the verification and explanation of a 
mathematical statement’s veracity. Already the discovery/ invention function of new mathematical 
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results gathers indecision among teachers, which may be due to the absence of this proof function in 
the school context. With respect to the function of systematizing mathematical statement, 
observation of Table 2 show there are considerable differences between the means of two groups of 
teachers (Table 2). 
 

 2nd cycle 3rd cycle 
     
The proof has the function of verification the 
mathematical statement. 4,1 0,92 4,1 0,99 

The proof has the function of explanation the 
mathematical statement. 4,1 0,83 3,8 0,96 

The proof has the function of discovery / invention of 
new results. 3,1 1,01 2,9 1,16 

The proof has the function of systematization a 
mathematical statement. 3,6 0,85 3,1 1,09 

Table 2. Functions of mathematical proof. 
 

Comparing the average of the two groups, the application of T-Test determines statistically 
significant differences in the item, "The proof has the function of systematization of a mathematical 
statement" (p=0.007), which is more emphasized by 5th/6th grades teachers than by 7th to 9th grades 
teachers. 

The proof in elementary school student’s activity 
The consideration of mathematical proof in school context leads us to investigate the role that 
students play in this activity. Teachers of both cycles agree with the involvement of students in the 
proof of mathematical results, which, in their perspective, leads students to understand the nature of 
this activity. In this involvement, they disagree that the proof should be reserved for the best 
students (Table 3). 
 

 2nd cycle 3rd cycle 
     
Students must participate in the proof of mathematical 
results. 3,8 0,85 3,8 0,86 

Proofs should be made only by the best students. 2,1 0,92 2,4 1,08 
Proving leads students to understand the nature of 
mathematical activity. 3,7 0,85 3,9 0,83 

Students should use the mathematical results without 
proving them. 2,7 0,85 3,0 0,93 

Table 3. The student’s activity in mathematical proof. 
 

The comparison of the means of teachers' answers of each school cycles reflects that there are no 
statistically significant differences between the groups (Table 3). Concerning the use by the students 
of mathematical results without being proved, teachers expressed indecision. The involvement of 
students on proving mathematical results gathers the agreement of teachers of both cycles in the 
development of students understanding of mathematical concepts and capabilities to reason 
logically and to communicate mathematically (Table 4). 
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 2nd cycle 3rd cycle 
     
Proving increases understanding of mathematical 
concepts by students. 3,9 0,87 3,6 0,88 

Proving develops student’s ability to reason logically. 3,9 0,83 4,1 0,69 
Proving develops student’s mathematical 
communication capability. 3,9 0,92 3,9 0,76 

Table 4. The mathematical proof in student learning. 
Comparing the average of the two groups of teachers (see Table 4), we observe that there are no 
statistically significant differences between these groups. 

The proof in the teacher's activity 
The systematization of knowledge and the abstract nature involved in the proof of mathematical 
results are factors that increase the complexity of this activity (de Villiers, 1990). The complexity 
inherent of the activity of proving mathematical results seems to be the reason why teachers did not 
express their agreement to the difficulty of integrating the proof in their teaching strategies, and 
developing this activity in their lessons and engage students in activities that lead to conjecture and 
proving mathematical results. Despite this hesitation, teachers tend to disagree that proof does need 
not be offered to students of elementary school (Table 5). 

 2nd cycle 3rd cycle 
     
I have difficulty integrating the proof in my classroom. 2,9 1,07 3,2 1,15 
I often prove the mathematical results in my classroom. 3,2 0,92 3,2 0,95 
In my classroom, I challenge students to formulate and 
prove conjectures. 3,3 0,91 3,3 0,89 

I believe that it is not necessary teach elementary school 
students to prove. 2,5 1,10 2,4 1,06 

Table 5. Proof in the teaching practice of the mathematics teacher. 

The comparison of means of two groups of teachers (see Table 5) does not highlight significant 
differences between these groups. 

Final considerations 
Mathematics teachers recognize the specificity of mathematical proof distinguishing the nature of 
this activity of experimental methods. In addition to the deductive method, they recognize other 
proof methods of mathematical results. This might be connected to the conceptual framework of 
how they organize mathematical knowledge. 
Teachers from both cycles of teaching identify multiple functions of proof, such as verification and 
explanation of a mathematical statement. The systematization function is prevalent in teachers of 
the 2nd cycle (5th to 6th grades), which is understandable considering the student’s school grade. 
Teachers in both cycles agree with the participation of students, and not just the top ones, on the 
proof of mathematical results, because it favors the development of mathematical concepts and 
reasoning and mathematical communication, with special emphasis to argumentation capacity, as 
advocated by Boavida (2005). This result shows that teachers recognize the didactical 
recommendations concerning the mathematical proof (Hanna, 2000, 2002; NCTM, 2000). 
Nevertheless, mathematics teachers have difficulties integrating proof situations in their classes, 
which can be derived from the fact that this is an activity that is conceptually demanding or this is a 
practice that needs teacher training, as pointed by Boavida (2005). Despite the difficulties, teachers 
consider that it is necessary to involve students on the proof of mathematical results. In summary, 
teachers of the two cycles, although with different backgrounds (all of them with a background in 



“Quaderni di Ricerca in Didattica (Mathematics)”,  n. 25, Supplemento n.2, 2015 
G.R.I.M. (Departimento di Matematica e Informatica, University of Palermo, Italy) 

 

 156 

mathematics, but ones performed courses with a strong pedagogical component and the others with 
a predominant mathematical component), reveal similar conceptions about the mathematical proof. 
Considering not just the difficulties but also the desire that teachers expressed in integrating 
mathematical proof in their teaching strategies it makes sense to promote formation dynamics, such 
as training activities, to encourage this integration.  
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Abstract :The following study discloses how textbooks may potentially become obstacles in the treatment of 
certain topics in the field of measure, as presented in the educational curriculum. A qualitative methodology 
is employed herein to describe the content of textbook activities. In addition, the frequency with which the 
latter appear throughout the chapters is quantified. 

Résumé: L'étude ici présent montre comment le libre de texte peut supposer un obstacle per traiter certains 
aspects de la branche de mesure présents dans le programme d'études. C'est pour ça qu'on emploie la 
méthodologie qualitative au moment de décrire le contenu des activités du livre de texte et qu'on quantifie la 
fréquence dont ils apparaissent tout le long des activités. 

Introduction 
From the beginning of compulsory education, the implementation and use of a textbook in the 
mathematics classroom has been a given fact. Moreover, most teachers use the resource of a 
textbook most of the time (Pepin, Gueudet and Trouche, 2013; Vincent and Stacey, 2008). 
Likewise, the TIMMS study, centred on the measurement of mathematical and scientifical 
knowledge of fourth and eighth grade students, brings forward that most mathematics teachers use 
the textbook as the main written source of teaching material (Alajmi, 2012; Plianram and Inprasitha, 
2012). Even in the time of digitalisation, when the impact of technology is an obvious reality, 
textbooks still play a central role amongst teaching resources in order to accomplish the educational 
and learning process (Pepin, et al., 2013). 
Attention has been recently drawn towards textbooks due to the acknowledgement of problems in 
teaching quality (Azcárate and Serrado, 2006). The width and depth of teachers’ knowledge of 
school-level mathematics is one of the most influential elements to the quality of the teaching and 
learning process (Schoenfeld and Kilpatrick, 2008). 
It therefore seems clear that textbooks used to and still do exert a great deal of influence on what is 
taught in the mathematics classroom. Furthermore, the mathematical knowledge that is brought into 
play in the classroom is conveyed through textbooks (Bromme and Brophy, 1986). The state of 
research on mathematical textbooks has changed considerably in the last three decades, during 
which the international research community has focussed growing attention on this subject. 
However, the study and analysis of mathematical textbooks as a field of research in itself has not 
been developed as much as other fields in mathematics education (Fan, 2013). 

We have directed our attention to the sections of textbooks that are devoted to ‘measure’. The 
reason for our choice resides in the fact that, since the creation of elementary school as an 
institution, this branch of mathematics takes up an important role within mathematics education due 
to its multiple applications in both social and scientific fields (Chamorro, 1996).  

Our interest is centred upon determining the adequacy of learning contents regarding measure that 
are present in mathematics textbooks with regard to the teaching objectives of the curricula. For this 
purpose, we analysed the measure-related tasks proposed in textbook activities and compare them to 
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current curricular guidelines. 

 

The textbook’s approach to “measure” 
Measure constitutes one of the main human activities from which mathematics is developed. It is 
present in all cultures, from the most ancient, due to the fact that it allows comparison, order, 
estimation or calculation with more or less precision at different magnitudes (Luelmo, 2001; 
Bishop, 1999). The Cockcroft report (1982) justifies the importance of the study of measure both 
regarding the necessities of adult life – due to the large amount of measurements we perform on a 
daily basis – and with respect to the requirements of the working world. Moreover, an annual 
publication of the National Council of Teachers of Mathematics (NCTM), specifically the 
Yearbook of 1976, dedicates a whole chapter to highlighting the technological advances achieved 
thanks to the precision of measurements. 

An education excluding measure would be inconceivable given that it is essential for students to 
face up to everyday life’s needs. In addition, different features converge on the subject of measure; 
geometrical, arithmetic and problem-solving elements, as well as a wide range of developmental 
abilities and skills such as creativity and the ability to think (Del Olmo, Moreno and Gil, 1989). 

Another sample of the relevance of measure is found in the content of international educational 
evaluation tests. The PISA tests of mathematical competence evaluation cover problems of quantity, 
amongst other types. In addition, these tests regard the notion of quantity as an essential part of 
mathematical literacy and may be considered the “most dominant mathematical element that is 
essential to functioning and taking part in the world” (OCDE, 2003). This involvement with the 
world is understood with regard to the quantification of the latter, which requires a comprehension 
of measure, recounting, magnitudes, units, indicators, relative size, numerical tendencies and 
patterns. In this field, mathematical literacy allows us to apply our knowledge of numbers and 
operations to a wide range of situations and environments (Caraballo, Rico and Lupiáñez, 2013). 
Chamorro (2001) highlighted the phenomenon of arithmetisation of measure in textbooks, in other 
words, a colonisation of measure on the part of arithmetics. Textbooks specifically provide students 
with values for the majority of measures used in measure activities, rendering these activities useful 
to practice elementary arithmetic operations or ordering exercises. Indeed, the measure problems 
found in textbooks do not raise questions that may conceptually be related to measure in itself. 

Given these circumstances, students reach secondary school with serious difficulties, since they lack 
in basic measure-related concepts and procedures required in other situations. It is no wonder that, 
as Chamorro (1988) points out, the teaching of magnitudes and their measure are associated to 
mastering the metric system. In addition, students are considered to have reached the set objectives 
when they are able to make conversions confidently and rapidly enough (Chamorro, 1988). 

In addition, practical activities such as measurements are almost non-existent and are often 
undergone with a considerable lack of resources and inadequate classroom management (Chamorro, 
2003). With regard to surface area, activities that require paving of an area continue to be 
overlooked; only grids are used for the purpose of solving activities that are too advanced for the 
students’ capacity (Chamorro, 2001). Furthermore, the latter are used in contexts that are far apart 
from everyday life, since the students are not asked to measure the surface of objects familiar to 
them (Chamorro, 2001). There is currently no agreement on which teaching process is most suited 
to measure. Even though teaching staff and researchers theoretically recognise the advantages of 
certain approaches, classroom practices and textbooks reflect very different positions. 
However, Alsina (2000) detects four types of curricula, developed in different contexts and 
locations: 

• The official curriculum, which corresponds to the official documents proposed by 
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educational authorities who elaborate the programmes of each subject, highlighting the 
contents, objectives, evaluation criteria, etc.  

• The potential curriculum, which is determined in several teaching publications and in 
resources such as textbooks. 

• The taught curriculum, which is developed by the teacher throughout the length of the 
school year. 

• The learned curriculum, which is the curriculum the students have acquired. 
The potential curriculum keeps to the official curriculum by building upon it from a theoretical and 
practical point of view (Alsina, 2000). In the following study we ask ourselves how far apart the 
official and potential curriculums actually are in regard to the teaching of measure portrayed in 
mathematics textbooks of the third stage of primary education. 

Hierarchical organisation of tasks 
In Gairín, Muñoz and Oller’s contribution (2012), the grading of PAU mathematics exams (A-
levels equivalent) is done by the hierarchical organisation of the different tasks required for solving 
the mathematical exercises in question. This classification divides the necessary mathematical steps 
to accomplish an exercise as follows: 

A. Main tasks: steps that clearly constitute the main objective of the activity. 

B. Auxiliary tasks, where: 
B1. Specific auxiliary tasks: Tasks that play an instrumental role in reaching the 
solution of a problem or exercise that includes main tasks concerning specific 
content items. 

B2. General auxiliary tasks: Mathematical tasks that the student has carried out 
throughout his/her previous mathematical training. 

This hierarchical organisation is used in our analysis in order to classify the different tasks that 
come up in the resolution of measure activities present in mathematics textbooks of 5th and 6th 
grade. Given the length of this communication, we will limit our analysis to the main tasks 
promoted in the textbooks. 

Goals of the study 
Envisioning the aforementioned situation, we intend to determine the type of mathematical 
knowledge on measure that is addressed in textbook exercises for 5th and 6th grade of elementary 
school (i.e. ages 10-12) and how this relates to the official curriculum. For this purpose we have 
defined the following objectives: 

• To characterise the measurement activities from textbooks by analysing their main aims, 
requiring the solution of tasks. 

• To determine the hidden curriculum on measure proposed in textbooks and to compare the 
treatment given to each of the different tasks with that of the official curriculum. 

Methodology 
In order to carry out the following study, we aim to conduct a qualitative research study from an 
interpretative perspective (Bisquerra, 2004). We will focus on describing the main mathematical 
task promoted in each activity of the textbook on the subject of measure. The selected textbooks 
(Fraile, J., 2012; 2013) were chosen for being the most sold in Catalonia and Spain (MEC, 2014); 
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hence textbooks from this publishing house are amongst the most widely used in primary school 
classrooms. 
In our first step we describe the tasks required to reach the solution to each exercise. In other words, 
we elaborated a transcription of the information in the form of tasks following the hierarchical 
organisation proposed by Gairín, Muñoz and Oller (2012). Therefore, we obtained a first 
description of the information collected in the textbooks. 
We observed that the richest and most interesting knowledge content was found in the higher stage 
of primary education. Consequently, we decided to start with the textbooks of 5th and 6th grade, 
focussing on the high-level mathematical knowledge that the primary school teacher is required to 
have for a minimal use of the textbook. 

Analysis 
The analysis of textbook activities is carried out from the characterisation of the mathematical tasks 
posed within them. Figure 1 displays an example based on the calculation of the addition of 
complex time quantities. 

 
Figure 1. Exercise on time quantity sums. 

The process is initiated by the comprehension of the activity, leading to the determination of the 
main task, which entails adding up amounts of time expressed in a complex way and requires 
knowledge of the relationship between sexagesimal units. The specific auxiliary tasks required to 
solve this activity are the following: the knowledge of measure units for time magnitudes, the 
knowledge of the relation between units, what this relation is, the concept of sexagesimal base 
change and application of the algorithm of the sum in decimal base between the same units. The 
general auxiliary tasks of this activity involve writing vertical sums, the sum of two 
numbers and the algorithm of the sum. In some cases, the activity may lead to situations such as the 
following: when adding up two numbers we obtain their exact equivalence and 0 units remain, we 
can remove them according to the context and carry one if the sum obtained in the same units is 
greater than 1. A detail of the final sketch of the hierarchical task organisation is displayed in Figure 
2. 

 
Figure 2. Diagram of the task analysis for the exercise in Figure 1. 
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Once this type of analysis has been carried out for all the measure activities from the textbooks, we 
employed the software “NVivo” to code the different tasks identified and group them into different 
categories according to their principal task, i.e. the objective of the activity in itself. This allowed us 
to obtain a description of the mathematical processes and sub-processes required for each type of 
activity analysed, as shown in the following results section. 

Analysis 
We decided to group the different tasks described in the former into sections with the purpose of 
addressing processes and concepts that are directly interrelated and to promote result visibility. The 
aforementioned sections are outlined as follows: 
 

Section related to Main tasks 

Basic arithmetic operations 
(BAO) 

Addition, subtraction (directly or calculating an added to fulfil 
an equation), multiplication, division and verification of the 
result of the operations. Rounding up. Writing a mixed fraction 
such as a decimal number. Choice of objects that add up to an 
established measurement.  

Complex and non-complex 
expressions (EX) 

Change the expression of a measurement from complex to non-
complex and vice versa. 

Operations with complex time 
expressions (OP_EX) 

Addition and subtraction of complex time expressions. 
Interpretation of time zones. 

Relations between measurements 
(REL) 

Ordering of different measurements. 
Comparison of different measurements. 

Relating expressions with different units. 

Magnitudes and units of measure 
(MU) 

Identification of magnitudes and measurements in a body of 
text. 

Choice of the most appropriate unit or measure. 

Measurement of geometrical 
magnitudes (MGM) 

Volume, surface area or perimeter calculation by element 
recounting, measuring or applying a formula. 
Calculation of the radius/diameter of a circumference. 

Unit change (UC) Unit change process. 

Algebra (ALG) Tasks related to the introduction of algebraic procedures. 

Measure (MEA) Measurement, estimation of error in a measurement, reading 
off a measurement on an instrument as presented in the 
activity. 

Draw (DRAW) Depiction of a measure with the appropriate tools. 

Proportionality and scale (PS) Use of proportions and scale between numerical values of 
measures. 

Table 3. 
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The resolution of activities classified into the section of basic arithmetic operations require the 
execution of one of the tasks proposed in the latter taking the context of measure into account. For 
instance: 

Activity 1. A medicine pill contains 25 mg of sugar. Calculate the grammes of sugar needed to 
manufacture 6,000 pills of the same medicine. 

Activity 2. A person weighs 68,5 kg. If when weighing him/herself while carrying a backpack, the 
scales indicate 70.15 kg, how much does the backpack weigh? 

Even though these two activities belong to and are contextualised as measure activities, we must 
note that the main objective of these activities is to multiply and subtract, respectively, therefore, 
the main task associated to this activity is related to the basic operation of multiplication and 
subtraction. 

We considered the frequency of occurrence of each task, as represented in the following graph: 
  

 
Figure 4. Percentage of occurrence of each of the task sections 

As can be observed in the previous figure, the main tasks that occur most frequently in the analysed 
textbooks are those related to the execution of basic operations, to unit change and to the calculation 
of volumes, surface areas, perimeters and radiuses or diameters. 

If we notice the different objectives and techniques that appear in the autonomic curriculum of 
Catalonia for the section on measure of the higher stage of primary school and we compare the 
latter to the hidden curriculum revealed in our results, we observe an excessive treatment of some 
elements and, in turn, the complete absence of certain curricular objectives. 

Given the current treatment of measure in textbooks, it is no wonder that, as pointed out by 
Balbuena (2002), some measuring instruments are still genuinely unknown to students. In the 
autonomic curriculum, one of the techniques required is to critically select the appropriate tools and 
techniques to measure with a certain precision, as well as to be able to produce an oral, graphic and 
written description of the measure of different magnitudes to contrast and analyse different 
measuring strategies. As we can observe in the displayed results, the analysed textbook does not 
promote the design of measuring strategies for performing a measurement in a significant context. 
Within the section of measure-related tasks, the activities that demand the student to perform 
measurements as principal task add up to only 1% of the total measure activities proposed. In 
addition, the anticipation and interpretation of the error of a measure only amount to 0.3% of the 
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tasks analysed and are only treated from the approach of obtained error interpretation. Given that 
the error of a measurement is inherent to the measuring process, we may suspect that the 
measurement action is presented in an unreal form. This treatment is presented in a skewed and 
incomplete way, since it provides the false belief that measuring processes are always exact. 
The work related to another curricular objective, that of comparison and ordering of different 
magnitudes, is almost always carried out numerically, with previously-assigned measures in order 
to speed up the comparison and ordering process. We therefore observe that empirical work related 
to measure is not promoted. 
A curricular objective which receives greater attention in the textbook analysed is comprehension 
and use of the international measure system and time units, the equivalence between units and the 
use of equivalence, mainly numerical, applied to the measuring process. The activities concerning 
this objective account for 17.7% of total activities and account for the main body of measure-related 
assignments proposed in the textbook. Not to be overlooked is the fact that the continuous 
execution of conversion activities favours the devastation of order of magnitude (Chamorro, 2001). 
As noted by Chamorro (2001), this may be due to the fact that society demands a practical measure 
of magnitudes that underlies the idea of repeated and algorithmic practice. 

Activities related to measure estimation are reduced to the choice of an appropriate measure unit or 
of the value of a previously performed measurement that is more suited to the context. Therefore, 
estimation strategies are neither developed by using common referents nor are measurements 
carried out to be contrasted with the corresponding estimations made. The other great section 
considered is that of the calculation of the surface area of flat figures, volume, and the relation 
between the surface area and the volume of a figure. 

Discussion  
The review of curricular objectives covered by textbooks shows us a very skewed approach to the 
middle school teaching of measure. Textbooks scarcely promote the usage of measuring tools and 
when they do, it is in very exceptional cases. This may be due to the fact that this type of activity 
requires a greater control and management of the classroom on the part of the teacher. However, the 
execution of manipulative activities and measuring exercises with suitable tools favours students’ 
conceptualisation from their own experience (Burgués, 2000; Chamorro, 2001). Throughout the 
stage of primary education it is rare to find manipulative resources in classrooms (Burgués, 2000). 
Different arguments regarding the scarce presence of these resources are usually involve lack of 
time and discipline and limited abstraction level of the activities (Burgués, 2000). In addition, the 
use of the aforementioned resources allows the students to learn actively and feel more motivated 
towards such an important subject of the mathematics curriculum (Casas, Luengo and Sánchez, 
1997). 

The different approaches to working on magnitudes and measure in the classroom vary from the 
centrality of the Metric Decimal System to the most recent, in which a more complete working 
method is put forward, based on the construction of a magnitude, its measurement and the 
possibility of carrying out estimations about it (Del Olmo, Moreno y Gil, 1989). 

Estimation has again become one of the most forgotten subjects in the textbook’s treatment of 
measure. As reasoned by Callís, Fiol, De Luca and Callís (2006), estimation of measure has not 
received the attention it deserves in research of mathematics didactics, amongst other reasons, due 
to the scarce presence of resources to work on it. The limited number of estimation activities is 
added to teachers’ general lack of knowledge of methods of promoting its development in the 
classroom. Joram, Gabriele, Bertheau, Gelman, and Subrahmanyam (2005) show that when a 
teacher is asked to propose measure estimation activities to his pupils, the requested tasks turn out 
to be riddles instead of measure estimations, since the teaching staff do not provide them with the 
context or information necessary to create the appropriate working environment. Therefore, it 
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would be desirable that the mathematics textbook would provide samples of estimation activities to 
complement the knowledge of the teacher. 
Therefore, we can state that textbooks, as the main source of mathematical activities in primary 
school classrooms, have a didactical approach to measure that is oriented towards a spectrum of 
measure activities that are unrelated to the act of performing measurements or to putting the latter 
into context. For this reason, we understand that the strict use of the textbook provides incomplete 
learning options with regard to measure and poses an obstacle for students in the way of grasping 
the concepts of measure that are required both for their academic life and in their personal 
development. 

In conclusion, it is necessary to point out that the current arithmetisation of measure as proposed by 
Chamorro continues to be a fact. Following this style of teaching, one might ask what happens to 
the knowledge of measure acquired in this manner. 
 

REFERENCES 
 

Azcárate, P. y Serradó, A. (2006). Tendencias didácticas en los libros de texto de matemáticas 
para la ESO. Revista de Educación, 340, 341-378. 
Alajmi, A. H. (2012). How do elementary textbooks address fractions? A review of 
mathematics textbooks in the USA, Japan, and Kuwait. Educational Studies in Mathematics, 
79 (2) , 239–261. 

Alsina, C. (2000). Mañana será otro día: un reto matemático llamado futuro. In J.M., Goñi 
(Coord.) El currículum de matemáticas en los inicios del siglo XXI (pp.13-20). Barcelona: 
Grao.  
Balbuena, L. (2002). La medida del tiempo a través del tiempo. Uno: Revista de Didáctica de 
las Matemáticas, 8(30), 31-40. 
Bisquerra, R. (Coord.). (2004). Metodología de la investigación educativa. Madrid: La 
Muralla. 
Bromme, R., & Brophy, J. (1986). Teachers’ cognitive activities. In Perspectives on 
mathematics education (pp. 99-139). Springer Netherlands. 
Burgués, C. (2000). El currículum de primaria. In J.M. Goñi (Coord.), El currículum de 
matemáticas en los inicios del siglo XXI (pp.59-66). Barcelona: Grao.  
Callís, J., Fiol, M. L., Luca, C., y Callís, C. (2006). Estimación métrica longitudinal en la 
educación primaria. factores implícitos en la capacidad estimativa métrica. Uno: Revista De 
Didáctica De Las Matemáticas, 43, 91-110.  
Caraballo, R.M., Rico, L., Lupiáñez, J.L. (2013). Cambios conceptuaales en el marco 
competencial de pisa : El caso de las Matemáticas. Revista de curriculum y formación del 
profesorado, 17(2), 225-241. 

Casas, L.M. , Luengo, R., Sánchez, C. (1997). Recuperación de instrumentos y unidades de 
medida tradicionales en Extremadura como motivación al estudio de la medida. Suma : 
Revista sobre Enseñanza y Aprendizaje de las matemáticas, 25, 97-112. 
Chamorro, M. C. y Belmonte, J. M. (1988). El problema de la medida. Madrid: Síntesis. 

Chamorro, M.C. (1996). El currículum de medida en educación primaria y ESO y las 
capacidades escolares. Uno: Revista de didáctica de las matemáticas, (10), 43-62. 



“Quaderni di Ricerca in Didattica (Mathematics)”,  n. 25, Supplemento n.2, 2015 
G.R.I.M. (Departimento di Matematica e Informatica, University of Palermo, Italy) 

 

 165 

Chamorro, M.C. (2001). Las dificultades en la enseñanza-aprendizaje de las magnitudes en 
Educación Primaria y ESO. In Dificultades del aprendizaje de las matemáticas (pp. 79-122). 
Madrid: Secretaría General Técnica.  

Chamorro, M. C. (2003). El tratamiento escolar de las magnitudes y su medida. En M.C. 
Chamorro (Ed.), Didáctica de las matemáticas (pp.221-272). Madrid: Pearson. 

Cockcroft, W.H. (1985). Las matemáticas sí cuentan. Madrid: MEC. 
Del Olmo, M. A., Moreno, F. & Gil, F. (1989). Superficie y volumen. Madrid: Síntesis. 

Fan, L. (2013). Textbook research as scientific research: towards a common ground on issues 
and methods of research on mathematics textbooks. ZDM,45(5), 765-777. 

Fraile, J. (2013). Matemàtiques 5. España: Vincens Vives.  
Fraile, J. (2012). Matemàtiques 6. España: Vincens Vives. 

Gairín, J.M., Muñoz, J.M., & Oller, A.M. (2012). Propuesta de un modelo para la calificación 
de exámenes de matemáticas. In A. Estepa, A. Contreras, J. Deulofeu, M. C. Penalva, F. J. 
García y L. Ordóñez (Eds.), Investigación en Educación Matemática XVI (pp. 261-274). 
Baeza: SEIEM. 
Joram, E., Gabriele, A. J., Bertheau, M., Gelman, R., ySubrahmanyam, K. (2005). Children's 
use of the reference point strategy for measurement estimation. Journal for Research in 
Mathematics Education, 36(1), 4-23 

Luelmo, M.J. (2001). Medir en secundaria: algo más que fórmulas. Actas del X JAEM. (pp. 
727-737) España.  

MEC (2013). Panorámica de la Edición Española de Libros 2013. Madrid: MEC. 
OCDE (2003). El programa pisa de la OCDE qué es y para qué sirve. Descargado el 6 de 
Mayo de 2015 de http://www.oecd.org/pisa/39730818.pdf 
Pepin, B., Gueudet, G., & Trouche, L. (2013). Investigating textbooks as crucial interfaces 
between culture, policy and teacher curricular practice: two contrasted case studies in France 
and Norway. ZDM, 45(5), 685-698. 

Plianram, S., & Inprasitha, M. (2012). Exploring Elementary Thai Teachers’ Use of 
Mathematics Textbook. Creative Education, 3(6) , 692–695. 

Schoenfeld, A. H. y Kilpatrick, J. (2008). Towards a theory of profiency in teaching 
mathematics. En D. Tirosh & T. Wood (eds.), Tools and Processes in Mathematics Teacher 
Education (pp. 321-354). Rotterdam: Sense Publishers. 
Vicent, J. & Stacey, K. (2008). Do mathematics textbooks cultivate shallow teaching? 
Applying the TIMMS video study criteria to Australian eight-grade mathematics textbooks. 
Mathematics Education Research Journal, 20(1), 82-107. 

 
 



“Quaderni di Ricerca in Didattica (Mathematics)”,  n. 25, Supplemento n.2, 2015 
G.R.I.M. (Departimento di Matematica e Informatica, University of Palermo, Italy) 

 

 166 



“Quaderni di Ricerca in Didattica (Mathematics)”,  n. 25, Supplemento n.2, 2015 
G.R.I.M. (Departimento di Matematica e Informatica, University of Palermo, Italy) 

 

 167 

Constructing meanings of fraction with MLD5 students 
Elisabetta Robotti, e.robotti@univda.it 

Università della Valle d’Aosta-Université de la Vallée d’Aoste 

 

Abstract: There is consensus among researches that fractions are among the most complex mathematical 
concepts that children encounter in their years in primary education. Factors contributing to the complexities 
of teaching and learning of fractions lies in the fact that they comprise a multifaceted construct 
(Charalambous and Pitta-Pantazi, 2005) encompassing five interrelated sub-constructs: part-whole, ratio, 
operator, quotient and measure. However, while part-whole sub-construct is strongly linked to ratio and 
operator, it is weakly linked to the measure and quotient sub-construct. Our aim is to present a didactical 
sequence that fosters the development of meanings of fractions related to the relationship between part-
whole and measure and between part-whole and ratio, in order to conceive fractions as numbers that can be 
placed on the number line. The didactical sequence is addressed to elementary school classes that are 
“inclusive” with respect to students with mathematical learning disorders (MLD).  

Résumé: Il y a un consensus parmi les recherches que les fractions sont parmi les concepts mathématiques 
les plus complexes que les enfants rencontrent dans l'enseignement primaire. Les facteurs qui contribuent à 
la complexité de l'enseignement et de l'apprentissage des fractions réside dans le fait qu'ils comprennent une 
construction à multiples facettes (Charalambous et Pitta-Pantazi, 2005) comprennent cinq interdépendants 
sous-constructions: partie-tout, rapport, opérateur, quotients et mesure. Néanmoins, alors que la sous-
construction de partie-tout est fortement liée à pourcentage et l'opérateur, elle est faiblement liée aux sous-
constructions de mesure et quotient. Notre objectif est de présenter une séquence didactique qui favorise le 
développement du sens de fraction lié à la relation entre partie-tout et mesure et entre partie-tout et rapport, 
afin de concevoir les fractions en tant que nombres rationnelles qui peuvent être placés sur la ligne de 
nombres. La séquence didactique est adressée aux élèves de l'école primaire y compris les élèves ayant des 
troubles d'apprentissage mathématiques. 

Conceptual framework 
This research is based on a range of different perspectives, from mathematics education to 
neuroscience and cognitive psychology. I discuss how such perspectives can be combined and 
provide the theoretical bases to design the didactical sequence, which allows implementing 
inclusive education. The main ideas I taken into account from cognitive psychology is that 
mathematical achievement depends on short-term memory (STM) and working memory (WM) 
(Raghubar et al. 2010). Moreover, it depends on non-verbal intelligence, addressed to general 
cognition without reference to the language ability (DeThorne & Schaefer, 2004). These findings 
suggest that non-verbal intelligence may partially depend on spatial skills (Rourke & Conway, 
1997) and, these last, can be potentially important in mathematical performances, where explicit or 
implicit visualization is required. Moreover, research in cognitive science (Stella & Grandi, 2012) 
has identified specific and preferential channels of access and elaboration of information. For 
students with MLD these are the visual non-verbal, the kinaesthetic-tactile and/or the auditory 
channels at the expense of the verbal channel. Students who come to prefer the visual non-verbal 
channel, tend to appreciate and elaborate visual-spatial representations, and are best at memorizing 
images, symbols, graphs, diagrams (Miller, 1987). Studies in mathematics education as well, 
although with different conceptual frameworks, have highlighted how sensory-motor, perceptive, 
and kinaesthetic experiences are fundamental for the formation of mathematical concepts – even 
highly abstract ones (Arzarello, 2006; Radford, 2003). For example, Arzarello (2006) points to how 

                                                
5 Mathematical Learning Disorders: a discrepancy between low arithmetical abilities and overall intelligence level and 

chronological age; difficulty in acquiring formal arithmetic operations and arithmetic facts (Classification systems 
of developmental disorders: the ICD-10 and theDSM-IV ) 
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recent research in math education underline that the construction of mathematical knowledge, as 
cognitive activity, is supported by the sensori-motor system activated in suitable contexts. Also 
Radford (2006) highlights that the understanding of the relationship among body, actions carried 
out through artefacts (objects, technological tools, etc.), and linguistic and symbolic activity is 
essential in order to get the human cognition and mathematical thinking in particular. 

Main difficulties in teaching-learning fractions 

As highlighted by Hannula (2003), the multiplicity of interpretations and applications of fractions is 
generally not reflected in a corresponding variety of representations and problems presented within 
educational activities. The most used approaches are: regularly shaped regions divided into equal 
parts of which some are distinguished, and the number line. This highlight that the sub-constructs 
linked to the notion of fraction are not really interrelated and there are some of them more 
developed of the other (for instance, part-whole sub-construct) as well as some stereotype 
representations (such as shaped regions divided into equal parts). As we will show in the following, 
this kind of representation can be a useful starting point to develop the notion of fractions but it 
cannot be considered the only one representation of fraction. For this reason we will take into 
account other kinds of representations and other sub-construct linked to part-whole sub-construct 
and to measure. As matter of fact, a limited set of representations can lead to difficulties. Hunnula 
(2003) found that the number line was more problematic then other kind of representation and 
postulated that the earlier experience of students led them to look for something divided into m 
parts of which they could take n, but without having a clear idea of what the appropriate “whole” 
would be. Moreover, “Many students indiscriminately identify a presentation of m indicated out of n parts 
of a region as a representation of m/n. Such a limited “expertise” is manifest in widely documented 
behaviors such as accepting a representation of m out of n unequal parts (Newstead, Olivier, 1999), not 
accepting that m out of n equal parts can also represent any equivalent fraction (Carraher, Schluemann, 
1991), failure to grasp the interpretation of fractions as numbers (Amato 2005)” (Verschaffel, Green and 
Torbeyns, 2006, pag 76).  

This leads students to have difficulties concerning the ordering of fractions on number line. For 
instance, assuming that the properties of ordering natural numbers can be extended to ordering 
fractions (e.g. assuming that the product/quotient of two fractions makes a greater/smaller fraction), 
or positioning fractions on the number line using the pattern of whole numbers (Iuculano & 
Butterworth, 2011). As matter of fact, frequently, at least in Italian education, the conception of 
fraction is not explicitly identified as a rational number. Only when it is transformed into a decimal 
number is it placed on the number line. Fractions constitute an important leap within domain of 
arithmetic because they represent a first approach towards the idea of extension of the set of Natural 
Numbers. In this sense, fractions need to assume a specific position on the number line (Bobis et al., 
2013).  

Methodology, sequence of activities and main results 

The sequence of activities was designed by 22 primary school teachers and 1 supervisor (the author) 
composing a study group. The activities were carried out during a pilot experimentation, which 
involved 22 classes (nine 5th grade classes, six 4th grade classes and seven 3rd grade classes), before 
being revised for an upcoming full-blown study. In this paper I will report on the pilot 
experimentation carried out in the 3rd grade classes. The activities asked to work with different 
artefacts: A4 sheets of paper, squared-paper strips or represented squared strips in notebooks, the 
number line represented in notebook and a string on the wall. As described below, the teacher 
guided the use of these artefacts by focused tasks. The activities are clustered in three main groups: 
partitioning of the A4 sheet of paper, partitioning of a strip of squared paper, and placing fractions 
on the number line. I focus here on the first and second activities. 
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Activity 1: Partitioning of the A4 sheet of paper 

The aim of this activity was the introduction of “equivalent fractions” as equivalent surfaces, and of 
“sum of unit fractions” for obtaining the whole (the chosen unit, that is, the A4 sheet).  

Teacher asks students to:  

- Partitioning colored A4 sheets in equal parts by folding and using the ruler. Each color 
corresponds to a unit fraction (Fig. 1);  

  

Fig. 1 Partitioning A4 sheets in equal parts by folding and using the ruler. In these images, the A4 
sheet is not a coloured sheet. This educational choice is adopted in the educational activities of 

other classes. 

- Put in a box marked with the unit fraction’s label (box of the 1/2 unit fractions, box of the 1/4 unit 
fractions,…) the unit fractions obtained by each student;  

- Compare the different shapes of each unit fraction and verifying the equivalence, introducing the 
“equivalent fractions” as equivalent surfaces, by a "cutting and recomposing" strategy. This activity 
allows students to overcome the idea that regions congruent are the only representations of 
equivalent fractions considering also representations of equivalent regions (Fig. 2). 

 

Fig. 2 Equivalent regions represent equivalent unit fractions. 

- Cover a A4 white sheet with different unit of fractions (Fig.3) taken from the unit fractions’ boxes. 
The task requires the use of a procedure in which the fraction is conceived as part-whole, where the 
“whole” is the A4 sheet of paper and the part is the unit fraction.  
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Fig. 3 The A4 sheets of paper is covered by different unit of fractions. Thus, summing unit 
fractions, students obtain the whole. Note that equivalent fractions are equivalent surfaces  

The “sum of unit fractions” for obtaining the whole (A4 sheet) is a crucial task both to introduce the 
meaning of sum of unit measures, and to foster the conceptualization of unit fractions as 
independent to their shape (as congruent regions). Note that the artifacts used in this activity exploit 
the preferential channels of access to information for MLD students: visual non-verbal and 
kinaesthetic-tactile. 

Activity 2: Partitioning of a strip of squared paper 

These activities are clustered into three sessions.  

In Session A, the aim was comparing unit fractions by representing them on different squared strips. 
Thus, given a certain unit of measure, the teacher asks students to position it on different strips 
(concrete strips, Figure 3, or represented on the notebook, Figure 4) and to position the unit 
fractions 1/4, 1/2, 1/8 each on a strip. The task requires the use of a procedure in which the fraction 
is conceived as measure (distance from zero): considered the unit of measure, it is divided into 2 or 
4 or 8 equall parts; each of them is considered as unit fraction. The manipulation of these artifacts is 
prevalently a perceptive experience, developed by kinaesthetic-tactile and non-verbal visual 
channel.  

 

Fig. 3 Three unit fractions 1/4, 1/2, 1/8, represented each one on a different concrete strips of 
squared paper, are compared in visual and perceptive way. 
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Fig. 4 Three unit fractions 1/4, 1/2, 1/8, represented each one on a different strips drawn on 
notebook, are compared in visual way. 

Students produce linguistic signs associated to the name of the fraction expressed in verbal 
language (“Un mezzo” – tr. “One half”), in verbal visual language (the writing “un mezzo”- tr. One 
haf) and arithmetical language (1/2). The teacher institutionalizes the relationship between the 
different signs (partitions of the strips, visual verbal, visual non verbal, and arithmetical signs) in 
terms of rational numbers. Note that the task was completed by all groups of students 

The aim of the Session B was to introduce the dependence of the fraction on the unit of measure. 
The students are clustered in groups and the teacher asks them to choose a unit of measure and to 
reproduce it on their own strip. Then, she asks to place the fraction ½ on the strip; Students observe 
the dependence of the fraction on the unit of measure by comparing the results of the different 
groups (Figure 5). Note that the previous kinaestetyc-tactile approach is no longer an effective 
strategy in order to compare the results. Now is necessary managing the meaning of fraction as 
measure. 

 

Fig. 5 Strips of squared paper where students have choosen different unit of measure and 
designed the unit fraction ½.  

In the Session C the main aim was to introduce Icm of denominators and ordering unit fractions on 
the same strip. Thus, chosen an appropriate unit of measure (in this case, 24 squares), the teacher 
asks students to position it on the strip and to represent the following unit fractions 1/3, 1/6, 1/8, 
1/2, 1/4 (Figure 6). We observed that students did not simply looked for the unit of measure 
spontaneously, generally using trial and error methods (cm), but they also checked the efficiency of 
their choice (lcm). Moreover, positioning on a single strip different fractions, makes the ordering of 
fractions exactly like that of the other perceptively evident numbers.  

The task supports the overcoming of the epistemological and cognitive obstacle concerning the 
positioning of fractions on the number line using the pattern of whole numbers (Iuculano & 
Butterworth, 2011, Bartolini Bussi et al., 2013). Note that here the labels are referred to points on 
the strip and not to area as before. The color becomes a tool supporting working memory and 
possibly also long term memory, through which the meanings developed can be recalled and used.  
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Fig. 6 Strip drown by students choosing the appropriate unit of measure in order to represent on it 
the unit of fractions 1/3, 1/6, 1/8, 1/2, 1/4   

This activity is functional to the ordering of fractions on the number line, as we can observe in the 
following figure (Figure 7). 

 

 

Fig. 7 The ordering of fractions on the strips (on top of the sheet) is functional to the 
positioning and, consequently, to the ordering of fractions on the number line (on the 

bottom of the sheet). 

In order to overcome the unit of measure (the whole) and comparing fractions greater than 1, 
teacher asks students to consider four strips of paper. The strips are hanged on the wall, putting 
them one over the other.  Thus, given a unit of measure, teacher asks to position it on each strip and 
to represent the fractions 4/5, 2/3, 5/3, 7/5 each on a strip (Figure 8).  
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Fig. 8 Four strips are hanged on the wall, putting them one over the other. In each of them there is 
indicated the same unit of measure and there are represented different fractions. Among them the 

fractions 5/3 and 7/5 that are greater than 1. 

Students can compare fractions supported by the colour of fractions. Indeed, we can observe that 
both the green fraction (5/3) and the blue fraction (7/5) overcome the unit of measure 1 and 5/3 is 
greater than 7/5. The need to overcome the unit of measure is essential in order to visualize 
fractions on the strip (and not only unit fractions) and, then, on the number line, as visualized in the 
following figure (Figure 9). 

 

Fig. 9 Different fractions are positioned on the number line. 

Conclusion 

I have described a sequence of activities, designed on the base of a range of different perspectives, 
from mathematics education to cognitive psychology, which allow implementing inclusive 
education. I have outlined particularly significant and relevant passages of the sequence of 
activities, showing how different sub-constructs of the concept of fraction are activated and how the 
transition among them was guided. Exploiting preferential channels of access and elaboration of 
information for students with MLD, described by Miller (1987) and Stella & Grandi (2012), we 
have designed educational activities which, starting to the use of visual non-verbal, kinaesthetic-
tactile and the auditory channels, allow student to access sub-construct of fraction concerning part-
whole, as equivalent surfaces, and measure. In the second part of the educational sequence, the 
transition towards fraction as rational number on the number line is performed exploiting visual 
verbal channel as well. The analysis of the teaching intervention has shown that students have 
elaborated personal meanings consistent with the mathematical meanings related to fractions and 
they have overcome main difficulties highlighted by the educational research. In particular, 
partitioning colored A4 sheets in equal parts allows student to compare the different shapes of each 
unit fraction and verifying the equivalence, introducing the “equivalent fractions” as equivalent 
surfaces, by a "cutting and recomposing" strategy. This activity allows students to overcome the 
idea that regions congruent are the only representations of equivalent fractions considering also 
representations of equivalent regions. 
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Moreover, covering a A4 white sheet with different unit of fractions taken from the unit fractions’ 
boxes, requires the use of a procedure in which the fraction is conceived as part-whole, where the 
“whole” is the A4 sheet of paper and the part is the unit fraction. The “sum of unit fractions” for 
obtaining the whole (A4 sheet) is a crucial task both to introduce the meaning of sum of unit 
measures, and to foster the conceptualization of unit fractions as independent to their shape (as 
congruent regions). Afterwards, the strip was used as instrument to develop the meanings related to 
fractions as operators on unit of measure and, then, to the ordering of fractions, to equivalent 
fractions and finally to equivalence classes. The use of the strip, the string and color (for a certain 
period of time), has had a key role in favoring the construction of the number line as a mathematical 
object. On the number line fractions, associated with points, could assume the role of rational 
numbers being representatives of equivalence classes. Finally, it is possible that this kind of 
construction of meanings related to fractions might also support the management of procedural 
aspects involved in operations with fractions, as various researches both in mathematical education 
and in cognitive science have already suggested (Siegler, 2013; Robotti, Antonini, Baccaglini 
Frank, 2015, Robotti, 2013). Further studies are needed to explore and to confirm this hypothesis 
that we consider significant both for research and for teaching. 

We would like to greatly thank all the teachers of the “Questione di numeri: mediatori e didattica 
della matematica efficace”6 project who have realized, together with the author, this research study. 
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Abstract:  Not many years ago that researchers in mathematics education have focused on designing 
activities based on mathematical modeling of real situations with the conviction collateral for greater profit, 
by our students, the mathematical learning, and hence in teaching by teachers. The present paper aims to use 
the Problem Solving as a useful and necessary to arrive at the concept of Mathematical Modeling. 
 
Résumé: Non il y a plusieurs années que les chercheurs dans l'enseignement des mathématiques ont mis 
l'accent sur la conception des activités basées sur la modélisation mathématique des situations réelles avec la 
garantie de condamnation pour un plus grand profit, par nos étudiants, l'apprentissage des mathématiques, et 
donc dans l'enseignement par les enseignants. Le présent travail vise à utiliser la résolution de problèmes 
comme utile et nécessaire pour arriver au concept de modélisation mathématique.  
 
Introduction 
 
Math is for many a somewhat unfriendly science. Most people have and / or have had contact with 
them, even if only in the school years, and live with them every day, we look with suspicion 
because they are sometimes cryptic, arid and so abstract that we would not know where to 
undertake them if we try. Throughout history, mathematics have occupied a prominent place in the 
school curriculum. They have achieved this role not by the importance they have in themselves and 
for reasons of cultural and social. Such is the importance achieved practically taught in all schools 
in the world. 
Traditionally there have been two basic reasons for weighting Mathematics: 
a) "His ability to develop the capacity of thought." Juan Luis Vives (1492-1540) and he said "are a 
subject to express the sharpness of mind". 
b) "Its usefulness for both daily life and to learn from other disciplines necessary for personal 
and professional development." 
We will use the proposal from the Problem Solving as a management tool to ensure that our 
students deepen with varying degrees of mathematization and get directions to the concept of 
Mathematical Modeling. But of course, a doubt arises us 
How to link mathematics to other areas of knowledge? 
Of the problems that exist worldwide in the secondary stage, in the area of knowledge of 
mathematics, which is currently attracting the attention of Mathematics Education professionals 
have regarding how to flirt and structure the curriculum in their relation to other areas of knowledge 
and even mathematics itself: most issues are disconnected from the real world and, why not say, of 
science, which has the handicap that students do not conceive the true usefulness of mathematics 
necessary for their formation. 
 
Case studies  
Since not many years ago, researchers in mathematics education have focused on designing 
activities based on mathematical modeling of real situations with the conviction for greater	security	
in profit,	by our	students,	the	mathematical learning,	and thus	in teaching	by	teachers. 
To arrive at	model mathematically,	from the point	of view	of attitudes	and conceptions,	the role of	
Problem Solving should,	in our view,	the	vehicle	of mathematical learning	through:	
a)	The	development of an open	attitude. 
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b)	 Give examples	 that lead to	 a dynamic conception of	 the evolution of knowledge.	
c)	In	an integrated	vision	of Mathematics. 
d)	Facilitating	the significant	introduction of	a new concept. 
e) The	highlighting of	the inductive	and	deductive processes	rigorously. 
f)	From the sample of	the utility	of mathematics	in life. 
g)	The	development of	strategies for	becoming a	"good	citizen".	
	
 With the	 subsequent presentation of	 several	 examples of	 modeling	 for different	 levels of 
education,	 each	 illustrative	 of different levels	 of complexity	 that may arise	 in the process of	
mathematization,	it	becomes	explicit	theoretical	framework underlying	globally	each	steps taken,	the 
approaches	 or results.	Consequently, if	we get our	 students try	 from	mathematical	modeling,	 we	
would	get	a greater tendency	and encouragement	to the understanding	of the concepts	and methods,	
thus allowing a more	comprehensive overview	of mathematics. 
 
 Therefore, in	 today's society	 must	 endow	 the paper	 facing	 problem solving,	 estimation,	
decision making,	...,	ultimately	face	a	mathematization	of the culture. 
 
Numerical Black Holes 
 
 The field	of Physics,	Mathematics	some repetitive	processes give rise	 to results that	do not	
vary	 in successive	 iterations.	This allows	 to present	such processes	as effects of	pseudo-mentalism 
with numbers.	Just as a	black	hole is a	body with	gravity so strong	 that nothing can	escape it,	not 
even light,	there	are	numbers	that attract	others to	perform certain	operations. 

 

       
Fig.1. Black Holes 

 
A black hole: the number 123 
 
The President Club Football, Recreativo de Huelva, is concerned about the low influx of public to 
the football field, "Nuevo Colombino", after the last path consecutive losing games. He has 
designed a strategy to convince people to go to the field. 
He will give away half the revenue of the football match to one of the fans attending the soccer 
field. 
The lottery system is as follows: 
 * Each person,	when you enter the	 stadium,	choose a	number	between 0	and 9	 (inclusive),	
with which it	will	form a	number. 
 *	 Thus, if the	 first spectator	 entering the	 stadium	 chooses	 1, the following	 4,	
14389561112345……….the following	3,	...	go	forming number:		
This number	will	have	as many digits as	spectators	in the stadium. 
 Once you	have entered	all the fans,	and	we already have	the full number,	proceed as	follows: 
Will form a	 new number	whose	 first	 digits shall be	 the amount	 of even numbers	 containing	 our 
numbers,	the following	digits shall be	the amount	of odd numbers	containing the number,	and finally	
add	the total number	of digits (odd	+	even). 
For example 
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1) Write	any number of	the	number of digits	that is,                          1324567347769568320184. 
2) We count the	even numbers,	odd	and total	numbers and	with these	3 issues	another	form:	this	case	
has	11 even	numbers,	11	odd	numbers	and 22	numbers	in total.	The new	number	is	111122.	
3) We	again	the even	numbers	an	odd	numbers	and	for	this number,	obtaining:	246.	
4)	Above	and	obtain:	303	
5)	And	so we go. 
The award is to give half of the proceeds to the person whose seat number matches the number resulting 
from this process. (“Nuevo Colombino” all seats of 1 to 22.670). 
With this course of action  the President got a few weeks to return to the stadium filled. Fans were delighted 
with the opportunity to take home a great prize. But gradually the audience started to decrease again. 
What do you	think is the	reason? 
It seems	that fans	will only return	when the team	“Recreativo de Huelva”	regain	your fitness level	a 
few years	ago.	Because it is clear	that the	financial incentive	was not enough to	regain the level of	
attendance	at the Nuevo Colombino.	 	Especially when	it has	released	the list of	the winners	for	the 
draw, and it is that	all prizes	have so far	been delivered to the	same	spectator:	THE PRESIDENT OF	
THE	RECREATIVO DE HUELVA 
How is	this possible?	
Consider what once filled the stadium happens. 
We have a number of 22.670 digits corresponding to all partners that have come: 
71828182845904523536028747135266249775724709369995957496696762772407663035354759
45713821785251664274274663919320030599218174135966290435729003342952605956307381
32328627943490763233829880753195251019011573834187930702154089149934884167509244
76146066808226480016847741185374234544243710753907774499206955170276183860626133
13845830007520449338265602976067371132007093287091274437470472306969772093101416
92836819025515108657463772111252389784425056953696770785449969967946864454905987
9316368892300987931277361782154249992………….	
There are	various possibilities,	which can be 
a) That all people	have chosen	an odd	number:	02267022670. 
b)	That	there are less	people who choose	odd numbers,	for example:	13258941222670. 
c) That there are less people who choose even numbers, for example: 85731409722670.	
d)	That	the odd and even	numbers are	the same or	very similar:	113351133522670.	
e) That	everybody has	chosen a	even	number:	22670022670. 
 
So we see that	the number	that we get	after the first	process will take	between	11 and	15 digits. 	In	
the case that	 this number	has the	greatest number of	 figures,	 that	 is,	15	 figures,	and following the 
same	 reasoning,	after the second	process	will get	a total of	4 or	5 digits:	01515,	11415,	21315,	 ...,	
7815,	...,	15015 
Suppose the case that	has the greatest possible	number of digits,	in this case,	5.	We apply	again	the 
procedure and	the possible results	will now be	3 digits:	055,	145,	235,	325,	415,	505. 
After several iterations, you will reach a 3 digit that can only be 303 (3 numbers are even), 213 (2 
are even and 1 odd), 123 (1 is even and 2 odd) or 033 (3 digits are odd). In these 4 cases to redo the 
calculation is inevitably get the 123. 
¡That curiously coincides with the number of seats of the President of Club Recreativo de Huelva! 
 
Number 6174: another black hole? 
 
The number	 6174	 is known as	 the	 constant	 Kaprekar	 in	 honor	 of	 its discoverer	 the	 Indian 
mathematician	Kaprekar.	Dattatreya	Ramachandra	Kaprekar	(1905- 1986)	was born in	Dahanu,	near	
Bombay.		
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Fig.2. Dattatreya Ramachandra Kaprekar 

	
He became interested in	the numbers	remain very	small.	From	1930	until his retirement in	1962,	he	
worked	 as a school teacher	 in	Devlali, India.	Kaprekar	 discovered	many interesting properties	 in 
recreational	number theory. 
Let us consider	the number	6174,	ordain	their digits	with them	to build	as many as possible.	Then	we 
ordered	to build	the fewest possible	and make	the difference.	We get	this: 
7641-1467	=	6174, which is the	number you	started. 
b) Consider another	number,	for	example	4959. 
Step 1 
9954-4599	=	5355 
So far	there seems to be	nothing interesting	happened.	
Step 2 
Do the same	with the difference	5355 
5553-3555	=	1998.	
Nothing special 
Step 3 
We continue with	1998.	
9981-1899	=	8082 
Step 4 
8820-0288	=	8532 
Step 5 
8532-2358	=	6174.	
Again the happy number! 
As we move into	 the resolution	 may arise	 questions	 like the following:	
1. Always	we arrived at this	number? 
2. If this	ever	occurs	what is	the maximum number	of steps required	to get the number	6174? 
Very important question: Is 6174 the only number with this property? 
Not, but	look at what	occurs	with other numbers	of different length	mystery that	sheds more	light	to 
the subject.	
a)	If	testing with	two-digit numbers	never	reaches a	fixed number,	but	a	cyclical	loop	type	09,	81,	63,	
27,	45,	09 
b)	With	three	digits	to	reach	495 
c)	For	four	digit	number	it is the mysterious	6174 
d)	 For	 five digits, no fixed number, but three cycles (also of different lengths) 
e) For six digits, you can be reached at 549945, to 631764 or a seven numbers 
 

 
Mathematics and lacing 
Just like	physics or	chemistry,	 the truth is	 that math is	everywhere in	our daily	 life and there are	
many ways to	lose them	fear.	There are many	math	behind	the	universal	mounting system for	shoes.		
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Fig.3. Shoes 

It is a cord passing through a series of holes in various combinations. How many are there? And 
how are they calculated? Is not this maths? 
In a medium shoe with six pairs of loops there are almost two billion different ways of passing a 
string through all of the eyelets. Of course, in practice, when tying a shoe, not all such combinations 
are practical and comfortable! 
 
 
 
  

Criss Cross Lacing              Gap Lacing             Straight European Lacing 
 
  

 
 

Shoe Shop Lacing       Spider Web Lacing                Bow Tie Lacing 
Fig.4. Different Types of Lacing 

Question	we can ask:	
a) Esthetics	showing different	styles	(Optical	buyer)?	
b)	 More	 relevant	 would be that	 kind of	 lacing	 cords	 requires	 shorter	 and therefore	 cheaper 
(Manufacturer?.	
c) What	lacing	pattern	among	all possible,	it requires	shorter	cords?	
 
Idealization of the problem  
 
We idealize the problem and we contribute some mathematical concepts creates a model of the 
situation.  
Let´s focus	 on	 the length of the	 cord to	 the two	 eyelets	 at the top.	The	 amount of extra	 cord is 
required	basically	to	the	effective	knot,	and since it is	the same	for all methods,	we	can	ignore it. 
Based on	an approach	to rough,	the cord length	can be calculated	in terms	of the three parameters	of 
the problem: 
The number "n":	pairs of	eyelets. 
The	distance	"d	:	between successive	eyelets. 
The space	"r":	between the left and	right	corresponding	eyelets. 
 
With the aid	of the Pythagorean Theorem	(What	would have thought	of	 this particular application)	
we have	the length of the	cord: 
 
 
 

1. Criss Cross Lacing  
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2. Shoe Shop Lacing   
 

 
 

 
We can	ask what	lengths	is smaller. 
To simplify, for example:	If	n = 8,	d	= 1	r	= 2: 

a) For Criss Cross Lacing 

  

 
b) For Shoe Shop Lacing 

 

 
Conclusion: It is noted that	the shorter length	is provided by what	American style	lacing.	
But, can we be sure that this will always be so or otherwise, is possible that the result depends on 
the values of "n", "d" and "r"? 
Only a mathematician would worry about the different cases that appear giving values other 
than "n", "d" and "r! 

 
Fibonacci stairs 
 
A special case study: how many ways we can up the stairs? 

a) Stair with 1 step 

 
Fig.5. Stair (1) 

1 One way to up 
b) Stair with 2 step 

 

 
Fig.6. Stair (2) 

 2 way to up: steps directly, One on One 
c) Stair with 3 step 
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Fig.7. Stair (3) 

3 Ways: One by one, Two steps and then one, A step and then two. 
d) Stairs with 4 step 

 

 
Fig.8. Stair (4) 

5 Ways: One by one, Two by two, One-one-two, Two-one-one, One-two-one 
e) Stairs with 5 step 

 

 
Fig. 9. Stair (5) 

 
8	ways:	decided to go up	the first step,	and we know that	there are 5	ways to	up 4	steps. Decided to 
go up	two	steps,	and we know that	to go up	the remaining three	are 3	ways to	up. Therefore,	in total 
will be:	5	+	3	= 8	ways	
Question. 
We can ask: How many different ways can we climb a ladder out of 6, 10, 20, 30, 40, 50 steps? 
For a stairs with 6 Steps will be: 8 + 5 = 13 
For a stairs with 7: 13 + 8 = 21 
With this procedure the following table is obtained: 

 
Stairs 1 2 3 4 5 6 7 8 9 10 11 
Ways 1 2 3 5 8 13 21 34 55 89 144 

Table1. Fibonacci Stair 
 

This table produces, the called Fibonacci serie: 
1,1,2,3,5,8,13,21,34,55,89,144,233.....where the general term for a stair of n-steps the different ways 
to upload is expressed recurrently: 

fn= fn-1 + fn-2 
Where 
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This sequence	 was described	 in Europe	 by	 Leonardo	 of	 Pisa,	 the thirteenth century	 Italian 
mathematician	 also known as	 Fibonacci.	 It has numerous applications in	 computer science,	
mathematics	and game theory.	Also appears in the	rabbit,	biological	settings,	such as in	the branches 
of	 trees,	arrangement of leaves	on a stem,	 inflorescences	of	broccoli	 romanescu	 in	 the flora of the	
artichoke. 

 

                      
Fig. 10. Fibonacci serie 

 
 

CONCLUSION 
 
This work presented aims to show, based on the experience in investigations, problematized and 
modeled the mathematics teaching allows us to realize: "... in principle, there is a modeling process 
behind all mathematical model. This means that someone implicitly or explicitly has come a process 
of establishing a relationship between a mathematical idea and a real situation. In other words, in 
order to create and use a mathematical model it is necessary, in principle, go all the way to a 
process of modeling ... ". (Morten Blomhøj, 2004). We have found in different levels of education 
in several primary schools, secondary and university that: "... make a" small or large 
mathematization "represents the core part in the teaching/learning of mathematics ... model."  
a) Modeling with mathematics is reaching out to our everyday acts we perform in the surrounding 
environment. Thus also we matematization culture through school, institutional actions, ... 
ultimately social. 
b) The use of a problematized and modeled attitude of today's society, using ICTs to support, makes 
much stronger individual, when faced with problem solving, and consequently more dynamic and 
secure. 
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Obstacles on a Modelling Perspective on Probability 
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Abstract: We consider the challenge of a modelling perspective on teaching and learning probability. This 
challenge can occasion new or the same obstacles in students learning than the traditional classical approach. 
Following Brousseau (1997), we use the term obstacle as a previous piece of knowledge, which was once 
interesting and successful but which is now revealed as false or simply unadapted. We identify theoretically 
the obstacles of ontogenic, didactical and epistemological origin. Firstly, the epistemological obstacles are 
identified through the analysis of the historical and philosophical perspective of the frequentist approach of 
probability to prove the “Law(s) of Large Numbers”. Secondly, the analysis of the probability modelling 
learning approaches gives us information about the possible didactical obstacles. And finally, the 
reinterpretation of the biases, heuristics, paradoxes and fallacies that emerge in the probabilistic frequentist 
approach is the basis to describe the ontogenic obstacles that intercept with the epistemological evolution of 
the notion and the cognitively integrating prior conceptual structures, modelling approaches and theories.  

Résumé: Nous considérons le défi d'une perspective posant en enseignement et l'apprentissage de la 
probabilité. Ce défi peut l'occasion nouvelle ou les mêmes obstacles dans des étudiants apprenant que 
l'approche classique traditionnelle. Après Brousseau (1997), nous utilisons le terme de l'obstacle comme une 
pièce précédent de connaissance, qui était une fois intéressante et fructueuse, mais qui est maintenant révélé 
que faux ou simplement inadapté. Nous identifions théoriquement les obstacles d'ontogenic, l'origine 
didactique et épistémologique. Premièrement, les obstacles épistémologiques sont identifiés par l'analyse de 
la perspective historique et philosophique de l'approche de frequentist de probabilité pour prouver "la Loi (s) 
de Grand nombre". Deuxièmement, l'analyse du modelage de probabilité apprenant des approches nous 
donne des informations sur les obstacles didactiques possibles. Et finalement, la réinterprétation des biais, 
l'heuristique, des paradoxes et les erreurs qui apparaissent dans l'approche de frequentist probabiliste est la 
base pour décrire les obstacles ontogenic qui interceptent avec l'évolution épistémologique de la notion et les 
structures conceptuelles antérieures cognitivement intégrantes, modelant des approches et des théories. 

Introduction 
Researchers, curriculum designers and tertiary teachers have begun to consider why and how 
modelling can help students to reason about formal and informal statistical inference. Some of the 
opportunities that models and modelling can provide to teaching statistics have been explored by 
researchers. For example: (a) providing the basis for introducing estimation an hypothesis testing 
(Garfield and Ben-Zvi, 2008); (b) fostering students’ statistical thinking (Wild and Pfannkuch, 
1999); (c) steering probability learning (Batanero, Henry and Parzysz, 2005); (d) providing a choice 
of whether to access real world data (Graham, 2006); (e) using technological tools to integrate 
exploratory data analysis approaches and probabilistic models through simulations and visualization 
(Eichler & Vogel, 2014); and (f) for developing new learning theories and proposed learning 
progresions to inform future standards and curriculum efforts in mathematics and science education 
(Lee, 2013). 

The development of new learning theories and proposed learning progressions are new 
opportunities in mind when teaching and learning statistics and probability (Lee, 2013; (Zieffler et 
al., 2014). However, this challenge can occasion new or the same obstacles in students learning than 
the traditional classical approach. And, with this aim, we identify theoretically some of the possible 
obstacles on a modelling perspective on probability.  

 
 



“Quaderni di Ricerca in Didattica (Mathematics)”,  n. 25, Supplemento n.2, 2015 
G.R.I.M. (Departimento di Matematica e Informatica, University of Palermo, Italy) 

 

 188 

Epistemological, didactical and ontogenic obstacles 
Following Brousseau (1997), we use the term obstacle as: “a previous piece of knowledge which 
was once interesting and successful but which is now revealed as false or simply unadapted” (p. 
82). He identifies obstacles of epistemological, didactical and ontogenic origin. Epistemological 
obstacles are usually identified from the historical analysis, since they coincide with difficulties that 
arose in the development of the subject. Didactic obstacles, which are related to the way a topic is 
taught, are seen as obstacles for the students because of ill through out presentation of subject 
matter, or the result of narrow or faulty instruction. Ontogenic obstacles are related to children’s 
cognitive development, due to lack of prior knowledge, students’ limitations and developmental 
limitations.  

Research about obstacles will inform about the usefulness of its identification in designing 
instructional approaches, in which both ontogenic and didactic obstacles should be avoided and the 
epistemological should not be avoided because it is clue in the construction of the knowledge (e.g. 
Brousseau, 1997). We consider that the recognition of the obstacles is crucial in a design based 
research methodology to develop coherent hypothetical learning trajectories and tasks, and to 
understand the difficulties that emerge during the teaching and learning process. And, with this aim, 
in this paper, we identify theoretically some of the possible obstacles of epistemological, didactical 
and ontogenic origin on a modelling perspective on probability.  

 

Epistemological obstacles on a modelling perspective on probability 
The first mathematician that synthesized the ideas of probability was Huygens.  For him, 
probability was not yet a number; it was a collection of arguments (pros and cons) that could be 
used to weigh arguments. From these arguments, he derived the expected value of an event. It was 
Bernoulli, who introduced the probability as a number instead of an estimation of possibilities. 
Bernoulli derived a mathematical relation (a kind of convergence) between equal probabilities and 
the observed frequencies in the repetition of such games, which comprised the very first version of 
the “Law of Large Numbers”. The assumption of the subjective equiprobability of the equally likely 
outcomes allowed Bernoulli considering the convergence of individual events. Von Mises’ 
disquisitions around the repeated tossing of coin, a pair of dices or the record of the sex of newborn 
children in a population, allowed him to establish that the relative frequencies of certain attributes 
become more and more stable as the number of observations is increased. The contrast between the 
experimental values obtained through the analysis of the stability of the relative frequency and the 
classical theoretical value, lead him to introduce the relative frequency model. Von Mises’ ideas 
culminated in the first attempt to give an axiomatic approach to the discipline based on idealized 
properties of random sequences (Borovnik and Kapadia, 2014). Von Mises understood the obstacle 
of distinguishing between model and reality as unavoidable in mathematical science, arguing that: 
“the transition from observation to theoretical concepts cannot be completely mathematized” (Von 
Mises, 1964), pp. 45 conferring a new and crucial role to models and modelling. 
This historical and philosophical perspective on the evolution of the frequentist notion of 
probability has allowed identifying different difficulties that can emerge in a frequentist approach to 
probability to prove the Law of Large Numbers (e.g. Batanero et al., 2005; Borovnik and Kapadia, 
2014). Now, in this paper we categorize them through the lenses of the obstacles and their 
epistemological nature. We summarise them as: (a) considering the probability as the value 
expected instead of the theoretical value, (b) conceptualizing the convergence on probability when 
establishing the Law(s) of Large Numbers, (c) considering individual events instead of an aggregate 
view of the data to conceptualize the distribution of probability, and (d) undistinguishing between 
the experimental value, the modelled value and the theoretical value of the probability of an 
outcome. 
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Furthermore, the epistemological distinction of the relationship between the theoretical world (of 
probabilities) and the empirical world (of data) has allowed illustrating three modelling 
perspectives: the classical, frequentist and subjectivist (Eichler and Vogel, 2014). The modelling 
structure with regard to the classical approach is conceived as a unidirectional way between the 
theoretical world, where the theoretical model is built, and the empirical world, where the model is 
validated. The modelling structure with regard to the frequentist approach is bidirectional. 
Beginning in the empirical world, where the analysis of the available empirical data and the 
detection of patterns take place, then building a theoretical model base, and finally returning to the 
empirical world to validate the model. For the modelling structure with regard to the subjectivist 
approach, iterative cycles of getting information in the empirical world and rebuilding a theoretical 
model are suggested. An obstacle can emerge when conceptualizing models and modelling, if it is 
not discussed the nature of the relationship between the empirical world and theoretical world in 
each modelling approach. 
 

Didactical obstacles on a modelling perspective on probability 
On the research agenda on statistical and probabilistic thinking, the didactical analysis of models 
and modelling have become a goal to understand the possibilities that they could give to mimic 
some aspect of random behaviour in the real world.  
If we focus our attention on the human action related to the practice of models defined as the 
modelling process, we can find in the literature on probabilistic research mainly two probability 
modelling learning approaches: the theory-driven approach and data-driving approach. In the 
theory-driving approach, the problem and “data” are given, from which students are able to 
recognise the underlying theoretical model, proposed by the teacher. Students use it by “its 
goodness” to predict future outcomes in the real world system, although it is not built or tested. In 
this case, students work within the enclosed world of the model, asking questions about the model, 
looking at the consequences of the model, and using the model to choose between different actions 
to improve a situation (Borovnick and Kapadia, 2011). However, two obstacles can emerge 
associated to the developing of this theory-driving approach. On one hand, the fact that it is 
theoretically presented by its goodness, it can promote that the students do not reason about its 
“goodness” in relation to its accuracy to the real context presented. On the other hand, to think that 
the finality of using the model is to work within the enclosed world of the model, instead of 
considering the purpose of the model to predict future outcomes in the real world system. 

In contrast, the data-driving approach students experience models for which there is no theoretical 
probability model or the presumed theoretical model is inadequate. The introduction to modelling is 
done through measurement activities that help them to reflect about the variability of the data, 
getting a sense of distribution of the measurement data and appreciate the types of measurement 
errors. This, in turn, can lead them to construct the model observed measurement as an initial 
theoretical view of the real world system for their probability model, fit the probability model to the 
data, check whether the model is an adequate model of real world or not, and then adjust the model 
until obtaining a working model that adequately reflects the actual data (Konold and Kazak, 2008). 
Attending to students’ learning, (Pfannkuch and Zledins, 2014) argue that independent experiences 
using data-driven or theory-driven approaches are not enough. Students need to appreciate the 
circularity between theory-driven and data-driven probability modelling. If students do not percibe 
this circularity, it can appear another didactical obstacle. 

If instead of focusing the attention on the human action, we analyse the structural complexity of the 
transfer between the empirical world (of data) and the theoretical world (of probabilities), we have 
to carefully analyse the relationship between model and reality through the lenses of the problems at 
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hand. Eichler and Vogel (2014) diferentiate three kinds of problems situations: (a) a virtual problem 
situation, which contain all necessary information and represent a stochastic content; (b) a virtual 
real world problem situation, which demand analysing a situation’s context that is more “authentic” 
and provide a “narrative anchor”; and (c) real world problems, which are situations that include the 
aim to reproduce real societal problems. If the problems proposed to modelize are circunscrite to 
“virtual problem situations” or “real world problem situation”, it can emerge an obstacle associated 
to the confusion between model and reality, instead of conceptualizing model as an approximation 
to reality. 
To sump up, some obstacles can emerge when conceptualizing both notions of model and 
modelling and the problem at hand: (a) the confusion between model and reality, instead of model 
as an approximation to reality, due to the kind of problem situation provided to the student, (b) do 
not consider the purpose of the model to analyse its “goodness” in relation to its accuracy to the real 
context presented, (c) do not consider the purpose of the model to predict future outcomes in the 
real world system, (d) the lack of circularity between the theory-driven and data-driven probability 
modelling (Pfannkuch and Zledins, 2014), and (e) do not percieve that modelling is an iterative 
cycle, which leads to more insights step by step (Borovnick and Kapadia, 2011). 

 

Ontogenic obstacles on a modelling perspective on probability 
Since probability is a theoretical concept, its estimated value depends on numerous factors, such as 
the observer’s knowledge, the observation conditions or the data that he is able to collect. The 
selection of the real situations, contexts, scenarios in which data is collected can cause ontogenic 
obstacles. If the context selected is games of chance, the reasoning about the random generators is 
not free from subjective judgements or theoretical classical argumentation about the 
equidistribution of probability that can reinforce the equiprobability bias. Moreover, we cannot give 
a frequentist interpretation to the probability of an event, which only occurs on time under the same 
conditions, such is often found when using historical data. From a psychological point of view, 
these contexts are not sufficient cognizant of random sampling fluctuation and the effect of sample 
size on sampling variability (Batanero et al., 2005). In consequence, they could reinforce on 
students the sense of accuracy of the representativeness of the sample misconception, the gambler’s 
fallacy or the “outcome approach” (Serrado et al, 2005).  

In relation to the observation conditions, Watson (2005) summarises the difficulties that can emerge 
thinking on the random behaviour and the independence of the events. Firstly, an epistemological 
obstacle emerges when trying to establish the link between the intuitive idea of independence 
related to the analysis of the data in real contexts, and its formal stochastic definition emptied of its 
intuitive content. This epistemological obstacle might become ontogenic when students will be 
involved in the construction of complex models of compound experiments based upon simpler 
ones.  Secondly, an ontogenic obstacle due to the credence of deterministic behaviour of the events 
can emerge when developing the first intuitions about the measurements, the proportional reasoning 
and the notion of density in a data-driving approach. 

The ontogenic obstacle that emerges from considering deterministic the data with random behaviour 
can be recognised in the first steps of the cognitive development of the hypothetical thinking of the 
student when involved in a task based on a modelling perspective on probability. We think that the 
developing of the hypothetical thinking should be encompassed with the broad maturation of proof 
structures (Serradó, 2014), considering that with the interplay of expecting, theoretically defining 
and modelling probability underlie the “Laws of Large Numbers” and the need of proving it. And, 
in coherence with this idea, we take in this paper a cognitivist point of view of the broad maturation 
of proof structures and the obstacles that could emerge on the construction of increasingly 
sophisticated knowledge structures (Tall et al., 2011).  
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Ontogenic obstacles could emerge of an inadequate and encompassed maturation of three 
knowledge structures: distribution, sampling and variability. Considering that the relationship 
between data (individual value) and distribution (conceptual entity) should provide a bridge 
between relative frequency distribution and the probability. In the data-driven approach, if students 
do not develop an aggregate view of the data they can have an obstacle on constructing the notion 
of distribution (Bakker and Gravemeijer, 2004), in general, and sampling or probability distribution, 
in particular. In the case of samples, Ben-Zvi, Bakker and Makar (2015) express that one of the key 
ideas for effective reasoning about samples and sampling is the need to balance two related ideas, 
sample representativeness and sample variability. An ontogenic obstacle could emerge when 
students over-relied on sample representativeness, believing that a random sample has to be 
representative of the population, and not randomness but some other mechanism must have caused 
sampling variability. Furthermore, it can appear ontogenic obstacles if they do not encompass the 
increasing sophistication conceptualizing sample size, selection method, resulting 
representativeness and appreciation for variation in the population.  
Meanwhile, in the theoretical-driven approach ontogenic obstacles can emerge if students do not 
encompass and integrate three notions: (a) the variability of the results obtained when repeating an 
experiment, (b) the stability of the frequencies of the observed outcomes, and (c) the relation 
between the value of the limit of frequencies, the distribution of possible outcomes, and the 
theoretical value of the probability (Yánez and Jaimes, 2013). 

Conclusions 
We have presented the epistemological obstacles identified through the analysis of the historical 
and philosophical analysis. This analysis has allowed understanding the obstacle that can emerge 
when conceptualizing models and modelling process from the relationship between the empirical 
world and theoretical world from the different approaches: frequentist, classical and subjectivist. In 
particular, the historical analysis of the evolution of the frequentist approach has provided 
information of how it has been surpassed the distinction between estimated value, modelled value 
and theoretical value. 
From a didactical point of view, to modelling approaches the data-driven and theoretical-driven 
have been analysing, concluding that obstacles can emerge if there is not circularity between both 
models, or the selection of the problems at hand are disconnected from the real world, becoming 
basically virtual or virtual real problem situations. Furthermore, from a didactical point of view, 
obstacles can emerge if students are not asked to formalize to process of the modelling process, 
which are: the analysis of “its goodness” and “its predictive nature”. 

The analysis of the probability modelling learning approaches has given us information about the 
possible didactical obstacles. The ontogenic obstacles have been analysing taking in consideration a 
cognitivist point of view. The first obstacles emerge from the students’ perceptions due to biases, 
misconception, and fallacies of the frequentist probabilistic approach. Other, ontogenic obstacles 
can emerge due to a lack of encompassed evolution of three integrated notions, distribution, 
sampling and variability.  

Research about obstacles informs us about the usefulness of its identification in designing 
instructional modelling approaches, such as data-driven or theoretically driven. We consider 
that the recognition of the obstacles is crucial in a design based research methodology to 
develop coherent hypothetical learning trajectories and tasks, and to understand the 
difficulties that emerge during the teaching and learning process. In consequence, further 
research should be developed in order to design hypothetical learning trajectories to overcome 
the epistemological obstacles and avoid the ontogenic and didactical ones.  
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Abstract : The recent development and growing popularity of Scratch, a visual programming 
environment, has led many students to programming, especially those who attend Computer 
Science classes. Several concepts of programming are closely related to mathematical objects and 
algorithmic thinking. Within my master thesis, I focused on the role of variables. In a case study 
involving 8th graders as well as university students, I examined the understanding of variables of 
the participants in the context of programming with Scratch. Fostering the understanding of 
variables is a key task for all secondary math teachers. Since variables are closely related to the 
field of Algebra, even though not limited to it, I used Malle's model of "aspects of variables" to 
identify more specifically which underlying ideas and perspectives on variables can get activated 
within the process of programming. 
Résumé : Le développement récent et l’augmentation de la popularité de Scratch, un 
environnement de programmation visuel,  a conduit beaucoup d’étudiants à la programmation, 
particulièrement ceux qui assistent aux cours d’informatique. Plusieurs concepts de programmation 
sont étroitement  reliés à des objets mathématiques et aux réflexions algorithmiques. Dans ma thèse 
de master, j’ai focalisé mon attention  sur le rôle des variables.  À l’aide d’une étude de cas 
comprenant des élèves de la 4ème ainsi que des étudiants de l’université, j’ai examiné la 
compréhension des variables des participants dans le contexte de la programmation avec Scratch. 
L’encouragement de la compréhension des variables est une tâche clé pour tous les professeurs de 
mathématique de l’enseignement secondaire. Puisque les variables sont étroitement liées au champ 
de l’algèbre, bien qu’elles n’y soient pas limitées, j’ai utilisé le modèle « les aspects des variables » 
de Malle pour identifier plus spécifiquement  quels idées et points de vue sous-jacentes sur les 
variables peuvent être activés dans le processus de la programmation. 

Introduction 
The purpose of this article is to report about a case study that focused on analyzing different aspects 
of variables that can be fostered through visual programming. The main research question was: 
What benefit do math students gain from programming considering the understanding of variables? 
Since Computer Science gains more and more importance as a middle school and high school 
subject, it is an interesting question to examine synergetic effects on Math, taking interdisciplinary 
learning and its benefits into account. It is well known that activities in both subjects require 
algorithmic thinking, structuring, analyzing and modeling problems. I focused on variables since 
they are basic objects for both algebraic activities and implementation of algorithms. 
As a programming environment, the popular visual programming language Scratch (over 5.6 
million users, see http://scratch.mit.edu/statistics) was chosen because it allows learners to easily 
implement algorithms in an experimental way. Scratch, which is developed by the Lifelong 
Kindergarten Group at the MIT, builds on basic concepts of Logo, a widely-known programming 
language for children, developed by Papert in the 1960s and 1970s (see Papert, 1980). The purpose 
of both languages is to learn programming. Scratch offers a block-based concept of programming, 
so there are practically no syntactical mistakes possible. Therefore, Scratch facilitates a positive 
motivational self-concept of the learners when they are experimenting with algorithms. Scratch 
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allows students to program games and animations, so learners are motivated to discover algorithms 
and programming structures to realize their ideas. As the developers point out: "Keeping score in a 
game is a frequent motivator for young designers to explore variables" (Brennan & Resnick, 2012, 
p. 6). 
Moreover, the integration of Bruner's modes of representation seems to make Scratch suitable for 
many learners. The blocks are symbolic elements that can, when executed, create an iconic 
representation. If the execution is slow enough, another sort of representation, that can be described 
as 'virtual-enactive' (by Hole; see Weigang & Weth, 2002) is observable for the programmer, e. g. 
the cat is drawing the triangle (see figure). For the learner, as Jones (2010) concludes, change 
within and between modes of representation is effective in terms of both promoting understanding 
and disclosing misconceptions. 
 

 

Theoretical Background 

The following figure shows a generic model of variables. When students learn about variables they 
have to differentiate name and content of the variable. The name can be represented by a single 
character, a word, which is not handy for calculation but emphasizes the connection between 
meaning and symbolization, or another kind of symbol, like a circle or square. A variable has a 
known or unknown value that has a specific meaning, often connected to a unit or it represents just 
a quantity. The value is an element of a domain set, which is depending on the interpretation. 

 

 
 
When mathematics is performed, several typical understandings of variables are activated. Malle 
(1993) denotes these understandings as "aspects of variables". This model was used in the present 
case study to identify in detail which concepts of variables are activated when learners work with 
Scratch. The most fundamental is the object aspect of variables. Variables represent an unspecified 
object of thinking or, in the words of the generic model, an unknown number. Especially exercises 
which are embedded in a context foster the object aspect rather than transformational tasks. The 
plug in aspect describes the fact that variables are placeholders that can be substituted by numbers. 
This aspect can be generalized to a basic idea of mathematics, the principle of substitution. 
Therefore, I divide between Malle's original idea of plugging numbers in variables and the idea of 
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plugging variables into other structures. For example, variables can be plugged in functions or can 
be used as a 'helper' to simplify larger algebraic expressions. The transformation aspect of 
variables gets active when it comes to manipulation of expressions and equations. The variable is 
reduced to a meaningless symbol on which the specific rules of algebraic transformations can be 
carried out. Examples are simplification of expressions, conversions and solving of equations. 
 

 
 
These three aspects can be identified with concepts of other theories, too. Steinweg (2013) 
summarizes and compares different models of variables and points out that these three aspects are 
crucial and also occur, in a different terminology, in other theories, e. g. those of Freudenthal and 
Ursiskin (for a detailed comparison see Steinweg, 2013). Taking Kieran's model of algebraic 
activities (2004) into account, it can be recognized that aspects such as the transformation aspect are 
closely related to the transformational activities. Also the object aspect typically gets activated 
during generational or global/meta-level activities. 
Three other aspects of variables are mentioned by Malle in the context of formulas and functions. 
Here, variables appear as representatives. He divides between the single number aspect and the 
range aspect. The first one considers variables as certain unknown numbers of a set. For example, it 
can be a constant parameter of a family of functions. Within the range aspect, in which the variable 
represents every number from the domain, Malle differentiates between simultaneity - all numbers 
are represented at the same time - and changeability - numbers are seen with regard to a 
chronological order. Characteristics of these six introduced aspects, especially changeability, range, 
plug in and object aspect, also overlap with the roles of parameters (see Drijvers, 2003, p. 315). 
Certain exercises can emphasize specific aspects of variables but typically, these aspects work 
together in mathematical activities. For example, if a student solves an equation and carries out a 
division by a variable (transformation aspect), she/he has to consider whether the divisor can be 
zero for a certain number that can be plugged in the variable. The domain depends on the meaning 
of the variable, so the object aspect is also important to consider, especially in contextualized tasks. 
The object aspect will also be activated when the learner checks the result of the calculation in the 
context of the exercise. 

Methodology 

An expert-novice-study was chosen as a design scheme for this qualitative approach to validate 
results and examine differences that are related to a rich or small foreknowledge about variables. 
Two groups of students have been analyzed with questionnaires and guided interviews after and 
while working in typical programming situations. Both groups, one group consisted of 26 8th 
graders, the other of six university students at master level, got an introduction to the Scratch 
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programming environment. 

 
 
The following figure shows a task from the study. In this example, the students had to answer 
questions like "What is the meaning of the 'go to x:0 y:0'-block?" or "How do you have to change 
the code to get the cat to draw the shown 'circle tower'?". A larger exercise within the interview 
session was to improve a given program, which allows the user to control a little mars robot with 
the arrow keys, in a way that it measures the driven distance and the fuel consumption. Of course, 
the key competency to all these tasks is the usage and the understanding of variables. 
 

 
 

Results 

During the analytical process, the students' and experts' statements of the questionnaire and the 
interview have been matched with the six aspects of variables. Sometimes answers were hard to 
relate to a distinct aspect. In general, the interview delivered more reliable results than the 
questionnaire, since the interviewer could ask the students to explain their answers more detailed. It 
can be shown that both experts and 8th graders used several aspects of variables when they solved 
the tasks, but not all aspects have been activated to the same extent. 

After working with Scratch, as a task of the questionnaire, students were asked to give an 
explanation, what a variable is. Most high school students explained variables by focusing one 
aspect. Answers were, for example: "A variable is a line, to which one can give a length" (object 
aspect), "It is an unknown number" (single number), "Variables are letters, so in mathematics, a 
number you can calculate with" (single number, transformation). The experts' answers were 
linguistically elaborated and closer to the scientific standard: "A variable is a placeholder, behind it, 
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there can be different numbers. They can change." (single number, changeability), "Basically all 
numbers can be plugged in a placeholder…" (simultaneity, plug in). Moreover, all experts covered 
two or more different aspects. 

Taking both questionnaire and interview into account, it seems that there is a stress on the object 
and plug in aspect while learners work with Scratch, for example in the circle task above. Also the 
changeability aspect gets activated in the scenario of the 'growing circle tower'. Even the high 
school students recognized that the 'change length by _'-block is crucial because otherwise only one 
circle will be drawn. This indicates that they have a mental image of the idea that the variable is 
used to represent different (continuously changing) numbers at the same time, which is part of the 
simultaneity and changeability aspect. 

Both changeability and object aspect have been activated when the students recognized that the 
mars robot should not be able to drive after the variable 'fuel' has dropped to zero. For example, one 
student said, "He had not enough fuel to keep driving […] !" which is a strong indicator that he 
interprets the variable as an entity which has to satisfy real-life conditions. From Malle's point of 
view, this is typical for the object aspect and its activation in the student's mind. Another student 
answered, when he was asked to explain what a variable is, directly after this task, "A variable is 
something. One can plug in numbers and it is something that one has to search [solving an equation 
for a variable to get a numeric value; author's note], I mean, you can use it to calculate and also to 
count". This is a sophisticated student statement since it integrates the three basic aspects, object 
(something, to count), plug in and transformation (to search, to calculate). 

In addition to that, the idea of a suitable domain is promoted through a non-realistic negative 
amount of fuel. The single number aspect was promoted passively since every variable has always a 
known, certain value that is shown on-screen. A few students described the meaning of the used 
variable with the words "length stands for the number 12", which is an indicator for a dominating 
single number aspect. The transformation aspect was activated mostly in specific, artificial tasks, 
that needed the decision whether a condition holds or not. 
It was observable that activated aspects strongly depend on the task. For example, contextualized 
settings usually foster an object view on the variable. Differences between experts and novices 
could be shown through a different, elaborated form of expression, the number of mentioned 
aspects of variables in open questions and the higher speed of the expert group. However, most 
tasks activated the same aspects of variables - on a different level - in both groups, university and 
high school students. 

Conclusions 
Similar results have been found in a 7th graders math class, as Ginaidi describes (2013). The 
findings in this teaching sequence are comparable with regard to the three basic aspects of variables, 
object, plug in and transformation aspect. In Ginaidi's teaching unit, like in the present case study, 
the emphasis lies on object and plug in aspect. As a possible solution to this observation, the 
underrepresented transformation aspect could be implemented through a clever design of tasks, for 
example a converter for Fahrenheit to Celsius degrees and vice versa or a solver program for linear 
or quadratic equations. Even if the transformational activities are not carried out directly with 
Scratch, they are necessary to solve the tasks and perhaps students are motivated through the setting 
to work on them in a constructive way. In the expected case, the product of the transformation 
process (with pen and paper) is just plugged into the 'set variable to _'-blocks. 

To summarize the results, math classes can benefit from Scratch on at least three different levels. 
There is an inherent level when students work with variables in the context of programming games 
or realizing other projects. In addition to that, Scratch can be used as a tool to work on 
mathematical contents (e. g. development of a function plotter or an algorithm that decides whether 
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a number is prime or not). The third level of influence might affect classroom culture and 
teaching concept as a whole since programming activities have the potential to foster creative 
learning and a more experiment-focused way of teaching and learning. Especially the younger 
students were very engaged in working with Scratch. As regards mathematical content, especially 
probability theory might benefit from Scratch since a lot of random experiments can be executed 
automatically, for example to calculate pi with the Monte Carlo method or to visualize the law of 
large numbers. 
A positive reinforcement for the students during the work with Scratch was a phenomenon that can 
be described as 'product pride'. The program that was constructed by the students had in most cases 
valuable meaning to them. This was observable when they were showing their program to others. 
Moreover, students were able to work and experiment with the code even if they did not how to 
realize a specific task. The instant feedback of the executed program, as well as the visibility of all 
blocks in the command categories, often helped the students getting constructive ideas. 
To come to a conclusion and with regard to interdisciplinary learning, Scratch seems to offer a large 
potential for mutual benefits in teaching and learning in both areas, Math and Computer Science.  
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