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Information about CIEAEM 71 and presentation of the Volume 
Informations sur la CIEAEM 71 et présentation du Volume 

 
The 71st CIEAEM conference was held from 22nd to 26th July 2019 at the Instituto de Educação da 
Universidade do Minho, Campus de Gualtar, Braga. Several participants from many countries all over the 
world, actively participated to the Conference. The Theme “Connections and understanding in mathematics 
education: Making sense of a complex world” was really appreciated by participants; researchers, teachers, 
educators, and students worked together in the true of CIEAEM spirit, with a collaborative and inspiring 
attitude. 
How can we re-conceptualise learning with understanding in a complex world?, What kind of mathematics 
training should teachers have in order to be able to promote learning with understanding?, In relation to 
connections and understanding, what kind of teaching methods are more appropriate?, How do we evaluate 
and/or research the resources from the perspective of the connections and the understanding they try to 
promote?, How can ICTs contribute to learning rich in connections, in an increasingly complex world?, 
How can ICT be used in teacher training to promote understanding in mathematics?, Is it possible to 
understand peoples’ lives from an ethnomathematics perspective?, How can school mathematics take into 
account the culture developed by young people in their everyday lives?, How to take advantage of cultural 
aspects to enrich the teaching and learning of mathematics? 
These are only some of important questions on which all the participants had the possibility to fruitfully 
discuss in critical and constructive ways.  
Many of the Conference participants were also authors of significant papers presented during the working 
groups, workshops, and poster (forum of ideas) activities. This volume contains all final versions of these 
papers. 

We thank all the contributors and all the participants to the conference and we are grateful to Pedro 
Palhares and all the members of the International Programme Committee and the Local Organizing 
Committee for the realization of the 71st CIEAEM conference. Particularly we want to thank the Working 
Group animators, who, as in previous CIEAEM meetings, worked in a well high-quality way.  

 
March, 2020         	

	 	 	 	 	 	 Benedetto	Di	Paola,		
Pedro	Palhares	
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Making sense of probability in professional and 
everyday life 
 
Carmen Batanero 

 

University of Granada, Spain 
 

E-mail: batanero@ugr.es  

Abstract. Probability is today a strong branch of mathematics providing numerous models 
that can be applied in the many uncertain situations that surround us and guide decision 
making in different professional settings. However, although probability is included today in 
the school curricula from primary education, the time for teaching is scarce and students 
finish compulsory education with only routine knowledge of probability. Moreover, 
intuitions in probability often fail and a formal teaching does not help students overcome 
their reasoning biases. In this paper, I first analyze the different meanings of probability and 
its presence in the school curricula, then I present some examples of probabilistic decision 
making in different areas and finally suggest the need to link probability to every day and 
professional life to reinforce probabilistic reasoning in all the educational levels.  

Résumé. Les probabilités sontt aujourd'hui une branche forte des mathématiques qui fournit 
de nombreux modèles pouvant être appliqués dans les nombreuses situations aléatoires qui 
nous entourent et qui guident la prise de décision dans beaucoup de contextes professionnels. 
Cependant, bien que les probabilités soient aujourd'hui incluses dans les programmes 
scolaires dès l'enseignement primaire, le temps d'enseignement est rare et les élèves 
terminent l'enseignement obligatoire avec seulement une connaissance routinière des 
probabilités. De plus, les intuitions en matière de probabilité échouent souvent et un 
enseignement formel n'aide pas les élèves ou les étudiants à surmonter leurs biais de 
raisonnement. Dans cet article, j'analyse d'abord les différentes significations des probabilités 
et leur présence dans les programmes scolaires, puis je présente quelques exemples de prise 
de décision probabiliste dans différents domaines et enfin je suggère la nécessité de lier les 
probabilités à la vie quotidienne et professionnelle pour renforcer le raisonnement 
probabiliste à tous les niveaux d'enseignement. 

1. Introduction 
Although the teaching of probability has been present in non-university curricula in the past 
decades, we find many suggestions to renew its teaching, with the aim of making it more 
experimental, so that students can be provided with a stochastic experience from childhood (e.g., 
CCSSI, 2010; MECD, 2014; 2015; NCTM 2000). These aims lead us to reflect on the nature of 
probability, and the purposes of its teaching in compulsory education 
The teaching of probability in high or secondary school levels is mainly justified by the 
commitment for applying probability models when generalizing the findings of data analysis 
performed on samples to the populations from which these samples have been taken in the study of 
statistical inference (Batanero, & Borovcnik, 2016).  
Another less frequently argued reason to justify the teaching of probability is the need to offer 
students tools to analyse the random phenomena, which surround us from birth. Due to the 
pervasiveness of randomness, students should overcome their deterministic thinking to become 
competent citizens in modern society, and when reaching adulthood, they have to accept the 
existence of fundamental chance in nature and in the world around us (Borovcnik, 2016). 
Consequently, they need to acquire strategies and ways of reasoning that help them in making 
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adequate decisions in those every day and professional situations where chance is present 
(Batanero, Chernoff, Engel, Lee, & Sanchez, 2016). Moreover, although chance is inherent in our 
lives and appears in multiple everyday situations or professional life (Bennet, 1999), intuitions in 
probability often deceive us and formal teaching is insufficient to overcome reasoning biases that 
can lead to incorrect decisions (Chernoff & Sriraman, 2014). 
These reasons, which are not completely separate, should guide the content and methodology in the 
classroom, although some teachers focus only on the first goal, in assuming that the other aims are 
implicit in it (Gal, 2005). This belief may explain that most applications in the teaching of 
probability are reduced to games of chance, because the associate random experiments are simple 
and this context is highly motivating for the students. We agree that games of chance are powerful 
contexts, and, in fact, the first formal developments of probability were linked to problems related 
to these games (Batanero, Henry & Parzysz, 2005). However, it is important to offer the students a 
wider range of applications, so that probability does not appear to be a part of recreational 
mathematics. Many other different applications arise in almost all areas of human activity, such as, 
for example biology, medicine, risk analysis, education, management, climate or voting, and 
contribute to making sense of the different meanings of probability as discussed below. 
In this paper, we first briefly analyse the meanings of probability presented in the school curricula 
and then describe examples of contexts that can be used to connect probability with everyday life 
and professional settings. These random situations of everyday life are usually more complex than 
the school problems presented in the teaching of probability, but are accessible for the students and 
help them make sense of probability and of the reasons why probability is useful to them. As a 
conclusion of our presentation, we suggest the interest of showing a wide range of applications of 
probability, especially in secondary education, and of strengthening the development of students’ 
probabilistic reasoning to make them competent for real life. 
 

2. Different meanings of probability  
Probability is today a lively branch of mathematics in continuous growth; however, this area is still 
very young when compared with other parts of mathematics, such as for example, geometry, as can 
be observed when looking at the dates in which the Euclid’s and the Kolmogorov’s axioms were 
produced. 
In spite of this short time elapsed since the mathematical study of probability started, there is not 
just only one definition of the concept. On the contrary, probability has received different 
interpretations since its emergence, which are related to the philosophical theories accepted in 
various historical periods. Even today, and in spite of having a satisfactory axiomatic system, there 
are still controversies over the interpretation of basic concepts and about their impact on the 
practice of statistics (Batanero, et al., 2005). Moreover, the progressive mathematical development 
of probability has been linked to a large number of paradoxes that show the disparity between 
intuition and conceptual development in this field (Borovcnik & Kapadia, 2014a; Székely, 1986). 
Although the formal development of the probability appeared much later, intuitive ideas about 
chance emerged very early in history in many different cultures and were linked to problems related 
to setting fair betting in games of chance (Batanero, & Díaz, 2007; Bennet, 1999; Borovcnik & 
Kapadia, 2014b). These intuitive ideas also are common in children who use qualitative expressions 
in their games (such as terms “probable” or “unlikely”) to express their degrees of belief in the 
occurrence of random events.  
Hacking (1975) remarked that probability had a dual character since its emergence, as two facets 
are visible in the concept from the very beginning of its history:  on the one hand, there is a 
statistical side of the concept, which is concerned with finding the stochastic rules of random 
processes, based on empirical data- On the other hand another epistemic side views probability as a 
personal degree of belief that can vary from one person to another. From these two basic meanings 
different theories of probability developed. Here we only discuss the definitions that are often used 
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in teaching. Other different meanings of probability are described in Batanero and Díaz (2007), 
Batanero, et al. (2005) or Borovcnik and Kapadia (2014a). 
  

2.1. Classical meaning 
The earlier developments in probability were linked to problems related to games of chance, and 
then, the initial definition of probability was based on the assumption that all the possible events in 
each random experiment were equally likely. Thus, in his Liber de Ludo Aleae, Cardano 
(1961/1663) suggested to compare the number of total possible results and the number of ways the 
favourable results can occur in order to make a fair bet in a game of chance. Pascal (1963/1654) in 
his correspondence with Fermat solved the problem of estimating the fair amount to be given to 
each player in an interrupted game by dividing the stakes among each player’s chances. Pascal and 
Fermat assumed equiprobability of the elementary outcomes in a fair game as a criterion to estimate 
the probability of a compound event made up of these outcomes. 
In the classical definition of probability, given by Abraham de Moivre (1967/1718) in The Doctrine 
of Chances and later refined by Laplace (1986/1814) in his Essai Philosophique sur les 
Probabilités, probability is the fraction of the number of favourable cases to a particular event 
divided by the number of all cases possible, whenever all the possible cases were equally likely.  
This definition has been widely criticised since its publication, since the definition of probability 
was based on a subjective interpretation, associated with the need to judge the equipossibility of 
different outcomes. Moreover, this definition of probability cannot be applied to most natural 
phenomena where this assumption may not be valid., since although equiprobability is clear when 
throwing a die or playing another chance game, it is not acceptable in complex biological or human 
situations, such as for example in medicine or sociology. 
 

2.2.  Frequentist meaning 
The convergence of the relative frequencies for the same event to a constant value after a large 
number of independent identical trials of a random experiment was observed by many different 
authors but it was Jacob Bernoulli (1987/1713) who proved a first version of the Law of Large 
Numbers that assures the convergence of these relative frequencies to the theoretical probabilities. 
Bernoulli also proposed to assign probabilities to real events, in applications different from games 
of chance, through a frequentist estimate. Intuitively this theorem can be stated as follows: when 
repeating the same experiment enough times, the probability that the distance between the observed 
frequency of one event and its probability p is smaller than a given value can approach 1 as closely 
as desired. Given that stabilized frequencies are observable, they can be considered as approximate 
physical measures of this probability (Batanero & Díaz, 2007).  
This frequentist definition of probability was supported by mathematicians such as Von Mises, 
Gnedenko, Renyi and Kolmogorov and extended the range of applications enormously. However, a 
practical problem is that we never obtain the exact value of probability but only an estimation of 
probability that varies from one series of repetitions of experiments to another. It is also difficult to 
decide how many trials are needed to get a good estimation for the probability of an event. 
Moreover, this approach is not appropriate when it is not possible to repeat an experiment under 
exactly the same conditions. From an epistemological point of view another criticism of the 
frequentist definition of probability is the difficulty of confusing an abstract mathematical object 
(probability) with the empirical observed frequencies, which are experimentally obtained (Batanero 
et al. 2005).  
 

2.3. Subjective meaning 
Both in the classical and frequentist meanings, probability is an “objective” value that we assign to 
each event. However, the Bayes’ theorem, published in 1763, proved that an initial (prior) 
probability could be revised in light of new available data and be transformed into a posterior 
probability. Consequently, the probability of the same event may be different for various people, 
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depending on each previous piece of information and then, probability could be as a subjective 
value. Following this interpretation, authors like Keynes (1921), Ramsey (1926) and de Finetti 
(1937) considered probability as a personal degree of belief that depends on a person’s knowledge 
or experience in relation to a given event. Probability is then linked to a system of knowledge and is 
thus not necessarily the same for all people. In these situations the probability is not a tangible 
physical property - therefore objective of the events that affect us (such as weight, colour, surface, 
temperature) but a perception or degree of belief in the likelihood of the person who assigns the 
probability about the plausibility of occurrence of the event (which will or will not occur). 
From this subjectivist viewpoint, probability can be applied to non-repeatable situations and again 
the field of applications of the probability theory was expanded in fields such as economy or 
medicine. Today, the Bayesian School assigns probabilities to uncertain events, even non-random 
phenomena, although controversy remains about the scientific status of results which depend on 
judgments that vary with the observer. However, the impact of the prior subjective assignment of 
probability diminishes by objective data (Batanero et al., 2005). 
 

2.4. Axiomatic meaning 
Throughout the 20th century, many mathematicians contributed to the development of the 
mathematical formalization of probability. Kolmogorov (1950/1933) derived an axiomatic theory, 
using Borel’s view of probability as a measurable function. His theory, based on set and measure 
ideas was accepted by the different probability schools because, the mathematics of probability 
(classical, frequentist or subjective) may be included in his axiomatic. Despite the strong 
philosophical discussion on the foundations, the applications of probability to all sciences and 
sectors of human activity expanded very quickly. However, the interpretation of what a probability 
is would differ according to the perspective one adheres to and the discussion about the meanings of 
probability is still alive in different statistics school. Moreover, this abstract axiomatic meaning is 
structural, and responds to the need of organization and structuring of the remaining partial 
meanings of probability. Additionally, in real life other meanings often appear mixed in the same 
situation. 
 

3. Probability in the school curricula 

As analysed by Batanero and Díaz (2007), the differences between the various meanings of 
probability does not only affect the definition of the concept, but involves various concepts, 
procedures or properties. For example, the concept of relative frequency does not appear in the 
classical definition or the Bayes’ s theorem is neither needed for computing a classical or a 
frequentist probability.  
Given these differences, teachers should consider carefully which approach is preferable at different 
school levels or to introduce a given application of probability. Our suggestion is that we need to 
present a plural meaning of probability to the students throughout secondary and high school, so 
that they can progressively acquire the full meaning for the concept of probability.  
When looking into curricular changes we observe that before 1970, the classical view of probability 
based on combinatorial calculus dominated the secondary school curriculum. Around the nineties it 
was complemented with the axiomatic approach, to present the students a direct application of set 
theory in the era of “modern mathematics”.  Both approaches reduced the applications of 
probability to games of chance, where the number of events in the sample space is small and the 
events are equiprobable. This reduction led many teachers to consider probability a part of 
mathematics with little value (Batanero et al, 2005).  
Today we attend to a predominance of the frequentist view in the teaching, supported by computers 
or other electronic tools (Batanero, Chernoff, Engel, Lee, & Sánchez, 2016). Simulations and 
experiments are used to introduce an intuitive version of the Law of Large Numbers that is used to 
define probability as the “limit” of relative frequency in a large number of trials. The subjective 
meaning of probability, which is widely used in applied statistics, professional and everyday 
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settings is only considered via conditional probability in some countries in the last years of high 
school. Learning goals for secondary school include the understanding and application of concepts 
such as random experiment, sample space, simple probability, conditional probability and 
independent events random variables and expected value, (CCSSI, 2010; MECD, 2015; NCTM, 
2000). In high school, we also find compound events and probability, total probability, and Bayes’ 
rule. In the GAISE document (Franklin et al, 2007), an introduction to the normal distribution as a 
model for sampling distributions, basic ideas of expected value, and random variation are also 
mentioned. In the Spanish curriculum for the social sciences branch of high school (MECD, 2015), 
besides the binomial and normal distributions the Central Limit Theorem and its implications for 
approximating the binomial by the normal distribution are also included.  
All this content may be applied in many different contexts that go beyond games of chance so that 
students can connect probability with other school topics and with every day and professional 
contexts. Chance is present in everyday life in many contexts in which notions of uncertainty, risk 
and probability appear. Not just the professionals, but any person has to react to messages in which 
chance and risk appear, and make decisions that affect them, judge the relationship between events 
or make inferences and predictions (Gigerenzer, 2002).  
 

4. Making sense of probability in everyday life 

First, probability knowledge and reasoning are needed in everyday decision-making situations (e.g., 
taking an insurance policy, voting, evaluating risks of accident, interpreting coincidences, etc.). This 
probabilistic reasoning includes the ability to:  a) Identify random events in nature, our everyday 
life and society; b) Analyse the possible outcomes, and the conditions of the situation; c) Select an 
adequate probability model for stochastic situations and explore possible outcomes from the model; 
and d) Interpret the results of working with the model in the real situation. 
Many probability problems in everyday life are open or have more than one possible decision and 
both mathematical and extra mathematical factors are involved in their solution. For example, the 
possible utility of a decision, does not always coincide with their mathematical expectation in 
games of chance, where the mathematical expectation is negative for players who continue the 
game because of the usefulness of a possible but very unlikely price (Batanero, & Borovcnik, 
2016). Moreover, in the decisions and judgments of probability in everyday life we are led by 
intuition that frequently deceives us and commit fallacies that are not usually corrected simply with 
a formal learning of probability (Shaughnessy, 1986). In the following sections we analyse some 
examples. 
 

4.1. Insurance policy 
Let us for example consider that a person buys a house or a new car and wishes to take out an 
insurance policy that covers the cost of reparation in case of accident or loss. Borovcnick (2016) 
suggests the following situation where students can investigate the convenience of taking out a full-
coverage insurance contract (see also Batanero & Borovcnik, 2016 for a complete analysis). 
 
Example 1. Exploring convenience of an insurance. A person is considering the convenience of 
taking an insurance policy to cover possible costs in case of accident with his new car.  Let us 
consider only two possibilities: after a terrible accident the car is destroyed (and the price of a new 
car is 30.000 euros), or there is no accident. The cost of the insurance contract is 1000 euros. Should 
the person take the insurance policy? 
When representing the data in Table 1, we realize that we need more information to be able to solve 
the problem. More precisely. we need to estimate the probability that an accident happens; this 
estimation is made by considering the past frequencies of accidents, driving skills and habits of the 
car owner, as well as possible accidents caused by other drivers and the state of the roads. 
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Table 1. Possible cost depending on decision taken 
 Taking the insurance Not taking the insurance 

No accident 1,000 0 

Total wreckage 1,000 30,000 
 
Let us assume that the probability of an accident is 0.05. Then, the expected cost for the driver is 
30,000x 05 + 0x0.95 = 1,500 Euros, so that with these data it is convenient to take the insurance. 
However, if the risk of accident is smaller for example, only 0.01 the best decision is not taking the 
policy. Moreover, other criteria often intervene in the decision, such as for example, that the owner 
needs the car for his work or that he cannot afford the 30000 euros in case of total wreckage. 
 

4.2. Boy or girl? 
The law of the large number assures us that, in the long run, the relative frequency for a given event 
converges to the theoretical probability for that event. While an informal version (as that presented 
in these lines) is understandable for most students, there is a tendency to expect convergence even 
in a short series of trials for an experiment. This wrong expectation (a strong belief in compulsive 
gamblers) is due to the representativeness heuristics (Kahneman & Frederick, 2002), according to 
which people expect the mean or the proportion in a sample to closely resemble the corresponding 
population parameters, even when the sample is small.  
For example, if we know that a family have four children, we intuitively expect that two of them are 
boys and the other two are girls. However, the most frequent event is to have three boys and a girl 
or three girls and a boy. Let’s x be the number of girls in a family of four children. Since we deal 
with a binomial distribution, where the number of trials is n=4 and the probability of success is p=.5 
we can compute the probability P (x=2) = 0,375 that is smaller than P (x=1) +P(x=3) = 0.5. 
In spite of this, when a woman with three boys gets pregnant once more, she is sure that the next 
baby would be a girl. She forgets that the outcome is independent one from the other (and the 
process of getting pregnant in successive occasions has no memory!). It is paradoxical that the odds 
to get a boy or a girl remain unchanged given that the person still has 1, 2, 3, … 7 boys.  
 

5. Making sense of probability in professional contexts 
Probabilistic situations are not only frequent in real life; the main applications of probability appear 
in the workplace. Below we describe some well-known examples. 
 

5.1. The prosecutor fallacy 
Two fundamental questions arise when a member of a jury is faced with evidence with a scientific 
basis in a court trial. First, should the jury member admit the evidence? If so, how should he or she 
assess such evidence (Friedman, 2017). A widely reported error in legal settings is the Prosecutor’s 
Fallacy (identified by Thompson & Shuman, 1987) that consists of wrongly assuming a very small 
probability that a defendant is innocent, given that evidence with a very small probability of 
happening when the person is innocent was found in the crime scene. This is a fallacy of statistical 
reasoning, typically used by the prosecutor to argue for the guilt of a defendant during a criminal 
trial and is due to confusion between a conditional probability P(A|B) and the transposed 
conditional P (B|A). These probabilities may be in fact very different in value, and there is no 
commutative property when dealing with a conditional probability.  
A very famous example of this fallacy was the case of Sally Clark, an English woman who was 
accused of murdering her two babies, after each of them died of infant sudden death in the few 
weeks of life (Byard, 2004). In the trial, the prosecutor argued that the chance of two children 
suffering sudden infant death syndrome was 1 in 73 million, by erroneously squaring 1 in 8500, 
which is the likelihood of a death in similar circumstances.  Members of the British Royal 
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Statistical Society later issued a statement arguing that there was "no statistical basis" for this 
reasoning of the prosecutor, but Sally was imprisoned for three years. 
Three years later a statistics professor performed a complementary probability study that proved 
that the possibility of two successive infant sudden deaths was far more common than assumed in 
the trial and Sally was released from prison, but anyway she never recovered fully from the 
experience.  Many other similar cases were revised in England and some other women imprisoned 
were also found to be innocent afterwards. 
Another famous example of the prosecutor fallacy happened in 1964, when an older woman, who 
was walking back home in a suburb of the city of Los Angeles, was assaulted by a young blonde 
with a ponytail. The young woman was seen shortly after in a yellow car driven by a black man 
with a beard and moustache. Los Angeles police arrested Janet Collins, blonde, who combed her 
hair with a ponytail and had a black friend with a beard and moustache, who owned a yellow car. 
The prosecutor argued that the probability of finding in Los Angeles a couple that had all the 
aforementioned characteristics was only 1/12000000, and this proved the guilt of the detainees. 
Fortunately, the defender, using statistical data on the frequencies of the characteristics of the 
couple (for example, frequency of yellow cars) proved that the probability of finding the least one 
more pair with the same characteristics in the city of Los Angeles was 0.1836, which cannot be 
considered a rare event. Joan Collins was acquitted for lack of evidence 
Another example described by Thompson and Shuman (1987) is when a blood stain found in a 
crime scene coincided with the type of blood of a person accused. Assuming that this type of blood 
only happens in 1 person among 10 million people, then the prosecutor’s fallacy consists of 
inferring from this that the probability that the person is innocent is only 1 in 10 million. If the 
blood coincidence is the only evidence and there are for example, 20 million people in the city, the 
probability that the blood is from the person in question is only 1/20, and of course, the murdered 
person may have come from another city, which still diminishes the probability. 
The result is counterintuitive because we have difficulties in interpreting small probabilities. An 
event with small probability is not impossible and frequently happens if the experiment is repeated 
a large number of times. Suppose, for example, that a robbery has been committed and a sample of 
genetic material (such as blood) is found in the crime scene. This sample is compared with the data 
available in 20,000 cases of the police records and a match is found between the DNA of the sample 
and that of person A, whose data is contained in the records. Suppose the probability of finding a 
random person with this type of DNA is only 1 in 10,000. Can we consider that person A is to be 
blamed for the crime? Of course not! The probability that at least 20,000 cases appear at least one 
match with the sample DNA is quite high, exactly. 

2000011 1 86%
10000

⎛ ⎞− − ≈⎜ ⎟
⎝ ⎠

 

Because of the reported errors in statistical reasoning happening in court, Friedman (2007) suggests 
that both the judicial system and the scientific establishment, including statisticians and teachers of 
statistics have a large role in explaining and in recommending the better use of evidence in the 
courts. And of course, teachers of probability can use these examples to correct the fallacy of the 
transposed conditional, which is the belief that a conditional probability is commutative. 
 

5.2. Assessing risks in massive screening 
Another well-known and rich context to study probability is medical diagnosis, where sometimes 
there is a confusion of a conditional probability and its transposed. In this context these 
probabilities can be substantially different, especially in cases of massive screening campaigns, 
where a whole population is subject to preventive medical tests (Gigerenzer, 2002). 
Let us assume that a doctor suspects that a woman has breast cancer and recommends the patient to 
pass a given biometric test (for example a mammography). Suppose the test yields positive results 
in 95% of people with that illness (A) (test sensitivity) and in 5% of healthy people (not A) (test 
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specificity). Which is the probability that the person suffers from breast cancer if we know that the 
prevalence of this illness in the general population is 8/1000 and the test result is positive?  
 

Table 2. Frequencies of women with and without cancer and different test results in 100000 women 
 Positive result Negative result Total 

Cancer 760 40 800 

No cancer 4960 94240 99.200 

Total 5720 94280 100.000 
 
The situation can be better analysed if we consider natural (absolute) frequencies and a big number 
of women taking the test. In fact, in countries such as Spain every woman is recommended to pass a 
mammography every 1-2 years to prevent the disease, in what is known as massive screening. Lets 
assume that we have 100.000 women taking the test; the different possible events that may happen 
when considering the state of the woman and the test results are shown in Table 2.  We have 
considered the following data: 
• Illness prevalence P(A)= 0.008 
• Test sensitivity P(+|A)= 0.95 
• Test specificity P(- |not-A)= 0.95 
 
From this table the following results may be computed: 
• Probability that the person has the illness given a positive result of the test. ! ! + =
!(!∩!)
!(!)  = !"#

!"#$. Contrary to what many people expect this probability is smaller than the test 
specificity. The reason is the high number of healthy women that pass the screening and 
consequently, after a positive result of mammography if no other symptom is present the woman 
should require (and the doctors should recommend) new tests. 
• Probability that the person has no disease given a negative result, that is, P !"# − =
!(!"#∩!)
!(!)  = !"#"$

!"#$%= 99,9 and then a negative result is much more reliable than a positive result in a 
massive screening situation. 
 
The person receiving a positive result of the test may be shocked, in not differentiating the 
conditional probabilities: "that the mammography is positive when the person has breast cancer" 
and "having breast cancer, then the mammography is positive. In Table 2 we observe that when we 
consider a group of 100,000 women and with the assumed proportion of cancer in the population, 
approximately 800 of these women would be ill and 760 of them would be detected on the 
mammogram. Another 4960 women would receive a positive result, even if they are healthy (false 
positive) In total we have 5760 positive mammograms in approximately 100,000 women, most of 
whom are actually healthy people. 
The result may seem surprising and is due to the high rate of healthy women in the population who 
are tested annually, which leads to such a large number of false positives. On the other hand, even 
for women with cancer, the test is inconclusive, since approximately 10% of cases remain 
undetected (false negatives). The probabilities could be very different if the rate of patients in the 
population were higher (for example, if it were to detect the flu, or if the probability of false 
positive were lower (for example in older women). 
Of course, the probability varies when dealing with a medical visit (not a massive screening) where 
the doctor also takes into account other considerations, such as age of patient, family history of 
cancer, habits (such as smoking, etc.) or another symptom. However, it is important that people 
learn to interpret medical diagnosis results and, when unconvinced, ask for a second test before 
taking an aggressive treatment, such as  surgery. 
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6. Implications for teaching probability 
The examples analysed drastically show the potential consequences of a poor intuition on 
probability and the relevance of many decisions we perform in uncertain situations. Following 
Fischbein (1975), the distinction between chance and determinism does not appear spontaneously 
and completely at the level of formal operations, because we are influenced by the cultural and 
educational traditions of modern society, which guide our thinking towards deterministic 
explanations. It is for this reason that research in probability education proves the prevalence of 
these erroneous intuitions (Batanero et al, 2016; Jones, 2005.  Shaughnessy, 1992). 
The few examples described in the paper highlight the relevance of probabilistic reasoning for every 
citizen. As suggested in Batanero et al. (2016), to adequately function in society, citizens need to 
overcome their deterministic thinking and accept the existence of chance in their lives. At the same 
time, they need to acquire strategies and ways of reasoning that help them in making adequate 
decisions in everyday and professional situations where chance is present. The probability 
education of all citizens is urgent, given the number of misconceptions and wrong heuristics 
described in probability education research. 
Nevertheless, this education cannot be successful without an adequate preparation of teachers. A 
consequence of the philosophical ideas mixed with the different meanings of probability, the 
particular features of probabilistic reasoning, the students’ misconceptions and difficulties, and the 
increasing variety of technological resources is that teachers need specific preparation to teach 
probability. Although school textbooks provide examples and teaching resources, teachers need 
additional support, as some texts present too narrow a view of probabilistic concepts or only one 
approach to probability (Batanero & Díaz, 2012). 
First, teachers need adequate probabilistic knowledge that includes all the content they have to 
teach and an extended knowledge of probability that provides them with a perspective of the topic. 
Even if prospective teachers have a degree in mathematics, they have usually only studied 
theoretical probability and lack experience in designing investigations or simulations to work with 
students (Vásquez & Alsina, 2015). Moreover, recent research suggests that many prospective 
teachers share with their students’ common biases in probabilistic reasoning or either are not aware 
of such biases (e.g., López-Martín, Batanero, & Gea, 2019; Vásquez, & Alsina, 2017).  
However, even more, teachers need to increase their didactic knowledge to teach probability. In this 
sense we should take into account the different facets of didactic-mathematical knowledge describe 
by Godino. Giacomone, Batanero, and Font (2017):: epistemic facet (knowledge of mathematics), 
cognitive and affective facets (knowledge of students ways or reasoning, strategies in problem 
solving, affects and interests), mediational (tools and technology), interactional (ways of organised 
the classroom interaction) and ecological aspects (relationships of the topic with the curriculum, 
society, and other matters). 
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Abstract. The presentation is a result of a reflection from 38 years of a teacher researcher. It 
is discussed a new challenge for Mathematics Teacher Education about the need of 
considering complexity framework: The need for improving the quality of epistemic analysis 
of a preservice teacher practice. It answers the question of such specific competence 
necessary in professional training programs for mathematics teachers to cope with the 
increasingly complex world challenges. It is used an example of tutoring a secondary school 
teacher when teaching volume for 13-14 years old students. Behind that, case study there is a 
discussion about the importance of facing complexity of mathematical objects and processes. 

Résumé. Cette présentation est le fruit d’une réflexion d’un chercheur enseignant de 38 ans. 
Nous discutons d'un nouveau défi pour la formation des enseignants en mathématiques 
concernant la nécessité de prendre en compte le cadre de complexité : la nécessité 
d'améliorer la qualité de l'analyse épistémique d'une pratique de professeur de base. Il répond 
à la question de la compétence spécifique nécessaire dans les programmes de formation 
professionnelle des enseignants de mathématiques pour faire face aux défis mondiaux de 
plus en plus complexes. Il est utilisé comme exemple de tutorat d’un enseignant du 
secondaire lorsqu’on enseigne le volume à des élèves âgés de 13 à 14 ans. Derrière cela, se 
trouve une discussion sur l’importance de tenir compte de la complexité des objets et des 
processus mathématiques. 

 

1. Introduction. About complexity of mathematics thinking.  

Are the mathematical objects simple? “Complexity thinking recognizes that many phenomena 
are inherently stable, but also acknowledges that such stability is in some ways illusory, arising in 
the differences of evolutionary pace between human thought and the subjects/objects of human 
thought” (Morin, 2014). A complex system’s capacity to maintain coherence is tied to the deep 
commonalities of its agents. Complex phenomena would appear with the ecology metaphor.  The 
usual characteristics of a complex educational system are the following:  self-organized, bottom-up 
emergent, short-range relationships, nested structure   (or scale-free networks), organizationally 
closed (as inherently stable), structure determined, far-from-equilibrium (Davis & Sumara 2006).  

According to this, we understand that there are a set of levels when interpreting teacher 
Education System (figure 1) from the understanding of training programs, the teaching 
competencies, the importance of Didactical analysis, and in particular epistemic analysis, and the 
understanding of mathematical objects and processes.  
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Figure 1. Systemic approach for a Teacher Training Program 

 
Let’s say in our case, an Interuniversity's Institutional Master’s Training program in Catalonia 

since seven years ago. In such institutional background, we promote a set of contents and 
competencies by including the following settings:  

A previous degree ensuring basic formation on mathematics, A psycho, socio, pedagogical 
educative discussion related to mathematics education. A revised mathematical discussion (problem 
solving, modeling, history of mathematics...). Such discussion should give elements for epistemic 
analysis.  

It also includes a reflective practice in a Secondary school, including participation in school 
mathematics community. Elements of Didactical Analysis, assessment and suitability criteria, and a 
final reflection (Master professional thesis).  

 
Epistemic analysis in a complex system.  
Since cognitive 80’s perspective, cultural aspects are first contextualised mathematical practices 

(pi). The different semantic meanings should be constructed connectively in a structured way over 
it, in a complex way.  As I explained in my phD thesis, according Kieren’s ideas using the example 
of rational numbers, I identified that the complexity of Mathematical objects seems to evoke more 
than a single unitary object, but a systemic complexity formed by parts or components build upon 
primary ideas.  

 

Figure 2. Rational numbers system as understood by Giménez (1991) 

Mathematics Teacher Education should be understood as complex promotion of competencies, 
including creativity to understand epistemic complexity of mathematical objects. We should be 
creative if we know real phenomena associated to a math object and what mathematics can appear 
in real world experiences. The main aim is to introduce future teachers into a critical perspective by 
recognizing creative people, as Ferran Adrià did in a cooking environment. We assume that 
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connections are in the heart of such a creative process.  As Claudi Alsina said: “Neither microscope, 
nor telescope, just a math-scope” (Alsina, 1998).  

In such a perspective, we assume a Didactical analysis approach following the model DCMM 
(Godino, Giacomone, Batanero & Font, 2017; Godino, Batanero & Font, 2019).  There is a need of 
having suggestions for self- analysing mathematical practices. But, we do not have any Ratatouille 
who help us for self-control and reflection to say what is a “good mathematical practice”. We need 
suggestions from outside ourselves.  How to learn to manage and organize good practices, and what 
characteristics can we verify in them? How to help future teachers assess reflection as a generator of 
improvements in mathematical practices? An answer given in our research group is the recognition 
of a criteria of suitability or quality facing the school approach to the complexity of mathematical 
objects by using good practices. 

A good practice is one that does not promote mathematical errors. Recognizing that mistakes 
have been made is a principle of improvement. But it also faces the ambiguities that arise from the 
metaphorical view of many mathematical ideas. The recent pragmatic proposal to talk about 
enriching mathematical processes, establishing connections between meanings seems to be 
important as well. And it is because it will be possible to imagine if a certain type of task puts the 
processes in evidence or not. And what contextual elements can favor better results. And how it 
serves to foster critical and creative people. Therefore, we decided to follow an epistemic initial 
problem by introducing the Institutional genesis of math knowledge is investigated in the 
ontosemiotic perspective (OSA) perspective by considering:  a) to identify and categorize the 
problems-situations (phenomenology) needed to solve. b) To describe operational, discursive and 
normative practices during the resolution. c) To use a systemic set of configurations (definitions, 
processes, languages, propositions, arguments.  

Now, almost 30 years after, we assume the need of being aware of Complexity of the 
mathematical objects by pragmatically observing relations among mathematical meanings and a 
systemic approach of relating mathematical configurations, as it is presented as an example for the 
average median (Font & Rondero, 2015). We assume that some suitability/quality criteria would 
help us to improve such didactical analysis. It means to consider Epistemic, Cognitive, 
Interactional, Mediational, Emotional and Ecological analysis using ontosemiotic approach. 
Specially considering the emergence of objects (Font, Godino & Gallardo, 2013).   

 
Figure 3. Integrated scheme of dimensions for didactical analysis in OSA perspective. 

It means (as we see in figure 3), to consider an epistemic analysis, normative analysis, 
management of the didactical configuration, analysis of global meanings and didactical 
suitability, by observing the system of practices, didactical trajectories, ontosemiotic 
configuration and the normative dimension. There is also a need of a locally interpretation of 
such suitability criteria. 
Therefore, in our theoretical perspective, we assume the suitability criteria as an optimisation 

problem for Teacher Education in the Ontosemiotic approach perspective (Giacomone, Godino & 
Batanero, 2017; Godino, Batanero & Font, 2019).  The main new issue of such an approach is the 
need to a more complete analysis than the only cognitive perspective used analyzing p-primes 
knowledge. 
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2. Using an adequate training space for reflection 

How to do such an analysis in a Teacher training program as we explained before?  We assume a 
task design process (Giménez, Vanegas & Font, 2013). Searching for good reflective processes 
means identifying meanings of a math object, improving prospective teachers own practices. We 
use a path for the training process through several actions: 

Planning the practice.  

It is an important tutorial training phenomena during pre-service teacher formation by 
considering an a priori epistemic analysis to build a Study and Research Path (Barquero & Bosch, 
2015). Valuing relevant contexts and adequate tasks. Would anyone say that a good practice is like 
a good vegetable stew? This is the metaphor that future professors think solves problems. For a 
while, Grandma's recipes were the patterns of good cooking. Good research has been thought to be 
good Wikipedia for teachers to learn. Nothing is further from reality. 

In this part of planning the mathematical practice, it is needed to overcome a naif reflection 
about management and organization of the didactical units. Since the beginning of the Master 
formation, we leave the responsibility of the planning to the tutorial action.  Observing the results of 
the final reflections, I intuitively feel the need to overcome the dependence of an experienced tutor 
when some final reflections are compared (Vanegas, 2012; Vanegas and Ferreres, 2015).  

We see the importance of having a set of criteria to improve epistemic quality of the 
mathematics (Vanegas, Font & Giménez, 2016): Step 1. The need of being aware of mathematical 
errors.   Step 2. Facing mathematical ambiguities. Step 3. Being aware of the need of including as 
much mathematical processes as possible. Step 4. Being aware of the connections among math 
meanings and limits of contextualisation watching the students’ progress. And step 5) the need to 
identify the representativeness of mathematical meanings. It means the need of considering the 
hypothesis of a theoretical integrated systemic perspective for the meanings as a complex system.  

We know that experienced teachers should have an initial proposal in which the mathematical 
activity is as enough rich of mathematical processes as possible. And it is one of the reasons that 
many teachers do not understand the proposal of mathematical “competential” practice as including 
the richness of processes. My hypothesis is that some of the criteria of epistemic suitability should 
be introduced since the beginning of planning.  My proposal is now that to improve the awareness 
of reflecting about epistemic quality, is necessary an early start of the planning process including 
some suitability criteria to have a best organized sequence of mathematical tasks since a first 
version.   

In the works of Sheckel & Font (2015); Breda, Font & Pino-Fan (2018), Font, Breda and Sheckel 
(2018) explain various examples such as the case of the Tales Theorem, or polynomials where 
teachers analyse didactic sequences they have made, in which there are gaps in recognition of said 
representativeness. In terms of analysing the quality of a teaching sequence, a criterion of suitability 
is that the set of practices implemented be as representative as possible of the system of practices 
that are the meaning of the object. 

 

The reflection during implementation phase. 

There is a need to have a reflection during implementation process. We think that it should pay 
attention to epistemic and cognitive suitability, interactive framework, and some normative aspects. 
After our recent experience, we also think that reflective process in this phase, should include 
reflection about some representativeness of mathematic knowledge, considering the need of an 
inter-related representative set of meanings and well connected (Giménez, Font & Vanegas, 2013; 
Breda, Font & Pino-Fan, 2018). The implemented practices should be a set as representative as 
possible of the system of practices considered about the meanings of the Mathematical object. In 
our experience, this is difficult in many cases of future teachers, because future teacher has no 
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enough epistemic background.  For many years, we assumed that it was important for future 
teachers to plan in a general way. But recently, we observe the need to introduce such reflection in 
our tutorial phase during the implementation.    

The final reflection  

The Final Master’s Thesis is the last phase of reflection in which we propose the future teachers 
to analyze their practice by using suitability criteria. I will argue in the example of an analysis of a 
volume practice that a future teacher uses such scheme as a helpful element to analyze his practice.  

3. A case study: Analyzing a sequence about the volume.  

The aim of our proposal is to describe what happens in a teaching Program when suitability 
criteria (according OSA) are used to reflect about the complexity of math objects. Thus, to 
recognise the impact of these suitability criteria on the quality of epistemic analysis of future 
teacher practices.  We’ll use a case study about the consideration of complexity of volume with 13-
14 years-old. A future teacher called Anthony is specially analysed.  

When preparing his lesson plan, we discuss about the role of epistemic configuration to plan the 
practice.  He identifies mathematical meanings even he knows the different contexts involved. But 
he is not fully aware of the need of connectedness for having representativeness of the most part of 
the meanings. And the difficulties to manage the use of time in his practice.  

 

Observations before the teaching practice.  

From helping decision making of the teacher to introducing phenomenological reflection as 
“break make-transformations” (Freudenthal 1983).  First, the intention of such tutorial reflections is 
to outline the complexity of the concept, revealing the conceptions of children (Potari & 
Spiliotopoulou, 1996: 356-357). Then to connect to real associated phenomena, from Freudenthal 
perspective. After that, the future teacher decides to introduce different meanings, but any comment 
to this part of history.  

During the tutorial moment we discuss with Anthony about some comments relating the famous 
article from Ricco and Vergnaud (1983) about the difficulties with discrete volume.  We also 
discuss about the meanings considered by Piaget Inhelder y Szeminska (1970): (a) internal volume 
(amount of units of material in a body). (b) Occupied volume (amount of space occupied by a body 
related to others in the environment) (c) Displaced volume (when the object is submerged in a 
liquid). According to such discussion, we consider the future teacher adopted the following six 
meanings: M1 space occupied vs internal space observed against intuition; M2 Archimedian 
measurement as comparison; M3 Estimative computation by using Cavalieri principle and 
indivisible difference estimation vs continuous idea; M4 Flow measurement problems using 
equivalence relation vs capacity as linear dimension ; M5 Measuring as functional approach as 
opportunity to have benmarchs; M6  Integral definition not appropriated in this age. 

During a first tutorial session, we discuss the need of taking decisions about the border of 
epistemic configuration that should be used in the lesson. Epistemic configuration means to explain 
the statement of the situation, definition adopted, representations, argumentations & reasoning. We 
also reflect a lot about how it appeared a historical evolution for the Volume of a pyramid, revealing 
powerful ideas from Liu Hui, arithmetisation to infinitesimal calculus. 

Observing the written document reflection, Anthony think that his proposal allows the children 
to overcome difficulties found by Ricco and Vergnaud.  We also found at first, the importance of 
following the following sequence is recognized: (1) emphasize the notion of volume as occupied 
space. (2) Contextualize conventional measures of cubic meter, cubic decimeter and cubic 
centimeter. (3) Distinguish volume area in discrete contexts. Assuming that in prismatic situations 
the volume is the product of the area of the base by the height. And assuming volume as an additive 
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measure of AUB as sum of measures. (4) He recognize that the area can be minimized in situations 
of volume equivalence, by compaction. (5) He also establish the idea of volume as a relation to talk 
about the relationships between cube, pyramid, cylinder, and cone and sphere experimentally. And 
from there have elements to calculate volumes of these forms.  

Reflections during the practice.  

In this phase, the tutor attend to some classes to help the future teacher with its reflection and to 
help for better understanding of suitability criteria. Observing the classroom activity, we observe 
that the future teacher proposes (defines) that the volume is a space occupied by something. And 
this justifies talking about “how big a cubic meter is and how important it is for children to see it". 
The meanings are related to the problem fields and this with the context. Thus, in the pre-practice 
tutorial discussion, we discussed that Freudenthal pointed out that in volume ideas they occurred in 
contexts of liquids in the measurements of daily containers of water, milk juices, etc. Also in the 
consideration that prismatic volumes can be considered "sliced" bread. 

 
Figure 4. Children 

observing the cubic meter 

To do this, he contextualizes visually with sticks of 1m that the children 
take with their hands. Nevertheless, he immediately wants to introduce the idea 
of the conventional unit of measurement and for this he refers to the 
connection with the volume of a milk carton, asking for "how many briks 
would fit in the cubic meter".  

The future teacher suggest the importance of relating the notion of volume 
with the pluviometer, build by the students. 

During the continuation, the future teacher proposes a good plan to analyze the computation of 
the volume, by using slices of bread, and to compare the possible equal volume with different 
positions. We can say that many of the future teachers did good planning, but we cannot see in their 
documents the same level of being aware about the complexity of the mathematical objects. 
Anthony prepare a good set of tasks, even without recognising the need of more connections among 
mathematical meanings. He is worried about an epistemic perspective of Mathematical practice in 
school (not common). He insist on the difference between discrete measurement of cubes and 
continuous measurement of sphere related to the need of approximation.  

Immediate reflections after the classroom observation.  

After watching the practice, the Trainer suggested some proposals to make more connections and 
the need to produce images for improving understandings. The tutor suggest for instance to include 
in a new practice. How many litters of liquid we eliminate when sports transpirations?  Do you 
know about the formula for estimating the amount of blood in our body?  He also suggest to 
contextualize more and to include a functional approach for volume, to see the variables influencing 
its computation.  

Reflections at the final Master thesis.  

Master’s thesis, one month after give us opportunities to observe the influence of using 
suitability criteria. In Anthony’s planning, there are a set of previous interesting elements that we 
have not observed in other students: a) it seeks to confront the complexity of the connection 
between the idea of space and form (with its dimensionality) and volume. b) Seeks that students 
face the complexity of the real world, distinguishing between physical properties of shapes, 
materials, etc. and the form as part of the space that has a volume. c) He has an epistemic 
(uncommon) concern for recognizing the mathematical as different from the physical. And 
mathematically, it identifies the difference between the discrete measurement of the cube count of 
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the continuous measurement of certain objects such as the sphere, which allows an approximate and 
definable vision with real numbers. d) It is clear that the volume is linearized when considered as a 
capacity in the case of liquids. e) Try to integrate at least two meanings of volume. An initial 
concept of volume as a place, which allows us to talk about equivalence and the idea of volume as a 
measure that expresses a relationship. 

From the analysis, we observe that the future teacher Anthony assume many of the suitability 
criteria proposed, mainly on epistemic reflection (Giménez, Font & Vanegas, 2013). The 
consideration of representativeness with certain difficulties when applying the tasks in the 
classroom.  He uses a counting discrete approach to try to solve the problem of trilinearity, but does 
not relate contextual examples of re-shaping a volume in continuous context.  After having 
discussed in the course the notion of representativeness, he recognized the mistake, and propose a 
way to solve it.  

This future teacher considers the need to connect functional approach with direct measurement 
meaning in the discrete case. At that time, he proposes to improve this by using a geogebra 
mediation to reveal the use of variables when computing the volume of a box in a discrete case. He 
thinks that it can help more than the simple table he used in the class, to see what happens for a 
fixed volume if you change one separated variable. He says “then it is possible to visualize the 
invers proportional relation”. Let us see what he said about richness of processes. For instance, 
"Problem solving articulated the whole experience. A good part of concepts arose as a necessity to 
solve situations, and it was only formalized once it had been discovered “.Trial and error processes 
were especially strengthened, since in many activities systematic explorations were included by 
means of physical manipulations (construct, touch, see). “The argumentation…Several problems 
(orthohedres cut, with the same volume, 3D constructions with the same views) asked / valued all 
the possible solutions, as well as the explanation of the systematization strategies that they used.” 
Around the equivalent volume different intramathematic connections were worked on. “The 
problem of finding all possible orthohedres of equivalent volume required the factorization of 
integers as a strategy of systematization, connecting geometry, measurement and numbering”.  

Anthony also introduced a deep reflection by analysing epistemic “structureness” that we see 
as a flavour of the recognition of contributing to a complexity of mathematical structure. He said…  
“My new proposals introduce improvement in the sense of reinforcing proportional relations 
among volumes from a double side: (1) Direct measurement as unidimensional comparison. At the 
same time, the inverse proportionality between the size of unit and the corresponding measurement 
will be studied from the change of units. For a better consolidation, we will use as well the 
conventional as arbitrary units. (2) Facing the indirect measurement with the change of 
dimensionality. Thus the equivalence of volume will be presented in the context of displaced volume 
in recipes with different dimensions and corresponding vertical graduations, having a different 
perspective of traditional change of units”.  

 
4. Final remarks. 

The examples presented in the specific Anthony’s case study show that Prospective Teacher 
fully appropriate himself the suitability criteria. He even argued in some conversation “It seems to 
be a great idea for reflecting about the work done”.  

According the observations, we see the influence of the future teacher using the suitability 
criteria when analysing their practice. Almost every future teacher considers to overcome the 
possible mathematical errors and ambiguities; richness of processes, their relevance and systemic 
perspective. Anthony and some others assume the need of connectedness among contexts used. It is 
also found the need for representativeness. The case of Anthony is special, because he made explicit 
the mathematical meanings as representative of the complexity of math notion. We finally assume 
that just a small number of future teachers also introduce a reflection about the structure of the 
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mathematical object identifying the complexity of mathematical object. Nevertheless, definitions 
and arguments of the configuration are not completely detailed in his reflection.  

The difficulties of future teachers in solving situations about the idea of volume are known. In 
many cases, teachers say that the main difficulty with volume is the problem of changing measures. 
But the difficulties that arise from the daring in facing complexity are less known. When this occurs 
as the case of Anthony partial meanings are discussed, and therefore it is more possible that 
complexity is considered. We finally interpret what Einstein said: EVERYTHING SHOULD BE 
AS SIMPLE AS POSSIBLE BUT NOT SIMPLER!  
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Abstract. From experiences and research in Papua New Guinea, three key theses can be 
established building on Indigenous mathematical knowledges. First the importance of visual 
and spatial aspects of mathematical reasoning. Physical and visual comparisons, halving and 
using ratios are involved in reasoning about estimations of measures of attributes of objects. 
Viewing and feeling in your body have become major ways of reasoning in Indigenous 
cultures. Nevertheless, most school curriculum begin with counting rather than looking at the 
visuospatial attributes of size. Examples of practice indicate that many alternative 
experiences could be provided in early education and be a way of making mathematics real 
for older students. Second, studies of counting systems establish the longevity of counting in 
New Guinea, Melanesia and the Pacific from 10, may be 40, thousand years ago – a little 
told fact in the histories of number. Recognition of the composite groupings in these systems 
assists the conceptualisation of number. Finally, a caution on curriculum: post Europe’s 
colonialism, neo-colonial attitudes and aid advisers perpetuate a lack of recognition of 
Indigenous mathematical knowledges. 01A07, 01A13, 11-03 

Résumé. D'après des expériences et des recherches menées en Papua New Guinea, trois 
thèses clés peuvent être établiées en s'appuyant sur les connaissances mathématiques 
autochtones. Premièrement, l’importance des aspects visuels et spatiaux du raisonnement 
mathématique. Les comparaisons physiques et visuelles, les rapports de moitié et d'utilisation 
sont impliqués dans le raisonnement relatif aux estimations de mesures d'attributs d'objets. 
Voir et ressentir dans votre corps sont devenus des moyens de raisonnement majeurs dans les 
cultures autochtones. Néanmoins, la plupart des programmes scolaires commencent avec le 
calcul, plutôt q’avec les attributs visuospatiaux de la taille. Des exemples tirés de pratique 
indiquent que de nombreuses expériences alternatives pourraient être proposées dans le cadre 
de l’éducation préscolaire et constitueraient un moyen de rendre les mathématiques réelles 
pour les étudiants plus âgés. Deuxièmement, des études sur les systèmes de dénombrement 
établissent la longévité du dénombrement en Nouvelle-Guinée, en Mélanésie et dans le 
Pacifique à partir de 10 000 ans, peut-être 40 000, ans - un fait peu connu dans l'histoire du 
nombre. La reconnaissance des groupements composites dans ces systèmes facilite la 
conceptualisation du nombre. Enfin, une mise en garde sur le curriculum: le colonialisme 
post-européen, les attitudes néocoloniales et les conseillers d’aide perpétuent un manque de 
reconnaissance des connaissances mathématiques d’Autochtones. 01A07, 01A13, 11-03 

1. Introduction 
This paper tells my story as a way of providing evidence of how Indigenous knowledges can 

transform one’s perspective on mathematics and mathematics education. It also shows how learning 
occurs from this perspective and how education and curriculum can change. My understanding of 
mathematics has been heavily influenced by the enrichment of living in Papua New Guinea (PNG) 
for 15 years, teaching mathematics at the PNG University of Technology and teaching health 
education and education at Balob Teachers College followed by a further 30 years of research with 
my colleagues in PNG. This knowledge is strengthened by other ethnomathematics research studies 
and living in a rural city in colonised Australia on Wiradjuri land with Aboriginal Elders and 
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colleagues sharing their understandings of yindyamara winhanganha, the wisdom of respectfully 
knowing, considered, going slowly, listening, valuing, caring, learning how to live well in a world 
worth living in (understanding of wisdom gifted by the Elders to Charles Sturt University).  

There are three important theses that my colleagues have helped me to develop through 
Indigenous mathematical knowledges. These include the importance of visual and spatial aspects of 
mathematical reasoning; a new history of number; and a clearer perspective on PNG colonial and 
neo-colonial mathematics education. Summarising this research establishes that ethnomathematics 
should influence pedagogy and curriculum worldwide, in multicultural societies and classrooms, 
and Indigenous societies. Figure 1 represents an arguable ideal that results from recognising and 
valuing ethnomathematics or as D’Ambrosio has said “the backbone of mathematics” (2008)1. 

 

Source.Owens (2016) 

Figure 1. Ethnomathematics incorporates other mathematics. 
Papua New Guinea’s main island has many steep valleys and large relatively fertile upland 

valleys in the highlands of the mainland. It has a coastal fringe with coral reefs and some wide 
lowland river valleys and sago swamps. It is half of the island of New Guinea and hundreds of large 
and small islands. It is north of Australia (who held it as Trust Territories through two World Wars), 
south of the Philippines, and east of Indonesia. Papua New Guineans are Melanesian but there are 
850 languages and cultures. There are several language phyla of the older languages (Papuan or 
Non-Austronesian) and then there are Austronesian languages with many clusters, mainly around 
the coast in PNG as well as in Island Melanesia. Different cultural groups and families within these 
groups own the land and have close connections to the land but there was considerable trade 
between groups before colonisation. This ecological background impacts on people’s mathematical 
activities. PNG languages and cultures are still very much intact although a few languages are 
endangered or quickly changing (see Figure 2 for a glimpse). 

Port Moresby is the capital and it sits on a small parcel of land so has many high rise buildings, 
and many self-help housing settlements of people from all over PNG. Despite PNG’s wealth 
(mines, coffee etc) and considerable aid (mostly Australian, Japanese and New Zealand Aotearoa), 
many PNG people live in poverty in towns alongside profitable enterprises or as subsistence 
farmers hunting, fishing and gathering foods like sago, fruits and nuts and managing cash crops 
such as coffee and copra. Recent environmental damages have occurred through climate change, 
under-regulated fishing, forestry, mining, and oil palm. Its population since Independence in 1975 
has doubled creating many problems for education such as a lack of schools, large class sizes, 
limited or no materials, access to salaries, difficulties for management, lack of trained teachers, and 
inadequate professional development although some is amazing such as the early literacy courses 
run by SIL, our elementary project though too small, or the planned inservices of the mathematics 
association. 

                                                        
1 Keynote address at International Congress for Mathematics Education, ICME11, Copenhagen, 2008. 
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Figure 2. Diversity of cultures, foods, handcrafted earthen cooking bowls, homes, and dress. 
Infrastructure is limited for medical services, sewerage, telephone lines, running water, roads, 

and electricity except in towns and some more remote settlements and boarding schools. High fuel 
costs for dinghies; lack of teacher education for the elementary school teachers, and remoteness 
create some challenges for teachers and education. Its contact with Europeans and colonisation 
began around 1880s and continued as Territories through the World Wars until 1975 Independence 
when Department heads were Papua New Guineans and nearly all parliamentarians were of PNG 
cultural background. There are very few expatriates (mostly aid or church workers) or naturalised 
citizens (usually long-term business men), about 20 000 refugees from West Papua2 (also 
Melanesian), and virtually no migrants (recently new Chinese have been entering and taking over 
trade stores). So in terms of colonisation, PNG’s cultures have not been as affected as in other 
countries, thanks to the remoteness, the coral reefs, rugged terrain, lack of large edifices, and the 
independence of each of many language group.  

2. Visuospatial Reasoning 
This study began with my observations and yarns in PNG in many villages when I went with my 

students for teaching practices or we went hiking into the villages. Colleagues like Geoff Smith and 
Glen Lean also discussed their research about the counting systems and I was able to read the many 
papers written about spatial research carried out in PNG (Bishop, 1978; Lean & Clements, 1981; 
Saunderson, 1973) while I was teaching mathematics for Architecture students and others at the 
PNG University of Technology. Eventually over the 45 years, I stayed for a few hours to three 
weeks in 60 villages across 14 Provinces, and each one left an impression of the people’s rich 
culture including language and relationships between people and the land, their material culture, 
and their ways of thinking including cultural mathematics. In many cases, friendships with 
community members continued for many years. In many places, with permission, I took 
photographs and video of activities involving mathematics and discussed mathematical thinking 
with the people. I acknowledge the knowledge and sharing of the people I met and knew (know) 
well in PNG. 

Returning to Australia, I carried out a mixed method, quasiexperimental study of spatial thinking 
during geometry problem solving by students in Grades 2 and 4, from three schools in multicultural 
low socioeconomic areas of South Western Sydney, a school in Western Sydney, and a town school 
in PNG. The students improved on the delayed posttest when compared to the matched control 
group who undertook number problems and pretest scores were taken into account (n=179, F=5.07, 
p=.02). The videorecorded episodes of groups in these classes together with interviews with 
immediate retrospective stimulated recall by students undertaking these geometry problems were 
analysed. It was a grounded theory study but it was influenced by Presmeg (1986) and Goldin 
(1987) in particular. Based on codes developed from the interview data in conjunction with the 
videos, each videod segment of learning was coded with the apparent cognitive processing and the 

                                                        
2 The western half of the mainland and islands occupied by Indonesia; the name is used by refugees. 
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interaction of these processes. My analysis of this work indicated the importance of visual imagery 
along with attention (noticing, influences of past experiences, the problem, arrangement of the 
materials, and comments from others), heuristics such as what the problem was and what they could 
try, concepts and affective processes. Influenced by the concrete materials and comments of others, 
the cognitive processing resulted in responsiveness – doing and saying – which in turn influenced 
the position of concrete materials and what teachers and peers might next do or say. Thus the 
problem solving continued and their imagery and concepts developed (Owens, 1994, 1996; Owens 
& Clements, 1998). The model that I developed was extended as my research in Papua New Guinea 
continued (see figure 7 in this paper). 

One aspect of this research concerned the developing visualisation of tiling of rectangular or 
other areas with square, rectangular or triangular tiles and how children began to structure their 
visualising (Owens & Outhred, 1996). Figure 3 shows a child’s responses to the paper-and-pencil 
items of my test: covering a rectangle with a given square tile, an equilateral triangle and trapezium 
with equilateral triangles, then another trapezium with a right-angled isosceles triangle and the last 
square with rectangles following eight investigations such as making a pattern block shape larger 
with the same pattern block or covering tangram shapes with smaller tangram shapes. Noticeably, 
as (Outhred, 1993) also found, the students moved from single tiles to noting structure. 
Subsequently, a professional learning package was prepared for teachers on spatial reasoning and 
good teaching practices for problem solving learning that encouraged children to investigate, 
visualise and learn geometry.  

 
(Source. Owens & Outhred, 1996, p. 36) 

Figure 3. Students’ visualising tiling rectangles and other shapes.  
 

This research influenced the NSW3 Department of Education professional development program 
undertaken by Peter Gould, Diane McPhail and several teachers to establish an approach to teaching 
space and geometry for primary schools. We developed a series of learning experiences that 
focused on investigating and visualising, and describing and classifying. In particular, we used 
terminology familiar to teachers in early number to suggest at various times children will use 
differing kinds of visual imagery: emerging, perceptual, pictorial imagery, pattern and dynamic 
imagery and efficient imagery. We used video materials explaining the ideas, exemplar teaching in 
classrooms, and children undertaking assessment tasks demonstrating the various visual imagery 
approaches. Trial schools were a representative sample of schools supported by consultants or in-
school facilitators, the latter providing the best support when the training packages were utilised 
(Owens, 2004; Owens, McPhail, & Reddacliff, 2003).  

We continued to visit PNG for research with colleagues. One study was with Architecture 
students whose first design project was heavily influenced by their cultural experiences (Owens, 
1999). Figure 4 shows three of the designs. The use of mathematical shapes together with canoes, 
ways of joining objects, recognition of space and other foundational cultural ways with weaving, 
decoration, and curves is evident in their paper-cardboard sculptures. However, there was a 
challenge when they said that “we are PNGian, we will be good architects”. I wondered if students 
would say the same about mathematics. 
                                                        

3 New South Wales is a state of Australia with Sydney as its capital. 

Pretest 

 

 

Posttest 
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(Source: Owens (1999, pp. 291-292) 

Figure 4. Paper only sculptures reflecting imagery associated with PNG culture.  
 

Wilfred Kaleva supported by Rex Matang4 at the University of Goroka (UoG) were already 
studying ethnomathematics and together we developed a study of measurement practices using a 
questionnaire given to hundreds of tertiary students using intranet facilities, 16 interviews of staff 
and students, focus groups with students to check our developing understandings, and visits to 
villages in three different areas (coast, highlands, and coastal valleys) where the co-researchers 
(usually tertiary lecturers) had language, families, and land, and participated in cultural practices, 
and sometimes they organised for visits to nearby language groups. The villagers demonstrated and 
discussed their practices such as building houses or canoes or bows or making feasts or exchanges. 
We used available written records. We gathered words related to measurement. We also had reports 
prepared over 10 years by student teachers of cultural mathematics and its links to school 
mathematics. These were all analysed, and significantly visuospatial reasoning was an important 
aspect of their practices (Owens & Kaleva, 2008a, 2008b). Memory held many images for creating 
new objects, problem solving occurred regularly as a group working together on projects such as 
house building using ropes and sticks for assessing lengths, the eye used especially for right angles 
with people or sticks marking points, and talented individuals often taking the lead on specific 
aspects. Discussion considered purpose, angles (e.g. for slope of roof) matched to approximate 
heights and lengths, images of tessellated triangles and rectangles, the amount of bush material 
products for one area of the house, embedded mathematics such as the effect of a particular sized 
radius for a round house or weight for a trap, the height of the wall in comparison to the height of 
the person’s shoulder or the floor space needed for a certain number of people, and structure and 
testing for balance of canoes or arrows, (see figure 5, (Owens, 2015; Owens & Kaleva, 2008a, 
2008b). The student teachers linked their cultural mathematics to the school mathematics, mostly as 
representations in material culture but others recognised the mathematical ways of thinking of the 
Elders. Importantly, the students were proud that their ancestors used mathematics in their cultural 
activities “even if they did not know it” (as many said). 

   

   

Trap model, gardening, house building (all in mid-Wahgi, Kopnung village), explaining in Miss and 
Malalamai, Madang, Roa Kaleva’s mother (Keapara Elder) explains her basket thinking. 

Figure 5. Discussing cultural mathematical activities: making a trap, garden, houses and basket. 
                                                        

4 Rex Matang was beginning his number research building on the work on counting systems, see next 
section. 
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Another major design-research study was on preparing and trialing a design for PNG elementary 
school teachers which took account of language, cultural mathematics and early mathematics 
learning (at home and in the school). Lessons had an inquiry approach (Global Education Project 
(NSW), 2014; Murdoch, 1998). The approach has learning sections on tuning in (engaging and 
relating to real life), planning to find out, finding out, sorting out, going further (deeper thinking), 
making connections (to other mathematics, real life and other subjects), taking action (sharing with 
others and applying), and reflecting and summarising. Through this approach students can relate 
their own mathematics, and inquire about how it might be extended or related to school 
mathematics. Thus the connections linguistically, concretely, and then abstractly may be established 
in a meaningful way. During the professional learning sessions, we used videos and had teachers 
practice the assessment tasks and new ways of teaching. Books on mathematics topics for early 
readers were prepared in English with space for the local languages. We provided a manual to cover 
all this theory. Later, we also provided this material on computers with the associated video 
material, manual information, and books on mathematics topics for early readers. We provided each 
teacher with a solar panel, battery and computer, introducing the professional learning while 
teaching them how to use the computer. However, it was an aid project and the government 
changed and the school curricula changed but the teachers and teacher trainers learnt much about 
incorporating culture into school mathematics, and how to teach early mathematics effectively 
(Edmonds-Wathen, Owens, Bino, & Muke, 2018). The simplified final model of mathematics 
teaching is shown in figure 6. 

 

(Source: Owens, Edmonds-Wathen, & Bino, 2015, p. 48) 
Figure 6. Pre-elementary and elementary knowledge for teaching mathematics. 

 
The research studies showed that reasoning visually and spatially was a critical part of 

mathematics and that it could be a sound way to build on cultural backgrounds. Through taking a 
critical ecocultural pedagogy, major change can be undertaken to enhance mathematics.  
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Source. Owens (2015, pp. 15, 259)  
Figure 7. Culture’s impact on self-regulating learner and mathematical thinking identity. 

 
The findings from these research studies were used to develop an understanding of mathematical 

identity that was strongly influenced by cultural identity (Owens, 2014). Together with cultural 
identity, self-regulation which is dependent on visuospatial reasoning, conceptualising, attitudes and 
beliefs, and problem solving are keys for establishing mathematical thinking identity (Owens, 
2015). This is shown in figure 7. Importantly, ecocultural contexts influence the ecocultural identity 
but also impact on mathematical knowledge and learning, attitudes and values. In turn this 
ecoculturally influenced learner identity also impacts on the mathematical thinking identity creating 
an ecocultural enduring ingrained valued self-perspective for ways of thinking mathematically.  

3. Number Systems and Society 
Building on Glen Lean’s 22 year study of the counting systems of PNG and Oceania, new 

evidence supports his general thesis that counting did not spread in waves from the Mediterranean 
area but was developed by these ancient Australian and Papua New Guinea cultures. While there 
was some local diffusion through trade, some systems were developed within the culture, often 
using body parts such as hands, or all digits, or many other body parts typically up one arm, across 
the head, and down the other arm. Figure 8 provides one example illustrating half of the 
symmetrical 35-cycle body-part tally system of the Fasu in the Southern Highlands Province (May 
& Loeweke, 1981), one of the Trans New Guinea Phylum languages. It seems the body-part tally 
systems are unique to PNG and Australia. 
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Figure 8. Body part counting system used in Namo Me (Fasu language), Southern Highlands. 

Table 1. Number of languages in the collected data in each Papuan Phyla. 

Types of 
Counting 
Systems 

West 
Papua 

East 
Papua 

Torri
celli 

Sepik-
Ramu 

Trans New 
Guinea 

Minor 
Phyla 

Total 

(2) 0 0 0 3 39 0 42 
(2, 5) 0 1 16 5 86 1 109 
(2', 5) 0 1 3 5 17 1 27 
(2'', 5) 0 0 5 3 31 1 40 
(5, 20) 0 1 2 17 52 7 79 
(4), (4,8) 0 0 0 1 6 2 9 
(6), (6, 36) 0 0 0 0 5 0 5 
Body-Parts 0 0 0 8 58 4? 70? 
(5, 10) 2 12 0 3 4 0 22 
(5, 10, 20) 5 0 0 0 4 3 13 
(10), (10, 102+) 1 8 0 1 2 0 13 
(10, 20) 2 0 0 0 1 0 3 

Note. This is about two-thirds of the languages and it is limited by the use of the 1948 Hattori and Wurm atlas of 
languages. Several dialects are now considered separate languages and others have been identified. Bold numbers 
indicate a significant group. The largest phylum Trans New Guinea has a large variety with a few neighbouring ones 
having similar counting systems. Source. Lean (1992), emphasis added, discussed further in Owens, Lean, with Paraide, 
and Muke (2018). 

Lean collated counting words from two-thirds of the 1200 languages recognised at the time in 
New Guinea and Oceania. He used government records5, first and early contact data6, and 
throughout the 1970s the questionnaire data of students and teachers and SIL people (linguists and 
translators) who knew the languages well (Lean, 1992). While Smith (1984) had categorised the 
systems of the Morobe Province into more types, Lean selected to combine the 2-cycle systems 
although they had higher cycles in order to assist with determining the connections between 
counting systems across the language groups. Table 1 shows the diversity of just the Papuan (Non-
Austronesian) languages. By considering the position of languages it was noted that some of the 
systems spread to neighbouring older Phyla and some systems developed spontaneously but others 
were borrowed from neighbours probably through trade. A full account of this research is available 
through a book by Owens, Lean, with Paraide, et al. (2018).  

Diversity is also evident among the Austronesian Oceanic languages of PNG and Island Melanesia. 
The clusters are given in Table 2.  
                                                        

5 For example, British New Guinea and Australian administration officers were required to record details 
of languages. 

6 Notably the work of S. H. Ray, A. Capell, F. E. and W. G. Lawes. 
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Table 2. Austronesian Oceanic counting systems 

Types of 
Counting 
Systems 

Admiralties/S
t Matthias 

North 
New 
Guinea 

Papuan 
Tip 

Meso-
Melanesian 

West 
Papua 

Total 

(2) 0 2 0 0 0 2 
(2, 5) 0 15 2 1 0 18 

(2'', 5) 0 7 5 0 0 12 
(5, 20) 1 19 11 1 2 34 
(5, 10) 1 20 7 17 0 45 

(5, 10, 20) 0 13 5 0 1 19 
(10, 100) 23 0 9 41 0 73 
(10, 20) 0 0 0 3 0 3 

(4) 0 2 0 0 2 4 
Totals 25 78 39 63 5 210 

Note. Bold numbers indicate a significant group. 

Examples, albeit simplified for this paper compared to the original data (cited in Owens, Lean, 
with Paraide, et al., 2018) are presented in Table 3. It is interesting to note that Kanum is one of a 
few 6-cycle system on Kolopom island (south of border between West Papua and Western 
Province, PNG) and on the coast nearby and further east suggesting trading links affecting the 
adoption of the 6-cycle system but with developments into different systems (not represented here) 
for larger numbers (Donahue, 2008). Cultural contexts play an important part in the development of 
number systems and their uses (Owens, Lean, with Paraide, et al., 2018). For example, picking up 3 
taro in one hand and 3 in the other is common in the 6-cycle systems. Shell money is also associated 
with composite groups of 12 for counting together with collecting coconuts in groups of two then 
four, then six and two groups of six piling them up and counting groups of 10 so there is a word for 
10 groups of 12 a pakaruati na tangvani (Paraide, 2018). Another example is the truncating of a 
body-part tally system to 20 with the 2 kina note (20 10-toea, often called 20 shillings reflecting the 
original introduced pounds and shillings) (Saxe, 2012) whereas for other groups the use of a 10-
cycle resulted from truncating a body-part tally system for ease of representation in trade and 
compensation with neighbours (Franklin & Franklin, 1962). The influence of trade and of valuing 
those who were multilingual in their community for trade and relationship purposes (Swadling, 
2010) also meant that some languages had hybrid systems, two systems, or borrowed words. In 
some cases, migration may have resulted in a change in language but not in all cases. Within the 
Austronesian group, the diaspora of a Lae group in the Markham Valley has resulted in loss of a 
language. Furthermore, some systems including base 10 have been replaced in Atzera in the 
Markham Valley by a 2-cycle counting system similar to its neighbouring Papuan languages with 
whom they traded (Holzknecht, 1989). Isolated pockets of languages also developed certain 
characteristics such as the Mumeng-Buang group. 

Table 3. Examples from 8-cycle and 6-cycle systems. 

Number Hagen Translation in g-cycle system 

1 tendta/tikpa one 
2 ragl two 
3 raltika one more than two 
4 timbikak four 
5 timbikak pumb ti pip  four fingers and one thumb closing on top 
8 engag/ki tendta ki=hand=four fingers of both hands (excludes thumb) 
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16 ki ragl two hands 
24 ki raltika three hands 

Number Kanum Frame words in 6-cycle system (translation) 
1 naempr numeral (one) 

2 yempoka numeral (two) 

3 ywaw numeral (three) 

6 traowao numeral (six) 

12 yempoka traowao (two groups of six) 

18 ntamnao numeral 

36 (ntaop) ptae numeral (big) 

216 tarwmpao numeral 
Note. There are also alternative phrases for these numerals. Hagen data from Lean (1992), Kanum data from 
Donahue (2008). 

Austronesian Oceanic languages developed as base 10 systems with higher powers of 10 and 
some had an emphasis on pairs or the group of 10 with differing names for the group or an 
emphasis on completing the group. There were also some isolated variations and some influence 
from surrounding Papuan languages such as those that left the base 10 system for a 2-cycle system 
or that incorporated a (5, 20) or (2, 5) cycle system. Some places had more than one counting 
system. Sometimes this was a result of using suffixes or prefixes to denote the kind of object being 
counted. For example, in the Trobriands there are at least 42 different classes of objects or ideas 
including powers of 10 (numeral classifiers) that use a different suffix for each class. However, 
other people use different cycles for specific purposes especially certain exchanges. For example, 
Hagen and Gawigal have a (4, 8) cycle system but will also use a 10-cycle system especially for pig 
counting where one person counts to 10 and another tallies the 10s. Special systems seem to exist 
for specific occasions, usually restricted in attendance. For example, one Austronesian language 
borrowed a 6-cycle system for counting taros from their neighbour.  

There are in both Austronesian and non-Austronesian (Papuan) systems, base 10 and other bases 
such as 4, 6, and 20, that have a systematic word pattern for large numbers; for example one of the 
Enga dialects, Mea, count up to 60 with each group of 4 given a name, and then that forms a new 
whole, Kanum has higher numerals for base 6, Iqwaye for 20. This last group is quite articulate in 
terms of powers of 20 with their gestural representation and links to infinity and their worldview 
(Mimica, 1988). Yu Wooi or mid-Wahgi marked hundreds by parts of the body (Owens, Lean, & 
Muke, 2018). Other people (e.g. Dobu speakers of Loboda village) understand large numbers, 
displaying them but not necessarily counting to large numbers (see also Paraide, 2018, on Tolai 
culture). A recognition of the composite group in all the counting systems from pairs (2-cycle) to 
twenties (5,20 cycles) and beyond (body-tally) is one significant finding. An understanding of this 
diversity assists the conceptualisation of the group of 10 in the base 10 systems and groups in 
multiplication. These systems assist the learning of arithmetic (see figure 9). Motu type languages 
make use of pairs for numbers 6 to 9, for example 8=2x4 and 9=2x4+1 whereas the Manus type 
have the number still needed to make the group, that is 6 = 10-4 or 6 and 4 more for 10. 
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Figure 9. Links between vernacular languages and English number systems. 

Using evidence from archaeology, linguistics, mathematics, and oral reflections of people from 
continuing cultures, the longevity of counting of Indigenous cultures in Papua New Guinea and 
Oceania can be dated to between 40 000 and 10 000 years ago with the Austronesian Oceanic 
systems to 5 000 years ago. There is evidence of settlements as early as 40 000 years ago in several 
parts of New Guinea (see figure 10). 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11. Genealogy of Austronesia languages. 

Linguistic researchers have suggested a Proto language for the newer larger Trans New Guinea 
Phylum (Pawley, 2001; Ross, 2005). Ross is currently considering the number words (personal 
communication, 2018) for which Lean’s work and more recent work on counting will be of interest. 
A recognition of the composite group in all the counting systems from pairs to twenties and beyond 
(in body-part tally systems) is one significant finding of the counting system analyses. An 
understanding of this diversity assists the conceptualisation of number systems such as the base 10 
systems by virtue of realising that people developed alternative systems that also had a structure and 
pattern with different composite groups other than 10 and powers of 10. Furthermore, any history of 
number should recognise the mathematics of the ancient cultures of New Guinea, Melanesia, 
Australia, and the Pacific. The diversity of counting systems among the Papuan languages seems to 
relate to the identity that language affords groups. However the ocean and interrelationships that 
continued with migrations and trade provided the Oceanic languages a means of keeping clearer 
language and counting similarities.   
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4. Global and Local Perspectives on Curriculum 
Currently I am working with Patricia paraide and Charly Muke and two other Australians to 

tackle the history of mathematics education in Papua New Guinea. We have recorded activities or 
objects that suggest foundational deep mathematical knowledge on the basis of archaeological 
records, practices recorded on first contact, our own cultural knowledge or experiences in villages, 
and the many records by students provided for the measurement study. Archeological evidence 
includes technological advances such as agricultural drainage systems that date back to 10 000 
years ago in the highland valleys but also trade items such as pottery and obsidian and greenstone, 
foods and oils, ochres and plants. Trading itself and technologies require mathematical skills and 
many technologies and knowledges are used today such as building structures, making canoes, 
fishing, pottery, decorations for dance and dances, string bags and weaving, bindings and paintings.  

Having established that there is in fact mathematical knowledge in the cultures of PNG, we look 
at the historical records of education. Interestingly over each period (ad hoc developments, colonial 
administrated systems, pre-Independence, after Independence, Reform, and re-Reform), the same 
issues arise. Who will be teaching? Who will fund? What language of instruction will be used? 
Who will be taught? What will be taught? and what is the purpose of education? (Owens, Clarkson, 
Owens, & Muke, 2019; Paraide, Owens, Clarkson, Muke, & Owens, 2020 (forthcoming)). The type 
of mathematics that was taught is of particular interest as well as the language of instruction and the 
role of vernacular languages for teaching in general and in mathematics in particular as it was often 
seen as outside the realm of vernacular literacy.  

Mathematics education research was very strong for 15 years after Independence. However, 
funding was not available to continue. Much of the research focused on the PNG learner, in 
particular their psychological features but language and mathematical language was also 
considered. Recently, ethnomathematics has been an important part of the research agenda in PNG 
and at various times it has influenced the curriculum especially for elementary schools. For 
example, there was an excellent book on patterning in the first years of school during the Reform 
period that considered a number of PNG objects. However, 15 years later, it was hard to find. 
Throughout the various periods textbooks increasingly used problems relevant to PNG in terms of 
the contexts and words of problems. It was often left to the individual teacher to delve further into 
cultural practices and languages to establish links between these and the national curriculum. In the 
re-reform period class sizes increased even more and the teachers were faced with the new 
Standards in the curriculum, focusing on assessment expectations. More details for content were 
also included. However, English was to be the language of instruction throughout the syllabus 
whether or not it was spoken in the community. The impact on mathematics and ethnomathematics 
is yet to be felt. Increasing use of computers is also occurring with some mathematics programs in 
early childhood and early schooling although there use may be mostly for reinforcement rather than 
inquiry in mathematics.  

5. Conclusion and Going Forward 
This journey with Indigenous cultural research has changed my perspective and that of many 

others including my Indigenous and non-Indigenous co-researchers, and the large number of 
researchers of ethnomathematics stretched across the world. Importantly valuing Indigenous 
mathematical knowledges provides meaning for Indigenous students who are to live in both worlds 
(Burarrwanga et al., 2013; de Abreu, Bishop, & Presmeg, 2002; Paraide & Owens, 2018). The 
perspective values difference and for teachers to draw on the funds of knowledge of the families, 
communities and Elders (González, Moll, & Amanti, 2005; Lowe & Yunkaporta, 2013). However, 
this research enriches the mathematics of non-Indigenous students who exist in multicultural and 
multi-subcultural situations or those that are relatively unicultural as these students live in a global 
society. For example, in teaching about rectangles, I often start with the diagonals, equal ropes tied 
in the middle to make different floor plans keeping the ropes taut (from an African group, PNG 
groups check equal opposite sides and equal diagonals) and extending to what happens if the ropes 
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(diagonals) are not equal. I have found that the properties of diagonals of rectangles are not 
forgotten by students who would otherwise just talk about sides and angles. Furthermore, they 
begin to see how rectangles, squares, parallelograms and rhombus are linked. When I teach about 
area and tessellations, I always use triangular and rectangular area units as well as squares to 
establish the meaning of an area unit. In addition, by making equilateral triangles using the method 
of two equal sticks used for planting cocoa trees in PNG (introduced apparently by an Indian 
agriculture extension officer) highlights multiple visual patterns and properties about planting for 
efficient nourishment of plants (in the past I had only seen plants at the vertices of squares or 
rectangles). Furthermore we place a bag around a new plant using the points of an equilateral 
triangle for the stakes. Thus mathematics is linked to agriculture and environmental studies. More 
sophisticated patterns such as those used in making string figures or continuous string bags (bilums) 
are often more applicable to the group who uses them as these are complex designs (some practices 
are not appropriate for cultural reasons). The patterns of weaving are more easily adapted to 
classroom use and pattern extraction and modification (Owens, Cherinda, & Jawahir, 2015).  

Then there are fun problems that highlight, for example, fraction concepts. “Here is the long side 
of the house and you have to allocate a third for bedrooms at either end and the middle third for 
sitting. Here is a stick, how can you work this out without breaking the stick” (the stick is longer 
than a half of the length of the house but less than two-third). The story of house building and the 
slope of a roof (see figure 5c) is a good introduction to ratios of sides of triangles and makes 
meaningful the similar triangle approach to establishing tangents of angles as a ratio of sides. The 
emphasis is on visuospatial reasoning. In terms of number, knowing examples of (2, 5), (5, 20), 6 or 
8 cycle systems that are still used today assists with teaching students about place value. Symmetry 
(reflective, slide, and rotational) is another area supported by PNG ethnomathematics. These are 
just a few examples of practical implementations of teaching mathematics. By recognising 
ethnomathematical practices, we value the rights of first nations’ peoples and the backgrounds of 
immigrants and mathematical activities that have developed as a result of transcultural adaptations 
to the ecology in which people now live (Knijnik & Wanderer, 2015).  

While there is much sharing across countries of good ways for teaching mathematics and 
teaching in multilingual classrooms, there may be hurdles around teacher education together with 
understandable curriculum that build on previous experiences but provide approaches to learning 
appropriate to the 21st century in a global yet local society. In that regard the inquiry approach that 
we utilised in the elementary school project in PNG has potential for mathematics education.  

However, ethnomathematics also highlights the dangers of hegemony related to selecting 
overseas or outsider ways of teaching, content and language of instruction. Learning mathematical 
concepts from one’s own background and in one’s own language still needs to be accepted in many 
educated elite circles (Fanan, 1952; Paraide & Owens, 2018). European mathematics, relatively 
singular cultural countries, and those who believe in accultural mathematics continue to impact on 
education around the world. European reconciliation with colonised countries should recognise 
diversity and incorporate diversity in curricula. This achievement is not easy in postcolonial 
situations where neo-colonial attitudes persist and recognition of cultural knowledges and values is 
under-recognised by country leaders and curriculum advisers from aid organisations. Nevertheless, 
our elementary school project linking language, early mathematical learning and mathematical 
thinking provided a way of incorporating cultural knowledge into inquiry learning for the 
curriculum (figure 6). The PNG secondary school student teachers also saw many links between 
their culture and school mathematics. Ethnomathematics provides the values, knowledges, and ways 
of teaching that enrich teachers and students in learning mathematics. 
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In this Working Group, Learning in an increasingly complex world, there were five 
questions: 

1. How can we re-conceptualize learning with understanding in a complex world? 
2. How can we promote learning with understanding in an increasingly complex world? 
3. What features should a task have in order to promote learning with understanding? 

How to research the complex dynamic of learning with understanding promoted by such 
tasks? What can we learn from this research to use within the classroom and in designing 
lessons/tasks?  

4. How can we establish connections in mathematics learning: Between different areas of 
mathematics? Between mathematics and other subjects? Between mathematics and everyday 
life? 

5. What implications does the increasingly complex world have in terms of numeracy or 
mathematics literacy? How does this inform our practices within the classroom and in 
designing lessons/tasks?  

 
There were 14 oral presentations and one workshop in which to address these themes over four 
days, with education levels ranging from early learning through to university mathematics and 
teacher education. The first oral presentation by Sixto Romero set the foundation for the week’s 
work. It offered a brief reflection on the influence on mathematical education of the changes 
produced by scientific advances, especially by the philosophy or principles that govern scientific 
research. Dynamic Systems were used as a model for the theory of complexity which underlies the 
contemporary teaching context. The second oral presentation, and workshop, by Simon Modeste (& 
colleagues) was based on an epistemological analysis of experts’ practices and considered the 
design of situations fostering horizontal mathematization, illustrated by a graphical presentation of 
the modelling process used by experts. Workshop participants experienced and discussed actual, 
open-ended student materials which some found rather confronting when compared to current 
practice, but which nevertheless modelled reality. 
 
The second day was focused on primary school education. It was opened by Angela Piu whose 
intention was to ensure that mathematical objects, which do not exist in material reality, do not 
become confused with their representations. In order to co-ordinate different semiotic 
representations of the same object, she devised a simulation game involving 4th grade students 
identifying invariances and transformations produced by different kinds of movement, while 
attending to both cognitive and social dimensions of learning. Dores Ferreira investigated the role 
of games in mathematics education, noting that playing games is a pan cultural phenomenon. Her 
main goal was to identify possible relationships between the ability to play games and to identify 
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patterns based on previous research on the latter, and her study involved students from the 3rd to the 
6th year of school in Portugal. Based on the premise that students’ intuitive notions of infinity can 
affect the development of their mathematical thinking in a complex world, Sonia Kafoussi (& 
colleague) investigated primary school students’ understandings of infinity as a process and as an 
object, finding that the context of the tasks influenced their answers. Knowledge of the decimal 
system supported understandings of infinity as an object, and the concept of ‘infinitely large’ 
assisted older students to perceive infinity as a process more than did ‘infinitely small’ or ‘infinitely 
many.’ Based on the importance of early geometric and spatial experiences in trying to distinguish 
objects from one another and in discovering the relative proximity of an object, Filipa Balinha 
explored figure background perceptions of 3-5 year old children. This was because the Portuguese 
curriculum for this age group attempts to develop visual perception but does not yet have a solid 
research base related to spatial visualization. 
 
Day 3 covered a more diverse range of themes: the first two involving physical alternatives to 
traditional classroom and textbook learning experiences in Portugal. First, Lina Fonseca (& 
colleagues) stressed the importance of a non-formal environment for reducing student stress and 
improving attitudes towards learning mathematics; also for connecting to other subjects as well as 
improving communication capacity. In one example, students from grades 3 & 4 used technological 
applications in conjunction with collecting materials and taking measurements, organizing the data, 
in responding to a focus question as well as justifying their answers. Focusing on elementary 
preservice teachers, Isabel Vale (& colleagues) developed a paper folding activity based on problem 
solving, mathematical communication, and collaborative work in an active learning situation 
encompassing visualization. Although the activities and tasks were new to a majority of the 
students, and they had difficulties with geometric and spatial concepts as well as with accurate and 
precise use of language, they reacted positively and believed that such activities could help them 
assess and improve students’ mathematical communication and concept learning. The third and 
fourth presentations concerned talented students working within the framework of Kidumatica, an 
after school mathematics program in Israel. Miriam Amit (& doctoral student Yelena Portnov-
Neeman) studied the effects of explicit and implicit teaching on problem solving strategies with 6th-
7th grade students, and found that in general the former is more effective in helping students to 
develop and control strategies and understanding how and when they should be applied. In the final 
presentation, Odelya Uziel (& Amit) discussed the interplay between formal knowledge and 
creative problem solving. Somewhat surprisingly, following three workshops dedicated to 
mathematical problem solving with multiple solutions, the younger students who lacked 
sophisticated algebraic knowledge found shorter and clearer solutions than the older students, 
indicating a decline in creativity and holistic thinking as students become older. 
 
Day 4 began with two presentations related to university mathematics education. Starting from two 
premises — that mathematics courses are unpopular and that mathematics is a universal language of 
science — Janecler Aparecida (& colleagues) sought to identify concerns, problems, and solutions 
to improve the teaching of mathematics in engineering courses in Brazil. They conducted a 
literature review of relevant works with the intention of finding active teaching methodologies. 
Given the importance of complex numbers in university mathematics and the fact that these are not 
taught in Greek secondary schools, the study by Kalliopi Pavlopoulou (& colleagues) concerned 
pre-existing knowledge (mainly epistemic beliefs) and attitudes among a group of students from 
privileged socio-economic and sociocultural backgrounds entering engineering courses. Although 
most agreed that real numbers were not sufficient for describing the real world, about half thought 
that complex numbers were useful for this while the remainder viewed them only as a useful tool 
for solving mathematical problems. Finally, the study by Camilla Spagnolo (& colleague) focused 
on the importance of reading and constructing graphs in the Italian curriculum. They made 
selections from national standardized tests to highlight specific difficulties faced by students in 
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grades 2, 5, 8, and 10, and reported on the results of grades 2 and 8. They then developed teaching 
activities specifically focused on the areas of most difficulty in order to support teachers in 
understanding which features of a task promote learning with understanding. 

Summary 

This working group was the largest in number, with participants drawn from 12 countries. It was 
enhanced by the inclusion of about 6 members of the Quality Class who brought different 
perspectives on many issues. Between us, we addressed all questions, explicitly and implicitly. 
Some of the main findings were:  
 
We can re-conceptualise learning with understanding in a complex world by viewing 
mathematics education as a dynamic system supported by underlying philosophies and theoretical 
frameworks. 
 
Promoting learning with understanding in an increasingly complex world is supported by 
developing creativity through active learning. It is important to allow students to devise their own 
strategies, to enable them to recognise what they can do. 

 
Features a task should have in order to promote learning with understanding. A task should: 
• develop mathematical thinking through problem solving and challenging tasks that allow 

multiple approaches, promote collaboration through games (e.g., origami), with movement in a 
playful environment, and activities and problems from real (or realistic) life. 

• offer tasks that allow individual success for everyone, with different strategies that are not only 
for gifted students. Everything should be as simple as possible but not necessarily easy; high 
level tasks could be proposed. 

• consider working through a modelling cycle. 
 

Establishing connections in mathematics learning is achieved through utilising systems of ideas, 
consequences, theories and knowledge in a dynamic and emergent way in order to facilitate 
connections between different domains; and making links between various areas of mathematics 
across the different ages (e.g., the changing notions of infinity & epistemic beliefs). 
 
What are the implications for an increasingly complex world? 
Students must have not only knowledge but they must know how to use it because we cannot know 
the students’ future needs in mathematics. 
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Dans ce Groupe de Travail, Apprendre dans un monde de plus en plus complexe, il y avait 
cinq questions : 

1. Comment pouvons-nous re-conceptualiser l'apprentissage avec la compréhension dans 
un monde complexe ? 
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2. Comment pouvons-nous favoriser l'apprentissage avec compréhension dans un monde de 
plus en plus complexe ? 

3. Quelles caractéristiques doit avoir une tâche pour promouvoir l'apprentissage avec la 
compréhension ? Comment rechercher la dynamique complexe d’apprentissage avec 
compréhension favorisée par de telles tâches ? Que pouvons-nous apprendre de cette 
recherche à utiliser en classe et dans la conception des leçons / tâches ? 

4. Comment pouvons-nous établir des liens dans l'apprentissage des mathématiques: entre 
différents domaines des mathématiques ? Entre les mathématiques et d'autres matières? 
Entre les mathématiques et la vie quotidienne ? 

5. Quelles sont les implications d'un monde de plus en plus complexe en termes de 
numératie ou d'alphabétisation des mathématiques ? Comment cela influence-t-il nos 
pratiques en classe et dans la conception des leçons / tâches ? 

 
Il y a eu 14 présentations orales et un atelier pour aborder ces thèmes sur quatre jours, avec des 
niveaux d'éducation allant de la maternelle (préscolaire) aux mathématiques universitaires et à la 
formation des enseignants. La première présentation orale de Sixto Romero a jeté les bases du 
travail de la semaine. Il a offert une brève réflexion sur l'influence sur l'enseignement mathématique 
des changements produits par les avancées scientifiques, notamment par la philosophie ou les 
principes qui régissent la recherche scientifique. Les systèmes dynamiques ont été utilisés comme 
modèle pour la théorie de la complexité qui sous-tend le contexte d'enseignement contemporain. La 
deuxième présentation orale et atelier de Simon Modeste (et collègues) était basée sur une analyse 
épistémologique des pratiques des experts et a examiné la conception de situations favorisant la 
mathématisation horizontale, illustrée par une présentation graphique du processus de modélisation 
utilisé par les experts. Les participants à l'atelier ont expérimenté et discuté des situations ouvertes 
effectivement données à des élèves  que certains participants ont trouvé plutôt décalées par rapport 
à la pratique actuelle, mais qui, néanmoins, permettent une modélisation de la réalité. 
 
La deuxième journée a été consacrée à l'enseignement primaire. Elle a été inaugurée par Angela Piu 
dont l'intention était de s'assurer que les objets mathématiques, qui n'existent pas dans la réalité 
matérielle, ne se confondent pas avec leurs représentations. Afin de coordonner différentes 
représentations sémiotiques du même objet, elle a conçu un jeu de simulation impliquant des élèves 
de 4e année identifiant les invariances et les transformations produites par différents types de 
mouvements, tout en s'intéressant aux dimensions cognitives et sociales de l'apprentissage. Dores 
Ferreira a étudié le rôle des jeux dans l'enseignement des mathématiques, en montrant  que jouer à 
des jeux est un phénomène pan culturel. Son objectif principal était d'identifier les relations 
possibles entre la capacité de jouer à des jeux et d'identifier des modèles basés sur des recherches 
antérieures sur ces derniers, et son étude a impliqué des élèves de la 3e à la 6e année d'école au 
Portugal. Partant du principe que les notions intuitives des élèves sur l'infini peuvent affecter le 
développement de leur pensée mathématique dans un monde complexe, Sonia Kafoussi (et 
collègue) a étudié la compréhension de l'infini des élèves du primaire, comme processus et comme 
objet, constatant que le contexte des tâches a influencé leurs réponses. La connaissance du système 
décimal a soutenu la compréhension de l'infini en tant qu'objet, et le concept de « infiniment grand 
» a aidé les élèves plus âgés à percevoir l'infini comme un processus plus que « infiniment petit » ou 
« infiniment nombreux ». En se basant sur l'importance des premières expériences géométriques et 
spatiales pour essayer de distinguer les objets les uns des autres et pour découvrir la proximité 
relative d'un objet, Filipa Balinha a exploré les perceptions de fond des figures d'enfants de 3 à 5 
ans. En effet, le programme d'études portugais pour ce groupe d'âge tente de développer la 
perception visuelle mais n'a pas encore de base de recherche solide liée à la visualisation spatiale. 
Le troisième jour a couvert une gamme plus diversifiée de thèmes : les deux premiers impliquant 
des alternatives physiques aux expériences traditionnelles en classe et d'apprentissage de manuels 
au Portugal. Premièrement, Lina Fonseca (et ses collègues) a souligné l'importance d'un 
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environnement non formel pour réduire le stress des élèves et améliorer les attitudes envers 
l'apprentissage des mathématiques ; également pour se connecter à d'autres sujets ainsi que pour 
améliorer la capacité de communication. Dans un exemple, les élèves des 3e et 4e années ont utilisé 
des applications technologiques en conjonction avec la collecte de matériaux et la prise de mesures, 
l'organisation des données, pour répondre à une question ciblée ainsi que pour justifier leurs 
réponses. En se concentrant sur les futurs enseignants du primaire, Isabel Vale (et collègues) a 
développé une activité de pliage de papier à base de résolution de problèmes, de communication 
mathématique, et de travail collaboratif dans une situation d'apprentissage actif englobant la 
visualisation. Bien que les activités et les tâches soient nouvelles pour la majorité des étudiants et 
qu'ils aient des difficultés avec les concepts géométriques et spatiaux ainsi qu'avec une utilisation 
exacte et précise de la langue, ils ont réagi positivement et croyaient que ces activités pourraient les 
aider à évaluer et à améliorer la communication mathématique et apprentissage conceptuel des 
étudiants. Les troisième et quatrième présentations concernaient des étudiants talentueux travaillant 
dans le cadre de Kidumatica, un programme de mathématiques après l'école en Israël. Miriam Amit 
(et Yelena Portnov-Neeman) a étudié les effets de l'enseignement explicite et implicite sur les 
stratégies de résolution de problèmes avec les élèves de 6e à 7e année, et a constaté qu'en général, la 
première aide plus efficacement les étudiants à développer et contrôler leurs stratégies et à 
comprendre comment et quand les appliquer. Dans la présentation finale, Odelya Uziel (& Amit) a 
discuté de l'interaction entre les connaissances formelles et la résolution créative de problèmes. De 
façon assez surprenante, à la suite de trois ateliers consacrés à la résolution de problèmes 
mathématiques avec plusieurs solutions, les élèves plus jeunes qui manquaient de connaissances 
algébriques sophistiquées ont trouvé des solutions plus courtes et plus claires que les élèves plus 
âgés, indiquant un déclin de la créativité et de la pensée holistique à mesure que les élèves 
vieillissent. 
La quatrième journée a commencé par deux présentations liées à l'enseignement universitaire des 
mathématiques. Partant de deux prémisses - que les cours de mathématiques sont impopulaires et 
que les mathématiques sont un langage universel des sciences - Janecler Aparecida (et ses 
collègues) a cherché à identifier les préoccupations, les problèmes et les solutions pour améliorer 
l'enseignement des mathématiques dans les cours d'ingénierie au Brésil. Ils ont effectué une revue 
de la littérature des travaux pertinents dans le but de trouver des méthodologies d'enseignement 
actives. Compte tenu de l'importance des nombres complexes dans les mathématiques universitaires 
et du fait qu'ils ne sont pas enseignés dans les écoles secondaires grecques, l'étude de Kalliopi 
Pavlopoulou (et collègues) concernait les connaissances préexistantes (principalement les croyances 
épistémiques) et les attitudes d'un groupe d'étudiants issus de milieux socio-économiques et 
socioculturels privilégiés entrant dans les cours d'ingénieur. Bien que la plupart aient convenu que 
les nombres réels n'étaient pas suffisants pour décrire le monde réel, environ la moitié pensait que 
les nombres complexes ont été utiles pour cela alors que le reste les considère uniquement comme 
un outil utile pour résoudre des problèmes mathématiques. Enfin, l'étude de Camilla Spagnolo (et 
collègue) s'est concentrée sur l'importance de la lecture et de la construction de graphiques dans le 
programme d'études italien. Ils ont effectué des sélections à partir de tests nationaux normalisés 
pour mettre en évidence les difficultés spécifiques rencontrées par les élèves des 2e, 5e, 8e et 10e 
années, et ont rendu compte des résultats des 2e et 8e années. Ils ont ensuite développé des activités 
pédagogiques spécifiquement axées sur les domaines les plus difficiles afin d'aider les enseignants à 
comprendre quelles caractéristiques d'une tâche favorisent l'apprentissage avec compréhension. 
 
Résumé 
Le groupe de travail était le plus grand en nombre, avec des participants provenant de 12 pays. Il a 
été renforcé par l'inclusion de 6 membres de la quality class qui ont apporté différents points de vue 
sur de nombreuses questions. Entre nous, nous avons abordé toutes les questions, explicitement et 
implicitement. Certaines des principales conclusions étaient les suivantes : 
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Nous pouvons re-conceptualiser l'apprentissage avec compréhension dans un monde complexe 
en considérant l'enseignement des mathématiques comme un système dynamique soutenu par des 
philosophies et des cadres théoriques sous-jacents. 
 
Favoriser l’apprentissage avec compréhension dans un monde de plus en plus complexe est 
soutenu par le développement de la créativité par l'apprentissage actif. Il est important de permettre 
aux élèves de concevoir leurs propres stratégies, de leur permettre de reconnaître ce qu'ils peuvent 
faire. 

 
Caractéristiques qu‘une tâche doit avoir pour promouvoir l’apprentissage avec la 
compréhension. Une tâche doit : 
• développer une pensée mathématique par la résolution de problèmes et des tâches stimulantes 

qui permettent de nombreuses approches, favoriser la collaboration à travers des jeux (par 
exemple, l'origami), avec des mouvements dans un environnement ludique, et des activités et 
des problèmes de la vie réelle (ou réaliste). 

• proposer des tâches qui permettent à chacun de réussir individuellement, avec des stratégies 
différentes qui ne sont pas réservées aux élèves doués. Tout doit être aussi simple que possible 
mais pas nécessairement facile ; des tâches de haut niveau pourraient être proposées. 

• envisager de travailler à travers un cycle de modélisation. 
 
L'établissement de liens dans l'apprentissage des mathématiques passe par l'utilisation de 
systèmes d'idées, de conséquences, de théories et de connaissances de manière dynamique et 
émergente afin de faciliter les liens entre différents domaines ; et établir des liens entre divers 
domaines des mathématiques à travers les différents âges (par exemple, les notions changeantes de 
l'infini et des croyances épistémiques). 
 
Quelles sont les implications pour un monde de plus en plus complexe? 
Les élèves doivent avoir non seulement des connaissances, mais ils doivent savoir comment les 
utiliser, car nous ne pouvons pas connaître les besoins futurs des élèves en mathématiques. 
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Abstract. Students are active individuals that build, modify and integrate ideas, interacting 
with the physical world, materials and other students. Furthermore, not all students learn in 
the same way, some learn better by seeing, others by listening, others by moving. So, we 
developed an exploratory study of qualitative nature, with elementary preservice teachers, 
where the emphasis was on a teaching approach based on problem solving, mathematical 
communication and collaborative work that involved the manipulation of a sheet of paper. 
We intended to identify the relevance of this approach with preservice teachers and what 
were the main difficulties revealed, related to the proposed tasks. Preliminary results allowed 
to identify several difficulties in terms of mathematical communication and the manipulation 
of the sheet of paper to solve a problem. However, they reacted positively to the tasks, 
expressing interest, motivation and recognition of its importance in mathematical learning at 
any level. 

Resume. Les étudiants sont des individus actifs, qui construisent, modifient et intègrent des 
idées, en interaction avec le monde physique, des matériaux et d’autres étudiants. En outre, 
tous n'apprennent pas de la même manière: certains apprennent mieux en regardant, d'autres 
en écoutant, d'autres en bougeant. Nous avons donc développé une étude exploratoire de 
nature qualitative, avec des futures instituteurs, promouvant une approche pédagogique 
basée sur la résolution de problèmes, la communication mathématique et le travail 
collaboratif impliquant la manipulation d’une feuille de papier. Nous voulions déterminer la 
pertinence de cette approche pour les futures enseignants et identifier les les principales 
difficultés révélées face aux tâches proposées. Les résultats préliminaires ont permis 
d'identifier plusieurs difficultés relevant de la communication mathématique et de la 
manipulation de la feuille de papier pour résoudre un problème. Cependant, les participants 
ont réagi positivement aux tâches, exprimant leur intérêt et motivation et reconnaissant leur 
importance pour l’apprentissage des mathématiques à tous les niveaux. 
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1. Introduction 

School mathematics requires effective teaching that engages students in meaningful learning 
through individual and collaborative experiences, giving them opportunities to communicate, 
reason, be creative, think critically, solve problems, make decisions, and make sense of 
mathematical ideas (NCTM, 2014). One of these ways is to use paper folding mathematical tasks, 
because it is a simple way of discovering and evidencing relations, as well as facilitating the 
formalization of those relations, contributing to the understanding of different concepts and problem 
solving (e.g. Coad, 2006). Within Mathematics arises Geometry that traditionally has been a 
neglected topic in school mathematics and where the experiences provided to the students are 
mainly based on memorization and training of formulas, overlooking the development of spatial 
orientation and visualization skills. It is therefore crucial that (future) teachers develop the skills 
needed to use these materials in the classroom, in a more dynamic and challenging perspective, in 
which everyone participates actively and collaboratively, communicating with words, but also with 
gestures, observation and actions. 

This communication is part of the M&M - Mathematics&Movement project that assumes that 
learning involves not only intellectual but also physical activity, and that social interactions, 
reflected in collaborative work and in collective discussions, are essential components of active 
learning, facilitating sharing, the development of mathematical meanings and the construction of 
knowledge. In particular, hands-on tasks are considered to provide learning where students are 
engaged and become good mathematics thinkers (e.g. NCTM, 2014; Prince, 2004). The aim of this 
study was to identify and understand the performance and reactions of elementary future teachers 
when solving tasks through paper folding, identifying the main difficulties.  

2. Active learning strategies in mathematics class 

Active learning is usually defined as an instructional method that involves learners in the learning 
process (Prince, 2004). It requires them to develop meaningful activities and think about what they 
are doing. Organizations such as NCTM have long been promoting methodologies that require the 
intellectual engagement in building new knowledge (e.g. NCTM, 2014). However, intellectual 
engagement may not be enough, in addition to the strategies of intellectual nature. In the context of 
active learning, those that are arise from social and physical activities are also important. The social 
interactions of students that mediate learning, must be emphasized in the Mathematics class. This 
type of collaboration facilitates sharing and development of mathematical meanings. Students, 
especially the younger ones, need to be physically active in the classroom. In this scope, the use of 
manipulative materials, the construction of models or the realization of more practical projects, 
among others are included. Active learning emphasizes the importance of these three strands, noting 
that learning emerges from experiences and interactions between intellectual, social and physical 
dimensions (e.g. Nesin, 2012) (Figure 1). 
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Figure 1. Dimensions of active learning (adapted from Nesin, 2012) 

3. Types of thinking: the case of visual contexts 

Students often show preferences regarding the way they communicate and how they receive and 
synthesize information, which presupposes, on the part of the teacher, the consideration of a 
diversity of types of thinking in the classroom. According to Krutetskii (1976) there are three types 
of students according to their thinking when they solve mathematical problems: (1) Analytic, those 
who prefer the use of non-visual resolution methods, choosing logical-verbal methods involving 
algebraic, numeric and verbal representations; (2) Visual (or geometric), those who prefer the use of 
visual solution methods, opting for visual-pictorial schemes, involving graphic representation 
(figures, diagrams, images); and (c) Harmonic (or integrated), those that have no specific preference 
for logical-verbal or visual-pictorial representations. Reflecting, in particular on visualization, it is 
relatively consensual that it is fundamental and has great potential, in the sense that it contributes to 
a global and intuitive perspective for the understanding of different mathematical subjects (e.g. 
Presmeg, 2014). The following example may serve as an illustration of the importance of 
visualization and of visual skills.  
A circle is inscribed in a square, then another smaller square is inscribed in the circle. 
Find out the area of the smallest square knowing that the area of the largest square is 
100 cm2?  
(an equivalent question is to ask what is the ratio of the area between the two squares).  

The traditional way to solve it is to use the theorem of Pythagoras and formulas of the area of the 
circle and of the square. However, if we see the smaller square in another positon, the solution is 
immediate and free of errors of calculation or unknowledgeable formulas. Figure 2 shows a visual 
sequence of steps to achieve the solution (1/2 x 100 = 50). 

 
 
 

 
 

Figure 2. Visual sequence of the steps  
This is a simple, clear and elegant solution, or a dynamic solution (Kruteskii, 1976; Presmeg, 

2014). We learn to think visually or to "see to think", and therefore we can also teach it, which is 
important (e.g. Presmeg, 2014; Whiteley, 2004).  
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Sometimes it is easier to perceive or even explain a concept by creating an image, since it is 
quickly understood and retained longer, than a sequence of words. So, paper folding can help all 
students, mainly the non-visual ones. 

4. Paper folding: an active and visual approach 

Manipulative activities provide learning experiences that promote curiosity and interest, 
facilitating the introduction of formal concepts through the use of concrete materials. The actions of 
folding applied to the paper allow it to be transformed into different forms, either two-dimensional 
or three-dimensional, opening the opportunity to investigate and discover relationships of different 
nature. In this way, paper folding can be a dynamic, creative and appealing strategy to approach 
several concepts in the mathematics class, facilitating visualization and problem solving (Coad, 
2006).  

Levenson (1995) mention the effective contribution to the development of mathematical thinking 
as well as the ability to communicate mathematically with proficiency and group interaction skills. 
Sze (2005) recognizes the potential of paper folding in the refinement of mathematical vocabulary, 
in particular associated with geometry. Also in the scope of communication, the construction of 
precise models with aesthetic sense from folding leads to the students having to listen and observe 
with extreme attention all the instructions verbalized/presented (e.g. Levenson, 1995; Sze, 2005). In 
addition to the natural relationship of paper folding with mathematics, which facilitates its 
integration into the math classes, close relationships with the types of thinking can also be identified 
(Boakes, 2009). The work of paper folding involves students physically, requiring auditory abilities 
and visual stimuli, and it is through these actions, which involve spatial skills, that mathematical 
ideas and meanings are constructed and discussed. 

5. Methodology 

As previously mentioned this report is part of a larger study with pre-service teachers. In this 
teaching experience we followed 45 students, future teachers of elementary education (3-12 years 
old), that attended a unit course of Didactics of Mathematics, where a sequence of tasks was 
proposed in which folding and cutting paper were used as an active learning strategy. The tasks 
allowed to highlight transversal skills, particularly communication, and problem solving within the 
scope of Geometry, and were presented in visual contexts. We adopted a qualitative methodology of 
exploratory nature, collecting data, in a holistic, descriptive and interpretative way, through 
observation and written productions, regarding the proposed tasks, and written comments on the 
experience. After gathering the data, it was sought to find patterns related to the main difficulties 
identified and expressed by the future teachers when solving the proposed.  

6. The tasks and some preliminary results 

For this paper, we selected two paper folding tasks: the heart, highlighting mathematical 
communication, and the cube, highlighting visual problem solving.  
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6.1. Task 1: The heart 

The heart:  
With a paper strip one student gives instructions to another colleague, positioned on his/her back, 
to produce a heart through paper folding   

 
This task aims to show the importance of correct communication of instructions that may lead to a 
particular folding, in which the emitter does not see what the receiver does. The teacher slowly 
folds a rectangular paper to get a heart that the emitter students observe (half of the students). The 
teacher performed the demonstration without any oral instructions, so it was up to the students’ 
emitters to decide what actions to communicate to their receiver pair, who did not see the 
construction (Figure 3).  
 

 
 

Figure 3. Folding of the heart performed by the teacher 

To do this, each emitter would be on his/her back with his/her colleague receiver, which would be 
instructed to do the folding, starting with a rectangular paper as well. With this dynamic, neither the 
emitter student nor the receiving student had access to what the other element was doing. By 
observing the work of the peers, some students used references to geometric terms, others showed 
more difficulties and did not use adequate mathematical language and/or clear information, which 
conditioned the result. In some cases, the receiver did not interpret the message the way the sender 
had idealized by folding the paper in the wrong way in at least one of the steps. Most of the students 
felt the need to use gestures along their description, even knowing that they were not being 
observed by their pairs. Figure 4 shows the dynamic of the students during the paper folding 
experience and some of the final results of the heart, demonstrating that some of them didn’t obtain 
the expected folding. 
 

    
 

Figure 4. Dynamic and some results of the paper folding task 
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6.2. Task 2: The cube 

The cube:  
Use a square sheet of paper to draw the net of a cube with the maximum volume.  
Then construct the cube by folding that net. 

 
This problem involves geometric and spatial reasoning. Many nets can be built on a square sheet, 

but only one fits the conditions. It is a problem with some complexity for the elementary level. The 
students mostly began by exploring the most obvious possibilities in which the segments 
representing the edges in the planning are parallel to the sides of the square sheet of paper or take 
advantage of the diagonal of the square.  

Despite different trials to reach a solution, none of them led to the expected solution (Figure 5).  

  
Figure 5. Incorrect solutions presented by the students 

After discussing the correct solution, they discovered that their proposals did not have the highest 
volume. Figure 6 shows one of the analytical productions where they compare the volume with two 
of the nets.  

 

 
Figure 6. Analytical solutions to determine the volume 

The option of the students was to make the design of the possible traditional nets. In fact, it is 
necessary to have mathematical knowledge to apply to the situation, and also intuition linked to the 
visualization of the different nets of a cube. In addition, exploration required divergent thinking in 
order to imagine and admit a completely different net from the classical approaches. Another way to 
approach it was the use of trial and error, doing the folds on the square paper and coming up with 
more positive results. After discovering the wright net, they did many attempts to get the cube, but 
not all of them got the solution by themselves (Figure 7). 

 

 
Figure 7. Correct solution and paper folding cube 
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This was a problem with some complexity, for the elementary level, but students were engaged 
and the discussions that emerged at the end allowed a better understanding of the importance of the 
use of different approaches to solve a mathematical situation. 

7. Some concluding remarks   

We can identify several difficulties in terms of mathematical communication and the manipulation 
of a sheet of paper to solve a problem. Students were not familiarized with paper folding tasks 
especially in mathematics classes. We can conclude that the majority of these students were not 
visual, possibly due to the lack of previous experiences during their academic course. They had 
interpretation difficulties related to visualization, with geometric and spatial concepts, as well as 
difficulties in using correct language, recurring to imprecise and/or unclear terms.  
Despite the difficulties, students recognized the potential of the tasks and reacted positively, 
expressing interest and engagement. As students, they assumed that these tasks could improve 
mathematical communication. As future teachers, they concluded that paper folding is a more 
dynamic and direct way of assessing and improving students' mathematical communication and 
improving the learning of mathematical concepts. 
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Abstract. Research has shown that understanding the infinity as a mathematical concept is 
associated with infinity as a process and as an object. In this research we studied primary 
school students’ intuitive perceptions of these two meanings. The results from the pilot study 
showed that the context of the tasks influenced the students’ answers. 

Résumé. Des enquêtes ont montré que l’infini en tant que concept mathématique est 
associéà l’infini comme processus et comme objet. Dans cette enquête on a étudié les 
perceptions intuitives de ces deux sens chez les élèvesdu primaire. Les résultats de cette 
enquête pilote ont montré que le contexte des tâches ont influencé les réponses des élèves. 

MSC: 97C30 Mathematics education. 
Student learning and thinking (misconceptions, cognitive development, problem 
solving, etc.) 

1. Theoretical background 

Students’ intuitive occupation with infinity can help them to develop ways of thinking in a 
complex world, by making abstract mathematical structures such as numerical systems, geometric 
shapes etc. perceptible through specific models. According to the findings of relevant research 
studies, understanding infinity as a mathematical concept is connected to infinity as a process and as 
an object (Monaghan, 1986). Primary school pupils’ intuitive perceptions of both these meanings of 
infinity will be studied in this pilot research. 

More specifically, the infinite as a process is easily manageable, because relevant activities 
suggest the repetition of steps or operations in accordance with already known students’ tasks such 
as creating a larger number by adding a decimal or amplifying the area of a square by making its 
side longer. On the contrary, tasks which engage students in operations with infinite sets, e.g. adding 
up objects in an already infinite collection, or comparing infinite sets, require an understanding and 
management of the infinite as a mathematical object so that correct mathematical solutions can be 
given. 

While preparing the questions of this pilot research, we also took into account the fact that, 
when children deal with problems of comparing the cardinality of infinite sets (Fischbein, Tirosh, & 
Hess, 1979; Duval, 2006), they use criteria dictated by their knowledge of finite sets such as: 

• The criterion of comparing the part with the whole, i.e. a subset of a set has less elements 
than the set itself. 

• The criterion of single infinity, i.e. all infinite sets have the same number of elements. There 
is only one infinite. Infinite sets have the same cardinality. 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 62 

• The criterion of distances between the elements of infinite sets. By making reference to the 
distances between the elements of infinite sets. Comparing e.g. Α= {1,3,5,7,9,…} with 
Β={1,4,7,10,13,…}, the first set has more elements because of the smaller difference 
between its successive elements. 

• Infinite sets cannot be compared to one another because they have infinite elements. 
• The criterion of one-to-one correspondence of the infinite sets’ elements. However, students 

tend to be influenced by the representations of sets either horizontally or vertically, 
arithmetically or geometrically (Tsamir & Dreyfus, 2002). 

• Students do not realize the profound contradictions which follow the simultaneous use of 
more than just one criterion e.g. the multiples of two numbers can go on forever and are 
therefore infinite, or we cannot compare them as they go on forever. 

 
Moreover, according to Monaghan (2001), intuitive conceptions help children to identify the 

mathematical concept of infinity as a process. Fischbein (2001) defines the concept of intuition and 
intuitive knowledge as a type of direct, implied, self-evident knowledge that leads to generalizations 
beyond the data, without the logical process of accepting and rejecting data. He distinguishes initial 
intuitions, which are developed as a result of experiences and may be prefunctional or functional, 
from secondary intuitions, which are created as new, cognitive beliefs after the influence of 
systematic education. A child can have an intuitive image of what the concept of mathematical 
infinite may represent, by participating in a task. 

Furthermore, learning trajectories constitute a theoretical structure which brings together the 
research results from learning and teaching mathematics with the aim of describing the evolutionary 
learning and teaching pathway towards certain mathematical content objectives. According to 
Clements and Sarama (2009), learning trajectories describe children’s thinking in a specific sector 
with a displayed pathway through a set of teaching tasks designed to cause these intellectual 
processes or actions. The learning trajectories consist of three parts: a) the mathematics goal, as a 
greater mathematical concept, b) the levels of thinking, an evolutionary pathway leading to the 
development of understanding and skills related to mathematical content, c) the set of teaching 
tasks, activities corresponding to each thinking level of developmental evolution. Our research aims 
at the study of a developmental path which will describe the different levels of primary school 
students’ way of thinking when dealing with questions or problems about mathematical infinity, as 
well as at the investigation of adequate tasks corresponding to each one of the thinking levels so as 
to help primary school children learn the concepts and develop the skills to promote their 
development to higher thinking levels. 

The originality of this research consists in the following: 
a) The effort to connect the knowledge and the skills that primary school pupils already possess 

in accordance with the analytical curriculum and their intuitive perceptions of infinity. 
b) The planning of a learning trajectory for the concept of infinity in primary education with 

two sub-trajectories – as a process and as an object – to distinguish the steps followed by 
children in order to develop proper intuitive understanding of a mathematical concept going 
far beyond their experience. 

 
More specifically, this paper focuses on a pilot research conducted with the aim of studying the 

following questions: 
1) How do pupils at the ages of 6, 8 & 10 perceive infinity as an object (as actual infinity)? 
2) How do pupils at the ages of 6, 8 & 10 perceive infinity as a process (as potential infinity)? 
 
This pilot research will help us to initially record students’ intuitive perceptions of infinity with 

the aim of designing a research study focused on the learning path of the concept of infinity with 
adapted teaching tasks on infinity as a process and as an object. 
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2. Methodology  

The survey was conducted with A graders, age 6, C graders, age 8, and E graders, age 10, as at 
these ages new mathematical concepts are introduced in their school curriculum such as comparing 
numbers and representing in the number line (Grade A), learning the multiples and the divisible 
(Grade C), and learning the systematic transformation of geometric shapes and the variables (Grade 
F). Three children from 3 different grades (A, C & F) participated in the pilot survey. Their 
selection was made with the assistance of each class teacher; it was initially based on parental and 
student consent as well as on students’ academic performance, communication and cooperation 
skills. 

The research tool for collecting our data was the semi-structured interview. The interview 
started with warm-up questions. In the first part, students answered some mathematical questions, 
corresponding to the mathematics curriculum of each class, both orally and written. The questions 
were of graded difficulty. In the second part, students were asked about infinity. At that point, it 
should be stressed that the interview questions regarding the infinite referred to countably infinite 
sets because of the students’ young age. Similar methodological approach to both interview parts 
was followed by the researchers Pehkonen, Hannula, Maijala, & Soro in 2006 in Finland. In order 
to analyze the students’ answers, each answer was grouped with a specific score, depending on how 
close it was to the correct answer and to data taken from previous research papers (Tall 
&Schwarzenbeger, 1978; Fischbein et al., 1979; Duval, 1983; Monaghan, 1986; Falk et al., 1986; 
Núñez, 1994; Tirosh & Tsamir, 1996, 1999; Tsamir & Dreyfus, 2002; Mamolo & Zazkis, 2008; 
Kolar & Cadez, 2012; Tsampouraki & Kafoussi, 2017). 

More specifically, the answers were scored with 1 mark if there was no answer or if the answer 
was numerical, with 2 marks if the numerical answer was followed by the expression “a lot”, with 3 
marks if the word “uncountable” was used or the word “the infinite”, with 4 if the answer was “a 
larger number doesn’t exist because it would have infinite digits”. The questions were the same for 
all students of different ages.As shown in the results, all students’ answers could be integrated in the 
suggested grouping. 

2.1. The research questions 

First Part:Getting to know the students – Investigating mathematics knowledge 
We started by asking the student’s name, whether he/she likes math problems and whether he/she 
spends time with their parents doing math. The first question is about knowing which number 
precedes and which follows a certain integer, and corresponds to the stable distance of succession if 
a repetitive process with “infinitely large” takes place. The second question is about the stable 
distance of the integers, with the distinctness and density of arithmetic values over a given interval, 
therefore with “infinitely many”. The third question is about comparing integers and can correspond 
to infinite sets comparison processes, i.e. with infinity as an object. The fourth question corresponds 
to finding shapes which are to be found, because of their construction, within other shapes, and this 
whole process leads to constructing infinite shapes being within one another, and can correspond to 
“infinitely small”. 
General mathematics knowledge questions : 
1.GradeΑ: Which number is before and which one after 59? 
GradeC: Which natural number is before and which one after 379? 
GradeE: Which number is before and which one after 1.202.020? 
2. GradeΑ: Which (natural) numbers are there between 27 and 35? 
GradeC: Write 5 natural numbers between 1.324 and 1.335. 
GradeE: Which (natural) numbers are there between 1.287.387 and 1.287.392? 
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3. GradeΑ: Put the correct symbol:   =, >, <, in between the pairs of numbers: 
 

          43        34,      70         70,       69          71       
 
GradeC: Put the correct symbol: <, >,=,in between the pairs of numbers: 
 
642 ……. 652,           265……265,             1100……1012     
 
GradeE: Insert the correct symbol (<, >,=): 
 
7.009……. 7.000            305.670…….305.670           5.099.199…….5.100.900 
 

 
Question 4 was common for all three grades: 
4. How many triangles can you see in the image? Can you add one more triangle in the same way? 
 
 
 
 
 
 
 
 

Second Part: Questions about infinity - Grouping of students’ expected answers according to 
marks 

A) The infinite as an object 
The first question corresponds to the infinite as the largest number. The researcher encourages the 
student to write as larger numbers as he/she can, to try using digits and to discuss his/her 
observations. The second question corresponds to clarifying the difference between the concept of 
infinity and the expression “too many”. The third question regards the comparison of infinite sets. 
The questions for F grade were the following: 

• QuestionΑ1: You are looking for the largest number. Which one is it? How would you write 
it? How would you describe it? 

-There is not one, I do not know, we cannot know that (1 mark). 
-It is 1 or 9 with many zeros or nines and a specific number of digits (2 marks). 

-It is 1 or 9 with many zeros or nines (or any type of googol numbers, 
33333333333333…333333), with an infinite number of digits, or the infinite (3 marks). 

-It is a number with infinite digits, it does not exist, because the numbers never end (4 marks). 
• QuestionΑ2: Do you believe there are more numbers or grains of sand? Why? What do you 

think? 
-We cannot count so as to have an answer (1 mark). 
-Grains of sand, or numbers, because they are a lot (2marks). 
-The grains of sand are as many as the numbers, because they are countless (3 marks). 
-Numbers, because they are infinite (4 marks). 

• QuestionΑ3: Imagine that we have placed all natural numbers 0, 1, 2, 3…in a number line 
and their doubles in another number line (the double of 1 is 2, the double of 2 is 4 etc.). Do 
you believe that one of the two number lines will contain more numbers or not? (Do both 
number lines share the same number of elements?) How did you think of that? 
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0     1     2     3        4     5      6     7      8      9       10      11    12      
 
0            2              4              6             8               10              12         
 
-We cannot know that, (1 mark). 
-The set of natural numbers, because we will have double numbers over the same interval (2 
marks). 
-The doubles of natural numbers will be more than the naturals, because they are always larger (2 
marks). 
-We cannot count, they are infinitely many in both cases (3 marks). 

-They are numerically equal, because they are infinite in both cases, because each number has its 
double one (4 marks). 

B) The infinite as a process 
The first problem corresponds to infinitely large, the second problem to infinitely small through a 
geometric representation and the third problem to infinitely many. 

• ProblemΒ1:We take a very small square (one centimeter side). Then, we draw around it a 
larger one (with a longer side). Then, we draw around the new square an even larger one. 
How many squares (with a longer side) can we continue drawing? Write what you think 
about the above problem. 

 
 
 
 
 
-We cannot know that(1 mark). 
-A lot of squares, until we reach a certain limit, (2 marks). 
-Countless squares, until there is no space left, (3 marks). 
-Infinite squares, (4 marks). 

• ProblemΒ2: If we have a straight segment (line) like the one below and divide it, what 
will happen? If we subdivide these straight segments (lines), what will happen? How 
many times can we repeat this task? Write what you think about the above problem. 

 
 
 
- 
 
We cannot know that (1 mark). 
-Many times and the process will stop sooner or later, to a certain limit (2 marks) 
-We cannot count, the process will be repeated countless times (3 marks) 
-We will continue the process infinite times,(4 marks). 

• ProblemΒ3: Imagine starting from this point (the researcher indicates a point in a circle) 
and plot the circle. How many times can you plot the circle starting from a different point 
each time? Write whatever else you think about this problem. 

 
                                                                         .A 
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-We cannot know that (1 mark). 
-Soon or later we will not be able to find different points and we will stop (2 marks). 
-We will have countless points but eventually we will stop (3 marks). 
-We will never stop, we will constantly plot the circle, infinite times (4 marks). 

3. Results  

Question A1 
age 6: George: It’s 100. Tassia: 100, 400, 500, 900, 1000 thousand hundred thousand. Petros: We 
never stop counting. I don’t know how to write it. Finally, he wrote the symbol . 
age 8: Renia: It’s 1000. The numbers are countless. Kostas: It’s 10.000.000. Maria: Theinfinite and 
she wrote it symbol . 
age 10: Myrto: The numbers are infinite, they don’t stop, the infinite . Antonios: It’s the infinite, 
even if we count, we can’t count high enough. Nikolas: 9999999999999999999 or 
1000000000000000000 trillion, we cannot count them, they are infinite, never end. 
Question A2 
age 6: Giorgos: Numbers, because I don’t know all of them. Then, he said grains. Tassia: Grains, 
because they are all over the beach. Petros: Numbers are larger. They are infinite. 
age 8: Renia: Numbers. Kostas: Grains. There are a lot of beaches. Maria: Numbers. They are 
infinite. 
age 10: Myrto: Numbers. Grains will end one day. Antonios: There are a lot of grains, but numbers 
are infinite. Nikolas: Numbers. They are infinite. 
Question A3 
age 6:Giorgos: The doubles go on further. Tassia: The doubles go in twos. Petros: The natural 
numbers, as there are numbers between the double numbers. 
age 8: Renia: The natural numbers have more elements. Kostas: The natural numbers…or maybe 
their doubles. Maria: The naturals. 
age 10: Myrto: The naturals, because in double numbers there are some numbers lost. Antonios: 
They are the same because both sets have infinite elements. Nicolas: The same number of elements 
because they never end. 
Problem B1 
age 6: Giorgos: Many, till we get tired. Tassia: I will keep drawing unless I run out of space on the 
sheet. Petros: A lot, unless I run out of space on the sheet. 
age 8: Renia: A lot, until the end of the space, because there must be an end. Kostas: A lot, if the 
sheet were large, but we would stop at the largest number of squares. Maria: More, on a larger sheet 
of paper. I would stop if I got tired. Otherwise, infinite squares, forever. 
age 10: Myrto: Infinite squares, each time a larger one. Antonios: If there is space, infinite squares. 
Nikolas: We can go on, just like with numbers, we won’t stop anywhere. 
Problem B2 
age 6: Giorgos: We will stop when the line is very short. Tassia: We will stop when there is no more 
space. Petros: We will stop when it is very short. 
age 8: Renia: Many times until the segment ends. Kostas: Many times, but we will stop when the 
segments are too small. Maria: Many times until there is no more line to subdivide. 
age 10: Myrto: We will stop when the pieces are too small to cut any further. Antonios: Until there 
is no more line to subdivide. Nikolas: We will stop at millimeters, because afterwards the pieces 
will be too small to see. 
Problem B3 
age 6: Giorgos: 56, 74, many times until the circle ends. Tassia: Until the distance between the 
points is very small. Petros: 41, 49, until the points get close to each other. 
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age 8: Renia: Many times, until the circle ends and there are no more points. Kostas:23, 38, there is 
little distance between the points and they will get very close to each other. Maria: 29, until they get 
very close to each other. 
age 10: Myrto: Lots of times, until we reach the original point. Anna: Infinite times, until there are 
no more points. Antonios: Lots of times, but not infinitely, because we will eventually reach the 
original point. 
 
The following table (Table 1) summarizes the students’ marks in these questions. 
 

 
 

 
 

 
 

 
 

 
 

 
 

Table 1. The students’ marks 

4. Concluding remarks 

According to our results, when it comes to the infinite as an object, we noticed that the students 
used the decimal number system as a starting point and according to the structure around which it 
evolves, they try to reach the largest number, a number with a lot of digits. They preferred a 
sequence of many zeros for the ending and seldom many nines. On a second level, they admitted 
that it is something with many digits, something, however, they do not know how to write it. Older 
children seemed to understand that there must be no way to write a number that is “largest of all’’. 
Also, most students had already come in contact with the concept of infinity as well as its symbol. 
Moreover, older students answered the question about comparing the cardinality of numbers and 
grains of sand (infinite and finite sets) more correctly than younger students, but the question on the 
representation of natural numbers and their doubles (infinite sets) was answered incorrectly 
independently of the children’s age. 
When it comes to the infinite as a process, older students perceived infinity more intuitively when 
the problem concerned the concept of “infinitely large” rather than when it concerned the concept 
of “infinitely small” and “infinitely many”. 
Following these results, we think that the investigation of these problems in a larger sample of 
students could help us design a learning pathway of the concept of infinity. 

MARK 1 2 3 4 

AGES 6 8 10 6 8 10 6 8 10 6 8 10 

QUESTIONS   

A1 1   2 2,2    3 4 4 4,4 

A2    2,2 2,2    3,3 4 4 4 

A3    2,2,2 2,2,2 2,2,2      4 

B1    2,2 2,2  3    4 4,4,4 

B2    2,2,2 2,2,2 2,2,2       

B3    2,2,2 2,2,2 2   3   4 
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Abstract. The motivating characteristics of games made them important tools in educational 
fields. Games are seen as facilitators of the teaching and learning process, and some 
curriculum guidelines pointed to the use of strategy games in math classes (NCTM, 1989). In 
Portugal, the educational community has also become interested in the pedagogical uses of 
games, providing the foundation to the development of different research in this field 
(DGEBS, 1990; DEB, 1998, 2001). For instance, in 1990 the curriculum of elementary 
mathematics education pointed out to the use of games, such as chess, draughts or dominoes. 
The educational guidelines continued to emphasize the use of games until 2007 (DGIDC, 
2007). This context has contributed to the realization of a research on games, carried out in 
three different moments with dominoes, chess and a set of mathematical games, respectively. 
This talk will present the three projects as well as its conclusion. Nevertheless, the main 
conclusion inferred from the investigation is that there are differences in the relationship 
between the ability to play different games and pattern identification. 
 
Résumé :  Les caractéristiques motivantes des jeux en ont fait des outils importants dans les 
domaines éducatifs. Les jeux sont considérés comme des facilitateurs du processus 
d'enseignement et d'apprentissage, et certaines lignes directrices du programme scolaire ont 
souligné l'utilisation des jeux de stratégie dans les classes de mathématiques (NCTM, 1989). 
Au Portugal, la communauté éducative s'est également intéressée aux utilisations 
pédagogiques des jeux, ce qui a permis de jeter les bases du développement de différentes 
recherches dans ce domaine (DGEBS, 1990 ; DEB, 1998, 2001). Par exemple, en 1990, le 
programme d'enseignement des mathématiques de l'école primaire a mis l'accent sur 
l'utilisation des jeux, tels que les échecs, le jeu de dames ou les dominos. Les directives 
éducatives ont continué à mettre l'accent sur l'utilisation des jeux jusqu'en 2007 (DGIDC, 
2007). Ce contexte a contribué à la réalisation d'une recherche sur les jeux, réalisés en trois 
moments différents avec respectivement les dominos, les échecs et un ensemble de jeux 
mathématiques. Cet exposé présentera les trois projets ainsi que sa conclusion. Néanmoins, 
la principale conclusion déduite de l'enquête est qu'il existe des différences dans la relation 
entre la capacité à jouer à différents jeux et l'identification des formes. 

 
 
It is difficult to imagine human culture without games. Although preferences for different types of 
games vary from individual to individual, games are a significant part of our childhood and remain 
important in adult’s leisure time. According to Huizinga (2003), playing games is older than culture. 
In fact, it is easy to find references to the use of games over the centuries. Artists have painted 
scenes where people are playing games, mostly children but also adults, that highlight the games 
used by people at the time, in different civilizations. Sometimes, these paintings are made in pottery, 
such as a beautiful vase showing two ancient Greek heroes, Ajax and Achilles, playing the board 
game Petteia, which belongs at the collection of the Vatican Museums (Santos, Neto & Silva, 2011).  
Board games are possibly the ones that interest researchers and archaeologists the most. Museums 
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still preserve all the artifacts related to games, such as board games pieces or board games marked 
on stone floors of Roman remains that shows us that board games have been played for more than 4 
000 years (Murray, 1952). 

The motivating characteristics of games made them important tools in educational fields, 
namely in mathematics education. Games are being seen as facilitators of the teaching and learning 
process, and some curriculum guidelines, pointed towards the use of strategy games in math classes 
(NCTM, 1989). 

In Portugal, the educational community has also become interested in the pedagogical uses 
of games in mathematics education, providing the foundation to the development of different 
research in this field (DGEBS, 1990; DEB, 1998, 2001). In 1995, an action research carried out in a 
primary school, studied the use of dominoes games in problem solving context (Ferreira, 1996; 
Ferreira & Palhares, 2010). The study was conducted with 18 students, half from the 3rd year of 
schooling and another half from 4th year of schooling, aged from 8 to 12 years old. In this study, 
two of the most popular dominoes variants played in Portugal were chosen, namely Dominó 
Tradicional or Corrido and Dominó Belga. These games are played with a standard set of double 
six dominoes, comprising 28 tiles. Matador, another variant of dominoes game was used to study 
the problem solving strategies used in the moves made by students. In the beginning, students from 
3rd and 4th grades have to solve problems that consist of game positions. These problems were 
invented specifically for the research, using two variants of domino games, and they are similar to 
chess or checkers problems that appear in the newspapers. Students have to solve two kinds of 
problems. The first one consisted of a game situation were some pieces are missing and they need to 
find the missing pieces. Other problem situation consisted of a game situation where they have to 
play and win the game or score exactly a number of points. At first, students have to learn how to 
play dominoes since they did not know the rules. Then, they start to solve problems of the two types 
described above. Then, they learned the game Matador and they played it a few times. 

As a main conclusion of this research, we verified that students are very motivated to play 
dominoes, even in problem solving contexts. They like to be challenged and they have increased 
their performance in solving this kind of problems across the research. Counting multiples of fives 
was a challenge for students, mostly for the 3rd grade students, that have more difficulty to perform 
mental calculations quickly. It has clearly been found that the best students were also the best 
players and performed well in the dominoes problems. Therefore, it was verified that students with 
learning difficulties used more often the strategy of trial and error in relation to the logical 
deduction, which was more often used by the best students. 

In addition to the use of games of strategy, the Curriculum of Elementary Teaching and the 
Principles and Standards for school mathematics, pointed to the identification of patterns in the 
mathematics teaching and learning process (DEB, 1998, 2001; NCTM, 1991). In fact, we live in a 
universe of patterns where mathematics is the science that arises to recognize, classify and exploit it 
(Stewart, 2004). Mathematics was seen as the science of patterns (Devlin, 2002) and the document 
of the fundamental competences for Elementary School stressed the identification and exploration 
of patterns in several topics of mathematics curriculum: numbers and operations, geometry algebra 
and functions. Actually, the ability to identify and create patterns is a basic math skill upon which 
many mathematical concepts are based. There are many activities in math classes that require an 
understanding of and proficiency in pattern recognition, as counting, multiplying or classifying 
shapes. According to Steen (1990), it is very important to expose children to a rich variety of 
patterns through which they can grow mathematically. 

The importance of strategic games and pattern identification, claimed by literature was the 
background for a study conducted among students of elementary schools that intended to disclose 
the existence, or not, of a relationship between the ability to play chess and the ability to identify 
patterns (Ferreira & Palhares, 2008). The methodology was based on a quantitative paradigm, with 
a correlational design. According to Cohen and Manion (1989), correlational studies are appropriate 
in educational research when there is a need to discover or clarify relationships and little or no 
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previous research has been undertaken. The investigation and its outcomes may be used as a basis 
for further research or as a source of additional hypotheses. The sample of this study was 
constituted by 437 students from 3rd to 6th grades, organized in the following way: students from 3rd 
to 6th grades from Braga; chess players and students with school chess from clubs of several areas 
of Portugal. The ability to identify patterns was measured by one test that was constructed and 
validated for this study. The structure of the test was based on the structure of similar questions used 
by other authors, such as Krutetskii (1976). It is also based on the conclusions of Krutetskii’s 
research, stating the existence of three types of mathematical ability: analytical, geometric and 
harmonic (combining the other two). 

The statistical treatment was done using SPSS for Windows and different statistical 
procedures had been used in the analysis, adjusted to each case. The partial coefficient correlation 
was used to verify the correlation between the total classification obtained on the test and ELO, 
controlled by age, school year, gender and levels of achievement in mathematics. To make the 
interpretation of the correlation coefficients we used the following boundaries: Correlations 
between 0.2 and 0.35 reveal a small relationship between variables, too small to make predictions; 
Correlations between 0.35 a 0.65 are often found in educational research. They may have 
theoretical and practical importance depending on context. They allow for group predictions (Cohen 
& Manion, 1989; Fraenkel & Wallen, 1990). 

As main conclusion, it was verified that students were able to identify patterns, according to 
the test average. Concerning each of the parts of the test (geometric and numerical) we could notice 
that students, in general, had no difficulty in answering to the first part, and the pupils of 3rd grade 
revealed difficulty in the second part of the test. We have also verified that the score on the test in 
average increases as the school year increases. Analysing the test scores in function of playing 
chess, we have verified that chess players had better scores in the test, mainly in the scores of the 
second part of the test. Therefore, we can conclude that students who play chess appear to be the 
ones who had better identified patterns. More precisely, inversely to others students, chess players 
perform better on numerical patterns rather than on geometric patterns. 

The statistical analysis allows us to draw some conclusions. The first one is that the strength 
of play is positively related to problem solving involving patterns, with a coefficient of correlation r 
= 0.458. School grade affects the relationship between strength of play and problem solving based 
on patterns. However when we exclude its effects, the relationship is still above 0.38. Age and 
gender affect slightly the relation between strength of play and problem solving involving patterns. 
However, its effects are not significant. The capacity to identify geometric patterns was measured 
using the first part of the test and the capacity to identify numerical patterns using the second part. 
As to the capacity to identify geometric patterns we can conclude that it was positively related with 
strength of play (r = 0.320). Concerning the capacity to identify numerical patterns, we can 
conclude that it is also positively related to strength of play (r = 0.463) and this relation is stronger 
than the preceding. Furthermore, taking into account age, school grade, gender and mathematics 
levels of achievement, we found that playing or not playing chess has no relation with problem 
solving involving patterns (r = 0.13); there’s a weak negative relationship between the ability to 
solve problems involving patterns and students date of birth (r = -0.25); there’s a weak positive 
relationship between the ability to solve problems involving patterns and school grade (r = 0.23); 
belonging to feminine or masculine gender is not related to the ability to solve problems involving 
patterns (r = 0.03); there’s a weak relationship between the ability to solve problems involving 
patterns and mathematics levels of achievement (r = 0.22). 

In conclusion, we think that teaching students to play chess well may constitute a strategy to 
help students to identify patterns. Despite the pertinent results of this study for the studied 
population, it does not allow us to go outside the population of elementary school students. 

Since 2004, Ludus Association has been organizing the Portuguese Championship of 
Mathematical Games. This project is based on the believe that board games implementation is a 
good activity that can offer some mental exercises that are close to mathematical thinking 
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(Carvalho, Santos, Neto & Silva, 2009).  Although our interest is on games in general, this event 
provided the opportunity to investigate strategy games, known as mathematical games or abstract 
games (Neto & Silva, 2004). These particular games do not involve chance or hidden information. 
This kind of board games has been used in educational research and chess was perhaps the game 
that raised more studies in order to verify whether its practice improved math skills in their 
practitioners (Filguth, 2007). 

Having investigated the relationship between chess and patterns, we decided to extend the 
research to two distinct categories of games (Ferreira, Palhares & Silva, 2014). The first one 
consists of board games without chance involved or hidden information (Wari, Traffic Lights, Dots 
and Boxes, and Cats and Dogs). The second one consists of others games that do not belong in the 
first category. In this case we selected a Dominoes game, and Syzygies, a word game. The main 
goal of this study was to identify the possible relationships between the ability to play games and 
the ability to identify patterns. Another aim of the study was to ascertain the existence of significant 
differences between each one of the games involved in the analysis that could be used as a 
framework to differentiate these games. Concerning the game of Chess, the literature point to the 
existence of relevant differences between Grand Masters and lower level players (Simon, 1992) or 
experienced and less experienced players (Charness, Reingold, Pomplun & Stampe, 2001). The 
conclusions pointed out by these authors led us to also be focused in the existence of possible 
differences between best and worst players. 

The study comprised different phases and it takes into account some previous analysis, 
namely a Factor analysis that revealed the existence of seven factors behind the ability to find 
patterns. We will address only the part related with the correlational analysis. Finally, we intend also 
to ascertain the existence or not of relationships between the ability to play games and the results 
obtained in the national assessment in mathematics, regarding the group of 4th grade students. 

The population of the study consists of elementary school students from 3rd to 6th year of 
schooling from Portuguese schools. The sample was constituted by 400 students, most belonging to 
6 different schools. The process of data collecting was done in different ways: among the finalist of 
a national championship of mathematical games; organizing championships at schools with one or 
more classes involved. 

The statistical analysis followed the same requirements as the previous study. As data 
collected was not different from a normal distribution, we could use parametric tests. In the analysis 
of the relationship between variables, we mainly used the Pearson (r) coefficient using the square of 
this coefficient (R2) for interpretation because it can be interpreted as a ratio (Chen & Popovich, 
2002). Kendall’s Tau (τ) coefficient was used for the variables that contain a considerable amount of 
ties. However, in the analysis involving chess we have also used the point-biserial correlation 
coefficient (rpb), which is appropriate when one of the variables is dichotomic, as in gender (Field, 
2000). The analysis has also taken into account the level of significance, accepting only coefficients 
with a level of significance lower than 0.05 (p < 0.05 or p < 0.01). 

In this study, several relationships reveal the link between these games and the patterns 
present in the test. These relationships also reveal that different games are related to patterns in a 
different way and some of them are more related than others. Traffic Lights is the one that is more 
consistent in the analysis. This game has the largest number of relationships with different kind of 
patterns and also with the national standardized tests in mathematics as well as almost all the areas 
of these tests. In fact, Traffic Lights and Wari are the ones that revealed being related with these 
tests. 

As a conclusion, we can state that playing Traffic Lights, and more precisely playing it well, 
could develop abilities in practitioners that are useful in pattern recognition. Traffic Lights is a good 
game to promote among students for different reasons: it has simple rules; it is quick; it is easy to 
make; it is related with pattern recognition. 

On the other hand, Cats and Dogs revealed almost no significant relationship with patterns, 
having just one result concerning the worst players. 
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Besides being a word game, Syzygies seems to be a good game to help students develop 
their ability to identify patterns, mainly patterns involving numeric progressions and counting. The 
results analysis concerning this game point at the significant relationships identified on students of 
5th grade, being more consistent than the results from 4th grade. Therefore, we conclude that playing 
Syzygies could help 4th grade students identify patterns involving odd and even numbers. 

The analysis focused on factors has shown distinction among games. It is clear that these 
games are not related with patterns where rotation is implicit. However, it is also clear that Traffic 
Lights is the only game related with repetition patterns, being the game of dominoes the only 
related to patterns involving both numeric and geometric patterns. Other important aspect is that 
some factors are shared by two or three games. For instance, Dots and Boxes and Syzygies are the 
only ones to share the link between patterns involving counting or numeric progressions. 

Finally, some games can be used in an educational context as a tool for learning 
mathematics. Games provide the opportunity to socialize and learn to respect your opponents; learn 
the value of rules; know how to deal with defeat; learn from mistakes; develop new strategies of 
thinking; challenge own abilities, look for improvement; develop the abstract thinking and 
reasoning, as well as develop problem solving skills. The extracurricular activities, school clubs or 
projects provide also an excellent opportunity to implement the practice of mathematical games or 
other games related to mathematics. 

The results of the study are relevant for elementary school students. Knowing that a specific 
mathematical skill is related to the ability to play some games could be helpful for elementary 
school teachers, for parents and others educators. In addition, they have a reference to help them 
choose the most appropriate game for the goals they want to achieve, when these goals are related 
to the kind of pattern identification involved in this study. 
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Abstract. This paper aims to explore figure background perception of young children (3 to 5 
years-old, N=15) from kindergarten in Braga, Portugal. For that, it tries to address two 
questions: How do children perform when solving problems of figure background 
perception? How do children justify their answers? Qualitative methods were used to 
describe children’s reactions when interviewed individually solving problems of: position of 
shape, similarities and differences, finding shape, and shape overlay. Children were 
challenged to solve 4 problems of position of shape, 1 problem of similarities and 
differences, 4 problems of finding shape, and 3 problems of shape overlay. All the problems 
were presented to the children through the use of stories, and manipulative materials related 
to the context of the story problem were available for children. Results suggests that children 
can succeed in all these type of problems. Nevertheless, the problems of similarities and 
differences were the easiest ones for young children; the shape overlay problems seems to be 
the most difficult problems. However, globally one may say that even 3-year-old children 
used successful strategies in solving the figure background perception problems. These 
results suggest that figure background perception problems can be explored in kindergarten, 
with young children, using simple problems that enhance their spatial awareness as a way to 
stimulate visualization skills. 
 
Resumé. Cet article a pour objectif d’explorer la perception de fond des personnages de 
jeunes enfants (âgés de 3 à 5 ans, N = 15 ans) de la maternelle à Braga, au Portugal. Pour 
cela, il tente de répondre à deux questions: comment les enfants se débrouillent-ils pour 
résoudre les problèmes de perception de l’arrière-plan des figures? Comment les enfants 
justifient-ils leurs réponses? Des méthodes qualitatives ont été utilisées pour décrire les 
réactions des enfants interrogés individuellement en résolvant des problèmes de: position de 
la forme, similitudes et différences, recherche de la forme et superposition de formes. Les 
enfants ont été mis au défi de résoudre 4 problèmes de position de forme, 1 problème de 
similitudes et de différences, 4 problèmes de recherche de forme et 3 problèmes de 
superposition de forme. Tous les problèmes ont été présentés aux enfants au moyen 
d'histoires, et des documents de manipulation liés au contexte du problème de musique 
étaient à la disposition des enfants. Les résultats suggèrent que les enfants peuvent réussir 
dans tous ces types de problèmes. Néanmoins, les problèmes de similitudes et de différences 
étaient les plus faciles pour les jeunes enfants; les problèmes de recouvrement de forme 
semblent être les problèmes les plus difficiles. Cependant, globalement, on peut dire que 
même les enfants de 3 ans ont utilisé des stratégies efficaces pour résoudre les problèmes de 
perception de l’arrière-plan. Ces résultats suggèrent que les problèmes de perception de 
l'arrière-plan des figures peuvent être explorés à la maternelle, avec de jeunes enfants, en 
utilisant des problèmes simples qui améliorent leur conscience spatiale pour stimuler les 
compétences de visualisation. 
 

1. Spatial visualization in kindergarten education 
Children's first experiences are geometric and spatial, trying to understand the world around 
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them, distinguishing one object from another and discovering the degree of proximity of an object 
(1, 2). When children move from one place to another, for instance, they have to use their spatial 
and geometric ideas as they have to decide to go ahead, go forward, turn left or right. This relation 
with geometry extends throughout life in many other domains of their daily routines. 

According to Jones (3) and the National Council of Teachers of Mathematics (NCTM) (4), the 
study of geometry contributes to help children develop visualization skills, critical thinking, 
intuition, perspective, problem solving, conjecture, deductive reasoning, logical argumentation and 
proof. Kindergarten children possess an informal geometry that serves as the basis for learning 
formal geometry. Geometry in general, and spatial reasoning in particular, are fundamental 
components of mathematical learning from the earliest years (5). 

Kindergarten children possess an informal geometry that serves as the basis for learning formal 
geometry. Geometry in general, and spatial reasoning in particular, are fundamental components of 
mathematical learning from the earliest years (3-5). Spatial thinking is a human capacity used in 
daily life, in problem solving, and contributes to mathematical ability (6, 7). Children with greater 
spatial sense are better at mathematics (7) because many mathematical concepts comprise a visual 
dimension (6, 7). Moreover, connections and coherence among mathematical ideas are enriched 
when educators can apply number concepts and processes to spatial structures (7, 8). 

The NCTM (4) points out that kindergarten programs through Grade 2 should enable children to, 
among other things, use visualization, spatial reasoning, and geometric modelling to solve 
problems. Also the Portuguese official guidelines for Pre-School Education (from 3- to 6 years-old) 
refers that spatial visualization is a process that involves the construction and manipulation of 
mental images of objects in 2 or 3 dimensions, and building visual representations that are essential 
for life. In this document, spatial thinking integrates spatial visualization and spatial orientation (9). 
Spatial visualization includes abilities related to children perceiving the surrounding world and their 
ability to interpret, modify and anticipate transformations of objects (10). Spatial visualization 
problems should provide the development of children’s spatial reasoning. 

In literature, the spatial sense is named as spatial visualization (4, 9, 10) or visual perception (11-
13). According to Matos and Gordo (10), spatial visualization includes abilities related to children 
perceive the surrounding world and their ability to interpret, modify and anticipate transformations 
of objects. For NCTM (4, 14), spatial sense is an intuitive sense of environment and objects. As 
there is no agreement in the definition of spatial visualization, in this paper spatial visualization is 
understood as visual perception. This concept relates to the ability to observe, manipulate, 
transform, comprehend and imagine movements of objects, images in two and three dimensions, 
with the purpose of organizing information, thinking, developing previously unknown ideas and 
advancing in knowledge (6, 15-18). 

Del Grande (19), based on the works of Brennan, Jackson and Reeve, first distinguished nine 
capabilities of spatial visualization: visual copying; hand-eye coordination; left-right coordination; 
visual discrimination; visual retention; visual rhythm; visual closure, figure-ground relationships; 
language and perception. After that, also in relation to the previous work of Hoffer (20) and Frostig 
(21), Del Grande (19) argues that “have been selected as having relevance to the study of 
mathematics and geometry in particular”, and distinguished seven capacities, which are: eye-motor 
coordination; figure-ground perception; perceptual constancy; position-in-space perception; 
perception of spatial relationships; visual discrimination; visual memory. The firsts capacities are 
the same of Frostig and colleagues (11, 12). The visual discrimination is the ability to identify 
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similarities and differences among or between objects, independent of the position. Visual memory 
is the ability to remember accurately objects no longer in view and list their characteristics to other 
objects in view or not (19). Frostig, Horne, and Miller (11, 12) focused on visual perception 
considering it as the ability to recognize and discriminate visual stimulus and interpret them, 
associating them with previous experiences. The development of these abilities extends to other 
areas of learning (11-13). 

Frostig and colleagues (11, 12) defined five visual perception abilities important in children's 
learning: visual motor coordination, figure background perception, perceptual constancy, perception 
of position in space and perception of spatial relationships. Visual motor coordination is the 
capacity to coordinate vision with the movements of the body and its parts; figure background 
perception; perceptual constancy, also called constancy of shape and size is the ability to identify an 
object with invariant properties presented in different shapes, positions, sizes, brightness, textures 
and colours; perception of position in space, that is the relation in the space of an object with its 
observer, and it carries the ability to perceive objects that are behind, ahead, above, below, or to the 
right and left side of oneself. The other capacity is the perception of spatial relationships, the ability 
of an observer to perceive the position of two or more objects in relation to themselves and the 
relation between objects (11, 12, 19). This ability develops after the perception of the position in 
space and is the consequence of it. 

This paper focuses on the figure background perception, the ability to identify a specific 
component in a situation that involves a complex background, where portions of that component are 
distorted and intersected. The figure background perception ability is also defined by the distinction 
between foreground and the bottom of that plane and it is essential to select a center of interest from 
a set of stimuli - auditory, tactile or visual (10, 19). These stimuli form a figure in our perceptual 
field, that is, the part that forms the center of attention, and it that one perceives more clearly the 
things to which one pays most attention. It may happen that the center of interest changes and that 
which was a figure becomes background. For example, when a child is playing with a ball his/her 
figure is the ball, set against a background that the child does not pay much attention to (flower 
beds, advertisements around him). If one is interested in another object, such as a bucket, the ball 
becomes part of the background and the figure would be the bucket. A child with poor figure 
background ability turns out to be inattentive and disorganized, as his/her attention jumps from one 
stimulus to another. The children then have difficulty finding a particular piece of text, omit 
sections, and cannot solve known issues if they appear on a very small page as they are unable to 
select the important details. Exercises that explore the background figure help to develop the ability 
to focus attention on the appropriate stimuli, essential in any action directed toward an end and for 
any school learning. This ability helps the child to see the written or printed figures clearly and in 
the proper order, without being distracted by the stimuli surrounding them. Activities to develop this 
ability include: identifying a figure from a set of overlapping figures, completing figures, and 
assembling a figure from its parts in tangram-type activities (19). Matos and Gordo (10) suggest 
activities that require the observation of hidden figures, completing figures so that they resemble 
others, and looking for figures immersed in others – e.g., Tangrams and paving. 

In Portugal, research studies on kindergarten children’s abilities related to figure background 
perception are seldom. Nevertheless, curricula for mathematics in the kindergarten underlie the 
exploration of problems related to these issues in order to develop children’s visual perception. 
Thus, to understand kindergarten children’s visual perception, their ability to solve figure 
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background perception problems was analysed. 
This study tries to explore young children’s figure background perception. For that, two 

questions were addressed: How do children perform when solving problems of figure background 
perception? How do children justify their answers? 

2. Methods 
Qualitative methods using an interpretative approach (22, 23) were adopted to understand 

children’s figure background perception. A descriptive research was carried out, in which the data 
source was the natural environment, and data was collected in the form of words or images. In 
agreement with Bodgan and Bicklen (24), and Denzin and colleagues (25), in this type of research, 
the main interest is more in the process than in the results or products. 

The participants were 15 children, from 3- to 5-years-old, from state supported and private 
kindergartens of Braga, in Portugal. There were 5 children of each age level. 

Children were interviewed individually when solving figure background perception problems in 
order to analyse their performance and understand their reasoning. Each interview comprised 12 
problems of figure background perception. These tasks included 4 problems of position of shape, 1 
of similarities and differences, 4 of finding shape and 3 of shape overlay. Table 1 presents some 
examples of the problems presented to the children.  

 

Table 1. Examples of the problems of figure background perception presented to the children. 
 Problem Material 

Position of shape Can you build these figures with these pieces? 
 

 
Similarities and 
differences 

Marks with X the image that is different from all the 
others. Why is it different?  

Finding shape Look at the images. Mark with a cross the images 
that are equal to the shapes above.  

 

Shape overlay Can you find animals in the picture below?  
Which animals do you see?  

 

 
In each problem, the interviewer presented the problem to the child orally. For some problems, 

manipulative materials related to the context of the problem were available for children. After 
solving the problems, the children were challenged to explain their answers by the questions “Why 
do you think so?” or “How do you know that?”. During the interview, the children were free to 
interrupt or quit at any time. 

The interview was conducted by the researcher, one of the authors of this paper. Each interview 
lasted, approximately, 20 minutes. 

The data collection was carried out using audio and video recording, children’s written 
resolutions, children’s constructions, and researcher’s field notes. 
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3. Results 
One point was awarded to each correct response given by the child when solving the problems. 

Twelve problems of figure background perception were presented to the children, comprising 
position of shape, similarities and differences, finding shape, and shape overlay. Figure 1 shows the 
total of correct responses of children, according to age. 

 

 
Figure 2.  Total of correct responses according to age (N=15). 

 
Only one child could not solve any of the problems. The others could succeed in at least one of 

the given problems, and most of the children succeeded in at least 50% of the presented problems. 
Figure 1 presents the total of children’s correct responses according to the age level. Two children 
could succeed in nine of twelve given problems; one 3-years-old child could solve correctly 67% of 
the presented problems, and another 50% of the total of problems. Table 2 gives the mean (S.D.) of 
the correct responses, according to the age, for the 12 problems. 

 
Table 2. Mean (S.D.) of the correct responses according to the age. 

 
 
 
 
 
 
 
 
 
 
These results suggest that children’s performance seems to be affected by their age level; Five-

year-old children have a higher success than 3-year-old children, which is not a surprisingly result, 
but 3-years-old children were able to succeed in several problems and this is a remarkable result.  

Results suggest that the younger children, such as 3-years-old, could get some sense of the figure 
background perception in order to succeed in these problems. Possibly this can indicate that it 
makes sense to include these type of problems in the kindergarten practices, in order to stimulate 
and prompt children’s development of spatial visualization. 

An analysis on children’s performance allows to identify some of their strategies, when solving 
the problems. This analysis will be presented here according to the type of problem (position of 
shape, similarities and differences, finding shape, and shape overlay). 

 Age Mean 
(S.D.) 

3-years-
old 

3,4 (2,6) 

4-years-
old 

6,4 (2,1) 

5-years-
old 

6,8 (2,2) 
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3.1. Position of shape 
Table 3 presents the percentage of the type of strategy observed when solving problems of 

position of shape, according to age. Children’s performance when solving the position of shape 
problems could be distinguished into three categories: shape in correct position when children put 
all shapes in the correct position; some correct shape when children put some shapes in correct 
position, but others in wrong position; and shapes in wrong position when children does not put any 
shape correctly. 

 
Table 3. Percentages of type of strategies used by children on position of shape problems, by age 

(N=15). 
Position of shape (%) 

Type of strategy 3 
years-old 

4 
years-old 

5 
years-old 

Shapes in correct 
position 

30 60 60 

Some correct 
shapes 

30 10 30 

Shapes in wrong 
position 

40 30 10 

Figure 3 shows three examples of children’s resolutions with shapes in correct position.  

 
 
 
 
 

Figure 3.  Examples of correct responses in problems of position of shape (N=15). 

Young children of 3-years-old were able to succeed in these problems, presenting 30% of correct 
resolutions, and other 30% could present some pieces of the final shape in the correct position; only 
40% of the 3-years-old children presented all the pieces in the wrong positions (see Table 3). Figure 
4 gives some examples of wrong answers presented by children, in spite of using some of the pieces 
correctly. 

 
 
 
    

 

Figure 4.  Examples of some wrong resolutions in problems of position of shape. 

3.2. Similarities and differences 
Table 4 presents the percentage of the type of strategy observed when solving problems of 

similarities and differences, according to age. Children’s performance when solving the similarities 
and differences problems can be distinguished into two categories: tick the different dog when the 
child identifies and indicates the dog which different; and identifies the wrong dog when child 
doesn’t identify any dog and says that all dogs are similar or when child identifies the wrong dog. 
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Table 4. Percentages of type of strategies used by children on similarities and differences 

problems, by age (N=15). 
Similarities and differences (%) 

Answer 3 
years-old 

4 
years-old 

5 
years-old 

Tick the different 
dog 

40 100 100 

Identifies the 
wrong dog 

60 0 0 

Figure 5 shows the answer of a 3-years-old child, who was asked to tick the different dog. 
 

 
Figure 5.  Example of a correct responses given by a 3-years-old child. 

Results suggests that this type of problem was not difficult at all for the older children, but for 
the youngest the recognition of similarities and differences may need to be improved. More 
research is needed to have an insight on children’s reasoning to understand which processes occur 
that allow children to easily grasp these similarities and differences at 4-years-old, but not at 3-
years-old. Nevertheless, among those who presented a correct response, it was possible to find 
justifications of a 3-years-old arguing that “this dog has 2 scratches here and 1 here and the other 
dogs have more”, revealing a total understanding of their answer. 

3.3. Finding shape 
Table 5 presents the percentage of the type of strategy observed when solving problems of 

finding shape, according to age. Children’s performance when solving the finding shape problems 
can be distinguished into three categories: all shapes, when the child identifies all hidden figures; 
some shapes, when a child identifies some hidden figures but does not identify others; and incorrect 
shapes, when children identify shapes that are not hidden (see Table 4). 

 
Table 5. Percentages of type of strategies used by children when finding shape problems, by age 

(N=15). 
 

Finding shape (%) 
Type of strategy 3 years-old 4 years-old 5 years-old 

All shapes 30 70 75 
Some shapes 35 5 15 

Incorrect shapes 35 25 10 

 Figure 6 shows 3- and 4-years-old children answers to problems of finding shape. 
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Figure 6.  Examples of correct responses given by 3- and 4-years-old children (finding shape 
problems). 

Results suggests that this type of problem was not very difficult for the older children, but for the 
youngest the recognition of a shape among others seems to be difficult. More research is needed to 
have an insight on children’s reasoning to understand the processes that occur that allow children to 
find shapes in different positions, at 3- and 4-years-old (see Table 5). Some children even justified 
that “this figure is the same. I don’t know the name of this figure” revealing their recognition of 
shape. Some children could only recognise some of the shapes, those inside the circle. Figure 7 
shows an example of 3-year-old child that does not identify the circle figure. 

 

Figure 7.  Examples of almost correct response given by 3-years-old child (finding shape 
problems). 

3.4. Shape overlay 
Table 6 presents the percentage of the type of strategy observed when solving problems of shape 

overlay, according to age. Children’s performance when solving the shape overlay problems can be 
distinguished into three categories: build near the card, when a child builds a construction near the 
card, correctly; does not overlap images; build on card but wrong, comprises the situations in which 
the child puts the pieces on the given card overlaying, but in the wrong position; and build near the 
card but wrong, comprising the cases in which a child makes a construction different from the one 
required in the card. 

 
Table 6. Percentages of type of strategies used by children on shape overlay problems, by age 

(N=15). 
 

Shape overlay (%) 
Type of strategy 3 years-

old 
4 years-

old 
5 years-

old 
Build near the card 0 10 20 

Does not overlap images 30 30 50 
Build on card but wrong 40 50 20 

Build near the card but wrong 30 10 10 
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Figure 8 shows examples of children of 4- and 5 years-old building near the card. 

 
 

Figure 8.  Examples of correct responses in problems of shape overlay (N=15). 

The problems of shape overlay were the most difficult ones presented to the children of this 
exploratory study. These requires the attention to too much information, which makes them more 
difficult than the previous ones. Even when material was available to solve the problem, the levels 
of success were extremely low. Possibly, this was due to the fact that children could not succeed in 
the problem by building on the card, as this was a 3D problem. Figure 9 shows some of the 3-years-
old resolutions that were close to success, failing partially on overlaying, building wrongly on the 
card. 

  

 

 

 

 

 

In another problem, the children had to identify the animals in a picture and most of them 
succeeded. Figure 10 shows an example of such a problem, in which the children should identify 
the four animals. Most of the children identified correctly all the animals: a dog, a cat, a bird and a 
chicken. 

 

 

 

 

 

 

 

Figure 9.  Examples of almost correct responses in problems of shape 
overlay. 

 

 

Figure 10.  Example of another problem of shape overlay. 
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4. Final remarks 
These results suggest that the figure background perception problems can make sense even for 

the 3-years-old children. The problems about shape overlay seemed to be the most difficult ones 
presented to this group of children. The similarities and differences problems seemed to be the 
easiest ones. As expected, in all problems presented to the children, the levels of success increased 
among the older ones. But these findings suggest that there are many problems of figure 
background perception that can be explored with young children of 3-years-old, in a fun way, in 
order to challenge their spatial thinking. 

Regarding the children’s justifications, this study suggests that solving figure background 
perception problems can be an opportunity for young children to improve their communication 
skills, when asked to explain their answers. Most of them were unable to present an explanation but 
they were able to use the material to show how they solved the problem.  

Some of these problems were quite difficult as children had to manage colour and position in 
some cases, in other cases shape and position. Nevertheless, all the children tried to solve the 
problems with enthusiasm. In many cases, they succeeded and presented justifications that clarifies 
that their resolutions were made with understanding. 

When solving problems of position of shape, of similarities and differences and of finding 
shapes, young children of 3-year-olds could succeed, in spite of not presenting many justifications 
for their resolutions. On shape overlay problems, only a few 4- and 5-year-olds children could 
succeed, making these the most difficult problems presented to the children. 

The findings of these exploratory study do not allow generalizations, but give some sense of 
what young children from 3-years-old are able to do regarding the figure background perception. 
More research is required regarding these issues in order to have an insight into young children’s 
ability to solve figure background problems. These findings also allow us to think about the type of 
problems that can be explored with young children in kindergarten, as a way to prompt their 
visualization skills, in a fun way. 
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Abstract. This paper presents the results of a bibliographic and exploratory study with 
qualitative nature, which objective is to identify the main concerns and problems about the 
mathematics teaching in the Engineering courses of Brazilian institutions and analyse 
(possible) solutions. To this end, the option was to investigate the scientific and academic 
production disseminated at COBENGE (Brazilian Engineering Teaching Congress) in the 
last two years (2017-2018). The final corpus of analysis was composed by 26 researches, 
initially categorized as “applied” and “theoretical” studies. The results and analysis indicate 
there is a tendency to concerns about the mathematics teaching in the initial stages of the 
Engineering Courses, which suggest the use of more active methodological strategies, digital 
technologies and the contextualization of mathematics contents as a way to overcome it. 

Résumé. Cet article présente les résultats d'une étude bibliographique et exploratoire à 
caractère qualitatif, dont l'objectif est d'identifier les principales préoccupations et problèmes 
concernant l'enseignement des mathématiques dans les cours d'ingénierie des institutions 
brésiliennes et d'analyser les solutions (possibles). À cette fin, l'option était d'étudier la 
production scientifique et universitaire diffusée au COBENGE (Congrès brésilien 
d'enseignement de l'ingénierie) au cours des deux dernières années (2017-2018). Le corpus 
final de l'analyse a été composée par 26 recherches, initialement classées dans les catégories 
« appliquée » et « théorique ». Les résultats et l'analyse indiquent qu'il existe une tendance 
aux préoccupations concernant l'enseignement des mathématiques dans les premiers stades 
des cours d'ingénierie, qui suggèrent l'utilisation de stratégies méthodologiques plus actives, 
des technologies numériques et la contextualisation des contenus mathématiques comme 
moyen de les surmonter. 

1. Introduction 

The Mathematics area in Engineering Courses has, at least, two facets well defined: on the one 
hand, it’s a problem, due to the high ratings of failure and school evasion, specially in the first 
periods of the courses. On the other hand, it’s a universal language of Science, powerful and with 
large application for the scientific and technological   development, which justifies that it is 
acknowledged as fundamental and valuable prerequisite to the training and the quality of future 
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engineers. (SCHWERTL et al., 2017). 
With respect to one aspect above mentioned, many factors are pointed in the literature to justify 

the high ratings of failure and school evasion, especially in the so called basic cycle such as 
Calculus, Analitical Geometry and Linear Algebra): Difficulties in relation to the required 
abstraction in the contents;  lag in relation to the previous mathematical knowledge; didactic and 
methodologies adopted by the teachers; problems with adaptation to the pace imposed by the 
university education are some  examples that we can mention. 
These factors, which may be the result of social and political changes - and consequently impact on 
curricular and pedagogical issues - have led to paradigmatic changes in University Education. In 
particular, Engineering Education has given special attention to aspects such as the quality of 
teaching programs, strategies to improve teaching and learning processes and / or how teachers can 
innovate in pedagogical practice. (MESQUITA et al., 2016; GOLDBERG and SOMERVILLE, 
2014). 
The discussions on these aspects are amplified and disseminated in specific events, in which also 
are emphasized the concerns with the mathematics teaching in the Engineering courses, both at 
national level (like the Brazilian Congress of Engineering Education - COBENGE, organized by the 
Brazilian Association (ABENGE)) and internationally (Mathematics Working Group Seminar, 
organized by the Société Européenne pour la Formation des Ingénieurs (SEFI)). (BIANCHINI et 
al, 2017). 
The national and international literature has pointed, in recent years, the active methodologies as 
possibilities for the work of the teacher in these current times. We understand here active 
methodologies as the methodological strategies that prioritize the responsible action of the student 
in the pursuit of knowledge and enable the shared protagonism between teacher and student in this 
process. According to Viacelli da Luz e Moreira (2018), researchers in the areas of university 
education didactics and engineering education agree and suggest that the use of these 
methodologies, in which students are actively involved in the learning process, can develop the 
capacity to solve complex problems and therefore to move forward in the development of more 
flexible school curricula, linked to their needs and expectations. 
In this context, this research1 arises through the union of efforts between two researcher teachers 
who seek not only to understand the problems involved in the teaching and learning of mathematics 
in engineering courses but to identify the initiatives that researchers and teachers have implemented 
to overcome such scenario. Also investigating methodological strategies that can become real 
possibilities of establishing connections between the professional field of the engineer, technology 
and the teaching of mathematics in a world that becomes increasingly dynamic and complex. 
In this way, the main problem that guides the present research is configured: How has the teaching 
of mathematics in the Engineering courses, in the context of Brazilian institutions been thought? 
And secondary issues: What kind of methodological strategy is valued? Do the strategies used 
provide connections between mathematics and other areas of engineering courses? In particular, are 
there researches based on active methodologies? How are they delineated? 
To answer these questions, we opted to investigate the academic production disclosed in 
COBENGE in the last two years. This is considered the main discussion forum on Engineering 
education in the country, bringing together representatives of teaching institutions, teachers, 
government agencies and other entities that seek to share experiences, reflect and propose strategies 
for the training of professionals engaged in the changes of this complex world and able to meet its 
demands (TOZZI; DUTRA, 2013). 
It is delineated in that way, the main objective of our research: identify which concerns, problems 
and solutions are being discussed by the authors, what are the methodological perspectives of these 
                                                
1This research is one of the ramifications  of the project  “Active methodologies: possibilities of teaching and learning 
of Mathematics” , associated  to the Research Group on Education, Science and Technology – GPECT, which seeks to 
reflect upon active methodologies as possibilities for the process of teaching and learning mathematics at different 
levels of education and how they can be inserted into the practice of the teacher who teaches mathematics. 
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studies, their potentialities and limits, and thus contribute to reflect about the improvement of the 
teaching and learning process of mathematics , specifically in engineering courses. 
 

2. Methodological Aspects  

Since we seek greater familiarity with the subject, according to Gil (2016), the present research is 
characterized as exploratory, from the point of view of its objectives; bibliographical according to 
the technical procedures of data collection and of a qualitative approach. 
The collection of the works happened through the insertion of the term "teaching of mathematics" in 
the filter of searches of the electronic page (http://www.abenge.org.br/sis_artigos.php)  in which the 
annals of COBENGE are made available. 
It is important to emphasize that this website is under the responsibility of the Brazilian Engineering 
Association (ABENGE), the most representative entity in the area of Engineering Education in 
Brazil, responsible for COBENGE. 
Furthermore, it is worth clarifying that, for the works published in 2017 and 2018, the search 
system performs a scan according to the title, keywords and abstract. This search feature, 
encompassing these three items, is not available in other editions of COBENGE, a fact that justifies 
the temporal delimitation established in the present investigation. 
Initially we carried out the reading of the titles and abstracts in order to identify and pre-select those 
that could bring indications to answer the proposed questions. 
Then, we proceeded to the complete reading of the works, which allowed to identify which of them 
were really directed to the mathematical disciplines taught in the engineering courses. Works that 
did not fall under this scope were excluded. 
An overview of the number of papers selected at each stage is presented in Table 1. 

 
Table 1: Published papers in COBENGE’s  2017 and 2018 
 

Papers 2017 2018 Total 
Number of published issues 634 555 1.189 
Selected after reading of titles and 
abstracts 

23 30 53 

Selected after detailed reading  10 16 26 
Source: The authors (2019) 
 
Based on the final corpus established (26 papers), our intention has been to carry out a detailed 
analysis of these researches and present: (a) subject line, (b) title, (c) authorship, (d) treated 
mathematical content and/or discipline focus (e) objective  (f) approach to the problem and, (g) 
perspectives and/or conclusions. 
In addition, we assume that there are studies focused on the use of active methodologies and, if such 
studies are identified, we will also examine how these works are configured. With this we hope to 
outline the current trends for mathematics teaching in the Engineering courses of Brazilian 
institutions and contribute to the debate in the area as well as to students’ final learning. 

3. Results and discussions 

From the full reading of the resulting works, an initial classification could be established, as shown 
in the Table 2.  
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The category "applied work" includes studies that present some analysis regarding academic 
performance; reports, opinions, perceptions of teachers and / or students; as well as those that 
display and discuss data obtained from institutional academic systems. 
The term "theoretical work" was established to represent research that brings diverse reflections 
about mathematics in engineering, bibliographic studies, analysis of problems in textbooks and 
reports of initiatives without, however, presenting empirical data. 
 
Table 2: Shows the distribution of the 26 papers, which will be subject to more detailed analysis 
 

Theme line 
Number of papers 

Total 2017 2018 
A T A T 

Methods and ways of teaching/learning 
of engineering and technology 3 5 7 4 19 

Citizen training (social responsibility and 
interaction with the society) 0 0 1 0 1 

Correspondence course and training 
using technology (Technology-mediate 
training) 

0 0 0 1 1 

School retention and evasion in the 
Engineering and technology courses 1 1 1 2 5 

TOTAL 4 6 9 7 26 
Legend: A: applied work, T: theoretical work 

Source: The authors (2019) 
 

The data presented in Table 2 show that there is a balance between the amount of theoretical versus 
applied work, and 12 theoretical and 14 applied studies were produced. 
Regarding the thematic line, it is observed that about 74% of the research fall under the theme 
“Methods and means of teaching / learning of Engineering and Technology”. That can be 
considered as an indication that the teachers in these courses are looking for practical alternatives or 
deepening their theoretical knowledge about new ways to teach mathematics. 
The Table 3 presents the information regarding authorship, title, mathematical object and objectives 
aimed at each research. 

 
Table 3: Description according to content and / or guiding discipline (s) and proposed objective  
 

APPLIED WORKS 

Author and Titles Contents and/or 
disciplines focus Objective 

Cavalcante e Moura 
(2018):  

Science writing: 
mathematical education of 
engineers - essay of some 

speeches 

Not applicable To analyze some selected speeches from the 
1994 Mathematical Education of Engineers 

Conference, which provide an overview of the 
teaching and learning of mathematical 

disciplines in engineering courses and, in this 
perspective, to address some of the issues that 

arise from this. 
Oliveira et al. (2018): 
Gamification-based 

instructional design: a 
pedagogical strategy to 

Contents: Arithmetic, 
 algebra, functions, 

geometry, trigonometry 
 

To compare the performance obtained by 
students in classes subjected to the traditional 

teaching method and classes subjected to a new 
instructional design based on the active Peer 
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elevate class performance 
on a leveling course 

Leveling course 
 

Instruction methodology and classroom 
gamification. 

 
Oliveira et al. (2018):  

UFPA's leveling course 
program under the 

influence of gamification 
in activities that put the 
student as protagonist 

Contents: Arithmetic, 
Algebra, Functions, 

Geometry, Trigonometry 
 

Levelling course 
 

To evaluate how the instructional design 
adopted in a levelling course concatenated 

gamification into the active Peer Instruction 
methodology in activities that put the student as 
protagonist, as well as the qualitative influence 

of this method on the performance of two 
classes of the PCNA (Elementary Mathematics  

Levelling Courses) 
Oliveira et al. (2018):  
UFPA's Elementary 

Mathematics Levelling 
Program as a Resource to 
Mitigate the Evasion and 

Failure of Calculus I 
Engineering Freshmen 

Contents: Diverse topics 
related to basic math 

 
Levelling course 

 

To analyse the influence of a PCNA elementary 
mathematics levelling course on the academic 
performance of engineering undergraduates in 
Calculus I, especially with respect to dropout 

and passing criteria. 

Silva, Trevisan e 
Gonçalves (2018):  

Mathematics teaching in 
engineering and 

covariation reasoning: a 
proposal to (de) (re) build 

the Differential and 
Integral Calculus 

Contents: ,Functions 
 

Subject : Differential 
and Integral Calculus I 

To discuss the need to (re) signify the 
mathematical concept of function, through its 

covariate approach, as a possibility for working 
in Differential and Integral Calculus (ICD) 

classes based on the organization of teaching 
and learning environments based on episodes of 

task resolution. 

Karrer e Santos (2018): 
Core and image of linear 

transformations: a 
proposal of graphic 

exploration in Geogebra 

Contents: Core and 
Image of Linear 
Transformations 

 
Subject: Linear algebra 

Develop and apply a teaching approach 
integrating GeoGebra software to explore the 
relationships between graphical, algebraic, 
matrix, figural and natural language 
representations. 

Karrer e Estrela (2018): 
Base change: integration 
of semiotic records in a 
computational approach 

Contents Base change 
 

Subject: Analytic 
geometry 

 

Describe an experiment (involving semiotic 
records, exploring relationships between 

algebraic, graphical, matrix and discursive 
aspects) of teaching about Base Change, content 
present in the Analytical Geometry discipline, 

conducted with the help of Geogebra. 
Moraes et al. (2018):  
Precalculus Project: 
Mathema-tical 

Reinforcement for 
Engineering Courses in 
Hybrid Learning Paths 

Contents: Numeric sets, 
potentiation rules, 
notable products, 

factorization, equation, 
inequality, functions, 

graphing, trigonometry, 
trigonometric 

transformations, 
matrices, determinants, 

linear systems 
 

Leveling Course 
 

Research active methodologies such as Hybrid 
Teaching and in particular the Inverted 

Classroom that can be applied to Mathematics 
content in Higher Education and using virtual 

environments. 
 

Fernandes et al. (2018):  Contents: basic math Describe how the implementation and initial 
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Reflections of the Pre-
Calculus project in two 
engineering courses in 

Montes Claros, MG 

topics 
 

Levelling Course 

results of a Pre-Calculus project took place at a 
federal public institution in Minas Gerais. 

 
 

Xavier et al. (2018):  
Problem-based learning in 

the teaching of 
computational simulations 

of ordinary differential 
equations in engineering 

courses: an approach with 
PBL 

Contents: Ordinary 
differential equations 

(introductory problems 
supported by the 

concepts of derivative, 
rate of change, integers, 
and algebraic problem 

modelling) 
 

Discipline: Calculus A  

Apply the PBL method to a group of Mechanical 
Engineering students and evaluate the 

methodology used for the teaching of ODE. 
 
 
 

 

Gerab e Godoy (2017): 
 The teaching of 
mathematics in 

engineering courses: the 
teacher's eye - an analysis 

quantitative 

Not applicable Present clippings of a project that seeks to 
investigate and propose actions to improve the 
transition Basic Education - Higher Education, 

particularly for Engineering courses 

Cavalcanti et al. (2017):  
Analysis of the 

importance of basic math 
courses for university 
students' performance: 

case study of the 
academic monitoring 

worksheet 

Contents: Calculus I 
 

Levelling Course 
I 

Present reflections on the importance of 
implementation in the Basic Mathematics 

Course of the Polytechnic School of 
Pernambuco / UPE for the performance of 

students entering engineering courses. 
 

Moraes et al. (2017): 
Flipped Classroom: The 

Use of Hybrid Teaching in 
Pre-Calculus Engineering 

Courses 

Contents: Potentiation, 
remarkable products, 

factorization, functions, 
graphical representation, 

trigonometry, 
trigonometric 

transformations, 
matrices, determinants, 

linear systems 
 

Leveling Course 

To present a study on the Inverted Classroom of 
hybrid teaching, a methodology that proves to 

be innovative, compared to the traditional 
proposals developed in the classroom. 

Gonçalves Junior e 
Mattedi (2017):  

Teaching project to reduce 
retention in mathematics 
subjects of Engineering 

courses 

Contents: Basic Math 
Topics 

 
 

Levelling Course 

Present the teaching project of basic math 
levelling to engineering students entering the 

2nd semester of the academic year of the 
Technological Center of the Federal University 

of Espírito Santo (CT / UFES). 
 

THEORETICAL WORKS 
Pereira (2018): 

Cocalc: The cloud 
computing math platform 
for on-site and distance 
learning and research 

Subjects: related to 
Basic Core 

Introducing CoCalc's new collaborative 
computing platform, which features a number of 

free software for mathematical programming, 
including algebra, combinatorial analysis, 
numerical calculus, number theory, and 
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differential and integral calculus, used to support 
teachers and students in teaching and learning. 

learning the core mathematics subjects of 
engineering and exact courses. 

Dias et al. (2018): 
The use of software in 

mathematics teaching and 
learning: analysis of the 
works published in the 
Cobenge proceedings 

from 1998 to 2017 

Not applicable To present a survey about the works published in 
the COBENGE proceedings from 1998 to 2017, 
in order to verify how researchers have used the 

software in the teaching-learning process of 
mathematics in Engineering courses. 

Gomes et al. (2018): 
Dynamic portico analysis: 

an opportunity to 
construct a contextualized 
event for Linear Algebra 

teaching and learning 

Contents: Matrix, 
systems, linear equations, 
eigenvalue, eigenvector, 

base change, matrix 
diagonalization 

 
Subject: Linear Algebra 

To analyse, from a mathematical and 
engineering point of view, a classical Civil 

Engineering problem - the dynamic analysis of 
gantries - from the perspective of future use in 
the elaboration of contextualized events for the 
teaching and learning of some Linear Algebra 

concepts. 
Gaffuri, Bazzo e Civiero 

(2018): 
Mathematical Education 

and Engineering 
Education 

Not applicable Question mathematical education in 
engineering. 

Ramires, Magnus e 
Magnus (2018): 

Reflection on the teaching 
of Differential and 
Integral Calculus in 
UFRGS engineering 

courses 

Subject: Differential and 
Integral Calculus 

Reflect on the current teaching of differential 
and integral calculus in engineering courses at 
the Federal University of Rio Grande do Sul 

(UFRGS). 

Gomes et al. (2018): 
Use of contextualized 

events in vector classes 
and analytical geometry - 

first reflections 

Contents: Vector 
Product, Scalar Product, 

and Plan Equation 
 

Subject: Vectors and 
Analytical Geometry 

Present, influenced by the referential The 
Mathematics in the Context of Sciences, two 

examples of contextualized events to be used in 
classes of Vector and Analytical Geometry. 

Laudares e Furletti 
(2017): 

Methodology for problem 
solving of phenomena 

with ordinary differential 
equations for engineering 

courses 

Content: Application of 
ODE's 

 
Subject: Ordinary 

Differential Equations 

To present excerpts of a research about an 
innovative methodology for the study of 

Ordinary Differential Equations, from the 
introduction of Problem Solving privileging 

several model representations. 

Souza et al. (2017): 
Quick Math: A Dynamic, 

Interactive Tool for 
Studying Basic Math and 

Calculus 

Contents: Arithmetic, 
functions, trigonometry, 
polynomials, analytical 

geometry, perimeter, area 
and volume; Limits, 

derivative, maximum and 
minimum, integral. 

 

Develop software for educational purposes for 
both teaching and studying basic math and 

calculus 1. 
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Levelling and  
Subject: Calculus I 

Coelho et al. (2017): 
General physics as a 
context for analytical 
geometry and linear 

algebra: an analysis from 
textbooks 

Contents: Vectors, 
Scalar Product, Vector 

Product, Linear Equation 
Systems 

 
Subject: Analytical 

Geometry and Linear 
Algebra 

It presents results of a four-volume analysis of a 
collection of physics books, performed 

according to the precepts of the methodology. 
Dipcing, inserted in the curricular phase of 
Theory Mathematics in the context of the 

sciences (MCC). 

Gomes, Ribeiro e Philot 
(2017): 

Linking Basic 
Mathematics and the 

discipline of Vectors and 
Analytical Geometry 

Contents: Several topics 
related to the discipline 

 
Subject: Vectors and 
Analytical Geometry 

Report the initial analyses of the data collected 
from a research that, based on the theory The 

Mathematics in the Context of Sciences (MCC) 
and the precepts of the Dipcing methodology, 

seeks to articulate the knowledge of Basic 
Mathematics and the discipline Vectors and 
Analytical Geometry taught to Engineering 

students from a private institution of the 
Big Sao Paulo. 

Bueno e Silva (2017): 
Engineering teaching and 

learning process: a 
proposal for structuring 
Physics and Calculus 
teaching in the Civil 

Engineering course at 
UNIARP 

Levelling 
And 

 
Subjects: Mathematics 

and physics 
fundamentals 

 

Reflect on fundamental pedagogical needs (use 
of booklets in physics classes, change in 

curriculum) to meet academics from the early 
stages of a civil engineering course, coming 

from a poor basic education. 

Lima, Miguel e Vieira 
(2017): 

Situations of Physics 
mobilizing Calculus, 

Statistics or Probability: 
examples from a book 

analysis 

Contents: diverse 
 

Subjects: Differential 
and Integral Calculus I, 

Probability and Statistics 

 
Present (based on the analysis of textbooks in 
accordance with the Dipcing methodology) 
examples of physics situations, mobilizing 

concepts of Differential and Integral Calculus, 
Probability and Statistics, theoretically based on 
Mathematics in the Context of Sciences (MCC). 

Source: The authors (2019) 
 

The analysis of Table 3 shows that 4 researches did not focus on any specific discipline in the area 
of mathematics. Ten researches were developed to fill gaps related to students' previous knowledge. 
In this case, they were associated with pre-calculus projects, levelling courses, development of 
virtual teaching platforms, welcoming projects for new students. 
In particular, we note that interventions related to the levelling courses cover numerous 
mathematical contents of the elementary and/or middle levels. That is, among the studies that 
explicitly stated the topics covered, none of them focused on a single mathematical content. 
We perceive the supremacy of the discipline of Differential and Integral Calculus I (or Calculus I or, 
also, Calculus A) as a focus of study concern. In this perspective, we observe two biases: (1) 
indirect, that is, the existence of proposals involving levelling courses 35% (n = 9), justified by the 
low performance of engineering students in Calculus, and / or (2) direct: the existence of research 
proposals (theoretical or applied) developed for (in) the discipline of Calculus. 
Moreover, it is possible to verify that research directed to the subjects taught in the early stages of 
Engineering courses predominates. In addition to Calculus, the disciplines of Vectors and Analytical 
Geometry, Linear Algebra, Fundamentals of Mathematics and Physics are examples that illustrate 
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this inference and can be seen in Table 3. 
We also found that 19 researches were supported, albeit timidly, in some strategy related to active 
methodologies. Such research ranges from the use of some active methodology, such as Peer 
instruction and Gamification (n = 2), inverted classroom (n = 1), PBL (n = 1), to the use of some 
technological resource (n = 7) such as educational software (Geogebra and Winplot), spreadsheets 
or virtual learning platforms. 
As perspectives and / or conclusions the analyed works indicated that there are two main actions 
that are being developed: one related to the organization of levelling courses and another related to 
the study and proposition of different methodological strategies, such as: use of technologies, 
interdisciplinarity, problematizing, inverted classrooms, Peer instruction. Such strategies aim at 
greater student involvement with the subjects and undergraduate course and are termed as active 
methodologies. 
 

4. Conclusions 
 

This study showed that: (a) the list of mathematical subjects, as well as the contents contemplated in 
these studies were not diverse, since most of the work focused on the initial subjects - such as 
Calculus, Analytic Geometry and Linear Algebra - to the detriment of mathematical subjects taught 
in more advanced periods; (b) in general, the objectives presented were based on the discourse of 
the Engineering students' difficulty in the Mathematics disciplines and the need to seek explanations 
and / or strategies to overcome such difficulty; (c) 12 studies (46%) focused on some active 
methodology, and if we highlight in this list the 7 studies that presented theoretical and practical 
discussions involving the use of technologies, we have 73% of the research bringing to the 
discussion methodological alternatives to teach mathematics in engineering courses. 
This last result is also related to the 73% of studies in the thematic line “Engineering and 
Technology Teaching / Learning Methods and Means” (Table 2). These data lead us to consider that 
the recurrent concern, also identified in the literature, is the search for methodological strategies 
capable of overcoming the traditional teaching and learning model. 
Based on these indications, we want to believe that the conception of teaching aimed at the 
transmission of content, originally conceived for passive students, is losing space for a process of 
knowledge construction, in which students play an active role and are protagonists of their learning. 
This proposition was invariably observed in almost all 26 researches that were part of the corpus of 
this study. Xavier et al (2018) highlight “it became evident in this research that concepts became 
significant through situations with which students could interact”. 
We find that the number of papers presenting reflections on the teaching of mathematics in 
engineering courses in the Brazilian context is insignificant, at least when considering the last two 
editions of COBENGE. From the data presented in Table 1, it can be observed that of the total 
number of published works, only 2.18% are in this perspective. 
As potentialities, we can indicate that the researchers point out as advantageous the use of active 
methodologies for the development of critical mathematics and contextualization, as well as the use 
of technologies as support for the approach of mathematical contents. 
Regarding the limitations, it became clear the need for conceptual changes, both on the part of 
teachers and students, as well as the pedagogical structure and curriculum grid of the courses. In 
this regard Moraes et al. (2018) state that innovative methodologies can only be implemented “if 
teachers are properly trained and believe in the methodology. Students should be... Aware that they 
must take responsibility for obtaining knowledge.” 
But beyond the limitations described, we believe that the use of active methodologies, as well as the 
use of ICTs, both in interventions related to overcoming basic mathematics difficulties and in other 
mathematical disciplines worked in engineering courses, is a viable way to minimize failure rates 
especially in the early stages of courses and foster in students the autonomy to build their own 
knowledge. 
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Some of the works evaluated in the screen research (KARRER; SANTOS, 2018; MORAES et al., 
2017; MORAES et al., 2018; OLIVEIRA et al., 2018; XAVIER et al., 2018)  underpin this 
inference by revealing that the percentages of failure and dropout in the assessed subjects were 
reduced, student attitudes towards the teaching-learning process were modified and the 
understanding of certain contents was increased after the implementation of educational designs 
based on active methodologies. and / or educational technologies. 
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Abstract. Complex numbers appear as an “exceptional” subject in mathematics education. 
In recent years this subject has been removed from school curriculum. We attempt to focus 
on the related attitudes and conceptions of students who enter Athens Technical University 
and will need complex numbers as a mathematical tool in their courses. Do they have 
already an image of complex numbers, without having learned them at school? Do they 
consider that the real numbers are sufficient for understanding physical world and 
constructing models of it? The students’ responses to a related short questionnaire are 
analyzed here after introducing some categories and variables suitable for a qualitative and a 
quantitative analysis, respectively.  
 
Résumé. Les nombres complexes apparaissent comme un sujet "exceptionnel" dans 
l'enseignement des mathématiques. Ces dernières années, ce sujet a été retiré des 
programmes scolaires. Nous essayons de nous concentrer sur les attitudes et les conceptions 
connexes des étudiants qui entrent à l'université technique d'Athènes et qui auront besoin des 
nombres complexes comme outil mathématique dans leurs cours. Ont-ils déjà une image des 
nombres complexes, sans les avoir appris à l'école? Considèrent-ils que les nombres réels 
sont suffisants pour comprendre le monde physique et en construire des modèles? Les 
réponses des élèves à un bref questionnaire sont analysées ici après avoir introduit quelques 
catégories et variables adaptées à deux analyses, qualitative et quantitative. 
 
MSC97F50, MSC97I80 

 
1. Introduction and aim of the study 
Complex numbers continue to play an important role in understanding the complexity of our 

world and operating within it, both as a logical construction and an operating tool. According to 
Artigue and Deledicq (1992), there are four important steps in the history of complex numbers:  

(i) The appearance of “imaginary quantities” within an algorithm for the solution of cubic 
equations, during 16th century. 

(ii) The function of complex numbers as an (analytic) tool and their meeting with angles and 
logarithms, during 18th century.  
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(iii) The geometric representation of complex numbers and their operations (end of 18th and 
beginning of the 19th century). And: 

(iv) The (logical) construction of complex numbers in (modern) algebra, during the 19th 
century. 

Perhaps the steps (ii) and (iii) are even more important than the others, from an epistemological 
point of view, since they envisage, respectively, two main functions of mathematical language and 
representations namely the syntactic-analytic and the semantic-hermeneutic one. Even today these 
steps are differently conceived by specialists, according to their own epistemic convictions. 

The aim of this study is to bring to light the possibly preexisting knowledge and mainly the 
epistemic beliefs and attitudes, towards complex numbers, of a special totality of students in Greek 
Tertiary Education, namely the students entering Athens Technical University. This is a special 
social group from both a socio-economic and socio-cognitive point of view. At first, these students 
are considered to have a special interest in mathematical and other scientific applications, but they 
are also carrying the best possible economic and cultural capital as a means for such a professional 
direction. In a way they are viewed as the future techno-science elite of the country. Also, their 
preparation at school or at the private tutoring organizations (the Greek “frontisteria”) is nearer to 
mathematical competitions apparatus or, perhaps more conveniently, to an apparatus of solving 
“demanding” exercises of a certain kind.  

Our research comes at a moment when complex numbers have been totally removed from the 
Greek School Curriculum, without any serious explanation offered by the authorities. This is 
possibly a special case of a large international “trend” in our days, that of demathematization, which 
has already been discussed in mathematics education (Keitel, 1989; Gellert & Jablonka, 2009). But 
it is not easy for students and teachers to approve such a decision just like that; how can complex 
numbers suddenly disappear from the basic mathematics instruction? It often happens that high 
school teachers speak of complex numbers and describe them informally to their students, as an 
hypothetical extension of real numbers in such a way that all equations of second degree can be 
solved. Now this mystery has to remain unsolved for ever … or, perhaps, the solution must be 
sought in the internet? Hence it seems interesting to ask the students themselves how do they think 
and act with respect to these “strange” numbers. Do students think of them as indispensable, or do 
they think that they can live happily without them? The question is more crucial for the population 
of students entering the Technical University, since they are supposed to need complex numbers as 
a mathematical tool in their subsequent studies. 
 

2. Method and participants 
In November 2018 we created a questionnaire and gave it to entering students in two different 

Schools of National Technical University of Athens. Our population consists of 113 students 
entering the School of Civil Engineering and 172 students entering the School of Electrical and 
Computer Engineering. Both of them were at the beginning of the first semester of their studies and 
they had never studied complex numbers in their school either university curriculum. So, we were 
wondering if they have ever heard from their professors or by their own interest about the notion of 
complex numbers. 

In this direction, we posed the following five questions: 
1) In your opinion, are the numbers you already met at school sufficient for describing 

situations of real world? 
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2) What comes to your mind when you hear the word “complex numbers”? 
3) Especially, what does the “imaginary unit” i mean for you? 
4) Have you ever met complex numbers in your studies? If yes, please mention any relevant 

school or university courses. 
5) In case you searched for complex numbers in another source apart from school or university 

books you had at your disposal, for what reason did you chose this source? 
 

In the first question the students can express their feelings about the role of numbers in 
relationship to the real world. So, we can find out their positive or negative attitudes about the 
necessity of abstraction in mathematics or the extension of numbers in a new set.  

The fourth and the fifth questions possibly give us some details about the knowledge students 
have about complex numbers. More precisely we attempt to investigate the sources where they 
“met” complex numbers and also the reason for which they were guided to look for complex 
numbers in another source, as e.g. in the internet. 

Questions 2 and 3 give us the opportunity to understand better the students’ point of view about 
complex numbers and thus clarify their answers to the first question. On the one hand these 
questions aim to investigate the representations students have about complex numbers, and on the 
other their opinion on the usefulness of these numbers. There are students who have an 
instrumentalist point of view and they see complex numbers as a very useful mathematical tool and 
others who think that complex numbers are needed mainly for real world descriptions.  
 

3. Definition of variables and/or categories 
Students’ responses were given in a text form. Thus, for a statistical analysis, we introduced two 

quantitative variables P and J, which we describe subsequently. We will principally analyze the 
answers given to four of the above five questions (questions 1, 3, 4 and 5). The answers given to 
question 2 will be helpful for determining the values of these quantitative variables. 

We first define the quantitative variable P with values 0 or 1, for characterizing students’ 
attitudes as follows. The variable P takes the values  

0: when the answer to the question is positive, which indicates a negative attitude towards 
complex numbers, since the numbers already met at school are considered as sufficient for 
describing situations of the real world. 

1: when the answer to the question is negative, which means that the numbers already met at 
school are considered as not sufficient for describing situations of the real world, thus indicating a 
positive attitude towards the introduction of a new set of numbers, extending real numbers. 

We now define a second quantitative variable J for specifying the reason (instrumental or not) 
for which students think that is necessary to extend the set of real numbers. So, concerning only the 
students who have the value P=1, we define J to take the values 

0: when students consider that complex numbers are indispensable for real world descriptions or 
understanding, and 

1: when students consider that complex numbers exist only as an instrument (computational 
tool) in mathematical calculations. 

These values, J=0 and J=1 correspond to two categories suitable for a qualitative analysis of 
students’ answers to question 3, namely the categories “Ontology” and “Usefulness” respectively. 
Ontology is considered, not only, in the classical philososphical sense of what does (or could) exist 
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in the realm of nature, but also as a personal image or conception, as e.g. «a universal constant». 
Usefulness is a category usually met in pragmatism, a criterion for adopting things or theories as 
being helpful for us. However, two more categories are needed for a complete description of 
students’ responses, namely “Definition” and “Visual Representation”. In Definition we find 
«!! = −1» i.e. a memorized identity without any explanation. Visual Representation refers verbally 
or graphically to ! as a unit vector on the y-axis in a 2-dimensional space. 

 
4. Analysis and Perspectives 
Subsequently we present some typical examples of each of the above categories: 
Ontology: «An hypothesis (!! = −1), the refusal of one basic property.» 
«For me ! is the unit whose square is equal to -1. It is an exciting development of mathematics 

that surely gives us much more possibilities and opens many unsolved problems and new paths of 
mathematics. Furthermore, it drives the mathematical thinking to new levels, that human beings 
could not have thought that they existed in old times.» 

«I can imagine that ! is a constant without dimensions with unique properties.» 
Usefulness: «The imaginary unit ! is a number-instrument that solves complicated and non-

solvable problems in the real world.» 
« ! is a non-real number that cannot be absolutely explained and is used for our facility.» 
«It is simply an instrument for the solution of problems. I believe that it is not a number, 

because we cannot do operations with it, because, for example we would have: −1 = ! ∙ ! = −1 ∙
−1 = −1 ∙ −1 = 1 = 1. So, it is simply a helpful instrument.» 
Definition: « ! is a number that doesn’t belong to R and satisfies !! = −1, in other words 

! = −1.» 
Representation: «The “imaginary unit” ! is a number on the axis of imaginary numbers.» 
«Element necessary for the definition of complex numbers, one of their two dimensions.» 
 «!! = −1 and is the y-axis in the following graph…» 

 
The statistical analysis of the answers revealed the following. Most of students consider that real 

numbers are not sufficient for describing situations of the real world (79% of civil engineers and 
77% of electrical engineers). These students are divided in two parts: almost half of them consider 
that complex numbers are useful for real world descriptions (54% of civil engineers and 48% of 
electrical engineers). The rest of students have a more or less instrumentalist point of view, thinking 
that complex numbers are a good tool for the solution of mathematical problems. 

However, only 10% of civil engineers searched for complex numbers by themselves (apart 
textbooks), in contrast to electrical engineers who did this in a double percentage (20%). Both 
populations used the same source of information about complex numbers, namely the internet. The 
most frequent reason for using the internet is “curiosity”. A rare explanation is that “the internet is 
an easy and fast way to get information”. 

It is obvious that complex numbers hold a basic place in the curriculum of these University 
Schools, because there are many applications in different domains as Optics, Mechanics, 
Electronics, Quantum Mechanics, Differential Equations and others. Through our investigation we 
found out that a majority of students have a positive attitude about the need for a new system 
extending the real numbers. So, we have to adapt our teaching and introduce complex numbers at 
least at the beginning of their studies at tertiary level. 
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We plan to join these students two years later when they will have studied complex numbers as 
a mathematical instrument, in order to see the influence of teaching on their points of view.  
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Abstract. Mathematics is an essential subject that all students must learn at school, if we 
want that they became active, participative and critical citizens of our global world. To 
realize this goal, it is necessary to have pupils learning and interested in mathematics. 
However, in Portuguese schools, not all pupils who study mathematics like to do it. Some of 
them become demotivated and they do not persist. Teachers must face these questions: What 
to do? How to organize the learning context? To answer to these questions two primary 
teachers conducted two studies which the main goal was to understand how learning outside 
the classroom engages and motivates pupils and improves their communication capacity. 
According to the main goal they followed a qualitative methodology and designed two case 
studies. The studies were developed in two consecutive school years: the first one with a 
mixed classroom with pupils from 3th and 4th grade, and the second with 3th grade pupils. 
Pupils solve mathematics tasks outside the classroom, beginning with collecting information 
outside, working in groups and returning to the classroom to finish the task or, like in second 
study, solve the entire task outside the classroom. The results of the studies point out that 
tasks explored outside the classroom seems to be valuable to the pupils’ learning process. 
They were shown to be open to experiment, to work in groups, to communicate their 
findings clearly, and to stay focus on the task. They felt free to be sitting on the floor or 
standing up. They were shown to be more motivated, enthusiastic and persistent when they 
do mathematics. 

Résumé. Les mathématiques sont une matière essentielle que tous les élèves doivent 
apprendre à l’école si nous voulons qu’ils deviennent des citoyens actifs, participatifs et 
critiques de notre monde globalisé. Pour atteindre cet objectif, il est nécessaire que les élèves 
apprennent et s'intéressent aux mathématiques. Cependant, dans les écoles portugaises, ce ne 
sont pas tous les élèves qui étudient les mathématiques qui aiment le faire. Certains d'entre 
eux deviennent démotivés et ils ne sont pas persistants. Les enseignants doivent faire face à 
ces questions: que faire? Comment organiser le contexte d'apprentissage? Pour répondre à 
ces questions, deux enseignants du primaire ont mené deux études dont l'objectif principal 
était de comprendre en quoi l'apprentissage en dehors de la classe engageait et motivait les 
élèves et améliorait leur capacité de communication. Selon l'objectif principal, ils ont suivi 
une méthodologie qualitative et conçu deux études de cas. Les études ont été développées au 
cours de deux années scolaires consécutives: la première avec une classe mixte avec des 
élèves de troisième et quatrième années et la deuxième avec des élèves de troisième année. 
Les élèves résolvent des tâches mathématiques en dehors de la classe, commencent à 
collecter des informations à l'extérieur, travaillent en groupes et reviennent en classe pour 
terminer la tâche ou, comme lors de la deuxième étude, résolvent l'intégralité de la tâche en 
dehors de la classe. Les résultats des études indiquent que les tâches explorées en dehors de 
la classe semblent être utiles au processus d'apprentissage des élèves. Ils se sont révélés 
disponibles pour expérimenter, travailler en groupes, communiquer clairement leurs 
conclusions et rester concentrés sur la tâche. Ils se sentaient libres d'être assis sur le sol ou 
d'être debout. Ils se sont montrés plus motivés, enthousiastes et persistants quand ils faisaient 
des mathématiques. 
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1. Introduction 

Mathematics is a central knowledge that must be developed with all children and pupils in all 
schools of the world (OECD, 2004, 2019), due to its importance in daily modern and globalized 
life. “With the growing role of science, mathematics and technology in modern life (…) 
increasingly require that all adults – not just those aspiring to a scientific career – be 
mathematically, scientifically and technologically literate” (OECD, 2004, p. 37). 

Mathematical competence is one of the key competences for lifelong learning and results from a 
combination of knowledge, skills and attitudes (European Communities, 2007).  

“A mathematically literate student recognizes the role that mathematics plays in the world in 
order to make well-founded judgements and decisions needed by constructive, engaged and 
reflective citizens” (OECD, 2019). However, not all pupils like to work at mathematics; some of 
them become demotivated and others even quit learning this subject. As mentioned by New (2016), 
also in Portugal many primary school children are “losing the opportunity to be active, and to learn 
from hands-on experiences” (p. 7). If teachers, schools and society in general want to contribute to 
an active, participative and critical citizenship to all, it is necessary to provide children and pupils 
with tasks and learning environments that could engage them to study mathematics.  

To overcome pupils’ negative mind-sets and their lack of motivation, when they work with 
mathematical contents, it is necessary to reflect about what primary teachers can do. In two primary 
schools, in two classrooms, we detected some pupils’ experiencing difficulties in doing mathematics 
and demotivation. So primary teachers decided to organize the learning process including some 
innovative tasks to explore outside the classroom, taking advantage of the outdoor space of each 
school. They decided to conduct research studies, whose the main goal was to understand how 
learning outside the classroom engages and motivates pupils and improves their communication 
capacity. 

2. Learning environments 

According to several researchers and studies, learning environments and connections among 
different contents play an important role in teaching and learning mathematics (e.g. Morais & 
Miranda, 2014; Sebastiany, Pizzato, Pino, & Salgado, 2012; Pinto & Pereira, 2017; UNESCO, 
2006).  

The usual learning environment is the classroom, a closed space where pupils spend most of the 
day.  

Learning outside the classroom at school or even out of the school has benefits to pupils (New, 
2016). It is necessary to think about the outdoor context and, essentially, about what will be done, 
“the out-of-the-routine, vivid experience” (Dillon, 2005, p. 56), that can foster pupils’ learning. It is 
expected that pupils get involved, “making meaning from experiences” (Dillon, 2005, p .90) and 
construct knowledge for themselves and from their peer relations and groupwork. 

Teaching and learning mathematics can occur in different environments: in formal, non-formal 
or informal environment. Formal learning environments take place in classrooms and schools, 
oriented by teachers; non-formal learning takes place outside the formal learning setting, but with 
orientation; and informal learning may occur in an implicit way and far from teachers and school 
(e.g. Mok, 2011; Morais & Miranda, 2014, Fernandes, Vale & Palhares, 2017, Barbosa & Vale, 
2016). 

To OECD (s/d) formal learning is “always organized and structured and has learning objectives” 
as opposed to informal learning that is “never organized, has no set objective in terms of learning 
outcomes”. Non-formal learning lies between the first two is “rather organized and can have 
learning objectives (…) may occur at the initiative of the individual, but also happens as a by-
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product of some more organized activities”. A non-formal environment could contribute to reduce 
student’s stress and to improve a positive attitude for the learning of mathematics. 

Other important feature in the teaching and learning process is to connect different subjects, 
inside mathematics and/or relating it with others content areas. If pupils could see that different 
knowledges are interrelated, this helps them to become more interested in learning and to achieve a 
deeper mathematical understanding and knowledge integration (Martins et al., 2017).  

3. Methodology 

According to the main goal, two primary teachers followed a qualitative methodology and 
designed two case studies. The first study took place in a classroom with 18 pupils, from grade 3 
and grade 4, that form the first case, and the second one took place in a classroom with 14 pupils, 
from grade 3, that form the second case. To collect data, primary teachers use mathematical tasks, 
innovative tasks, sorted out by all participants, observations, photos and questionnaires. Data 
analysis was done in a holistic, descriptive and interpretative way. 

Nowadays in Portugal, the national mathematics curriculum focuses in routine tasks, like 
exercises and word problems (MEC, 2013). The tasks used in the two case studies are innovative 
for the pupils, because they are different type of tasks from that pupils usually solve. It includes 
explorations and problems (Ponte, 2005).  

With the 18 pupils from grade 3 and grade 4, teacher wanted them to take advantage of the 
technological applications to get answers to questions or to relate mathematics with other subjects, 
like physical education. The other teacher wanted to give to 14 pupils, from grade 3, the opportunity 
to use outdoor school space to gather materials, like tree leaves, to be organized and to apply 
mathematical knowledge, like perimeter and surface, to draw vegetable beds to their school 
colleagues.  

In this paper, we will refer to the mixed classroom, with pupils from grade 3 and grade 4, as 
CC34 and the other, just with pupils from grade 3, by CL3. The case studies were developed in two 
consecutive school years, and the first one was carried out with CC34 class.  

The results of the first study allowed the incorporating of changes in the second one. One of the 
major difficulties detected in the first study was that some pupils become unconcerned, when they 
returned inside the classroom to finish the necessary work. All the tasks were finished inside the 
class and pupils needed to make calculations, to analyze data, to make conclusions and to 
communicate their conclusions to the entire class. Despite teachers focusing on the way the outside 
work was linked to the following classroom activities (Dillon et al., 2005), many times some pupils 
gave up on the task! Can we work in a different way? We believe “Yes, we can”. 

Therefore, in the second study as the outdoor space was very wide, and nearby the school of 
CL3 there was a farm with animals and plants, this context was included so that pupils could solve 
and complete mathematical tasks outside the classroom. 
Table 1 summarizes the key characteristics of the tasks presented in this paper: mathematical 
content and available materials to the pupils. The tasks are presented chronologically. 
 

Table 1. Summary of the key characteristics of some tasks. 

 
School 
Year/ 
Class 

Task Mathematical content Materials 
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2016/2017 
CC34 

Measure Trees Perimeter 
Length measure units 
Equivalence between measure units 

App Tree Meter 
Mobile phone 
Tape measure 
Notepad 
 

2016/2017 
CC34 

Making  
Hopscotch 

Geometric figures 
Perimeter 
Area 
Pentominoes 
Create rules for a new game 
 

Square papers 
Notepad 

 

2017/2018 
CL3 
 
 
 
 
2017/2018 
CL3 

Collect and 
organize tree 
leaves 
 
 
 
 
Different figures 
may have the 
same perimeter? 
+ 
Design 
Vegetal beds 
 

Collect, organize and analyze data 
Frequency chart 
Bar graph 
Leaf plot 
Measures of central tendency: 
Mode 
 
Geometric figures 
Perimeter 
Area 
Pentominoes 
Measure real distances 
 

Material kit: guide, 
pencil, rubber, paper 
squares, recycle bag. 
Colored permanent 
markers 
 
Square paper 
Tape measure 
Wool yarn 
Wood stakes 

4. Some results 

Following we present four of the tasks explored with pupils. The first two developed with the CC34 
class, and the last two with CL3. 

 
4.1. Measure trees 
 
With the CC34 class the first task developed emerges from a storybook and the ephemeris of the 

world tree day.   
The story tells us about a very big tree and a question issue has been asked, “Is the perimeter of 

the trunk tree proportional with the tree height?” (Cacais, 2018). How do we know?  
The only way to get answers to this question is to go outside and to take measurements. How to 

measure the tree height? Using an App for mobile phone: the Tree Meter. 
The group of pupils go outside the classroom to the school garden, choose a tree, and learn to use 

the App. To apply the App they need the measure of one pupil to be a reference value (figure 1).  
They take measurements with the tape measure (figure 1) and make registrations.  
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Figure 1. Pupils of CC34 class: measuring one of the pupils and the trunk tree (Cacais, 2018, p. 
72 ) 

 
After all this, they return to the classroom, to share data, to make some necessary calculations, to 
reflect, to get conclusions and to answer the question.  
They gathered all the collected results in a table (figure 2). 
Analyzing data from table in figure 2, focusing in the second and third table line, and despite the 
mistakes on the equivalence (108cm=1,08m and not 1,8m) it is possible to verify that, from second 
to third tree, the tree height almost doubles but the third tree trunk perimeter is more than twice that 
of the previous tree. 
Other pupils observe too and take measurements from trees that have the same height but very 
different trunk perimeters.  
They conclude that the perimeter of the trunk tree is not proportional to the tree height. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. Registrations of pupil A1 from CC34 class (Cacais, 2018, p. 72) 
 
 
 4.2. Playing Hopscotch  
 
Going on in making connections between subjects, Social Sciences were the starting point to look 
for old games, played by their parents and grandparents. They recall the Hopscotch game. This 
game is played with a grid designed in the playground using eight or nine squares and a rock. Pupils 
went outside and played Hopscotch (figure 3).  
 

Tree height Trunk perimeter 
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Figure 3. Pupils of CC34 class playing Hopscotch (Cacais, 2018, p. 100) 
 
When they returned to the classroom, they analyzed the Hopscotch grid and teacher challenged 
them to construct different grids, but with two conditions: to use just five squares and to link two 
consecutive squares by an entire side!  
They went outside to complete this task (figure 4). They had square cards available and construct all 
the possibilities: they constructed all the pentominoes! 
 
 
 
 
 
 
 
 
 
 

Figure 4. Pupils of CC34 class creating new grids (Cacais, 2018, p. 101) 
 
They understood that all pentominoes had the same area. A question emerged: “Do all the figures 
with the same area have the same perimeter?” They explored the new grids and came to the right 
conclusion. 
To finish the task with grids, the teacher invited them to choose one of the small grids and to create 
new rules to play with it (figure 5). 
 

 

 

 

 
 
Figure 5. Pupils of CC34 class designing one pentomino grid in the playground and … playing 
according the new rules! (Cacais, 2018, pp. 104-105) 
 
4.3. Collecting and organizing tree leaves  
 
To connect different curricular subjects, teacher asked the CL3 class to go to the farm and collect 
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trees leaves. Still on farm, they must separate leaves for types, identifying them, and counting 
(figure 6). Pupils were shown to be autonomous and motivated to work. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6. Pupils of CL3 class collect and identify trees leaves (Fernandes, 2018, pp. 61-62) 
 
Next day, in the classroom, pupils must join their results in a common global table and organize a 
graphic (figure 7). 
 
 
 
 
 
 
 
 
 
 
Figure 7. Table and graphic of CL3 class pupils (Fernandes, 2018, p. 64 and p. 66) 
 
 
4.4. Different figures may have the same perimeter? Designing Vegetable beds 
 
Perimeter and area are mathematical contents in the grade 3 mathematics curriculum, and were 
explored with CL3 class. Linking with a healthy diet, the pupils decided to create a garden for each 
one of the five primary classes of the school, to plant vegetables.  
They went outside to choose the ideal place to make the garden. They could use the rectangular 
space that was available. Pupils measured that space and got 18,9 m length and 7,6 m width.  
As they wanted to create five vegetable beds, they need to make some calculations. They did not 
forget about the walking space! 
 

BF: Teacher, as we have to divide the garden into five beds, it is best to do some calculations. 
Teacher: Why do you say that? 
BF: Because we have to leave space between the beds to walk around. 
JS: I already know how we can do it. In the width, at the top, we left 1,60m and at the bottom 
we left 1m. 
BF: So, our beds will be 5m wide. 
Teacher: And how to calculate the gardens’ length? 
MA: We do a division. We make 18.09 to divide by 5 [beds]. 
SL: We haven't learned yet how to make divisions with decimals. 
Teacher: Does anyone have another suggestion? 
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BF: Yes. We pass the 18.09 meters to centimeters and so we already have an integer number.  
(Fernandes, 2019, p. 70) 
 

They get 378 centimeters or 3,78 meters. As it is necessary to have free space to walk around the 
vegetable beds, the pupils, discussing in the classroom, decided to reserve 3 meters width for each 
one. So, they divided the available space into five rectangles with dimensions: 3m by 5m.  
All vegetable beds must have a different shape. Pupils chose the value 18 m to be the perimeter. 
After that, they designed five vegetable beds with 18 m perimeter (figure 8). They analyzed the 
vegetable beds concluding that the area of the second one is bigger than the others, but they did not 
want to make any changes.  
 
 
 
 
 
 
 
 
 
 
 

Figure 8. Design of vegetable beds (Fernandes, 2018, p. 73) 
 

 
Next day the CL3 class pupils went outside the classroom to mark the five the vegetable beds, using 
straw and wooden pieces (figure 9). Pupils created the vegetable beds in their designs, and, after 
that, they went hands-on in the real situation to mark it.  
They went outside in small groups with a teacher. 
All the vegetable beds were well-marked with a little card, to be easily identified by their 
colleagues. 
The vegetable beds must be urbanized with vegetables by each one of the classrooms in that school. 
 

 
 

Figure 9. One vegetable bed marked (Fernandes, 2018, p. 78) 
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5. Conclusions 

After these case studies, it is possible to say that tasks explored outside the classroom seem to be 
valuable in the pupils’ learning process. They were shown to be to be more available (a) to make 
experiences; (b) to try and error and be persistent; (c) to collaborate with their colleagues; (d) to 
communicate in a more clear way; and (e) to stay focused on task, because they feel free to be 
sitting on the floor or standing up. They were revealed to be more motivated, enthusiastic and 
persistent when they do mathematics. They appear to have forgotten that they are spending so 
much time working on mathematics!  

The results of the second study point out that doing the entire work task outside the classroom 
promotes, in young pupils, more motivation to be involved in mathematical work during more 
time. These changes were shown to be beneficial for pupils. Therefore, whenever it is possible, a 
mixed learning environment, meaning to combine inside and outside classroom work, seems to be 
beneficial for pupils because they conclude their tasks with motivation. 

It is important to ensure the existence of a relation between the lived experience outside the 
classroom and the consequent tasks that go on inside (Dillon et al., 2005). Some of the tasks solved 
in these two case studies began in the classroom, where pupils collected data outside, and they 
returned inside to conclude the task.  

Young children, like primary pupils, must understand that when they are outside the classroom 
solving mathematical tasks and feeling free, they are learning mathematics. 
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Abstract. Former studies suggest that young students who use strategies in problem solving 
will become more efficient and intelligent solvers. To achieve such efficiency, we designed a 
six-month learning program which consisted of four units based on mathematical strategies 
for problem solving: Working backwards, Recursion, Proof by Contradiction and Trial and 
Error. Explicit vs. implicit teaching methods were tested on a total of 119 talented 6th-7th 
grade students. Data was collected from three problem solving tests designed to examine the 
effect of the teaching methods on student’s ability to control strategies. Results showed an 
improvement in both groups, which indicates that young students can learn complex 
strategies. The comparison showed that Explicit Teaching proved to be more effective in 3 
out of 4 strategies in the short and long term, helping students become active learners and 
fostering independent thinking. 

Résumé.Des études antérieures suggèrent que les jeunes élèves qui utilisent des stratégies de 
résolution de problèmes réussissent a le faire par la suite de façon encore plus efficace et 
intelligente. Pour atteindre une telle efficacité, nous avons conçu un programme 
d’apprentissage de six mois, composé de quatre unités reposant sur des stratégies 
mathématiques de résolution de problèmes: Régression, Récursion, Preuve par l’absurde 
et Travail par tentative et correction. Afin d'enseigner aux élèves ces deux stratégies nous 
avons utilisé deux sortes d'apprentissage: explicite et implicite. Ces méthodes 
d’enseignement ont été testées sur un total de 119 élèves capables de 6eme et septième. Les 
données ont été recueillies à partir de trois examens de résolution de problèmes conçus pour 
examiner l’effet des méthodes d’enseignement sur la capacité de l’élève à maîtriser ces 
stratégies. Les résultats ont montré une amélioration dans les deux groupes, ce qui indique 
que les jeunes élèves peuvent apprendre des stratégies complexes. La comparaison a montré 
que l’enseignement explicite s’avérait plus efficace dans 3 des 4 stratégies aussi bien à court 
qu’à long terme, en aidant les élèves à devenir des étudiants actifs et en favorisant la pensée 
autonome. 

Mathematics Subject Classification (MSC): 97D50 

1.  Aim and Main Idea 

Strategies play an integral role in the problem solving process. Exposing students to strategies 
that can be utilized in different domains strengthens their understanding of how and why a strategy 
works, and showcases its diversity (Portnov-Neeman & Amit, 2016).  Students who control many 
strategies from a younger age become more effective, faster and more intelligent problem solvers 
(Polya, 1957; Schoenfeld, 2007).  

In mathematics, the term strategies is usually used to refer to arithmetical strategies for actions 
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such as counting, retrieval and decomposition (Laski et al., 2013). However, there are also a variety 
of strategies that can be employed in problem solving, the applicability of which extends beyond 
mathematics. Tishman, Perkins & Jay (1995) used the term ‘Strategic Spirit’ to describe students 
who can recognize a challenging situation, make an action plan and can execute it properly. 
However, most students and adults will not acquire a strategic spirit without guidance and 
encouragement. This might due the fact that strategies for problem solving are difficult concepts to 
teach and learn without a proper teaching framework (Dunlosky, 2013). With this difficulty in mind, 
we investigated two common teaching methods - Explicit Teaching and Implicit Teaching - to 
introduce four specific mathematical strategies for problem solving: Trial and Error, Recursion, 
Working Backwards, Proof by Contradiction.   

 

1.1. Explicit Teaching (ET) 

Explicit teaching (ET) is a systematic teaching method which is “highly organized and 
structured, teacher-directed, and task-oriented”, usually carried out in small groups with 
constant feedback (Archer & Hughes, 2011). It can lead to significant achievements for complex 
concepts in both the short and long-term (Palincsar & Brown, 2009; Zohar, 2012). The method 
consists of five steps that were adapted into teaching strategies for problem solving: 1) 
Orientation: the teacher familiarizes students with the new strategy, its importance and use and 
provides the lesson goals. 2) Presentation of the strategy model: the teacher uses a model of the 
strategy that guides learners through their problem solving process and demonstrates the 
implementation of the strategy on a problem, explaining each step to the learners. 3) Structured 
practice: the teacher works through the process again, this time with the entire class. A 
discussion about the process is initiated, including thinking strategies such as asking questions, 
analysis, coming up with different solutions and more (Zohar, 2012). 4) Guided practice: 
students work through the task process by themselves.  

Meanwhile, the teacher addresses individuals’ questions and misconceptions one-on-one, 
tailoring responses to meet the individual needs of each learner. Learners can work individually 
or in small groups. Collaborating with other learners can help students understand the material 
and reinforce their own learning. 5) Independent practice: in this step students already know 
when and why to use the strategy; it is dedicated to letting them master it, applying it in whatever 
way they see fit (Rosenshine, 1986). The three practice steps allow students the necessary time to 
explore the efficiency and appropriateness of the strategy.  

Learning explicitly does not (as one might fear) fix students' way of solving a problem and 
thinking by setting them upon just one explicit path. On the contrary, it helps students gain a 
deeper understanding of the principle of the strategy, so they can better transform and adapt it to 
their needs (Portnov-Neeman & Amit, 2015). 

1.2. Implicit Teaching (ET) 

The implicit teaching (IT) approach places the teacher in a role of facilitator, rather than guide or 
expert (Taylor, Graves, & Broek 2000). The teacher does not outline the goals or make explanations 
overtly, but simply presents the information to the students, allowing them to create their own 
conceptual structures and assimilate the information in the way that makes the most sense to them 
(Kirschner, Sweller & Clark, 2006). In this study, the implicit teaching was consisted of three 
central principles: 1) Independent practice: students work individually on similar problems based on 
the strategy and try to look for similarities between them. 2) Developing a Solving Model: based on 
their practice, students try to build a solving model for the problems presented in the independent 
practice and test it on additional problems. 3) Summary: the teacher presents all the model types 
built by the students and starts a discussion about their appropriateness. Eventually the teacher 
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presents the strategy’s formal name and model. 
 

1.3. Four strategies for mathematical problem solving 

The strategies discussed in this study were selected by experts (teachers and professors from 
mathematics education), considering their importance and their use: 

Working Backwards: Used when the initial phase is not given but the outcome is known. 
Steps:1) Identify all problem components; 2) Check the final outcome; 3) Start reversing the 
mathematical operation in each step until reaching the beginning; 4) Resolve the initial state; 5) Test 
solution from the beginning to the end (Amit, Heifets & Samovol, 2007). 
Recursion: This strategy is defined as a technique in which a function or procedure calls itself. 

Steps: 1) Identify the base case of the problem; 2) Break the problem into smaller subproblems until 
base case is reached; 3) Solve the base case and move upwards to solve the subproblems; 4) Build a 
recursive function for the problem (Schoenfield, 2018).  

Proof by Contradiction: Steps: 1) Mark the claim to be proven as claim A; 2) Assume that claim 
is incorrect; 3) Articulate an opposite claim - claim B; 4) Look for inconsistency between the terms 
of the problem and claim B and prove that claim B is false. Conclusion: If claim B is false, then 
claim A is true (Amit, Heifets & Samovol ,2007).  

Trial and Error: When there is no guiding direction to the problem, try a set of different options 
using the next steps: 1) Examine random solutions to get an initial estimate of the problem; 2) Find 
a suitable method for testing; 3) By drawing conclusions, upgrade the method to reduce the 
possibilities for the solution; 4) Find the solution and examine its correctness (Musser, 2014). 

2.  Methodology  

2.1. Research question 

The study aimed to examine the effectiveness of the explicit (verses the implicit) teaching 
method in helping students learn strategies for solving math problems. For that purpose, four 
mathematical problem solving strategies were chosen: Working Backwards, Proof by Contradiction, 
Recursion and Trial and Error. Our research question was: To what extent do ET and IT affect 
students’ learning of mathematical problem solving strategies in the short and long term? 

2.2. Population and Setting 

The study was conducted within the framework of "Kidumatica" – an after school mathematics 
enrichment program targeted at talented students between 5th and 11th grade. (Amit, 2018) For the 
current study, a unique program was designed for teaching mathematical strategies for problem 
solving. It consisted of four learning units based on each strategy, spread over 35 academic hours. 
The program lasted for six months and was taught for four years in eight cycles. A total of 119 
students in 6th–7th grade (age 12–13) participated in this study (61 in the ET group, 58 in the IT 
group). Each group studied according to the method it was assigned, but both received the same 
amount of learning hours and practiced the same problems.  

2.3. Data collection and analysis 

Data was collected by means of three specially designed problem-solving tests based on the four 
strategies. A pre-test was administered at the beginning of the program to determine students’ initial 
ability to solve problems based on the four strategies. This was followed by a post-test at the end of 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 118 

the program, to evaluate the students’ ability to control the strategies. Finally, an additional retention 
(‘after’) test was administered six months later, to evaluate the effect of the teaching approaches and 
the students’ ability to control the strategies in the long term. Every test included eight problems, 
two for each strategy, and continued for 90 minutes.  

Based on each strategy, four types of indicators were adapted to analyze students' solutions. The 
indicators were based on scores between 0 and 5 points, where 5 is the highest score that indicates 
proper planning, correct implementation of the strategy and finding the answer. A score of 1-4 
indicates a partial or incorrect implementation of the strategy or computational errors, and a score of 
0 indicates no answer. A new parameter based on the average score for each two problems based on 
the same strategy was constructed and the strategy was compared in three time points. Using mixed 
method analysis, we assessed the students’ solutions based on the way they applied the strategy, and 
their answers to short one-on-one interviews where the students explained why and how they solved 
the problem. 

3.  Results 

The mean scores based on each strategy in the three tests are presented in Figure 1. In the 
working backwards strategy (the left graph) no significant difference was found between the two 
groups (F(#,#%#) = 1.037, - = 0.376 > 0.05		). Both groups improved their ability to use the strategy 
in both the post and after tests. In addition, the students' results in this strategy were the highest of 
all four strategies, indicating that this strategy that can be very well internalized and implemented. 
The results from the recursion strategy (second graph) showed a significant difference between the 
groups (F(#,#%#) = 0.62	, - < 0.000		). The mean score of the post test in the ET group (3.01±0.16) was 
16% higher than the IT group (2.59±0.13).  

In the after test, students in the ET group showed additional improvement in their ability 
(3.22±0.16), while the IT group’s score was slightly reduced (2.41±0.13). Consequently, the gap 
between the groups grew to 34%.  

The proof by contradiction strategy (third graph) showed the most significant differences 
between the groups (F(#,#%#) = 0.75	, - < 0.000		). In the post test, the mean score of the ET group 
(2.80±0.21) was 35% higher than the IT group (1.75±0.12). The after test showed that while the ET 
group maintained a similar score (2.74±0.21), the IT group’s score fell (1.42±0.12) and the gap was 
more than 90% between the groups. The mean score of the IT group in the after test was similar to 
the one before the learning began in the pre test. This indicates that over time the IT approach was 
not suitable for learning the proof by contradiction strategy. In addition, this strategy showed the 
lowest score between all four strategies. It is a complex strategy that requires high levels of logic 
and mathematical understanding as well as an ability to write correct proofs. It seems that mastering 
this strategy requires additional time for practice. In the Trial and Error Strategy (fourth graph) a 
significant difference was found between groups (F(#,#%#) = 0.85	, - < 0.05		).  

The ET group mean score (3.68±0.13) in the post test was 17% higher than the IT group 
(3.14±0.2). In the after test the mean score of the ET group was 3.93(±0.13) and 28% higher than 
the IT group (3.07±0.2).  
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In each group similar results were found in the post and after tests (except proof by contradiction 
in the IT group). This indicates that the ability to control the strategies was maintained over time. 
However, the ET group scores were higher in all four strategies, proving it to be a suitable teaching 
method for problem solving strategies. 

4.  Discussion   

Strategies are a powerful tool that becomes very meaningful in adulthood, when problems 
become challenging and complex, requiring the solver to make informed decisions (Polya, 1957; 
Tishman, Perkins, & Jay, 1995). With this in mind, we examined the effectiveness of explicit verses 
implicit teaching for learning mathematical strategies for problem solving in the short and long 
term. A total of 119 mathematically talented students participated in a six month program learning 
four mathematical strategies: Working Backwards, Proof by Contradiction, Recursion and Trial and 
Error. Findings from three tests showed that the program achieved good results in both groups, and 
that students understood how and when the strategies should be applied. The ET group showed 
higher scores in 3 out 4 strategies (except the working backwards strategy).  

The teaching method, which includes small subjects, structured and guided practice, small group 
learning and immediate feedback (Archer & Hughes, 2011; Rosenshine, 1986), helped students 
maintain their ability to use strategies throughout the program. This finding reinforces the research 
literature that suggests that ET is an effective approach for learning complex subjects (Zohar, 2012). 
The after test discovered that students maintained their ability to control all strategies, supporting 
the claim that ET can lead to both short and long term achievements (Palincsar & Brown, 2009). 
The IT group also maintained similar results in the after test (apart from the proof by contradiction 
strategy). However, the results in this group were lower than the ET group. Although the approach 
encourages students to build their own models for problem solving (Kirschner et al., 2006), the 
study found that the correct implementation of the strategies was the challenging part for them, 
especially in the recursion and proof by contradiction strategies. The mean score of the latter 
strategy dropped significantly in the after test and was almost identical to the mean score in the pre 
test.  

In summary, our study revealed that the ET approach was the most suitable framework for 
teaching mathematical strategies for problem solving. However, the study did have certain 
limitations worth noting. Additional research is needed to examine regular students and not only 
talented ones. Furthermore, the effect of explicit and implicit teaching should be tested in additional 
strategies, and on a larger student population.   

Figure 1. Mean scores in the Pre-Post-After tests 
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Abstract. This study deals with problem solving amongst 118 talented math students in 
grades 5-12. Our goal was to examine the students’ solutions from the perspective of their 
age, which is a combination of their chronological age and their formal mathematical 
knowledge. The research question is: how does age affect the students' creativity during 
problem solving activity? Data was gathered from workshops devoted to non-routine 
problems with multiple solution paths. A preliminary analysis of our findings reveals a 
troubling trend: as the age of students rises, they are less prone to looking for creative 
solutions when solving problems, and more likely to be “held hostage” by their habitual use 
of algebra.  

Résumé. Cette étude traite de la résolution de problèmes a partir d’une statistique sur 118 
étudiants en mathématiques capables de la 5ème à la terminale. Notre objectif était 
d’examiner les solutions proposées par ces élèves en fonction de leur âge, à savoir, une 
combinaison de leur âge chronologique et de leurs connaissances mathématiques formelles 
selon leur classe. La problématique de recherche est la suivante: comment l'âge affecte-t-il la 
créativité des élèves lors de la résolution de problèmes? Les données ont été recueillies lors 
d'ateliers consacrés à des problèmes inhabituels avec plusieurs solutions. Une analyse 
préliminaire de nos résultats révèle une tendance inquiétante : à mesure que l'âge des 
étudiants augmente, ils sont moins enclins à rechercher des solutions créatives pour résoudre 
leurs problèmes et sont plus susceptibles d'être "pris en otage" par leur utilisation habituelle 
de l'algèbre. 

Mathematics Subject Classification (MSC): 97C99 

1. Aim & Main idea 

Our research was inspired by a high school math teacher who visited classes in “Kidumatica” (Uziel 
& Amit, 2016), a math program for young talented students, and was astonished by the students' 
creative performance.  
Real life problems are complex; there is neither single formula nor a premade algorithm to solve 
them. The formal mathematical tools are important, but the complexity requires creative 
approaches. Dilemma: promoting formal knowledge or harming creativity? We will discuss it in the 
session. 

2. Introduction and theoretical background 

One of the most significant characteristics discussed in the research literature in the context of 
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talent, is creativity. The creative process relies on flexible thinking that enables multi-dimensional 
and multi-directional thinking, which can lead to finding innovative and original ideas, and solving 
problems in several ways (Guilford, 1950). 
Non-routine problems are problems whose solution is unknown in advance and requires the student 
to find an appropriate action plan based on prior knowledge. Leading researchers in the area of 
problem solving and creativity have argued that non-routine problem solving can be an assessment 
of individual creativity because these problems do not focus on the implementation of a particular 
algorithm (Leikin, 2013). 
In his book "A Mathematician's Apology," Hardy (1992) argues that the greatest breakthroughs of a 
mathematician usually occur at an early age. And thus he writes: "No mathematician should ever 
allow himself to forget that mathematics, more than any other art or science, is a young man's 
game" (Hardy, 1992, p. 6). According to Hardy, anyone who has mathematical talent must work to 
develop this skill while still young, before the decline in creativity begins to take hold with the 
progression of age. This position was the rationale for this study. 

3. Methodology 

3.1 Research question 

The goal of this study is to examine the change in creativity from the perspective of the students’ 
age. Our primary research question is: how, and to what extent, does the students’ age affect the 
presence and the frequency of creativity in their solution of non-routine mathematical problems?  

3.2 Context and population 

'Kidumatica': The Kidumatica mathematics club for creativity and excellence was founded in 1998 
by Prof. Miriam Amit and based in Ben-Gurion University of the Negev. The program provides an 
extracurricular enrichment in mathematics for over 500 students in grades 5-11. All program 
applicants must pass two admission exams to prove their mathematical ability (Amit, 2018). 
'Five classes' is a short name for ‘five point level classes’ that study the most advanced mathematics 
curriculum in high schools and they comprise about 15% of the total high school population. 
Middle level named ‘four classes’ are about 35% of the high school population and the lowest level, 
‘three classes’ are about 50% of the total high school population. ‘Five classes’ are targeted for 
talented and motivated students. Teaching at all levels of study is a traditional way of teaching 
mathematics in high school.  
The population for our study consists of 84 students from 'Kidumatica' (grade 5-9) and 34 students 
from 'Five classes' (grade 10-12).  

3.3 Data and analysis 

The main tool for data gathering is based on workshops that are devoted to 10 mathematical 
problems with multiple solutions. These workshops were designed by us, validated by experts and 
intended for all students. In these workshops, the students were asked to individually suggest a 
variety of different solutions to a single problem, followed by a class discussion analyzing the ideas 
which were presented by the students.  
 The workshops generated data in the form of student work products and the researchers’ 
observation journal. Quantitative and qualitative analysis were based on previous models in the area 
of creativity and problem solving, specifically in MSTs — Multiple Solution Tasks (Leikin, 2013), 
and provides a full assessment per student for each problem.  
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4. Preliminary results 

Below are 2 problems (out of the 10 problems) from the workshops, which were given to all 
students. For each problem, we chose to show 3 possible solutions from the range of solutions 
raised by the students (see table1 and table 2). We will also show the distribution of the students’ 
solutions by age (see table 3).  
 

Table 1. The missing number problem. 
 

Before you there is a 
set of square tiles. 
What is the missing 
number? 

 
 
 
 
 
 
 
 
 
 

1.1 Symbols 
 
 

1.2 Trial & Error 1.3 Creative & Holistic 

   

The solution relies on finding the value of each tile and 
adding up the tiles in the right column. 

All the tiles equal 36. 
All the tiles equal 25 
+ ? 

Table 2. The jam problem. 

 
In a jam factory, 80 liters of jam are distributed equally for storage in jars. The 
factory’s management decided to reduce the number of jars by 4. The jam in these 4 
jars was equally distributed amongst the other jars, so that each jar gets an addition of 
jam equal to one quarter of the amount it had previously contained. How many jars 
were there to begin with? 
 
2.1 Symbols 
 
 

2.2 Trial & Error 
 
 
Before            After 

2.3 Creative & Holistic 
 
 

 
 
(x – no. of jars, 
y – amount of 
jam in the jar). 
 

  
We “take” 4 jars and “pour” one 
quarter out at a time. We “would 
have to do that” 16 times. This 
means the final amount of jars 
would be 16, and the original 
number of jars is 20. 
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Table 3. The distribution of the students’ solutions by age. 

 
  3.1 Symbols 3.2 Trial & Error 3.3 Creative & Holistiic 

 
The 
missing 
number 
problem 
 

Grade 5-6 (N=31) 
 

3% (N=1) 84% (N=26) 74% (N=23) 

Grade 7-9 (N=53) 40% (N=21) 77% (N=41) 38% (N=20) 

Grade 10-12 (N=34) 74% (N=25) 41% (N=14) 18% (N=6) 

 
The jam 
problem 
 

 
Grade 5-6 (N=31) 
 
 
 

 
0% (N=0) 

 
26% (N=8) 

 
55% (N=17) 

 Grade 7-9 (N=53) 
 
 
 

43% (N=23) 21% (N=11) 26% (N=14) 

 Grade 10-12 (N=34) 85% (N=29) 0% (N=0) 9% (N=3) 

 
As we can see from table 3 in both problems, an absolute majority of the adult students (grades 10-
12) automatically tended to build an equations system as they are used to doing in school. When 
they were asked to look for another way to solve the problem they have noticed that there are other 
simpler solutions.  
In contrast, the youngsters (grades 5-6) looked at the problems from a holistic view. Naturally, the 
young students resolved the problem faster and without errors. 

 5. Conclusions 

We designed and implemented a study to examine talented students’ solutions to non-routine 
problems in light of their age. As opposed to the high school students, the young students who lack 
algebra knowledge came up with shorter and clearer solutions. Their lack of algebra knowledge, 
which is directly connected to their age, forced them to improvise simple and elegant solutions 
(Uziel & Amit, 2016). 
Our study reflects an issue that those involved in mathematical education should take into account: 
as students' age rises, they become “prisoners” of algebra, and seem unable to free themselves from 
its influence and consider alternative means of solving problems. Adult students suffer from 
‘thinking fixation’, and that eliminates flexible thinking and prevents creative approaches to solving 
problems. The NCTM standards (2000) have recommended that in grades 9-12, students will 
develop their ability to connect different mathematical ideas by solving a single problem in several 
ways. Building mathematical relations can also lead to a deep understanding of mathematics and 
viewing it as a linked science and not as a collection of different subjects. This study confirms the 
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need to implement this recommendation in all classrooms and especially among high schools 
students. 
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Abstract. The present work has as its purpose, through a brief reflection on the influence of 
mathematical education, the changes produced by scientific advances and especially by the 
philosophy or principles that govern scientific research in a moment determined. The theory 
of complexity emerged in the mid-twentieth century as a scientific paradigm whose purpose 
is "to understand the complexity of life". The author of this work provides some comments 
on this paradigm from the theoretical point of view necessary to study complex objects in 
mathematics education. A case study on dynamic systems and fractality will constitute the 
experience carried out with some of 14, 15 and 16 years old, and proposes to reflect with this 
work, from the conviction, that it is necessary to develop an updated version of the milestone 
of the publication in 1908 of the book by Professor Felix Klein of the University of 
Göttingen: "Elementary Mathematics from a Higher Point of View". Therefore, it would be 
necessary to modify the curricula through innovation and take new aspects, new models and 
new creativity: there are many mathematical domains almost unexplored in Primary 
Education and / Secondary Education that organized in an original and creative way, would 
allow the design of enriching activities in the classroom.  

Résumé:Le présent travail a pour objet, à travers une brève réflexion sur l'influence de 
l'enseignement des mathématiques, les changements produits par les avancées scientifiques 
et surtout par la philosophie ou les principes qui régissent la recherche scientifique dans un 
moment déterminé. La théorie de la complexité est apparue au milieu du XXe siècle comme 
un paradigme scientifique dont le but est de "comprendre la complexité de la vie". L'auteur 
de cet ouvrage fournit quelques commentaires sur ce paradigme du point de vue théorique 
nécessaire à l'étude des objets complexes dans l'enseignement des mathématiques. Une étude 
de cas sur les systèmes dynamiques et la fractalité constituera l'expérience réalisée avec des 
élèves de 14, 15 et 16 ans, et se propose de réfléchir à partir de la conviction qu'il est 
nécessaire de développer une version actualisée de la publication de 1908 du livre du 
professeur Felix Klein de l'Université de Göttingen : "Elementary Mathematicsfrom a Higher 
Point of View" (Les mathématiques élémentaires d'un point de vue supérieur). Il serait donc 
nécessaire de modifier les programmes d'études par l'innovation et de prendre de nouveaux 
aspects, de nouveaux modèles et une nouvelle créativité : il y a de nombreux domaines 
mathématiques presque inexplorés dans l'enseignement primaire et/ou secondaire qui, 
organisés de manière originale et créative, permettraient de concevoir des activités 
enrichissantes en classe. 

  Keywords: Complexity theory, dynamic systems, fractality, complex objects. 

1. Introduction 

The 21st century is facing enormous challenges that come from societies, increasingly interrelated 
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universally. Thus, it is possible to observe significant economic changes of globalization of capital 
and markets, both industrial and financial; extremely, dynamic advances, in science and technology, 
in mechanical, virtual, spatial spheres, etc. All of which has affected all living beings who live this 
reality. Our cultures have absorbed all these new globalized aspects, making them their own and 
interchangeable: communications are almost instantaneous, in real time; the mobility of information 
is surprising; the warlike conflicts between countries transmitted by television. 
Literacy is linked to the computer; virtual reality is almost the new company of children, closer than 
the games of manual and collective creation. 
We are undoubtedly immersed in a scientific-technical revolution that means a new way of 
producing and thinking about our reality. The theoretical-practical needs and problems have 
demanded changes and epistemological ruptures, and even of rationality itself. Along with Thomas 
Kuhn, physicist, philosopher of science and American historian, known for his contribution to the 
change of orientation of philosophy and scientific sociology in the 1960s, one could say that we are 
facing paradigm changes, as a result of scientific revolutions.  
At the end of the twentieth century, these partial and disciplinary scientific movements, not only 
began to interrelate, but also, to be measured as a single movement. In this sense, some authors 
began to identify and make deep reflections on the synchronic similarities, in spite of the different 
plots and knowledge problems. All of which has resulted in the configuration and naming of a new 
generalizing scientific paradigm, capable of encompassing all the sciences in general, and in 
mathematics in particular, as is the emergence of this new complex paradigm or complexity. 
The scientific paradigm of complexity comes to overcome the historical insufficiency, the classical 
paradigm and its corresponding valuation of the notion of simplicity and domination of man 
towards nature (Bacon, 1998). It overcomes, therefore, the identification of complexity with 
something complicated and on the contrary, transcendence consists in affirming that the complex is 
an attribute of reality and that it is, therefore, irreducible to discrete entities. His proposals value the 
dialectical units of the simple and the complex, the validation of chance, uncertainty, chaos, 
indeterminacy and emergence, non-linearity, etc. (Taeli, 2010).  However, this paradigm of 
complexity, not only comes to conform with the ontological view of how reality is, but requires that 
an epistemological coherence, complex thinking or non-classical rationality, are increasingly 
accepted. 
In this sense, also, the new dialogues of scientific knowledge, come from the recognition of the 
incapacities of the obstinate disciplinary autonomies, to respond to the new requirements of the 
complexities of the world. In short, the needs of the world in its economic, social and political 
dynamics, such as the magnitude of the Eco-social crisis, have demonstrated the insufficiency of the 
simplistic and reductionist paradigms to provide solutions to the changes required by it; hence, 
Philosophy and its all-encompassing approach, has collaborated in identifying and promoting the 
new complex scientific paradigm or complexity. 
 
1.1. Education in several contexts 
 
a) In the context of a classical paradigm 
In its origins, capitalism, as a new economic-social formation, revolutionized everything; the ways 
of producing, thinking and feeling reality. According to this, the process of formal or informal 
education or training of the subjects that the self-reproduce, is affected, to the same extent as the 
rest of their circumstances; they participate in the same modifications of the scientific picture of the 
world. That is to say, education will be determinant for the way that the subjects will understand the 
world and interact in it, and with it as a society and in nature. 
b) In the current context 
In recent times there have been changes that have modified our actions, however, the essence of the 
contradictory working capital relationship remains. 
Indeed, profits are no longer necessarily produced on the basis of industrial production, but the 
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accumulation of profit has produced financial markets that act as anarchically and chaotically as the 
dynamics of goods; but, in the same way, we must recognize the novelty and complexity of the 
accelerated dynamics, with a greater degree of sensitivity to changes in the initial conditions; this 
has given rise to the emergence of productive forces not previously thought of, both mechanical and 
virtual. 
- The complex as an attribute is inherent in reality, and affirms that the systems of nature are not 
given in advance, nor immutable; so much so that it is recognized that the systems can vary 
completely if the initial conditions are changed to a minimum. Hence the difficulty of propitiating 
the duality of hard and soft or natural sciences and of the spirit. 
- It is no longer possible to continue with the Cartesian duality of separate subjects and objects, they 
are interrelated. As also the subject is no longer considered as an atom, but as a system. 
- And therefore, for this complex reality the only thought that can be understood, understand and 
formulate is dialectical, hermeneutical, contextualized and complex thinking. The simple world is 
no longer real, it is a category that does not express it. The truth, and knowledge, will depend on the 
relationships that emerge from the interactions ; it is not given, that is why it cannot be delivered, 
transmitted as knowledge, and it must be built from practice (this makes a greater internal-historical 
coherence with a pedagogical model, be it with more constructivist, critical and relational 
proposals). 
Therefore, educational models based on the complex scientific paradigm among others, should be 
consistent with the new scientific picture of the world. Hence, the teaching-learning process must 
contemplate: For this paradigm, the systems of ideas, theories and knowledge, dynamic and 
emergent, given that, the only possible thing to do, is to allow the student to build his/her own, 
without falling into a solipsism or subjective idealism, that is why it is given, from its 
contextualized construction within a social structure.  

1.2. Iideas about complexity theory in education  

Interest in complexity theory, a relative of chaos theory, has become well established in the business 
and scientific communities in recent years. Complexity theory argues that systems are dynamically 
evolving interactions of many parts which cannot be predicted easily. In the book, School 
Leadership and Complexity, Keith Morrison (2002) introduces complexity theory to the world of 
education, drawing out its implications for school leadership. 
In this book, he suggests that schools are complex, nonlinear and unpredictable systems, and that 
this impacts significantly on leadership, relationships and communication within them. As schools 
race to keep up with change and innovation, this book suggests that it is possible to find order 
without control and to lead without coercion. Key areas are: 
• Schools and self-organization. 
• Leadership for self-organization. 
• Supporting emergence through the learning organization. 
• Schools and their environments. 
• Communication. 
• Fitness landscapes. 
This book will be of interest to headteachers and middle managers, and those on higher level 
courses in educational leadership and management.  

2. Complexity theory  

The complexity theory, as a complete theory, was developed from the 1980s, particularly in the 
work of the Santa Fe Institute in the United States. In some ways, the old regime of chaos theory 
has given way to the study of complexity as "life on the edge of chaos 
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Fig.1. Complexity Theory 
    
It is an attempt to explain how open systems work, as seen through holistic shows. In complexity 
theory, a system can be described as a collection of interactive parts that, together, function as a 
whole; It has limits and properties. 
This interaction is so complex that the behavior of the system cannot be understood only as an 
"emerging consequence" of the sum of the constituent elements. The key elements of complexity 
theory can be seen reflected in the figure 2, with components: 
  « …In the physical sciences, Laplacian and Newtonian theories of a deterministic universe have 
collapsed and have been replaced by theories of chaos and complexity in explaining natural 
processes and phenomena, the impact of which is being felt in the social sciences (e.g. McPherson, 
1995). For Laplace and Newton, the universe was a rationalistic, deterministic and clockwork 
order; effects were functions of causes, small causes (minimal initial conditions) produced small 
effects (minimal and predictable) and large causes (multiple initial conditions) produced large 
(multiple) effects. Predictability, causality, patterning, universality and 'grand' overarching 
theories, linearity, continuity, stability, objectivity – all contributed to the view of the universe as an 
ordered and internally harmonistic mechanism in an albeit complex equilibrium; a rational, closed 
and deterministic system susceptible to comparatively straightforward scientific discoveries and 
laws… ». (Morrison, 2002). 
   The differential characteristics of the theory of complexity can be observed in the following table-
summary : 
 
Fig. 2. Tabla-Summary. Complexity Theory-Conventional Sapience (Morrison, 2002) 
 

 
Conventional Sapience (Wisdom) 

 
Complexity Theory 
 

1. Small changes produce small effects 
 

1. Small changes can produce huge effects 
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2. Effects are straightforward functions  
of causes 
 

2. Effects are not straightforward functions 
of causes 

3. Systems are deterministic, linear and 
stable  
 

3. Systems are indeterministic, nonlinear 
and 
unstable 

4. Certainty and closure are possible 
 

4. Uncertainty and openness prevail 

5. The universe is regular, uniform, 
controllable and predictable 

5. The universe is irregular, diverse, 
uncontrollable and unpredictable 

 
6. Systems are fixed and finite  

 
6. Systems evolve, emerge and are infinite 

 
7.Universal, all-encompassing theories 
can account for phenomena 

 
7 Local, situationally specific theories 
account 
for phenomena 

 
8. A system can be understood by 
analyzing its component elements 
(fragmentation and atomization) 
 

 
8. A system can only be understood 
holistically, 
by examining its relationship to its 
environments (however defined) 
 

9. Change is reversible 9. Change is irreversible - there is a 
unidirectional arrow or time 
 

10. Similar initial conditions produce 
similar outcomes  

10.Similar initial conditions produce 
dissimilar outcome 
 

 
 
   The previous summary indicates the transformation that indicates the change of prototype or 
paradigm revealed by the theory of complexity. The link between a deterministic choice of the 
universe and modernism is not complicated to distinguish; both have the same principles as basis 
for progress, and yet they have real difficulties in showing the changes that occur or should occur in 
school (Riley, 2000: 35). 
The emergence of the concept of complexity theory appropriates the modernist spirit of change and 
uncertainty that begins in the last century with the Heisenberg uncertainty principle, quantum 
physics and the theory of relativity. 
 
    3. "New" arguments 
 
“Man cannot discover new oceans unless he has 
Courage to lose sight of the coast". André Gide 
 
Our proposal, based on the ideas cited ut-supra can be, among others: theory and optimization of 
graphics, dynamic systems, fractals, topology, information processing, code theory and 
cryptography, modelling ... 
Our idea is to face, provoke and challenge through the tasks for our students that allow them to use 
mathematical models (Duperret, 2009) for the description and analysis of aspects close to their daily 
tasks and purposes, in order to motivate and consolidate their mathematics. The goals are 
knowledge, on the one hand, and on the other, to establish and implant solid cognitive principles for 
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its conception. In addition, it is important to test the descriptions, analyses and dilations of nearby 
states in their everyday environments as "experimental mathematics". 

 
Fig.3. New arguments against the immobility 

 
       3.1. Cases studies 
 
    There are infinite case studies that we could enumerate: a) the evolution of the population of a 
species; b) the Malthus growth model; c) related to the economy: the banks, working with the 
concept of debit, etc., that is mathematical models for processes that evolve over time, that is, 
discrete DSs that often involve the iteration process. But due to space limitation I will present a case 
related to an ecological model,   
 
    3.1.1. Related with a Model of Ecology.       
    We are going to present, as a summary, the steps that must be taken to get an idea of what a 
dynamic system is, focusing on graphic visualization, fundamentally. 
 
    I. Case Presentation  
     
    “In Spain, we have 1250 individuals of a protected species of birds. Experts believe that the 
existing bird population decreases by 7% each year either by natural causes, or by poachers. There 
is also a captive breeding programme which increases the bird population by 5 individuals each 
year. Some questions that we can present to our students could be: 
a) Write the relation of recurrence that relates the existing population in year k, x

k
, with which there 

was year k-1, x
k-1
. 

b) Determine a formula that allows to obtain directly x
k 
as a function of k.  

c) If the conditions do not change, will this species end up in danger of extinction? (It is established 
that a species is in danger of extinction if the number of its individuals is less than 100)”. 
 
    II.  Ideas for the solution 
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    1. We take a cartesian representation system for each point (x, y), where x is the number of 
individuals at time k-1 and y is the number of individuals at time k. 
    2. Check that the raised question above responds to the dynamic system that is expressed by the 
equation: 

10.93 5k kx x −= +  

    3. Represent the dynamic growth curve.  
    4. Given an amount x of birds this year, graphically represents the amount that will be there next 
year and in 2 years. 
    5. What number of birds can there be this year so that next year there will be more? 
    6. What number of birds can there be this year so that next year there will be less? 
     
    III. Graphical visualization of the dynamic. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4. Visualization of the dynamic 
 
    IV. Modelling and formalization: Dynamical of one-dimensional linear applications 
 
    Let   L: R → R be a linear application, that is, L (x) = a.x with a � R. 
   Also, through the Graphic Analysis we will see the behaviour of certain dynamics from linear 
one-dimensional applications: 
   - If | a | <1, all the orbits converge to point 0.  A first way to investigate the dynamical generated 
by this application would be to take a starting point, for example 1, and calculate its orbit 
(projections on the axis OX of the points obtained. 
1, a2, a3, a4, a5, ... 
   The orbit converges to point 0. 
 
 
 
 
 
 
 
 
 

Fig. 5. Orbits converge to point 0 

x
0 

x1 

x1 

x
2 

x2 x
0 

(0,5
) 

? 

(500/7, 500/7) 

Attractive 
equilibrium 
point  
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     - If | a |> 1, any orbit other than that of point 0 diverges in modulus to infinity, 
 
 
 
 
 
 
 
 

Fig. 6.  Orbits diverge to infinity 
 
V. Ideas-Others Dynamical Systems 
 
   It is also interesting to propose to our students that they deepen in other dynamics: for example, 
the quadratic forms. 
   a) The quadratic family 
It is the one formed by the applications:  f(x) =  x 2 + p,  p�R 
   b) The logistic family 
It is formed by the applications: f

c
: [0,1] →  [0,1] of the form f(x) = cx (1-x), c� R 

 Example  c=2 
The orbit of any point of (0,1) tends to 0.5 which is now superactractive. 
 
 
 
 
 
 
 
 
 
 

Fig. 7. Point superactractive 
 
Example: Graphic analysis of other dynamics 
 
 
 
 
 

 
 
 
 
 

Fig. 8. Other dynamics 
    
 
 
 4. Ideas about fractality 
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    The study of nature as a clear example of complexity. In it, there are abundant examples of forms 
belonging to Euclidean geometry (hexagons, cubes, tetrahedrons, squares, triangles, etc.) but their 
vast diversity also produces objects that elude Euclidean descriptions. In those cases, fractals 
provide us with a better means of explanation. 
 

 
Fig. 9. Fractals 

   
  4.1 Drawn shapes 
 
    When we travel by plane we have the opportunity to observe the different ways that nature and 
man have generated change on the skin of the Earth's surface. Also if we get such a viewpoint we 
notice how nature and humans “conceive" in different ways the infinite elements that make up the 
landscape. 
Where is the difference? You have to find it in geometry. On the one hand the Euclidean geometry 
drawn as if a strip-line was treated by the machines created by the man; and on the other, the 
geometry of the curve. We can say that it is a fight of titans between two different styles. We have 
shapes drawn by: Earth, life, man, nature, ...The need to measure gives rise to Euclidean geometry  

• Why has mankind turned its back on the sinuous and branched forms of nature and opted for 
the straight line, the circle and the sphere?  

• Why have we broken the natural pattern that had been drawing the skin of the earth since its 
formation over thousands of years?  

“One answer: to measure” 
 
    Definitely, Euclidean geometry is very useful for the description of objects such as crystals or 
hives, but we do not find in it objects that can describe popcorn, baked goods, the bark of a tree, 
clouds, certain roots or coastal lines. Fractals allow you to model, for example, objects such as a 
cauliflower, rivers, clouds, trees (in the snow), a fern leaf or a snowflake. With the incorporation of 
chance in programming it is possible, through the computer, to obtain fractals that describe lava 
flows and mountainous terrain. 
    The dynamic systems that we have considered are based on iteration (Romero, 2018); that is, on 
the repetition of a process (a calculation) that allows obtaining each term from others previously 
calculated. A fractal is a figure obtained through the iteration of a simple geometric process that 
gives rise to a structure that can be extraordinarily complicated.  
   Euclid's geometry is one of the milestones of deductive thinking that, based on five axioms, 
created a system of description of the world that met the needs of the natural sciences, of natural 
history until well into the 19th century. 
 
    4.2 The fractal dimension 
 
    The word fractal comes from the Latin adjective fractus which means interrupted, and some form 
of nature objects are fragmented, irregular, rough. One fractal is a geometric figure in which a motif 
(pattern) is repeated but always decreasing its scale by the same percentage. Take, as an example 
the Sierspinski triangle. The Sierpinski triangle is a geometric object of infinite length, although it is 
in a finite region of the plane, which implies a dimension greater than one. But at the same time it 
has a null area, which indicates dimension less than 2. But so what size does it have?  
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……… ………. 
Fig. 10. Sierspinki Triangle 

     
4.2.1 Definition of self-similarity. 
   
  a) Be a segment of length L = 1. 
 
                                                                                                                    ……… 
Fig. 11. Segment 
   We can cover it, for example, with:  
2 segments of size 1/2: N = 2, R = 1/2; (1/2)-1 = 2   ______ 4 segments of size 1/4: N = 4, R = 1/4; 
(1/4)-1 = 4  _______ 8 segments of size 1/8: N = 8, R = 1/8; (1/8) 1 = 8 
Note that the exponent -1 changed sign coincides with the dimension 1 of a line. 
    b) Be a square of length L=1.  
 
 
 
                                                                        ……. 

Fig. 11. Square 
    
 
 We can for, 4 squares of size 1/2: N = 4, R = 1/2; (1/2) -2 = 4,  
    16 squares of size 1/4: N = 16, R = 1/4; (1/4) -2 = 16___________64 squares of size 1/8: N = 64, 
R = 1/8; (1/8) -2 = 64 
   Note that the exponent -2 changed sign matches the dimension 2 of a plane. 
   This leads us to the Definition of self-similarity, D of an object, made of N exact copies to itself 
and reduced by a factor R: 
    The relationship    DN R−=  determine the dimension D of the geometric object. 
    What exponent D do we find when applying this method to the Sierpinski triangle? 
3 triangles of side 1/2:  N = 3, R = 1/2; (1/2) -D = 3 
9 triangles of side1/4:   N = 9, R = 1/4; (1/4) -D = 9 
27 triangles of side 1/8:   N = 27, R = 1/8; (1/8) –D = 27 
………………………………………………. 
3n triangles of side 1 / 2n:  N = 3n, R = (1/2n); (1/ 2n) -D = 3n . 

a) For the line:  ln 2 1
1ln
2

D = − =
⎛ ⎞
⎜ ⎟
⎝ ⎠

, b) For the square: ln 4 2
1ln
2

D = − =
⎛ ⎞
⎜ ⎟
⎝ ⎠

; c) For the cube: 

ln8 3
1ln
2

D = − =
⎛ ⎞
⎜ ⎟
⎝ ⎠

; d) For the Triángulo de Sierpinski: ln3 1,589496
1ln
2

D = − =
⎛ ⎞
⎜ ⎟
⎝ ⎠

 

    

 

5. Conclusion 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 137 

    With this work I wanted to emphasize that there are certain (mathematical) models and other 
abstract systems (Romero, 2015) that are, in addition, dynamic systems and explain many complex 
real life phenomena: It is available for our high school students! 
   With the cases presented, we give answers to the complex questions that can be posed at the 
teacher's level: teaching and learning science in general, and mathematics in particular, should be an 
activity that allows the individual to build (Izquierdo, et al., 1999, 2004) their way of feeling, 
thinking, speaking and acting on the world around us, choosing those complex scientific models as 
one of the possible points of reference. The use of these complex models by the student should be 
guided by the research path (Bonil, et al, 2010) and the contrast of the information obtained from 
the existing models. It is a way of exercising the imagination to understand the complexity in the 
approach, for example, in ecology: do mathematical models respond to certain influences in the 
fundamental conditions of the life of certain species? 
   One way to measure the length of a curve is to approximate it to the length of a series of small 
lines that make it. We call that procedure rectification. The smaller the lines chosen for the 
approximating, the more accurate will be our measure. But ... what happens if we try to measure the 
total length of a square? Not its perimeter, but the length of the square by this method of 
rectification. Does that question even make sense? When we have repeated this tedious operation 
infinitely, we can say that we have covered the square with lines. There will not be a single point 
through which a line does not pass, nor will any of them pass more than one at a time. To find 
mathematically the value of the length of the line that makes squares we use the limit: 
   But ... what happens if we try to measure the volume of a geometric object? we would arrive with 
a process analogous to that “¡So the length of a square is infinite and the volume is zero!”  
   The well-known case of the Sierpinski triangle has infinite length and zero area. Surprise? 
   There are many almost unexplored mathematical domains in Primary and / or Secondary 
Education that, organized in an original and creative way, would allow the design of enriching 
classroom activities and carry out activities such as the above and introduce everyone, from the 
conviction, into the world of Mathematics, "Should he use his courage as used by the mythological 
hero Ulysses?" 
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Abstract. This paper questions the teaching and learning of mathematical modeling. 
We develop an epistemological study of the mathematization in the practices of 
experts in two fields: life sciences and industrial sciences. We use the results of this 
contemporary epistemological study to analyze and support the relevance of some 
problems designed to foster the devolution of the mathematical modeling process to 
the students. Then, we present our choices for implementing these problems in the 
classroom in link with this objective, and compare the students’ productions with the 
results of the epistemological analysis.  

Résumé : Ce document questionne l'enseignement et l'apprentissage de la 
modélisation mathématique. Nous développons une étude épistémologique de la 
mathématisation dans les pratiques des experts dans deux domaines : les sciences de 
la vie et les sciences industrielles. Nous utilisons les résultats de cette étude 
épistémologique contemporaine pour analyser et étayer la pertinence de certains 
problèmes destinés à favoriser la dévolution du processus de modélisation 
mathématique aux étudiants. Ensuite, nous présentons nos choix pour la mise en 
œuvre de ces problèmes en classe en lien avec cet objectif, et nous comparons les 
productions des élèves avec les résultats de l'analyse épistémologique. 

1. Introduction: contemporary epistemology on order to foster modeling activities for 
students 

Our research interests are about mathematical modeling in mathematics problem solving in the 
classroom. Our approach is to investigate experts’ practices as an epistemological reference to 
enlighten the teaching and the learning of mathematical modeling. 
More specifically, in this paper, we investigate the practices mobilized during mathematical 
modeling in different contexts (here, the context of life sciences and the industrial problems). To do 
this, we will distinguish horizontal mathematization and vertical mathematization and take into 
account the dialectical relationship between them. 
This will allow us to look into expert practices of modeling and contrast them with the 
mathematical activity in classroom in situations needing a modeling step from extra-mathematical 
situations. 

1.1. Aim and research questions 

Our research problem is “How can studying expert practices of modeling support the design and the 
implementation of modeling activities in classrooms?” 
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This communication relies on the distinction between horizontal mathematization and vertical 
mathematization (Treffers, 1978) introduced in the theoretical framework known currently as 
Realistic Mathematics Education (Freudenthal, 1991): the horizontal mathematization corresponds 
with the mathematical modeling that goes from the real situation to the mathematical world, 
whereas the vertical mathematization corresponds with the mathematical addressing of a problem. 
 

Horizontal mathematization leads from the world of life to the world of symbols. In the 
world of life one lives, acts (and suffers); in the other one symbols are shaped, reshaped, and 
manipulated, mechanically, comprehendingly, reflectingly: this is vertical mathematization. 
The world of life is what is experienced as reality (in the sense I used the word before), as is 
a symbol world with regard to abstraction. (Freudenthal, 1991, p.41-42). 

 
We cross this distinction with the epistemological work of Israël (1996) who considers that a 
mathematical model is “A piece of mathematics applied to a piece of reality” (Op.cit. p.11). He adds 
that “A single model not only describes different real situations, but this same piece of reality can 
also be represented by different models” (Ibidem). This led Yvain-Prébiski (2018) to define 
horizontal mathematization as choosing of a piece of reality, and then identifying and selecting 
some aspects of that piece of reality that can be mathematically addressed, in order to connect them 
to build a mathematical model. 
To define vertical mathematization, we follow Treffers (1978): Vertical mathematization 
corresponds with the mathematical work inside the world of symbols, namely the mathematical 
treatment of a mathematical problem. 
The figure 1 sketches the modeling process described above and highlights the dialectic relation 
between the horizontal and vertical mathematizations. 

 
Figure 1.  Modeling process, from Yvain-Prébiski (2018). 

In such a context, our research problem can be rephrased into two research questions:  
Q1. In expert practices of mathematical modeling, what are the invariant practices of horizontal 
mathematization and how do they interplay with context-specific practices? 
Q2. How to take into account the results of the epistemological study to elaborate situations that 
foster the devolution of horizontal mathematization in the classroom, and to analyze students’ 
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activity in such situations? 
 

1.2. Methodology 

To tackle these questions, our methodology is the following: 
• Demarcate specific topics or areas where mathematical modeling is involved, but different 

enough from each other to permit the identification of both invariant practices and context-
specific practices. We have selected life sciences and industrial problems as two contexts 
fitting with these criteria. 

• Develop contemporary epistemological studies on modeling, by interviewing experts about 
their own modeling practices (guiding them to make explicit these practices); and identify 
invariant and context-specific practices. 

• Design problems, trial them and analyze the students’ activities through the lens of the 
epistemological study developed previously. 

 

1.3. Area selected 

Following the work of Yvain-Prébiski (2018) on modeling practices of experts in life sciences, we 
will conduct interviews with experts who use mathematical modeling in industrial sciences, with 
two purposes:  

6. Identify invariants in their practices and compare them with those identified in life sciences, 
7. Identify modeling practices that could be context-specific. 

This second purpose will lead us to analyze again and reinterpret the interviews done by Yvain-
Prébiski, to consider actions specific to the two chosen contexts. This second part of the work is 
ongoing and the first results will be presented here. 

2. Contemporary epistemological study 

2.1. Contemporary epistemological study: interviewing experts 

In order to investigate experts’ practices, we have decided, based on previous work of Yvain-
Prebiski (2018), to interview experts in life sciences and industrial sciences on their modeling 
practices. To do this, we have used a clarification interview technique, which considers the 
interviewee as an informant, and consists in making this informant explain and detail a project of 
his where mathematics intervened. The aim is not to induce ideas from the interviewed expert but to 
bring the informer to make as explicit as possible his practice. The words modeling or 
mathematizing were only mentioned if the informant had mentioned them first. 
The following interview grid has evolved over time (taking into account the difficulties or 
misunderstandings of previous interviews, but also introducing new questions or directions, based 
on the missing information or unexpected answers from previously interviewed informants). 
The interview grid consists of three lines: 

Line 1: information on the interviewee’s education and career path of the informer and 
training in mathematics. 

• Line 2: Present and make explicit a research project or an engineering project involving 
mathematics. 

• Line 3: Define “modeling process” 
 

This leads to the grid below: 
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Line 1: 
What is your education path? 
What is your career path? 
What place do mathematics and computer science have in your training? 

Line 2: 
Can you describe, from the beginning to the end, related to life science/industrial problems 
where mathematics have been involved? 
Relaunch questions: 
◦ How did the project get started? What was the initial question? 
◦ Which (mathematical, computational, experimental) choices have been made to start, & 

to go on? 
◦ How did you choose the mathematical and computational tools and frameworks? 
◦ To which extent have mathematics (and computer science) been essential in the 

project? How much have they been involved in the project? 
◦ Has it been necessary to modify or abandon some choices? 
◦ Are there other disciplines involved in your work? In the project? 
◦ Did you collaborate with mathematicians or computer scientists? 
◦ Have you needed to reformulate or rebuild your problem or your questions? 
◦ How has the original question evolved? 
◦ How do you validate the results? 
◦ How do you test the validity of your models? (or mathematical/computational choices?) 
◦ When do you reject a model? (or a mathematical/computational choice?) 
◦ What kind of difficulty have your encountered in the project? 

Line 3: 
Can you formulate what is, for you, a “modeling process”? 
Do you consider your own practice/definition as representative of or shared in your 
community? 

Yvain-Prebiski has interviewed 5 experts in life sciences and the authors have interviewed (until 
now) 3 experts in industrial sciences (1 in logistics, 2 in operations research). We present below the 
results of this ongoing work. 
 

2.2. Context of life sciences 

In her PhD thesis, Yvain-Prébiski (2018) led such a contemporary epistemological study on the 
practices of researchers using mathematical modeling in life sciences. The main findings consist in 
the identification of six invariant features in the practices of researchers which contribute to the 
transformation of reality to mathematically solvable problems: 

• simplifying the problem and selecting a piece of reality; it is expected to identify relevant 
variables and choose relevant relations between the selected variables. 

• choosing a model among those known by the researcher in order to initiate vertical 
mathematization, at the risk of having to refine or reject the initial model later. 

• quantifying in order to compare the “real data” with the results obtained within the model. 
• using computer simulation to obtain results with the chosen model. Often it is with computer 

simulation that the researcher will test whether his choice of the fragment of reality 
associated with the model he induces is consistent with the observations resulting from the 
experiment or simulated experiment. 

• ideally, hoping to obtain a result that is becoming more widespread and that would then 
become a new model itself. 
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• choosing a model by anticipating the feasibility of conducting an experiment that would 
allow the results obtained by the model to be compared with those obtained experimentally. 
There are real back and forth actions between the fragment of reality, the envisaged model, 
the first results obtained with the models, and the experimental data. This practice is part of 
the validation of the choice of model by researchers.  

This contemporary epistemological study helped to better identify the form and the role of 
horizontal mathematization in a mathematical activity involving modeling. 
Our objective is to extend this previous work to the context of industrial sciences, by interviewing 
researchers and professionals of this field. To do this, we will adapt the methodology used 
previously for life sciences, and compare and contrast results between the two application fields. 
 

2.3. Context of industrial problems and preliminary conclusions 

The six invariant features presented below also appear in the case of industrial problems, in 
particular the first three. The first results concerning industrial sciences allowed us to make some 
hypotheses about what might differ from life sciences: 

• Human aspects in to be taken into account: In an industrial process, human operators can 
take action.  This human factor needs to be incorporated into the model, and some 
theoretical solutions, even optimal, must be rejected if they are not understandable or 
acceptable for these operators. Thus the nature of the model and its validation can be 
different. 

• Some relevant variables decided in advance: the manufacturer’s problem generally comes 
with some information regarding the “variables” that can be “touched” and not “not 
touched”. In this way, the experts deal with a problem which has been partially modeled 
beforehand. 

• A lot of “fitting”. Experts in industrial sciences insist on the strong part of the work making 
back-and-forth actions between the model and the problem, in order to adjust the model 
(make it “fit” the situation). This is allowed by the amount of data generally collected by the 
manufacturer. 

• Status of simulations: It seems that simulations have a specific status in industrial sciences, 
according to the interviewed experts. This point has to be deepened, taking more into 
account the role of computation in the design of simulation, and the relation between models 
and simulations. 

• Experimentation versus data: the experts in industrial sciences emphasize the role of data in 
the model design, which is more common than experiments (certainly for their cost). So, it 
is often the collected data that drive the model (or that is used as model). This is linked with 
point 3 and the following discussion. 

 
Concerning the third and fifth points (“fitting” and data), the comparison with life sciences made us 
aware that this is also present in life sciences. Indeed, when a model is selected, a lot of work is 
done in both cases to make it fit the experimental data. But it seems that there is still a difference in 
industrial sciences, namely that the data do not come from experiments but from collection along 
the industrial process at stake, and that the aims of experts in industrial sciences are less the 
understanding of the phenomena than the optimization of the process. 
This point must be deepened as this issue could differ between researchers’ and engineers’ points of 
view, more than between disciplines. 
To conclude, this is an ongoing epistemological study, but we make the hypothesis that there are 
common principles between the processes of modeling in life sciences and industrial sciences (and, 
probably whatever domain of application). 
But we have also begun to show some differences that are specific to life sciences and industrial 
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sciences. It would be important, from a didactical point of view, to be able to demarcate what is 
generic in modeling from what is domain-specific. 

3. Design and implementation of problems for the classroom 

3.1. Characteristics desirable for the implemented situations 

Relying on our epistemological study, we intend to characterize problems likely to support the 
learning of horizontal mathematization and hence foster students’ activities inspired by the invariant 
practices identified above. Such tasks should then be “realistic fictions” conceived (in English) as 
Adaptations of a Professional Modeling Problem (FRAPPM) and must meet the following criteria 
as much as possible: 

• To bring students to reflect on the system they should model. 
• To bring students to become conscious of: 

• the necessity to develop a model to solve a problem  
• the necessity to make choices to mathematically address the problem 
• the importance of the question set to them during the development of the model 
• the work behind the development of the model requires mathematical work within the 

model chosen to answer the questions. 
 
The design of such situations has been developed within the RESCO (collaborative problem 
solving) group of the IREM of Montpellier (Research Institute for Teaching of Mathematics). This 
program has been existing for more than ten years and was designed by a group where researchers 
and teachers work collaboratively (the two authors of this paper are part of the group). 
Based on these criteria, four FRAPPM have been developed last years: 
In the context of life sciences: 

• “The tree” (How to foresee the growth of a plant?) 
• “Endangered species?” (How to forecast the evolution of animal population?) 

Or in the context of industrial problems: 
• “The warehouse” (How to optimize the location of a supply storage?) 
• “The windows” (How to optimize the cutting of materials according to orders?) 

The two first examples, trialed in 2016 and 2017, have been presented in the CIEAEM 69 (Yvain & 
Modeste, 2018, Yvain, 2018). In this paper, we will give details regarding the two last ones, trialed 
in 2018 and 2019 respectively. 
 

3.2. Context of implementation 

The implementation in classrooms of secondary education is coordinated through the ResCo 
program. The collaborative problem-solving device is based on exchanges between classes, 
working in groups of three, on the same research problem. All secondary levels from the 6th to the 
12th grade are potentially concerned, adding a constraint on the choice of the problem to be 
proposed. In addition, this device is spread over five weeks (one session per week), during which 
collaboration between classes is organized. This implies that the problem proposed by the ResCo 
group should not be found on an Internet search engine, and, leading the group to formulate it in a 
new form. 
A particularity of this program is its question and answer session designed to approach the problem 
more efficiently from the beginning. The first session proposed in the ResCo device aims to 
introduce students to realistic fiction and to have them formulate the questions they ask themselves 
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during their first research. The aim is to have the students ask themselves questions about the 
different possible choices that would allow them to deal with the problem mathematically. The 
questions developed by the students are addressed to the two classes with which their class is 
associated, by the teacher, via the ResCo forum.  
During the second session, students receive questions from the other classes in their group. It is 
during the phase of the elaboration of the answers by the students that, on the one hand, the relevant 
questions for solving the problem will emerge and, on the other hand, different possible modeling 
choices will appear. During this session dedicated to the answers, the questions received lead to 
discussions that allow students to become aware of the need to make choices to deal mathematically 
with the problem, particularly around the identification of relevant quantities. 
In the third week, the students discover the answers of the other classes and discuss these answers. 
Between the second and third weeks, on the basis of the questions and answers submitted to the 
forum, the ResCo group develops a "relaunched realistic fiction". It is addressed to all classes 
during this third week, in order to set common modeling choices to allow further collaboration in 
solving the same mathematical problem in every class. The intentions of the ResCo group are to 
make visible to students the need to make choices to solve the problem. During the fourth session, 
the students continue the research of this same mathematical problem, resulting from the modeling 
choices set by the "relaunched realistic fiction" of the ResCo team. During the last week, teachers 
are invited to carry out an assessment with their students to close the session. The ResCo group uses 
all the student productions posted on the forum to produce an assessment of the mathematical 
concepts and skills that the problem has enabled to be implemented, an assessment of the heuristic 
skills developed and the elements of a mathematical solution to the problem.  
For more details about the professional development program or the scenario, see Yvain & Modeste 
(2018) and the workshop of Lavolé, Modeste, & Yvain-Prébiski presented at CIEAEM 71. 
 

3.3. Detailed presentation of two of the implemented problems 

Based on epistemological considerations on modeling and on the above characteristics and context, 
we have developed situations that aim to foster students’ modeling activity. We describe here two of 
these situations (figures 2 and 3). 
 

The Warehouse 
A company has many factories which must be supplied weekly. 
The map indicates: 

− the position of the factories, 
− the names given to the factories, 
− the number of units of goods corresponding to the supplies needed by the 

factory every week. 
The company want to build a warehouse from which the supplies will be delivered by 
truck to the factories. The maximal capacity of a truck is 120 units of goods. 
The company wants to situate the warehouse the most economical way as possible. 
Can you help to decide where to settle the warehouse? 
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Figure 2. The situation called “The Warehouse” (experimented in 2018). 
 

The windows panes 
A company cuts rectangular window panes of four different dimensions: 
 210 cm x 215 cm  ;  100 cm x 215 cm  ;  100 cm x 125 cm  ;  60 cm x 215 cm. 
These window panes are cut out of large rectangular glass slabs measuring 600 cm x 
320 cm. 
The company is looking for a method in order to realize the cuts according to the 
orders while limiting the scrap. 
To help the company, can you suggest a method realizing the cuts and minimizing the 
loss? 

Figure 3. The situation called “The windows panes” (experimented in 2019). 
 
These two problems fit with the characteristics of FRAPPM, stated above. In particular: 

• they have been conceived as a transposition of modeling issues coming from professional 
scientific practices (work of the modeler): the first one comes from a common issue in 
logistics, and the second from a famous issue of optimization of a production process. 

• their didactical variables (Brousseau & Warfield, 2014) are chosen in order to foster entry 
into horizontal mathematization: 
◦ In the first situation, the map, the type of journeys, the type of transportation and 

storage, the possibles interpretations of “the most economical way”, the needed 
approximations, the possible choices of the cost function, are decided for this purpose. 

◦ In the second situation, the nature of the cuts, the nature and organization of the orders, 
the allowed configurations of window panes in the glass slabs, the possible 
interpretations of “minimizing the loss”, the possible loss functions,  are decided in order 
to foster the horizontal mathematization work. 
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In both cases, the modeling is supported by an optimization issue. It is important that the proposed 
situations need to be modeled for a specific purpose, and not for modeling itself. Here, it is 
optimizing; in the two other situations, it was making a prediction. 
The careful design and analysis of the problems and their wording permits anticipation of the 
various mathematical problems that can arise from them and, based on the questions and answers 
sent by the classes and some other constraints, permits the design of a "relaunched realistic fiction" 
which is relevant and appropriate. 
 

3.4. Analysis of the students’ work 

In previous work, Yvain-Prébiski (2018) developed and analyzed problems implemented in 
classrooms that, on the one hand, promotes the devolution of horizontal mathematization to students 
in their work, and, on the other hand, studies the possibles traces of transposition into classrooms of 
identified invariant practices. In order to analyze student’s questions, she has defined three 
indicators of the devolution of horizontal mathematization to students:  
The students’ questions show them: 

• building a model in order to respond to the given situation 
• identifying the relevant features for mathematical processing 
• seeing the relevance of the contextual elements to take into account to make the situation 

accessible to a mathematical treatment. 
 
For the analysis of the student’s answers, she has defined five indicators as follows:  
The students’ answers show 

• the development of a model that enables a response to the situation  
• choices of relevant quantities for mathematical processing 
• choices of contextual elements  
• analysis by the students of the relevance of a question regarding the situation  
• the first mathematical work to answer the question. 

 
Table 1 and 2 show examples of the students’ work based on the "Warehouse" problem. 

Table 1. Examples of students’ work based on the "Warehouse" problem during the question 
phase. 

Building a model in order to 
respond to the given situation 

Identifying the relevant 
features for mathematical 
processing 

Questioning the relevance of 
the contextual elements to 
make the situation accessible 
to a mathematical treatment 

- Is it possible to supply plants 
beyond their demand? 
- Is the truck allowed to bring 
the goods to two factories in a 
row without returning to the 
warehouse? 
- Can central symmetry or axial 
symmetry be used? 
- Should the warehouse be 
placed closer to those who need 
more goods? 

- What does "the most 
economical" mean?: to save gas 
or save money? 
- Do we want the truck to travel 
as few kilometers as possible? 
- Is the distance on the map 
important, the scale? 
- Are the numbers of goods 
requested by the plants 
accurate? 

- What is the type of road 
between the warehouse and 
each plant? 
- What are the types of goods? 
- In which country or city are 
the different factories located? 
- What are the geographical 
constraints? 
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Table 2. Examples of students’ work based on the "Warehouse" problem during the answers 
phase. 

The development of a 
model that enables a 
response to the 
situation 

Choices of relevant 
quantities for 
mathematical 
processing 

Choices of contextual 
elements 

Analysis by the 
students of the 
relevance of a 
question regarding 
the situation 

Q: Should the truck's 
route be planned? 
It is necessary to plan 
the route of the trucks 
in order to optimize the 
organization. You have 
to find the most fuel-
efficient route. 

Q: What types of roads 
should I take? 
The fastest! 

Q: Are there any 
locations where it is not 
possible to place this 
warehouse? 
For us, we have chosen 
to say no. But it's true 
that we wonder what 
happens when there's a 
lake. 

Q: What is the size of 
the warehouse? 
We don't know, but it 
doesn't matter. 

Q: Shouldn't the 
warehouse be located 
at a factory to save at 
least one trip? 
It could be a solution 
but the other trips will 
be longer so it's not 
more economical. 

Q: What does the most 
economical mean? 
It is necessary to pay 
the lowest price, we 
will have to take into 
account the fuel 
consumption, the 
distances covered,... 

Q: How many 
kilometers can a truck 
drive with a full tank of 
gas and where are the 
gas stations? 
It can be 2000km long 
and the gas stations are 
every 500km. 

Q: Are there many 
radars? 
Will this help us to 
position the 
warehouse? 

 
Based on the questions and answers of the students, we designed the "relaunched realistic fiction". 
In this particular case, it was decided to take into account only distances in the cost of the 
transportation “as the crow flies”, to consider only one truck which can be not full and deliver to 
various factories in one trip, to allow a factory to be delivered to in many trips, and that a factory 
can store some supplies in advance. Based on these decisions, the classes were asked to find an 
optimal solution for this (fully mathematized) problem. 
 

 
Figure 4.  Example from students’ work. 
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stratégie1

Nombre	de	livraisons.

Semaine 1 2 3 4

Echo(240) 2 2 2 2

Tango(80) 1 1 0 1

Foxtrot(150) 2 1 1 1

November(150) 2 1 1 1

Quantité	de	marchandises	restante	après	livraison.

Semaine 1 2 3 4

Echo(240) 120+120	-	240=0 120+120	-	240=0 120+120	-	240=0 120+120	-	240=0

Tango(80) 120-80=40 120+40-80=80 0 120-80=40

Foxtrot(150) 120+120-150=90 120+90-150	=	60 120+60-150=30 120+30-150=0

November(150)120+120-150	=	90 120+90-150=60 120+60-150=30 120+30-150=0  
Figure 5.  Example from students’ work. 

 
Figures 4 and 5 show examples of students’ work based on the "Warehouse" problem. During the 
fourth week, several classes used the spreadsheet or Geogebra to solve the problem. In the first 
example, the students chose to go back and forth between the warehouse and the factories, 
considering the possibility of storage. 
In the second example, the students chose a location close to Echo (because it has the greatest 
need), while being at equal distance from Foxtrot and November (same needs), and chose an order 
for the trips according to needs, also allowing themselves to store materials. Their strategy is based 
on having as little as possible left in the warehouse, and on moving the goods left the week before.  
At the end of the activity, the students shared their solutions on the online forum and an “advanced 
solution” was distributed. 

Conclusions and perspectives 

In this work, we developed an epistemological analysis of experts’ practice of modeling, which 
allowed us to identify invariant practices in modeling (in different contexts) and also practices that 
seems to be context-specific. 
This work permits us to design problems that foster modeling activity, and particularly horizontal 
mathematization. These problems are designed following specific characteristics of situations called 
“realistic fictions”, more precisely as realistic fictions conceived as adaptations of professional 
modeling practices. These situations are implemented and experimented in the RESCO device, that 
allows us to make tens of classes work collaboratively through a forum. 
Our experiments show a devolution of the modeling necessity at stake, and the strong involvement 
of students. The epistemological analysis also helped us to develop indicators that permit us to 
compare students’ modeling practices to experts’, and to discuss the way they take into account the 
context of the situation in order to question its modeling. 
This work is still ongoing, and many perspectives have yet to be developed. First, we want to go on 
with the epistemological study, and will conduct more interviews with experts in industrial 
problems. Second, as we have shown that there is an articulation between generic modeling 
practices and context-specific practices, we want to deepen the understanding of this articulation. 
This can be done with an analysis of the previous interviews, but also by exploring the students’ 
work in this direction. This would permit us to better take into account the context while designing 
task, making a priori analyses of modeling tasks, and studying students’ productions, in particular 
concerning the question-and-answer phases in our device. 
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Abstract. The aim of the research is to understand how teachers can approach reading and 
building graphs in class to support successful learning; we want to promote the analysis and 
reading of graphs as a way to understand the world. To do this, we have highlighted main 
difficulties that students find when they have to read and understand a graph or build it from 
evidence provided by national standardized test results. In this paper, we give examples of 
tasks designed leaning on the results of our research that we analyse. 
 
Résumé. L'objectif de la recherche est de comprendre comment les enseignants peuvent 
aborder la lecture et la construction de graphiques en classe pour favoriser l'apprentissage ; 
nous voulons promouvoir l'analyse et la lecture des graphiques comme moyen de 
comprendre le monde. Pour ce faire, nous avons mis en évidence les principales difficultés 
que les élèves rencontrent lorsqu'ils doivent lire et comprendre un graphique ou le construire 
à partir de données fournies par les résultats d'un test national normalisé. Dans ce document, 
nous donnons des exemples de tâches construites à partir de nos résultats de recherche que 
nous analysons. 

1. Introduction 

The aim of the research is to understand how teachers can approach reading and building graphs in 
class to support successful learning; we want to promote the analysis and reading of graphs as a 
way to understand the world. To do this, we have highlighted main difficulties that students find 
when they have to read and understand a graph or build it from evidence provided by national 
standardised test results. 
The choice of theme is based on the importance of the incidence of epistemological and cultural 
factors on the international level. In particular, in all curricula the study of graphs is central in 
mathematics and in many other disciplines. We have chosen to focus on the Italian curriculum to 
allow a detailed comparative multidisciplinary research that will establish connections between 
mathematics, other disciplines and everyday life (Piaget, 1972). 
The qualitative-quantitative analysis of the national standardized tests INVALSI has shown 
fundamental characteristics to project a potential task with the objective to promote learning 
through understanding. We have projected activities with the aim of overcoming the difficulties 
identified. 
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1.1 The Italian mathematics curricula 

In Italy, the curriculum that each teacher must develop in the first cycle of education (from grade 1 
to grade 8 of education) is defined in the document formalized with Ministerial Decree no. 254 of 
13 November 2012: "Indicazioni Nazionali del primo ciclo d’Istruzione" (MIUR, 2012). For 
elementary and middle school, the curriculum is divided into "obiettivi" and "traguardi" (we can 
translate them into intermediate and final objectives) that each discipline must reach by the end of 
its school segment. 
There are several passages in the introduction that offer reflections on the current role of the school 
in society and on the meaning of education for the training of the individual and the citizen, 
suggesting at the same time ways of projecting and planning the training offer. 
In this context, some Italian researchers include their work. In the field of mathematics education, 
the researchers aim at innovation and at producing pragmatic examples of improvement in 
mathematics teaching in specific situations and focused on concrete problems of mathematics 
education. One of the first is the model of Emma Castelnuovo, also well known internationally 
(Castelnuovo CIEAEM, 1958). 
During the training courses carried out by the researchers for the teachers, emerged a limited 
knowledge of these documents on the part of the teachers. The design of interdisciplinary activities 
on the reading and construction of graphs started from the study of the Italian curriculum with the 
teachers, in order to allow them to learn how to design specific activities instead of just replicating 
them. 
For teachers in other countries, it might be interesting to compare the choices made in Italy, 
explicitly or tacitly assumed, with the ones in force in their own country. 

1.2 Reading and constructing graphs in the Italian curriculum 

In this section we will focus on the theme of reading and constructing graphs within the Italian 
curriculum as specified by state documents (MIUR, 2012). 
Mathematical competence is the ability to develop and apply mathematical thinking to solve a range 
of problems in everyday situations. Mathematical competence involves the ability to use 
mathematical models of thought and presentation such as patterns, graphs and representations. 
Let's start by examining how objectives in mathematics evolve from pre-primary school to 
secondary school. Within the guidelines of the MIUR, one of the objectives to be achieved at the 
end of pre-primary school is to discover languages such as voice, gesture, sounds, graphic-pictorial 
experiences. This objective, for the third class of primary school, becomes knowing how to 
represent problems with tables and graphs and, at the end of Primary School, is further developed in 
"Data research to obtain information and build representations (tables and graphs). It also derives 
information from data represented in tables and graphs". Finally, one of the objectives to be 
achieved at the end of secondary school is "Representing data sets, even using a spreadsheet. In 
significant situations, compare data in order to make decisions." It is now clear that this objective 
has been improved with technical details and has been integrated into a wider context. 
In the Italian curriculum, the reading and comparison of graphs must be explored in other 
disciplines. One of the goals that science teachers have to develop by the end of primary school is 
"Identify quantitative and qualitative aspects in phenomena, produce graphic representations and 
diagrams of an adequate level, elaborate simple models". Also one of the geography objectives for 
the primary school is "to analyse the main local and global facts and phenomena, interpreting maps, 
thematic maps, graphs, digital elaborations, statistical repertoires related to socio-demographic and 
economic indicators", and for the secondary school "to use traditional and innovative tools (maps, 
graphs, statistical data, images, etc.) to understand and communicate territorial facts and 
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phenomena". Also the Italian language plays a fundamental role, where for the primary school we 
find "Reading must be constantly practiced on various textual forms (from continuous texts to 
forms, timetables, graphs, maps, etc.)" and "Searching for information in texts of different nature 
and origin (including forms, timetables, graphs, maps, etc.) for practical or cognitive purposes"; 
while for the secondary school "Displaying information using supporting materials such as maps, 
tables, graphs" or "Finding information using [...] images, captions, graphs". In relation to history, 
for the primary "Extracting and producing information from graphs, tables, historical maps", while 
for the secondary "Selecting and organizing information with maps, diagrams, tables, graphs and 
digital resources". 
In Italy, since pre-school, the relations enter powerfully in many activities: record daily presences 
and absences, setting the table for as many people as there are diners, arrange in order of height, 
design or describe the execution of a certain sequence of instructions, counting teeth that every 
child has lost. 
The concept of relations, and in some particular cases function, is the formalization of such 
experiences. 
Conventional graphic representations (tables, graphs, arrow schemes...) suggest, on the one hand, 
strategies for problem solving and, on the other hand, ways of organizing knowledge in memory. 

2. Macro-phenomena highlighted by standardised assessments 

The research has considered all the INVALSI tests that aim to investigate the knowledge of the 
objectives mentioned in the previous paragraph. We have chosen to show some of the ones that 
have most clearly shown some difficulties in the construction and reading of the graphs. The results 
of these studies come from national INVALSI's statistical data. 
The annual records of the Italian students' standards by INVALSI provide information on the classes 
of second elementary (grade 2), fifth elementary (grade 5), third middle school (grade 8) and second 
high school (grade 10). Since our research involved first cycle teachers, we considered grades 2, 5 
and 8.  
Let's see some of the most representative examples, starting from grade 2: 
 

 
Figure 1. Question featured in the standardised assessments INVALSI for grade 2, 2015. 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 154 

The graph represents the number of stickers that Mario, Luca, Paola and Sara have. The problem 
asks to observe the graph and answer three questions: 
 

a. Does Luca have twice as many figurines as Mario? 
b. Does Luca only have one more figurine than Paola? 
c. Does Sara have more years than Luca? 

 
The students have three answer options: "Yes", "No", "It cannot be known". Let's proceed with a 
quantitative analysis of the national sample for each item: 
 

a. To the first item 82.6% of the students answer "Yes" (choosing the correct answer), 13.2% 
of the students answer "No", while 2.5% of the students declare "It cannot be known"; 
b. To the second item 61.5% of the students answer "Yes", 33.7% answer "No" (choosing 
the correct answer), while 2.9% of the students declare "It cannot be known"; 
c. To the third item 40.1% of the students answer "Yes", 7.4% of the students answer "No", 
while 50.8% of the students declare "It cannot be known" (choosing the correct answer). 

 
One of the most interesting aspects that highlights the problem is that 61.5% of students answer 
"Yes" to item b. This answer may be related to the fact that most students are used to reading 
graphs, not building them, so it is assumed that every mark on the axis of graph is worth 1. Another 
interesting aspect is that 40.1% of students respond "yes" to item c, probably related to aspects of 
educational contract. 
Let's continue with a question of grade 8: 
 

 
Figure 2. Question featured in the standardised assessments INVALSI for grade 8, 2016. 

The graph represents the number of goals scored in each game by a football team during a league. 
The number of goals in each game is shown on the ordinate axis, while the number of games is 
shown on the abscissae axis. The horizontal line corresponds to the average number of goals per 
game for the 10 league games. The question asks to mark on the graph the point corresponding to 
the number of goals scored by the football team in the sixth game (p6) of the league. 
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The 15.1% of the students leave the question blank, 36.6% of the students answer it incorrectly, 
while 48.3% of the students answer it correctly. 
The question shows that many students have difficulties not only in constructing graphs, but also in 
reading non-standard graphs. In particular, in Italy most school books use only bar graphs as 
examples. 
We can say that this also applies internationally thanks to the data published by the OECD-PISA 
(OECD, 2013). 

3. Conclusion and further remarks 

In order to follow the Italian curriculum (which highlights the importance of developing the ability 
of students to communicate and discuss, to argue correctly, to understand the points of view and 
arguments of others), we developed activities which consist in stimulating students to read carefully 
and critically different types of graphs, with reference to real situations, in order to learn how to 
compare different graphs and to know how to choose the appropriate conditions for their 
construction. 
The training objectives are to ensure that the students, at the end of this activity, are able to 
 

- use adequate data representations in meaningful situations to obtain information; 
- build reasoning and support their theses, through laboratory activities, peer discussion and 

model observation; 
- use representations to obtain information, make judgments and make decisions. 
 

The activities have allowed teachers to understand what features should a task have in order to 
promote learning with understanding. 
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Abstract.The reference literature converges on the claim that a specific feature of 
mathematical learning is that mathematical "objects" do not exist in material reality and may 
only be represented using an appropriate semiotic register. Authors have also emphasized the 
dialectical nature of the operational and structural dimensions in processes of mathematical 
understanding. To prevent mathematical objects from being confused with their 
representations, it may be of value to coordinate different semiotic representations of the 
same object. This provides the conditions for learners to organize their experience – whether 
visual, tactile, or motor – during the learning process, by ordering and conferring meaning 
upon that which is already familiar to them, and modifying their representations via 
processes of symbolization and abstraction that support an increasing level of formalization. 
In light of this background, we here present the structural characteristics and teaching-
learning processes inherent in simulation games designed, developed, and tested within a 
research project entitled Simulandia. The aim of the project is to enhance children’s 
understanding of geometry concepts, ability to reason about them in the abstract, and 
mastery of mathematical language, by involving them in educational play. The paper focuses 
on the key features of simulation games that foster comprehension of mathematical concepts, 
relating them to epistemological, theoretical and methodological aspects of mathematical 
learning. It also illustrates how these features may be operationalized based on Cartolandia – 
one of four simulation games we have designed – which introduces the geometric concept of 
isometry to fourth-grade students. Finally, we present the “state of the art” of our research 
program, its next developments, and key points of interest going forward.  

Résumé. Les auteurs de référence s’accordent à dire qu’une des particularités de 
l’apprentissage des mathématiques est l’inexistence “d’objets” mathématiques dans la réalité 
matérielle. En effet, ceux-ci ne peuvent être représentés qu’en utilisant un registre 
sémiotique adéquat. Quelques auteurs ont également insisté sur la nature dialectique des 
dimensions opérationnelle et structurelle dans le processus de compréhension des 
mathématiques. Pour éviter de confondre les objets mathématiques avec leurs 
représentations, il peut être bénéfique de combiner plusieurs représentations sémiotiques du 
même objet. Cela permet aux élèves d’organiser leurs expériences – qu’elles soient visuelles, 
tactiles ou motrices – pendant le processus d’apprentissage, en ordonnant et en octroyant un 
sens à ce qui leur est déjà familier. Cela permet en outre de modifier leurs représentations par 
des mécanismes de symbolisation et d’abstraction qui amènent à un niveau toujours plus 
élevé de formalisation. 

  

Dans ce cadre, nous présenterons ici les caractéristiques structurelles et processus 
d’enseignement et d’apprentissage inhérents aux jeux de simulation conçus, 
développés et testés au sein d’un projet : Simulandia. Le projet vise à améliorer la 
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compréhension qu’a l’enfant de concepts géométriques, sa capacité à les penser de 
manière abstraite et sa maîtrise du langage mathématique en lui proposant un jeu 
éducatif. Cet article est centré sur les principes clé des jeux de simulation qui 
promeuvent une compréhension de principes mathématiques, tout en les reliant aux 
aspects épistémologiques, théoriques et méthodologiques de l’apprentissage 
mathématique. Il présente aussi la manière dont ces principes peuvent être 
concrétisés, en prenant l’exemple d’un de nos quatre jeux de simulation, Cartolandia, 
qui introduit le concept géométrique d’isométrie à des élèves de CM1 (quatrième 
année primaire). Finalement, il présente l’état d’avancement de notre programme de 
recherche, ses prochains développements et les axes majeurs à exploiter à l’avenir. 

1. The structural characteristics of simulation games.  

Simulation games for geometry learning foster the development of geometric thinking by providing 
children with experiential opportunities to: - understand geometric concepts in terms of 
discriminating the meaning units merged at the different levels of organization of speech (Duval, 
2017); - formulate geometric concepts that they can use to interpret and act on reality; ask and 
address key questions leading to the exploration, observation and discovery of the fascinating 
relations and structures present in nature and in human creations (Domenici & Frabboni, 2007).   
In light of these aims, our games were intentionally designed to combine the "grammar", or 
procedural architecture, of simulation games (as outlined in the salient literature), with educational 
and didactic theory and methods (Piu & Fregola, 2011; Fregola & Piu, 2011). In terms of their 
theoretical-methodological framework, the games are organized around a model of reality within 
which groups of seven or eight children are invited to take action, by assuming specific roles, 
making the decisions required to resolve implicitly problematic situations, and using suitably 
structured materials (Ellington, 2000). The games invariably present a scenario that reproduces 
mathematizable aspects of reality, representing a single geometric concept in perceptually different 
ways, without the addition of inessential detail or unnecessary information, with a view to 
minimizing extraneous cognitive load that might interfere with the students’ learning (Sweller, 
2003). 

In the case of Cartolandia (see Box 1), a simulation game designed following the principles just 
outlined, the target model of reality is organized around mathematizable aspects of isometries. 
Footsteps of different sizes and pointing in different directions are printed on a carpet. Some of 
them are arranged in rows, while others - designed to act as distractors - are scattered randomly 
about the mat. All of them may be attributed to one or more of a set of characters. 
The simulation game is designed to present a problem situation organized around constraints, which 
in turn prompts the children to take action by moving their bodies and hands and using structured 
materials that have been designed and produced ad hoc for the task. To attain the planned learning 
objectives, the students are invited to compare different figures and identify the regular features that 
emerge from this comparison, enabling them to begin constructing the target mathematical concept. 
In other words, the children are given the opportunity to coordinate verbal and written, iconic and 
non-iconic registers, and this helps them to differentiate between the target concept and its 
representation and to develop an in-depth understanding of the concept (Duval, 2017).  
Specifically, in Cartolandia, the participating children are required to perform isometric movements 
to compare figures and identify the invariances and transformations produced by different kinds of 
movement. At the same time, they are asked to choose codes and modes of communication to 
describe how they solved the problem in hand. In the terms of the simulation game, the children are 
instructed to report to a carto-general on how they conducted their investigation and how they 
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evaluated the different footprints by performing a specific range of movements. 

 
 
 
 

Table 1. Cartolandia 

Cartolandia is a simulation game on the 
theme of isometries designed for fourth-
graders (Piu, Fregola & Santoro, 2011). Its 
specific learning objectives are: identifying 
direct and inverse congruent figures; 
defining the concept of isometry; defining 
the characteristics of isometries in terms of 
the figure itself, the direction of its 
movement, and type of movement; 
identifying direct and inverse congruent 
figures using translation, rotation, symmetry, 
or a combination of translation and rotation; 

jointly inventing and using an economic 
"code" for communicating the 
characteristics of isometries. Cartolandia is 
set in a city of paper, whose inhabitants are 
one day troubled by news that a map of the 
city held in the city museum has been 
stolen. Taking on the role of carto-
detectives, the participants in the game are 
invited to retrieve the map, search for the 
thief, and report to the carto-general on 
how they conducted their investigation. In 
the carto-laboratory, they can analyse the 
clues, or the footprints the various visitors 
to the museum left on the carto-carpet, 
which represents the floor of the hall in the 
carto-museum where the map was on 
display, and a set of silhouettes, or 
photographs of those who entered the 
museum and/or approached the map. They 
can do so in the following ways: by 
"gliding" a footprint or silhouette drawn on 

a transparent plastic sheet sideways, 
forwards or backwards over the paper 
carpet without lifting it; "rotating" a 
figure without lifting it by pinning one 
corner of the transparency to the paper 
carpet; "turning over" a transparency 
while keeping it at a constant distance 
from the figures on the carpet (footprints 
and silhouettes); "gliding" a transparency 
sideways, forwards, and backwards, and 

then also rotating it by pinning down one of its corners. During the game, the 
children decide how to describe to the carto-general the steps they have taken to 
identify the thief and what "code" to use for their explanation.	
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As the example of Cartolandia suggests, simulation games offer a guided learning-by-discovery 
process (Mayer, 2004), creating the conditions for children to journey through the discovery of 
geometrical concepts, by discussing and undertaking joint action under their teacher's guidance.  
 
The concrete model proposed, and the associated gradual learning path, intuitively guide learners 
towards the symbolic representation of the geometry concepts featured in the simulation games, 
helping them to assimilate the importance of representing ideas in order to understand and 
communicate them (Vergnaud, 1994). Of key importance here is the pattern of transcoding used to 
initiate, support and guide such cognitive learning processes, which lay the foundations for the 
mastery of the relative formal language; particular attention must be paid to the use of everyday 
language by pupils and teacher in attributing and sharing meanings concerning the children’s 
discoveries, both in the course of the game and during the final debriefing discussion (Piu & 
Fregola, 2014). 

2. The teaching/learning process. 

The procedural architecture of the simulation games consists of four key phases: - Opening: an 
initial phase that serves to establish the appropriate relational conditions and climate for the 
simulation game to take place; - Briefing: a preparatory phase, during which the objectives of the 
simulation game are made explicit and instructions for its implementation are provided; - 
Implementation: the playing of the simulation game itself, during which each participant is enabled 
to act, experience, and share, problematize reality, make decisions, and discover concepts; - 
Debriefing: a final exchange during which participants can compare and discuss their experiences, 
systematise the concepts learned, and share the specific geometric language they have developed.  
Throughout the game, the teacher mainly plays the role of mediator in the learning process, 
performing different facilitating/moderating/leadership functions at each step (Fig. 1) (Piu, 2015). 

 

 
 

Figure. 1. The main leadership functions of the teacher 
 
Opening. At this stage, the moderator ensures that mutual expectations concerning the forthcoming 
simulation game are made explicit, forming an alliance with the participants based on the shared 
objectives of the game, in a climate of mutual cooperation. During this phase, the moderator 
stimulates the students’ involvement and encourages their participation, establishes a positive 
relationship with them, and provides for positive interdependence among them, combined with 
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individual responsibility.  
Briefing. The moderator’s main function here is to communicate the game scenario, procedures, 
rules, etc. He or she also assigns the participants their roles in the game. To be effective, the 
moderator must be familiar with the complex dynamics to be managed during the communication 
process itself. He or she should identify the communication strategies best suited to the group, with 
a view to providing the instructions for playing the game in a clear, concise, and motivating form.  
Implementation. During this phase, the moderator steers the group towards meeting the goals of the 
simulation game and acquiring the target learning, while facilitating processes of communication 
and interaction, with a view to keeping the group focused on the task in hand while safeguarding the 
relational dimension of the experience.  
More specifically, his or her key functions during implementation include:  
- Guiding and coordinating the game with a view to achieving the learning objectives, 
fostering engagement and participation on the part of the students, and encouraging proposals, 
decisions, and communication. 
- Managing group dynamics to facilitate participation and communication among pupils and 
prevent conflict. The leader’s role is to promote balance, whereby each participant can take part in 
the flow of information and exchange of ideas, in a climate of mutual respect that tolerates different 
points of view and indeed values them as contributions that can help the group to progress towards 
completing the task or solving the problem. 
- Observing and recording information about the interactions, in terms of conversational 
exchanges, that take place among the pupils and between the pupils and the teacher. This data can 
help the moderator to become more effective in guiding the children to focus on the task, inform the 
protocol for the debriefing session, and in general provide material for reflection on the teaching-
learning process. 
Debriefing. At this stage, the moderator uses active listening techniques and displays empathy 
towards the participants, leading the discussion in such a way as to generate positive interaction 
within the group, with a view to making this phase meaningful for each individual participant.  
More specifically, the moderator pays close attention to each participant’s understanding and 
decoding of the content under discussion and at the same time participates more actively in the 
discussion, using proactive verbal forms to encourage the students to analyse his or her 
communications in depth.  
In this way, the moderator leads the group to systematize and formalize the target geometry 
concepts. The pupils are invited to actively recall the experience of playing the simulation game and 
the actions they undertook to apply its rules, and how this led them to compare different figures and 
identify certain regularities among them. The aim here is to help the participants develop mental 
representations of their actions and of the invariant connections they have discovered. This entails 
attributing significance to the “symbols” chosen by individual pupils to reflect similarity between 
signifieds and signifiers. Representation and symbolisation make it possible for concepts to take 
form in the children’s minds. These concepts will enable them to reinterpret the initial (game) 
scenario, but may also be organised into a form of knowledge that is independent of any specific 
situation. Hence, during the debriefing phase of simulation games for geometry learning, the role of 
the moderator is to facilitate the construction of mathematical language, starting from the natural 
language processes upon which formal mathematical language is ultimately built. The teacher helps 
the students to transition from using experiential and informal “codes”, based on natural language 
and on the children’s current ways of representing reality, to intermediate “codes” that are 
increasingly symbolic, abstract, formal and complex. The new codes elaborated by the students will 
reflect their current developmental ability in the domains of abstract and mathematical thinking.  
In sum, with regard to the teaching-learning process, multiple features of a simulation game can 
enhance children's comprehension of mathematical concepts. In the case of Cartolandia, these 
include a scenario presenting mathematizable aspects of reality, and a problem situation on the basis 
of which joint discourse may be initiated and encouraged. These characteristics of the simulation 
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game facilitate the opening up of representational space within a context of meaning. As outlined 
above, the children, in keeping with the objectives of the game, can produce a set of internal 
representations that are based on their repertoire of prior experience and current modes of 
representing reality, and this lays the ground for their subsequent behaviours (see the sample 
dialogue in Box 2). 
 

Ale is observing the duck’s footprints and says to his 
classmates. 
Ale: But, this one here doesn’t work by turning over, I 
mean there’s no turning over (Ale lays transparency with 
figure of duck’s left footprint over duck’s right footprint 
on carpet).  
Giorgia: No! 
Giovanni: Yes, there is! 
Ale: No, it doesn’t work by [turning over]. Although this 
here is shorter! (referring to a part of the toe-print that 
does not match) 
 

 

Ale: Yes but look here! Look how it matches (he glides 
the transparency across the carpet and points to where it 
is now superimposed over the left footprint). 
Giovanni: That’s right, Ale! Yes, look, look! 
Ale, that’s right. Like us.  Left foot, right foot. Left foot, 
right foot.  
(Ale rotates the transparency through 360°). 
Giorgia: They’re not the very same at all! 
Francesco: Yes, but how do you know that? 
   
Giovanni: Yes, this is a turning over one.  
Giorgia: We should start from here (pointing to the first 
duck footprint at the beginning of the trail)! 
(Ale takes the transparency to where she is pointing and, 
rotating it, superimposes it on the first duck footprint. In 
the meantime, the other three children continue their 
discussion). 
Giovanni: (pointing to the footprints with his foot) 
Because if you put them close together, these are like 
our feet (going over and placing his right foot on a right 
footprint and his left foot on a left footprint). See 
France[sco]! 
 

 

Table 2. Cartolandia. Sample dialogues 
 
While acting to solve the problems posed by the game (e.g., by performing isometric movements) 
and while preparing to report on their findings as required by the game format, the students 
gradually refine the meanings of the shared code they are using and begin to coordinate different 
representations of the mathematical object (see the sample dialogue in Box 3).  
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(Next Francesco, and Giovanni join Ale and Giorgia 
begins to record the isometric movements on the 
sheet). 
Giorgia: Let me write for a little while. This is a 
turning over one, isn’t it? 
Ale: No! 
Francesco: Yes!  
Giovanni: So, this one fits properly. Turning over, 
turning over, turning over etc. 
(Ale, while Giovanni is speaking and Giorgia is 
writing, randomly glides the transparency over both 
left and right footprints without observing the 
outcomes). 
Teacher: How can you say it’s a turning over one, if 
you don’t try it out? Hang on, are you are really 
sure it’s turning over here? 
(Prompted by the teacher, the children perform a 
series of isometric movements). 
Giovanni: OK I’ve got a fit. If I put it down like 
this, it matches.  
Ale: Yes, it matches! 
Giovanni: Now, I’m going to prove it to you - these 
footprints are the same. (Performs an isometric 
movement). 
Ale: Yes.  
Giorgia: (as she writes) Turning over, turning over 
(describing the isometric movements performed by 
Giovanni) 
Ale: No! We already had a turning over one. 
Giovanni: Yes, but they’re all turning over ones. 
Giorgia: Good, so let’s see how many times turning 
over works. 

 
 
 
 

 
Table 3. Cartolandia. Sample dialouges. 

 
The debriefing session or final debate at the end of a simulation game (Box 4) allows participants to 
begin constructing their own individual representations of the target concept.  
The teacher’s actions are of critical importance during the implementation phase as well as the 
debriefing session: it is the teacher who guides the members of the group to construct meaning, 
facilitating the formation of internal representations and supporting the coordination (conversion) of 
the different representations. 
 

The following is an example of how the moderator might organize the simulation game 
debriefing session and the kinds of questions he/she can use to elicit the target learning 
contents and facilitate their systematization and generalization. During this phase, pupils are 
invited to share their recall of the simulation game experience with the other players, acquired 
contents and processes are re-rehearsed, analogies with real-world situations are drawn, and 
“codes” or symbols are invented, utilized and shared. 
1. Congruence. During the game, did you superimpose lots of footprints and shapes? Were they 
all the same or were they congruent, as mathematicians call it? When can we say that two 
figures are congruent? Remember the thief’s footprints! (Do the two footprints, shapes or 
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figures overlap exactly? In other words, can we make every point of the two figures coincide?  
2. Direct and inverse congruence. In order to superimpose the footprints, what movement did 
you make? Did you make the same type of movement to superimpose the right footprint on the 
right one and the left footprint on the left one? What were the differences you noticed when 
you superimposed them? For example, to superimpose the right footprints did you slide the 
transparency, or did you rotate it? In order to superimpose the footprints of the right foot on 
those of the left foot, did you turn over the figure drawn on the transparency? Therefore, in the 
first case, did you superimpose the two footprints of the right foot by making a gliding 
movement along the surface, and in the second case, did you superimpose the right footprint on 
the left footprint by making a movement in the air? Good! Now, in the first case, this is called 
direct congruence, and in the second case inverse congruence. Now let’s try this out with a 
geometric figure! What one would you like to try? What happens?  
3. Direction of travel and relevant side of figure. What other differences did you notice with 
regard to the side of the figure after making the movement? What about with regard to the 
direction of travel of the outline? (The direction of travel of the outline and the relevant side do 
not vary in the case of direct congruence, whilst they do vary in the case of inverse 
congruence).  
4. The symbols in the code. When mathematicians discuss things, they often use symbols in 
order to state things in a precise manner. What symbols did you use to refer to all these 
changes? How did you choose these symbols? Let’s take a look and discuss them together!  
5. Definition of isometries. Up to now, we have analysed what changes and what doesn’t 
change after performing the movements with the footprints. So, what doesn’t change? (The 
figures remain the same even after the movements have been made: sliding, rotation and 
turning over). In particular, the distance – or “metry” (i.e., metres) in the word isometry – 
between the points of the figure remains the same (“iso-”). That’s why mathematicians decided 
to use the term “isometries” to refer to movements that do not change the distances between the 
points of a geometric figure.  
6. Summary. Now let’s summarise what we have said up to this point! Thank you for playing! 

 
Table 4. An outline debriefing 

 
In conclusion, in simulation games such as Cartolandia, integrating multiple semiotic systems and 
attending to both the cognitive and social dimensions of learning helps individual learners to 
identify new relations and form new connections starting from their previously held conceptual 
schemas, thus guiding them to integrate old and new schemas and organize their knowledge into 
compact and well-structured networks (Anderson, 1983) in the context of shared experience, during 
which the experience itself is further elaborated through “discourse”. 

3. State of the art and future developments. 

The research and experimentation conducted with our simulation games for geometry learning have 
yielded significant findings that may be divided into two main categories: a first group of outcomes 
concern the efficacy of this teaching-learning method, which has been validated, leading to the 
development of a model for designing and evaluating educational simulation games; a second group 
of outcomes regards the role of the teacher-moderator, and includes the validation of self-evaluation 
tools and the implications for teacher professional development. 
In relation to the first category, of particular note is an experimental study conducted with 179 
fourth grade pupils and their teachers, which compared the simulation game approach with a 
conventional lesson format in order to assess the former’s methodological efficacy and test the 
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hypotheses that Cartolandia would: - facilitate students’ understanding and recall of geometrical 
concepts; - improve their motivation to learn the geometry; - enhance their academic and social 
self-efficacy. 

Following a two-group research design, the simulation game was implemented with an 
experimental group, while a control group took part in conventional geometry lessons. The 
quantitative data was supplemented with qualitative analysis of open-ended questions administered 
to evaluate the children’s learning in relation to specific markers of understanding at a range of 
levels of abstraction. 

 Quantitative analysis (ANOVA) comparing experimental and control group outcomes suggested 
that both groups had made significant gains in learning, while neither group displayed significant 
changes in academic and social self-efficacy. Qualitative analysis of students’ learning and recall 
indicated that participation in the simulation game favoured more complete understanding at a 
higher level of abstraction. The children in the experimental group provided more detailed, clearer 
and more coherent written responses to the open-ended evaluation item (namely, "Pretend that you 
have to explain to a friend from a different class the meaning of the following words: isometry, 
translation, rotation, symmetry. Write down what you would say to him or her"). They drew on 
concrete examples/actions and situations that had clearly been prompted by their participation in the 
simulation game (e.g., defining translation as: "It means placing one figure on top of another, 
sliding it backwards and forwards, to the right and to the left"). In contrast, the control group pupils 
made less coherent use of mathematical terms (e.g., defining translation as: "Movement that takes 
place on the plane"). With regard to level of abstraction, students who had played the game 
provided answers that expressed the concept at the sensory-motor level, in terms of actions and the 
handling of everyday objects (e.g., defining translation as: "Shifting a plane forward, to the right 
and to the left") and gave concrete examples, while the answers of those who had received 
conventional lessons were more frequently framed in conceptual terms only (e.g., defining 
translation as: “It’s the distance that’s on the plane") (Piu & Fregola, 2014; Piu, Fregola, & Barbieri, 
2016). 
Analysis of the research outcomes to date has stimulated reflection on the design and evaluation of 
simulation games for geometry learning, thereby making a key contribution to the study of 
educational simulation games. Specifically, in the course of our research, we formalized the criteria 
we used to design and evaluate our simulation games, as well as defining the conceptual framework 
underpinning the design process. This model has guided the design of other simulation games, on 
similarities, angles, and isoperimetry, in which the learning process remains constant, independently 
of the specific geometry content explored by an individual game (Piu, Fregola, & Santoro, 2015).  

In relation to the second category, defining the specific nature of simulation games has prompted 
closer examination of the teacher’s role as moderator and the main functions fulfilled by the teacher 
during each of the phases in the game architecture, which combine an emphasis on the learning task 
with an emphasis on the relational dynamics underpinning communicative and didactic interaction 
(Piu, 2015). 

The fact that the teacher must fulfil all these functions bears key implications for in-service 
training: to foster the more widespread and effective use of simulation games in the school context 
(Fregola et al., 2014), we validated a self-evaluation tool, an observation grid on which primary 
teachers may record their observations about how they led particular simulation games for geometry 
learning. This tool facilitates monitoring of the moderation process and helps teachers to identify 
the areas that they need to strengthen as part of their personal professional development plan (Piu & 
Fregola, 2016). 
Our ongoing research programme is focused on the children’s dialogues with their peers and with 
the teacher, both as the game unfolds and at the debriefing stage. Our aim going forward is twofold: 
First, to explore the role of the teacher’s relational skills in the teaching-learning activities involved 
in simulation games. 
Second, to analyse the decision-making process implemented by the children to spontaneously 
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produce a code that gradually becomes more structured at multiple levels of abstraction. This 
second focus will include examining how teachers a) fulfil leadership functions to orient the 
learners’ choice and related mode of application - whether intentional or otherwise – of, a given 
semiotic register and b) guide and support students at the debriefing stage.   
To date, preliminary analysis of the recorded dialogues has allowed us to identify a variety of 
semiotic registers chosen and implemented by children; as hypothesized, the initial meanings that 
may be inferred express concepts such as the static vs. dynamic nature of a given geometric 
transformation, the direction of a displacement, and different kinds of spatial relationships. 
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Mathematics teacher education 

This working group dealt with connections and complexity in mathematics teacher education, 
approaching the conference theme as a relevant issue for teacher educators. The papers and the 
discussions were focused on five questions that foster our reflection on specific needs and principles 
in the design of mathematics pre- and in-service teacher training. These questions were:  1) What 
kind of mathematics training should teachers have in order to be able to promote learning with 
understanding? 2) How can teacher training contribute to establishing connections between the 
various areas of Mathematics? 3) How can teacher training contribute to establishing connections 
between Mathematics and other subjects? 4) How to promote connections between school 
mathematics and academic mathematics, in teacher training? And 5) What type of competences do 
we need to include in professional training programs for mathematics teachers to cope with the 
increasingly complex world challenges? 
Some of those questions referred particularly to disciplinary knowledge for teaching mathematics to 
promote learning with understanding, establishing intradisciplinary connections between the various 
areas of mathematics and interdisciplinary connections between mathematics and other subjects, as 
well as creating links between school mathematics and academic mathematics. Other issues were 
specifically related to the type of pedagogical and didactical competences to be included in 
professional training programs for mathematics teachers to cope with the challenges of our 
increasingly complex world.  
Numerous experiences were shared through paper presentations and participants’ interventions in 
the discussions. Many of the experiences dealt with primary education, but a non-negligible number 
reported on works with secondary teachers or concerning both levels of education. Most of the 
papers referred to prospective teachers, but some contributions were also related to in-service 
teachers. 
The exchanges of such diverse and various experiences, along with the different countries and 
contexts where they took places, made the richness of this working group. 
Each session was organised around a subtheme and the selected papers allowed the participants to 
take a particular perspective on the features and the challenges in mathematics teacher education. 
More precisely, we discussed (a) the need to develop teachers’ critical thinking, (b) the relevance of 
affective factors and their influence on teaching and (c) the constitutive elements of the 
mathematics knowledge for teaching. 
In Sessions 1 and 2, the communications and the discussion were centred on critical thinking in 
mathematics teacher education (a). Our exchanges allowed us to share possible types of tasks that 
can serve as tools for teacher educators to encourage the development of critical thinking in 
teachers and to give them criteria to evaluate their (future) students’ work in a critical way. We 
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discussed how important is to educate and guide teachers in designing and analysing tasks for their 
students and in assessing their answers. Vlassis and Gamo as well as Bonissoni, Cazzola, Riva, 
Rottoli and Sorgato highlighted the importance of investigating and working on teachers’ beliefs 
and expectations about the transition between arithmetic and algebra and about primary school tasks 
for developing an algebraic thinking, conceived as relational thinking and analytical reasoning. 
Spiliopoulou, Ntouma and Boufi reported on three case studies of pre-service primary teachers who 
changed their ways of using instructional tasks to promote the students’ increasingly sophisticated 
conceptual understandings. Klymchuk and Sangwin pointed out the positive role of provocative 
mathematics questions in teaching and assessment and the potentialities that a mathematics 
education course built around solving and creating such provocative tasks can have in terms of 
teachers’ professional development. Sabena, Albano and Pierri pointed out the necessity to develop 
teachers’ argumentation skills as a component of critical thinking and presented formative 
assessment workshops as a tool to support pre-service teachers giving them criteria to analyse 
students’ argumentations in mathematics. 
In Session 3, the communications and the discussion were centred on the role of affective factors in 
the development of professional competences as mathematics teachers (b). Guzman, Anhalt and 
Sheldon’s contribution led us to take into account the concept of identity – or better, identities – and 
pointed out the delicate trainers’ task of supporting teachers in knowing deeply themselves so that 
they are ready to approach the study of mathematics with more awareness and able to know better 
their students for discovering and potentiating students’ different identities. Making a zoom in the 
concept of identities, Di Martino, Panero and Sbaragli proposed a longitudinal analysis on the 
evolution of pre-service primary teachers’ attitudes towards mathematics and its teaching, 
considering three components – emotions, beliefs and perceived competence – and their mutual 
relationships. With similar purposes, Günther, Reitz-Koncebovski and Klöpping presented the 
workshop that they designed and implemented with pre-service primary and secondary teachers to 
foster and support their reflection on their emotions towards mathematics, by using a powerful tool 
for teacher training: the personal mathematical learning biography and its graphical representation. 
As analytical lenses to seize and study changes in teachers’ attitudes, we need criteria and the 
framework provided by Hummes, Breda, Sanchez and Font appeared rich and complete: the criteria 
of didactical suitability can be used to analyse and support teachers’ didactical choices, allowing us 
to consider the emotional dimension in interrelation with the epistemic and cognitive ones. 
In Session 4, we discussed around the subtheme of mathematical knowledge for teaching, getting 
examples of tasks that can be used in teacher training to reflect on it. For instance, Alencar 
presented a project aimed at creating children’s stories to teach mathematical concepts, with a focus 
on the design process through which the involved teachers reflect on the mathematical knowledge 
for teaching a specific concept. Adesso, Capone and Spagnolo reported on an experience of teacher 
training in upper secondary school based on interdisciplinarity and innovative methodologies; 
again, the focus was on the process through which teachers design activities and reflect on the 
connections they can establish between mathematics and other disciplines. Gonçalves and Gomes, 
finally, addressed the important issue of assessing the mathematical knowledge for teaching; by 
adapting a questionnaire and using interviews as research tools, they pointed out also 
methodological aspects that still need to be deepened in mathematics teacher education. 
In terms of future perspectives of this working group, we made a (non-exhaustive) list of what we 
need to explore and study further in order to outline a 21st century model of mathematics teacher 
education. Here below we list some of the open questions and the future challenges for mathematics 
teacher educators and researchers in this field. During this conference, we got some inspiring 
examples, but we still need to know: 

• more about different experiences at different school levels; 
• how to design professional development programs in order to include the aspects that we 

highlighted in our discussions (e.g., critical thinking, identities and attitude); 
• how to assess mathematical knowledge for teaching;  
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• how to promote interdisciplinarity; 
• which is the role of resources; 
• how to promote and support collaboration;  
• how to support teachers in scaffolding and reflecting about mathematical tasks but also in 

interacting with students in the classroom implementation of those tasks; 
• more and investigate further the teacher educators’ education. 

Hence, we closed the work of this group, looking forwards to meeting again in next CIEAEM 
conferences around the topic of mathematics teacher education, in order to tackle these challenges 
and to continue outlining a new model for mathematics teacher education in an increasingly 
complex world. 

Éducation des enseignants en mathématiques 

Ce groupe de travail a réfléchi sur les connexions et la complexité dans la formation des 
enseignantes de mathématiques, en abordant le thème de la conférence comme une question 
pertinente pour les formateurs des enseignants. Les communications et les discussions étaient axées 
sur cinq questions qui ont favorisé notre réflexion sur des besoins et des principes précis dans la 
conception de la formation initiale et continue des enseignants en mathématiques. Ces questions 
étaient : 1) Quel type de formation en mathématiques les enseignants devraient-ils avoir pour 
pouvoir promouvoir un apprentissage riche en compréhension ? 2) Comment la formation des 
enseignants peut-elle contribuer à établir des liens entre les différents domaines des mathématiques 
? 3) Comment la formation des enseignants peut-elle contribuer à établir des liens entre les 
mathématiques et d'autres matières ? 4) Comment promouvoir les liens entre les mathématiques 
scolaires et les mathématiques académiques, dans la formation des enseignants ? Et 5) Quel type de 
compétences devons-nous inclure dans les programmes de formation professionnelle pour que les 
enseignants de mathématiques puissent faire face aux défis mondiaux de plus en plus complexes ? 
Certaines de ces questions portaient en particulier sur les connaissances disciplinaires nécessaires 
pour enseigner les mathématiques afin de promouvoir un apprentissage riche en compréhension, 
tout en établissant des liens intradisciplinaires entre les divers domaines des mathématiques et des 
liens interdisciplinaires entre les mathématiques et d'autres disciplines, ainsi que en créant des liens 
entre les mathématiques scolaires et les mathématiques académiques. D'autres questions étaient 
spécifiquement liées au type de compétences pédagogiques et didactiques à inclure dans les 
programmes de formation professionnelle des enseignants de mathématiques pour faire face aux 
défis de notre monde de plus en plus complexe.  
De nombreuses expériences ont été partagées à travers les présentations des articles et les 
interventions des participants dans les discussions. Beaucoup d'expériences concernaient 
l'enseignement au primaire, mais un nombre non négligeable portait sur des travaux avec les 
enseignants du secondaire ou concernant les deux niveaux d'enseignement. La plupart des 
communications portait sur les futurs enseignants, mais certaines contributions portaient également 
sur les enseignants en service. 
Les échanges d'expériences aussi diverses et variées, ainsi que les différents pays et contextes dans 
lesquels elles se sont déroulées, ont fait la richesse de ce groupe de travail. 
Chaque séance était organisée autour d'un sous-thème et les communications sélectionnées ont 
permis aux participants de prendre une perspective spécifique sur les caractéristiques et les défis de 
la formation des enseignants de mathématiques. Plus précisément, nous avons discuté (a) de la 
nécessité de développer la pensée critique chez les enseignants, (b) de l’importance des facteurs 
affectifs et de leur influence sur l'enseignement et (c) des éléments constitutifs des connaissances 
mathématiques pour enseigner. 
Au cours des séances 1 et 2, les communications et la discussion ont été centrées sur la pensée 
critique dans la formation des enseignants de mathématiques (a). Nos échanges nous ont permis de 
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partager d'éventuels types de tâches qui peuvent servir en tant qu'outils aux formateurs pour faciliter 
le développement de la pensée critique chez les enseignants et leur donner des critères pour évaluer 
de manière critique le travail de leurs (futurs) élèves. Nous avons discuté de l'importance de former 
et de guider les enseignants dans la conception et l'analyse des tâches et dans l'évaluation de 
réponses de leurs élèves. Vlassis et Gamo ainsi que Bonissoni, Cazzola, Riva, Rottoli et Sorgato ont 
souligné l'importance d'étudier et de travailler sur les croyances et les attentes des enseignants 
concernant la transition entre l'arithmétique et l'algèbre et les tâches d’école primaire visant à 
développer la pensée algébrique, conçue comme réflexion relationnelle et raisonnement analytique. 
Spiliopoulou, Ntouma et Boufi ont présenté trois études de cas d'enseignants du primaire en 
formation initiale qui ont changé leur façon d'utiliser les tâches pour promouvoir la compréhension 
conceptuelle de plus en plus complexe des élèves. Klymchuk et Sangwin ont souligné le rôle positif 
des questions mathématiques provocatrices dans l'enseignement et dans l'évaluation et les 
potentialités d'un possible cours de didactique des mathématiques, conçu pour résoudre et créer de 
telles tâches provocatrices, peut avoir en termes de développement professionnel pour les 
enseignants. Sabena, Albano et Pierri ont souligné la nécessité de développer les compétences en 
argumentation des enseignants en tant que composante de la pensée critique et ont présenté des 
ateliers d'évaluation formative en tant qu'outil d'aide aux enseignants en leur donnant des critères 
pour analyser les argumentations des élèves en mathématiques. 
Lors de la séance 3, les communications et le débat ont été centrés sur le rôle des facteurs affectifs 
dans le développement des compétences professionnelles des enseignants de mathématiques (b). La 
contribution de Guzman, Anhalt et Sheldon nous a amenés à prendre en compte le concept d'identité 
- ou mieux, d'identités - et à souligner la tâche délicate des formateurs d'aider les enseignants à 
mieux se connaître afin qu'ils soient prêts à aborder l'étude des mathématiques avec plus de 
conscience et capables de mieux connaître leurs élèves pour découvrir et potentialiser leurs 
différentes identités. Faisant un zoom sur le concept des identités, Di Martino, Panero et Sbaragli 
ont proposé une analyse longitudinale sur l'évolution des attitudes des futurs enseignants du 
primaire à l'égard des mathématiques et de leur enseignement, en considérant trois composantes - 
émotions, convictions et compétences perçues - et leurs relations mutuelles. Dans un but similaire, 
Günther, Reitz-Koncebovski et Klöpping ont présenté l'atelier qu'ils ont conçu et mis en œuvre avec 
des futurs enseignants du primaire et du secondaire pour encourager et soutenir leur réflexion sur 
leurs émotions face aux mathématiques, en utilisant un outil puissant pour la formation des 
enseignants : la biographie personnelle d'apprentissage mathématique et sa représentation 
graphique. Comme loupe d’analyse pour saisir et étudier les changements d'attitudes des 
enseignants, nous avons besoin de critères et le cadre fourni par Hummes, Breda, Sanchez et Font 
semble riche et complet à ce propos : les critères d'adéquation didactique peuvent être utilisés pour 
analyser et soutenir les choix didactiques des enseignants, permettant de considérer la dimension 
émotionnelle en relation avec les aspects épistémologique et cognitif. 
Dans la séance 4, nous avons discuté du sous-thème des connaissances mathématiques pour 
enseigner, en retrouvant des exemples de tâches qui peuvent être utilisées dans la formation des 
enseignants pour réfléchir sur ce thème. Par exemple, Alencar a présenté un projet visant à créer des 
histoires pour les enfants visant à enseigner des concepts mathématiques, en mettant l'accent sur le 
processus de conception à travers lequel les enseignants impliqués réfléchissent sur les 
connaissances mathématiques pour enseigner un concept spécifique. Adesso, Capone et Spagnolo 
ont présenté une expérience de formation avec des enseignants du secondaire fondée sur 
l'interdisciplinarité et des méthodologies innovantes ; là encore, l'accent a été mis sur le processus 
par lequel les enseignants conçoivent les activités et réfléchissent aux liens qu'ils peuvent établir 
entre les mathématiques et les autres disciplines. Gonçalves et Gomes, enfin, ont abordé 
l'importante question de l'évaluation des connaissances mathématiques pour enseigner ; en adaptant 
un questionnaire et en utilisant les entretiens comme outils de recherche, ils ont également souligné 
les aspects méthodologiques qui doivent encore être approfondis dans la formation des enseignants 
de mathématiques. 
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En ce qui concerne les perspectives futures de ce groupe de travail, nous avons dressé une liste (non 
exhaustive) de ce que nous devons encore explorer et étudier afin de tracer les grandes lignes d'un 
modèle d'enseignement des mathématiques au 21ème siècle. Ci-dessous, nous énumérons quelques 
questions ouvertes et défis futurs que devraient être relevés par les formateurs et les chercheurs en 
didactique des mathématiques. Au cours de cette conférence, nous avons eu des exemples 
inspirants, mais nous aurions besoin d’approfondir et d'en savoir plus sur : 
• les différentes expériences vécues à différents niveaux scolaires ; 
• comment concevoir des programmes de perfectionnement professionnel afin d'inclure les 

aspects que nous avons mis en lumière dans nos discussions (p. ex. la pensée critique, 
l'identité et l'attitude) ; 

• comment évaluer les connaissances mathématiques pour enseigner ;  
• comment promouvoir l'interdisciplinarité ; 
• quel est le rôle des ressources ; 
• comment promouvoir et soutenir la collaboration ;  
• comment soutenir les enseignants dans la réflexion a priori et a posteriori sur les tâches 

mathématiques, mais aussi sur l'interaction avec les élèves dans la mise en œuvre de ces 
tâches en classe ; 

• la formation des formateurs d'enseignants. 
 
C'est pourquoi nous avons clôturé les travaux de ce groupe, en espérant nous réunir à nouveau lors 
des prochaines conférences du CIEAEM sur le thème de la formation des enseignants de 
mathématiques, afin de relever ces défis et de continuer à esquisser un nouveau modèle pour la 
formation des enseignants de mathématiques dans un monde de plus en plus complexe. 
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Abstract. In this paper, we show an ongoing research project about teachers training aimed 
to an interdisciplinary teaching. Competencies based teaching, which include skills, 
knowledges, judgments and abilities, requires the removal of barriers between subjects. 
Nevertheless, teachers should be competent, and the learning planning have to be coherent to 
support a synergy between all the disciplines. We inquire if it is possible to have a teacher 
training based on interdisciplinarity; which are main characteristics of this innovative 
training and if this training improves students’ competencies, too. Our main idea is to start by 
analysing different methodologies, used in the different subjects training, so that a suitable 
methodology and/or a combination of them may be chosen by the teachers to plan and 
experiment an interdisciplinary learning unit with their students.  The experimentation has 
been realized at a High School in Campania, in south of Italy. 92 teachers have been 
involved in this experimentation, which are teaching different subjects. The project was 
carried out in five steps. In the first step, Mathematics researchers of University of Salerno, 
teachers and the headmasters school analyze the teacher training needs; the second step, 
consisted in seminars with practical activities, about innovative methodologies: Inquiry 
Based Science Education, Scrum, Role Playing, Digital Storytelling, Flipped Classroom. 
Some interdisciplinary learning units have been co-planned by teachers together with 
researchers, too. In the third step, teachers have been motivated to implement in their own 
classrooms some of the co-planned activities, choosing the methodologies they believe to be 
more suitable for their purpose, and the researchers observed the teaching phases. In a final 
debate, as a fourth step, researchers show the results of their observation and analysis of a 
final teachers Questionnaire, whereas the teachers discussed about their experimentation in 
the classrooms. Both teachers and researchers co-planned new learning interdisciplinary 
units to be experimented in the classrooms. Future activity is to evaluate the impact of the 
outcomes in the students. In these training-learning-teaching phases, through a meta-didactic 
transposition, praxeologies between teachers and researchers and between teachers of 
different subjects have been shared. Our research questions are "may the meta-didactic 
transposition, through the praxeologies sharing, give rise to a more effective Mathematics 
teaching-learning?  
 
Résumé : Dans cet article, nous présentons un projet de recherche en cours sur la formation 
des enseignants en vue d'un enseignement interdisciplinaire. L'enseignement fondé sur les 
compétences, qui comprend les aptitudes, les connaissances, les jugements et les capacités, 
nécessite la suppression des barrières entre les matières. Nous nous demandons s'il est 
possible d'avoir une formation d'enseignant fondée sur l'interdisciplinarité, ce qui est une des 
caractéristiques principales de cette formation innovante, et si cette formation améliore 
également les compétences des étudiants. Notre idée principale est de commencer par 
analyser les différentes méthodologies utilisées dans différentes formations, afin qu'une 
méthodologie appropriée et/ou une combinaison de celles-ci puisse être choisie par les 
enseignants pour planifier et expérimenter une unité d'apprentissage interdisciplinaire avec 
leurs élèves. L'expérimentation a été réalisée dans une école secondaire de Campanie, dans le 
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sud de l'Italie. 92 enseignants de différentes disciplines ont été impliqués dans cette 
expérimentation. Le projet s'est déroulé en cinq étapes : dans un premier temps, des 
chercheurs en mathématiques de l'Université de Salerne, des enseignants et le directeur de 
l'école ont analysé les besoins en formation des enseignants ; dans un deuxième temps, des 
séminaires avec des activités pratiques ont été organisés sur les méthodologies innovantes : 
enseignement des sciences fondé sur l'enquête, points de presse, jeux de rôle, récits 
numériques, classe inversée. Dans la troisième étape, les enseignants ont été motivés pour 
mettre en œuvre dans leurs propres classes certaines des activités planifiées en commun, en 
choisissant les méthodologies qu'ils estiment les plus adaptées à leur objectif, et les 
chercheurs ont observé les phases d'enseignement. Lors d'un débat final, la quatrième étape 
consiste pour les chercheurs à présenter les résultats de leur observation et leur analyse d'un 
questionnaire final destiné aux enseignants, tandis que les enseignants discutent de leur 
expérimentation en classe. Les enseignants et les chercheurs ont planifié ensemble de 
nouvelles unités d'apprentissage interdisciplinaires à expérimenter en classe. Dans ces phases 
de formation-apprentissage-enseignement, par une transposition méta-didactique, les 
praxéologies entre enseignants et chercheurs et entre enseignants de différentes disciplines 
ont été partagées. Nos questions de recherche sont les suivantes : "La transposition meta-
didactique, par le partage des praxéologies, peut-elle donner lieu à un enseignement et un 
apprentissage plus efficace des mathématiques ?" 

1. Introduction 

An interdisciplinary education, as evidenced by many international researches, can help students to 
develop their knowledge, intuitions, problem solving and problem posing skills, self-esteem, 
emotional involvement (Repko 2008, Klein, 2005). Interdisciplinary techniques are not only 
important for a student to learn any one single discipline or solve problem in a synthesized manner, 
but they also enriched a student’s lifelong learning habits, academic skills, and personal growth: an 
interdisciplinary approach is necessary for exploring the most critical challenges facing the world 
today, including business studies, socio-technological issues, social problems, health care and 
education reform, and the fostering of innovation and knowledge (Aboelela et al., 2007).  
The relevance of the interdisciplinarity on the students is more evident in the scientific subjects: 
Piaget proposed replacing the positivist hierarchization of science with an interdisciplinary cyclic 
epistemology (Piaget, 1972). Moreover, from the first major congress on Interdisciplinarity, it 
emerged that the scientific enterprise was less effective due to disciplinary fragmentation, and that a 
unification of knowledge was necessary. The problem that arose was "how to unify knowledge and 
what could be the multiple implications of such a unit for teaching and research" (Apostel, 1972) 
Nevertheless, an interdisciplinary teaching requires a previous interdisciplinary training of teachers. 
The starting point of our work is to carry out an effective teachers training, in order to find a 
meeting point for teachers from different subjects and, in the meantime, looking for points of 
contact between the high school teachers and the Mathematics Education researchers, in order to 
organize an interdisciplinary teaching. Interaction between teachers is not only a simple 
communication of ideas, it should be also an identification of relationships between disciplinary 
structures, in the mutual integration of the fundamental concepts, in the common organization of 
research and teaching methods and methodologies.  
In the last few years, the number of effective training actions, such as the project of individualised 
courses in an adhocratic approach, the concerted elaboration of objectives and strategies, the 
analysis of the practices adopted, all aspects that design the professional community as a sort of 
"collective mind" (Weick & Roberts, 1993) constantly committed to learning from its own history 
and to producing a vigilant organisational action and a conscientious performance, lies in 
reflectivity (Schön, 1987), which in turn founds and supports research. Recently, teachers training 
has been focused on the competence concept and on the key competences. Moreover, the definition 
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of school assessment processes, which are called to report clearly to users and stakeholders on the 
results achieved, have redefined the role and professional figure of the teacher. The teacher no 
longer represents the repository of concepts, notions, themes already established that the students 
must learn but rather a facilitator, not a solver of problems but a problem poser, a tutor or a coach, 
able both to offer support in the interpretation and negotiation of meanings, and to set up 
interactive, motivating, inclusive learning environments, interpreting a specific situation that each 
time is a case in itself, with its own characteristics, difficult to generalize. Moreover, the definition 
of transversal competences such as citizenship competences, redefines the need for teacher training 
no longer focused only on the contents of one's own discipline, but the need for interdisciplinary 
training that can offer teachers opportunities for reflection on transversal themes and for 
confrontation between teachers of different disciplines also becomes more and more pressing.  
We inquire if it is possible to have a teacher training based on interdisciplinarity; which are main 
characteristics of this innovative training and if this training improves students’ competencies, too.  
According to Dawn Youngblood, the author of “Interdisciplinary Studies and the Bridging 
Disciplines” (Youngblood, 2007), and Laura L. Duerr, author of “Interdisciplinary Instruction” 
(Duerr, 2008), the methodology is the key to interdisciplinary success, not the domain of subject 
material or textbooks alone. For this purpose, our training includes the analysis of different 
methodologies, used in the different subjects training, so that a methodological sharing is a way to 
overcome disciplinary walls. 
Our main idea, schematized in Fig.1, is to carry out an interdisciplinary teachers training, starting 
from the key competencies, aimed to co-plan and experiment some interdisciplinary learning units, 
also using some innovative methodologies, in order to enhance the teaching competencies; we 
suppose that these training-planning-teaching activities will be effective to increase the students' 
competencies, too. 

 
Figure1. Interdisciplinarity as cornerstone to increase the competencies both in teachers and in 

students 
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2. Theoretical framework 

Paraphrasing (Morin, 2000), knowledge grows not only through the sophistication of 
formalization and abstraction but also through the ability to contextualize and globalize. The 
process of teaching/learning must be projected, therefore, to a reorganization of knowledge that 
requires a reform of thought that not only separates to know, but also connects what is separated. It 
is a reform, not pro-grammatic but paradigmatic, that concerns our ability to organize knowledge. 
Nevertheless, it is necessary both the collaboration between teachers of different subjects, but 
working in the same classroom,  to promote a cultural and human growth of the students, and a 
collaboration between teachers who teach the same subject, to improve, through a constant 
comparison, the didactic-educational action. Moreover a collaboration between teachers of different 
school segments is also important, to follow more profitably the growth of the student throughout 
his school career, and the collaboration between teachers of educational institutions and university 
researchers who deal with mathematics teaching, so that the classroom practices become a 
conscious research action and  the research becomes a concrete realization in classroom practices. 
This is the meaning of the experimentation we carried out. The lens of observation of the didactic 
phenomena experimented has been that of the Meta-Didactic Transposition (TMD). The model of 
Meta-Didactic Transposition is based on the Anthropological Theory of Didactics of Mathematics 
(Chevallard, 1999), but it refers to the specific context of teacher training and focuses mainly on the 
"meta" aspects, in the sense that the entire training process is the subject of reflection and the 
didactic actions are seen in the light of the results of research in mathematics teaching. 

The model refers to two types of communities involved in the teacher training process: the 
researcher community, which organizes and manages the training activities, and the teacher’s 
community, which participates in the project. Each of the two communities has its own praxis. 
When we talk about praxeology, we refer to what Garcia et al (2006) declines in two fundamental 
aspects: praxis on the one hand and logos on the other. That is, "know how" (praxis), which 
includes classes of similar problems and their solving methodologies, and "knowledge" (logos), that 
is, the "discourse" that describes, explains and justifies the methodologies used and produces new 
ones (Garcia et al., 2006). Our attention is focused on meta-didactic praxis that includes all forms of 
interaction with teachers in training, including practices and reflections.  

Nevertheless, our idea of intersecting praxeologies, in an interdisciplinary didactic way, refers 
both to the comparison and sharing of praxeologies typical of the academic world and of the school 
world, and to the comparison between praxeologies deriving from epistemologies belonging to 
different subjects. For example, the experimental - inductive approach characteristic of subjects 
such as physics or chemistry may be preferred, in the engage phase, over a hypothetical - deductive 
approach distinctive of disciplines such as mathematics also to approach problems of mathematics.   

The Meta-Didactic Transposition considers the mechanism by which the praxis of the research 
community is transposed to the communities of teachers, and how this transposition transforms the 
professionalism of teachers. There is therefore a shift from "wise knowledge" to the mathematical 
and pedagogical knowledge necessary for teaching (Arzarello et al., 2012; Aldon et al., 2013; 
Arzarello et al., 2014).  

The praxeologies of researchers and teachers can be, from the outset, at an intersection not 
empty, but the purpose of teachers training activities is to transform the praxeologies of teachers 
into new praxeologies, which are a fusion of the praxeologies of the two communities (multiple 
communities, if we consider all the subjects teachers) involved, thus becoming shared praxeologies. 
For the creation of shared praxologies, the figure of the "broker" (mediator) is fundamental, who is 
the subject who be-longs to more than one community and is able to create new connections 
between them and open new possibilities for the creation of meanings and learning (Rasmussen et 
al., 2009). The transposition is then centered on specific actions of "brokering" between the various 
communities.  
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In our specific case, all the training researchers had previous experiences of teaching in high 
schools and therefore they played the role of brokers.  
An important feature of TMD is that some of the praxsiologies of the two communities change over 
time. In interdisciplinary teacher training, the aim is that some of the external components of a 
community become internal as a result of transcoding. For example, thanks to the praxeologies 
sharing, a Mathematics teacher who has to introduce a geometry topic - traditionally teached in a 
transmissive way as a theorem with its demonstration - may introduce it either through a physics 
laboratorial activity or through the vision of a painting (art). A change in teaching methodology can 
have an impact on students in terms of an increasing involvement in the study of mathematics and a 
less disaffection. Moreover, the use of some educational technologies and tools and the dynamic 
geometry softwares for the study of Geometry itself, may be also introduced by the community of 
researchers, so that the process of meta-didactic transposition could produce a dynamic change in 
teacher praxeologies, as some components of researchers' praxeologies could become internal 
components of teachers. In addition, the research community can be a vehicle for good practice by 
having contacts with different communities of teachers. Our Meta-Dicactical Transposition is 
therefore intended both as an intersection of praxeologies of teachers of different subjects and as an 
intersection of praxeologies of teachers and researchers. 

 
 
2. Research Questions 

 

Our research question is about the detection of the most important characteristics of this innovative 
interdisciplinary training and its effects to improve the development of the student’s competences, 
through a sharing of a praxeologies. 
Specifically: may the meta-didactic transposition, through the praxeologies sharing among teachers 
of different subjects and between teachers and researchers, give rise to a more effective 
Mathematics teaching-learning? 

3. Expérimental Phases 

The project has been carried out Campania, in south of Italy, involving 92 teachers of the same 
High School, but teaching different subjects. 
The focus on the specificities of the contexts in which the research-training is carried out, has been 
realized in all the phases of the research through an analysis of the constraints and resources present 
in them. 
In order to develop our research, we created a research-training group of researchers and teachers, 
in which the different roles of the participants (researchers, trainers and teachers) have been 
clarified and in which objectives and objects, values and methodological choices have been 
negotiated and clarified from the beginning (Asquini, 2018). 
It has been necessary to have a continuous and systematic comparison among the participants in the 
research on the documentation of the results and processes implemented in the school and training 
contexts. 
The project has been subdivided into five phases, as shown in the Figure 2:  
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Figure 2. The five phases of the project 

 

3.1. Planning 

In the first phase, researchers of University, teachers and the headmasters school analyze the teacher 
training needs, through a Questionnaire and the analysis of the "Training Plan", that was drawn up 
on the basis of the priorities set out in the school's self-evaluation report.  
A statistical survey was conducted on a sample of 92 in service teachers. The statistical sample is 
characterized by teachers with predominant female component with a long experience in teaching. 
Most teachers believe that the long-life training is very useful. The interview shows that most of the 
teachers want to train on the use of new teaching methodologies and on the use of multimedia tools. 
The need for innovating ways of approaching teaching show an increasing interest for an 
interdisciplinary training. 

3.2. Training 

In the second step, researchers from Mathematics Department of University of Salerno carried out 
the teachers training, through workshops, laboratories and e-learning activities. Training was 
focused on: innovative methodologies, assessment, didactic by competences, national frameworks.  
Specifically, teachers were involved in learning workshop about competencies teaching and 
interdisciplinarity. They also attended to planning laboratories, aimed to co-plan interdisciplinary 
learning units, also supported by the Mathematics researchers.    
Main methodologies, which have been critically introduced, analyzed and used, are: Inquiry Based 
Science Education, often used to teach scientific subjects, also taking into account the Teaching 
Enquiry with Mysteries Incorporated (TEMI (D'Acunto et al., 2018); Scrum methodology (Capone 
et al, 2017), generally used to truly self-organize, collaborate, use creativity and think outside the 
box, develop higher level thinking, and learn accountability in the process; Digital Storytelling 
(Robin, 2008), because a narrative approach supports the networked knowledge and the 
combinatorial creativity and produces hermeneutic - interpretative processes and significant 
conceptual correlations; the Flipped Classroom, as an innovative stimulus in the use of technology 
and because it seems to respond to the needs of an increasingly connected, complex and liquid 
society. By using these innovative methodologies and, if it is necessary, a combination of them, 
some interdisciplinary learning units have been planned, together with all the research-training 
group. 
We focused on the importance of the innovative methodological aspects to better overcome 
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disciplinary walls and to find useful interconnections between the different subjects. The synergic 
working between teachers of different subjects with a common aim, together with a sharing of 
praxeologies among them, is a goal of this project. 

3.3. Teaching (Experimentation phase) 

In this step, teachers, supported by researchers-trainers, experimented the co-planned learning units 
in their own classrooms. Different methodologies and innovative tools have been used, in order to 
better evidence advantages and disadvantage of all of them in the interdisciplinary teaching.  
During this phase, the researchers became observers: they observed one teaching hour in each 
classroom and video-recorded the observed lessons. Protocols about all the teaching phases have 
been collected and critically analyzed. Students produced posters, multimedia products, innovative 
texts. The planned and experimented learning units were focused on interdisciplinary topics, often 
starting from a real problem or inspiring by surroundings.   

3.4. Debating 

Researchers analyzed videos and protocols. They focused their analysis about the sharing of 
praxeologies between teachers of different subjects. They observed that methodological approaches 
used in some disciplines (e.g. art, history, literature) seem to be more effective in student’s 
engagement in Mathematics teaching, too.  
The satisfaction data of the teachers on the training activities have been also collected and discussed 
by the researchers, in particular main difficulties encountered by the teachers have been also 
highlighted. 
Starting from these analyses, a debating meeting has been organized with all the teachers and the 
researchers, in order to share good practices and critically discuss about strengths and weaknesses 
of the training and teaching activities.  

3.5. Updating 

Taking into account researchers’ analysis and debating results, some future activities have been 
designed, in which the mathematical contents have to be introduced through engagement phases, 
including listening to a piece of music, reading a literature piece, viewing a painting or a particular 
architectural work.  

4. Results and outcomes  

A final Questionnaire has been organized by researchers and given to the teachers through a Google 
Moduli. All the teachers answered to it. 
Here we show some questions and some teachers answers which are relevant for our research 
question, focused to analyse if the teachers perceived a crossing of praxeologies,    
a) How much has the interdisciplinary learning improved mathematics teaching? 
b) How useful was a collaborative approach between teachers? 
c) What impact has a collaborative learning had on students? 
d) How much has the presence of a researcher, with his own background of praxeologies, enhanced 
your teaching? 
About the role of interdisciplinarity in the Mathematics teaching, some teachers answered: 
Teacher 1: For me, who teach Mathematics, it was surprising to discover how many different and 
interesting paths can be taken to introduce a new topic, drawing inspiration from literature? 
Teacher 2: It was important to understand how other colleagues approached teaching issues. For 
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example, one could start from the vision of a painting to introduce mathematical concepts or from 
listening to a piece of music to introduce concepts of physics. 
From these answers it is clear that different methodologies, approaches and praxologies can be a 
useful solution for an effective teaching of mathematics.  
About the importance of the collaboration between teachers, some answers are: 
Teacher 3: It was important to work in an interdisciplinary way because it allowed us to understand 
the point of view of colleagues from other subjects 
Teacher 4: Working with interdisciplinarity has been useful in developing the ability to connect 
disciplines and develop critical thinking 
Moreover, all the teachers agree that a collaborative learning had also a positive influence on the 
students, as it is evident in the following answers: 
Teacher 5: It was great for the students to work together: the activities carried out favored 
inclusiveness 
Teacher 6: For the students it was very educational to see their teachers collaborate.  
Teacher 7: You can see the surprise of the students in feeling like protagonists 
About question d), from the teachers' answers it seems evident that our question research has a 
positive response: many teachers have declared that their teaching action has been influenced by the 
researchers' praxeology and that shared praxeologies have emerged and have been effectively 
applied in their teaching. 
From the teaching phase observation and all the teacher answers analysis, we may also deduce that 
the performance of high school teachers has been increased with this interdisciplinary experience. 
In the coming months, the focus will be on the actual impact of the outcomes in the school, both for 
educational and didactic innovation, and for the training of teachers. 
The analysis of the correlations between the teachers training and the improvement of the 
competency’s students’ levels is in progress, too. 

5. Conclusions 

In this paper, we showed some results about a teacher training experiment, involving 92 High 
school teachers of different subjects. Training was based on interdisciplinarity and on the use of 
innovative methodologies (IBSE, Scrum, Storytelling, Flipped Classrooms). 
The aim was to analyze which is the effect of the sharing of praxeologies between teachers and 
researchers and between teachers of different subjects on the Mathematics teaching. 
Interdisciplinary learning units have been co-planned by researchers and teachers, by using the 
aforesaid methodologies, and teachers experimented them in their own classrooms. The researchers 
observed some teaching activities. Their experimentations have been shared with all the 
stakeholders in a final debate. An online questionnaire has been carried out, including all the 
teachers' observations about the interdisciplinary training and teaching and the praxeologies 
sharing. 
From the observations' researcher and the teachers' answers it seems that Mathematics teaching 
action has been influenced by the researchers' praxeology and further teachers' praxeologies   
Nevertheless, it is interesting to analyse if there is a correlation between the teaching training and an 
improvement of the competencies level of the students.  This last research analysis is still going on.  
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Abstract. In a two-year graduate program in mathematics education, we organized a design 
experiment in order to support prospective elementary school teachers (PSTs) to change their 
deeply rooted views of traditional teaching towards a student-centered approach in teaching 
mathematics. By drawing on research in practice-based in-service teacher education, we took 
the perspective that the PSTs should also have opportunities to enact the targeted practices in 
practical settings of graduated difficulty with the support of skilled others. In this paper, we 
reflect on our learning from supporting the field experiences of a group of three PSTs that 
changed their ways of using instructional tasks to promote the students’ increasingly 
sophisticated conceptual understandings. Contrary to their prior experiences, the PSTs came 
to view tasks as being effective when they become adjusted to the students’ current ways of 
reasoning. We analyzed the PSTs’ learning through teaching by documenting the changes in 
how they used tasks along with the means by which we supported these changes. 

Abstrait. Dans le cadre d’ un programme de maîtrise en mathématiques d’ une durée de deux 
ans, nous avons organisé un design experimental pour supporter les futurs enseignants de 
l'école primaire. Notre objectif était qu’ils modifient leur vision profondément ancrée de 
l'enseignement traditionnel en adoptant une approche d'enseignement des mathématiques 
centrée sur l'étudiant. En nous appuyant sur des researches pour la formation des enseignants 
qui sont basées sur la pratique, nous avons considéré que les futurs enseignants devraient 
aussi avoir l’occasion d’ appliquer les pratiques ciblées dans des contextes pratiques de 
difficulté progressive avec le soutien de personnes qualifiées. Dans cet article, nous 
réfléchissons à ce que nous avons appris en soutenant un groupe de trois futurs enseignants 
qui ont modifié leurs méthodes d’utilisation des tâches d’enseignement afin de promouvoir 
la compréhension conceptuelle de plus en plus sophistiquée des étudiants. Contrairement à 
leurs expériences précédentes, en fin, les futurs enseignants en sont venus à considérer les 
tâches comme efficaces lorsqu' elles se sont adaptées au raisonnement actuels des étudiants. 
Nous avons analysé l’apprentissage des PST par l’enseignement en documentant les 
changements dans la manière dont ils utilisaient les tâches et les moyens par lesquels nous 
avons soutenu ces changements. 

 

 Introduction 

If our goal in educating prospective elementary school teachers (PSTs) is to prepare them in 
teaching mathematics based on their students’ reasoning, then the relationship of theoretical 
knowledge and instructional practice should be at the crux of our concern. Depending on our 
assumptions about this relationship, PSTs’ field experiences can be organized in different ways 
(Cobb & Bowers, 1999). For example, PSTs may be called to apply the theoretical principles they 
already know from their university courses to their instructional practice, as they are involved in 
student teaching. Within this perspective, the principles of a theory, such as the Realistic 
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Mathematics Education instructional theory (RME), seem to be directly transferrable to practice. In 
contrast to this assumption, we believe that PSTs’ student teaching should be a source for re-
inventing these principles.  

In this paper, we report our reflections on our collaboration with a group of three PSTs who 
participated in a two-year graduate program. One of the goals for their learning was their coming to 
realize the potential that tasks could have, as they would use them in their student teaching. Thus, 
the intent and potential of instructional tasks was not prescribed as an outcome of RME theory’s 
principles but it was supposed to emerge through their PSTs’ student teaching. In this way, we 
hoped that the PSTs would come to appreciate the students’ ideas and eventually to place them at 
the center of their instructional decision-making.   

As our work in educating PSTs was organized as a design experiment (Cobb, Confrey, 
diSessa, Lehrer, & Schauble, 2003), we had to design supports for their learning.  Research 
literature on practice-based in-service teacher education helped us in this process (Ball, Sleep, 
Boerst, & Bass, 2009; Borko, 2004; Cobb & Bowers, 1999; Grosssman, Hammerness, & 
McDonald, 2009; Lampert et al., 2013). More specifically, on the basis of this research, a crucial 
task for us was to ensure that the PSTs would have opportunities to enact the targeted practices in 
practical settings of graduated difficulty with the support of skilled others and to encourage their 
work as a group. As a result, the PSTs had the opportunity to support a sixth grader’s learning (8 
sessions), as well as to teach in a sixth grade classroom (10 sessions). 

Research based on the above considerations has given considerable attention to in-service 
teachers’ professional development (Visnovska & Cortina, 2018). However, to our knowledge, this 
type of research is less common concerning PSTs. In this study, we try to investigate the ways that 
the three PSTs we collaborated with, came to realize the potential of instructional tasks for the 
students’ learning along with our attempts to support them. 

Conceptual framework  

PSTs’ learning in terms of using tasks for enhancing students’ understandings can be conceptualized 
as a process of reflecting on anticipated relationships between students’ reasoning (effect) and their 
activity in using tasks (Tzur, 2010). Through this process, the PSTs can start thinking about the role 
of tasks in students’ learning as well as about ways to improve the use of tasks to achieve specific 
learning goals.   

We assume that the PSTs’ progress towards re-inventing principles for the appropriate use of 
tasks should be tied to our means of support. We thought that the PSTs’ reflection should be 
oriented towards alternative interpretations of their activity-effect relationships. Our interventions 
could be guided by the requirements that the tasks have to satisfy according to the RME theoretical 
principles (Cobb et al., 2008; Gravemeijer, 1994). On the other hand, local instruction theories 
(LIT) should be an important means of support (Gravemeijer, 2008).  

At this point, we wish to note that our three PSTs decided to support the students’ learning 
with respect to fraction multiplication (the sixth grader) and percent (the sixth grade classroom). 
Before starting their student teaching, we talked with them about the LITs concerning these topics, 
in order to provide them with a framework of reference for their selecting and adjusting tasks that 
would promote the students’ conceptual understanding. Regarding fraction multiplication, we 
argued that the successive partitioning of linear models could be the core activity that the PSTs had 
to support its development (Hackenberg & Tillema, 2009; Lamon, 2012). The use of a double 
number line along with an emphasis on the interpretation of the quantity corresponding to the 
standard of 100%, was the integrating element in our outline of a LIT that could be applied to all 
types of percent problems (van Galen et al., 2008). 
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Methodology  

The sources of our data included: initial and final interviews, questionnaires referring to 
mathematical and pedagogical issues, video-recordings of all the PSTs’ teaching sessions, copies of 
all the students’ work, the PSTs’ written plans and assessment sheets of their teaching sessions, 
video-recordings of our meetings with the PSTs before and after their teaching sessions, notes from 
our meetings and our two sets of field notes, one from the PSTs’ teaching sessions with students and 
one from our meetings with the PSTs.   

Our research questions had to do both with the study of shifts in PSTs’ ways of using 
instructional tasks and with our means of supporting these shifts. In documenting these shifts, our 
focus was on verifying the extent to which the PSTs could deal with different levels of the students’ 
activity, as they were selecting, using and adjusting tasks. In the retrospective analysis of our data, 
we compared the PSTs’ different ways of using tasks in the settings of their one-to-one teaching 
with their whole class teaching in order to identify commonalities or differences. As it will be 
indicated in the findings of our analysis, in both settings, the PSTs’ ways of using tasks followed 
overlapping paths.  

Outline of findings 

Past studies on PSTs education usually document changes in PSTs’ beliefs, expecting that these 
changes can be followed by changes in PSTs’ classroom practices. In our work we did not accept 
such a relation between beliefs and practices (Zhao & Cobb, 2006). From the initial interviews and 
questionnaires as well as their attempt in peer teaching, it was documented that PSTs held 
traditional beliefs and practices in using tasks for promoting students’ learning. We supported the 
PSTs in their development of new ways of using instructional tasks, as they were involved in 
teaching students. Hence, the changes we observed did not reflect a spontaneous progress. In 
addition, these changes were not independent from the students’ characteristics, like the quality of 
their prior knowledge, their beliefs as doers of mathematics, etc. We note that the students had 
already an instrumental knowledge of the topics that the PSTs decided to teach. 

We considered only three PSTs’ learning and, thus, it is not possible to assess the extent to 
which the shifts in their ways of using tasks depict a generalizable pattern. With this caveat in mind, 
our analysis led us to the following trajectory of successive developments in the PSTs’ use of tasks: 
1. The tasks should be extremely complex in order to eliminate the possibility that students would 
apply a known procedure 
2. The tasks should support the students to reason with drawn quantities 
3. The tasks should allow the students to build on their reasoning with drawn quantities 
4. The tasks should trigger the students’ reasoning with number relationships 
5. The tasks should involve the students in connecting their algorithmic solutions to their 
meaningful numerical explanations 

In the following, some examples will be presented in order to illustrate the above trajectory 
as well as the means by which it was supported. With respect to the design experiment on fraction 
multiplication, at the beginning of their field experience, PSTs used extremely complex tasks. In 
this way, they seemed to indicate their expectation that their student would not be in a position to 
recall and apply the fraction multiplication algorithm she had learned. The first task posed to the 
student was: «In a bookstore, 5/8 of the books are school textbooks and the rest of them are 
literature books and cookbooks. Three quarters of the school textbooks are addressed to high school 
students and the rest of them to primary school students. What fraction of the books in this 
bookstore is addressed to primary school students?». Τhe student could not solve the task. Then a 
member of our research team, who assumed a witness role in the design experiment, intervened and 
posed an easier problem to the student. She asked her to imagine the amount of ¼ of a half of a 
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birthday cake. The student computed correctly this amount as 1/8 of the whole cake.  After 
responding correctly to a series of similar tasks, she was asked to draw 1/7 of ¼ of a rectangular 
pizza. The student cross partitioned the rectangle into 4 parts but she did not proceed in partitioning 
each ¼ into 7 mini parts.  Instead, she partitioned the whole pizza into 7 parts, as it is shown in 
figure 1.  

 
 
 

 

 
 
The witness’s intervention along with the student’s way of representing 1/7 of ¼ seemed to 
challenge PSTs’ idea that tasks should be difficult in order to foster student’s deep understanding of 
fraction multiplication.  
 In the sequel PSTs changed their way of using tasks. The student was consistently called to 
figure out different parts of parts in terms of a given whole ribbon. Through the tasks posed to the 
student, PSTs seemed to target student’s use of successive partitioning. Even if the student could 
algorithmically calculate her answers, PSTs pressed her to express her reasoning with drawn 
quantities.  

As the student developed flexibility in using drawings to express her thinking, the witness 
researcher intervened by asking her to describe her actions before making a drawing. The student’s 
success in anticipating the results of her activity prompted PSTs in coming to realize another use of 
tasks, the one that would allow students to build on their reasoning with drawn quantities.  

By focusing the student’s attention on her future actions, PSTs supported her developing 
awareness of the multiplicative and inverse multiplicative relationships of the quantities involved in 
the tasks they posed. As an example, in the last session, PSTs assigned the task: «John runs in a race 
path that in every 1/5 of it there is an exit path. If he covers 1/7 of the distance until the first exit, 
what part of the race path has he covered?». The student argued: «The race path is 5 times as long 
as the distance until the first exit. The first exit is 7 times as long as the distance covered by the 
athlete. So, the race path is 35 times bigger and the athlete has run 1/35 of the race path.». PSTs 
seemed to think that tasks should trigger students’ reasoning with number relationships and thus 
they seemed to have invented a more advanced use of tasks.  

With respect to the design experiment on percent, PSTs made an attempt to get students used 
to considering the quantity corresponding to 100%. They assigned the following task: «Mario wants 
to buy a video game that’s on sale. The game costs 400€ and is 20% off.  How much is the 
discount?» and asked several follow up questions. Eventually, PSTs led the class to a consensus that 
400€ corresponded to 100%. In this case, as students said: «Mario would have saved all the money 
and he would pay nothing». Afterwards, students proposed different ways for figuring out the 
amount of money corresponding to 20% off. As the PST who was teaching this lesson used the 
same number line to symbolize students’ ideas, the witness researcher suggested the use of separate 
number lines. This suggestion paved the way for students’ comparing and contrasting their 
strategies. It seems that PSTs built on their prior experience in teaching multiplication to the 6th 
grade student. They selected a task that supported students’ reasoning with drawn quantities and 
they did not anymore feel the need for complex tasks that would eliminate the possibility to recall 
and apply already known procedures.  

In co-planning instruction with the PSTs, we supported them to come up with an appropriate 
percentage that would allow students to discern the need for finding 1%. PSTs decided to use the 
following task: «A factory produces orange juice containing 26% pulp of fresh oranges.                    

Figure 1. Student’s representation of 1/7x1/4 
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How many litres of pulp should be used in order to produce 520 litres of juice?». As the planned 
lesson was implemented, students came up with different strategies (figure 2 and 3).  
 
 
 
 
 
 
Then, as these solutions became a topic of conversation, one student proposed their curtailment: 
«We could only multiply 1% by 26, instead of finding 5%, 6%, 10% and 20%’» ( 2nd solution, figure 
3). The PST teaching this lesson highlighted the importance of this strategy and represented it on 
the whiteboard (figure 4). 

 
 
 
 
 
 
 
 
Though PSTs used tasks that allowed students to build on their reasoning with drawn quantities, 
there were still some students who preferred to use the algorithmic solution (520x26 = 13,520, 
13,520:100=135.2). It was for th 
is reason that in planning the next lesson, PSTs decided to have students reflect on their prior 
activity and explain why they divided 100% by 100 and multiplied the quotient by 26. Through 
making explicit their students’ reasoning, PSTs seemed to use tasks for triggering student’s 
reasoning with number relationships.   

In executing the plan of this lesson, PSTs tried to have students connect their algorithmic 
solution with the meaningful explanation of using 1% as a necessary step in solving percentage 
problems. By using a schematic representation of both solutions the PST focused the discussion on 
the difference between them (figure 5).  

 
 
 
 
 

 
 
 
Students explained that both solutions use the same operations but in different order and so the 
results must be the same. All students agreed that they better understood the solution which they 
multiplied 1%x26. However, there was a student who claimed to have understood both ways: 
«Multiplying 520x26 we find a bigger part, for example the 2,600%, and then we divide by 100 to 
find the 26%». Unfortunately, PSTs had no more time to make this student’s explanation a topic of 
discussion. PSTs were constantly encouraged to listen carefully to students’ explanations. 
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Eventually, it was their insistence to take into account students’ reasoning that allowed them to use 
tasks for connecting students’ algorithmic solutions to their meaningful numerical explanations.      

By comparing the paths followed by the PSTs in conducting both the one-to-one and the 
whole class design experiment, we were in a position to outline the overlapping path that we have 
described above. We certainly believe that PSTs may follow different paths, as they learn to adapt 
tasks to students’ different ways of reasoning. Our study was only an initial step in understanding 
how PSTs can be supported to change their traditional views of using instructional tasks. Though 
tasks are one of the most significant teaching tools, we should also gain insights into PSTs’ 
treatment of other aspects of the classroom activity structure. These insights could be used for 
designing more effective learning environments for PSTs.    
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Abstract. This work is part of a more general investigation that is being developed by the 
first author, in the scope of her PhD study. In general, Gonçalves is studying the 
mathematical knowledge for teaching (MKT) of teachers who teach mathematics in the early 
years of schooling, in Portugal. For this purpose, a MKT measurement instrument was 
initially translated, adapted and validated for the Portuguese context and later applied to 
Portuguese teachers, in order to analyse their mathematical knowledge for teaching. This 
article discusses the performance of Portuguese teachers on two issues involving the domain 
"Numbers and Operations".  

Résumé : Le travail présenté ici s'inscrit dans le cadre d'une enquête plus générale 
développée par la première auteure, dans le cadre de son doctorat. Elle étudie les 
connaissances mathématiques pour l'enseignement (MKT, Connaissances Mathématiques 
des Enseignants) des enseignants qui enseignent les mathématiques dans les premières 
années de la scolarité, au Portugal. À cette fin, un instrument de mesure des MKT a été 
initialement traduit, adapté et validé pour le contexte portugais, puis appliqué aux 
enseignants portugais, afin d'analyser leurs connaissances mathématiques pour 
l'enseignement. Cet article examine les performances des enseignants portugais sur deux 
questions concernant le domaine "Nombres et opérations". 

Keywords: mathematical knowledge for teaching, elementary school teachers, instrument 

adaptation. 

1. Background 

Over the years, Ball and other researchers such as Heather Hill and Hyman Bass have 
wondered what in practice "teachers need to know about math to succeed with their students" (Ball, 
Hill & Bass, 2005, p.17). They developed a construct, Mathematics Knowledge for Teaching 
(MKT), which maps the domains of knowledge for teaching onto two of Shulman’s (1986) initial 
categories for CK, those of subject matter knowledge and pedagogical content knowledge. 

Through the Learning Mathematics for Teaching (LMT) project, this group of researchers 
from the University of Michigan developed a set of multiple-choice questions to study and measure 
MKT. From the studies on the application of these questions and their analysis, several conclusions 
have emerged about MKT. For example, in 2008 Hill and his colleagues found that teachers with 
high MKTs think qualitatively differently from teachers who did not score well in the tests. In 
addition, it was also found that teachers with low scores tended to have more mathematical errors in 
their classrooms (Hill et al., 2008). The instruments for measuring MKT have therefore been 
positively associated with the mathematical quality of instruction and student learning. Given the 
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good/excellent results regarding the consistency of multiple-choice questions built by LMT, several 
researchers have been adapting these measures to their country and applying them. 
In 2008, Delaney was considered the pioneer investigator in applying these measures in Ireland. In 
the meantime, several researchers have adapted and used the measures or instruments developed by 
LMT in different countries: Ghana (Cole, 2012), South Korea (Know, 2009), Indonesia (Ng, 2012), 
Norway (Mosvold et al., 2012), among others. 

2. Methodology 

This study aims to analyse mathematical knowledge for teaching (MKT) of Portuguese 
teachers using the MKT measuring instrument adapted by Gonçalves.  

For this, a mixed methodology was used that, according to Tashakkori and Creswell (2007), 
refers to the integration of discoveries and inferences “using both qualitative and quantitative 
approaches or methods in a single study or program of inquiry” (p. 4). Through mixed methods, the 
answers to the questions under study of 61 teachers from the 1st and/or 2nd cycles of Basic 
Education were analysed and the consistency of the answers to these questions given by two 
teachers was analysed through the analysis of cognitive interviews. The selection of these teachers 
was based on the following parameters: the result obtained by them when carrying out the MKT 
measurement questionnaire; teaching experience; the level of education he/she teaches; the type of 
school where he/ she is teaching (public or private). Note in the table below the characterization of 
the two teachers interviewed. 
 

Table 1. Data of interviewed teachers. 
 

Name Classification 
on the test 

Teaching  
experience 

level of 
education 

type of school  

Maria 50% 22 years 2nd cycle Public  

Pedro 92% 6 years 1st cycle Private  
 
 

3. The questions 

In this paper, only two questions that evaluate mathematical contents belonging to the domain 
"Numbers and Operations" will be discussed. 

  Question 1. The first question concerns the simplification of fractions (Table 1). In this 
question, teachers had to select the best evidence that a student had understood why it is that 
through the simplification of fractions an equivalent fraction is obtained. A teacher would respond 
correctly if he/she identified that the simplification of fractions is reduced to the division of 
fractions by one and that, for this reason, the new fraction represents the same quantity as the first. 

Question 2. The second question asked to select from four numerical expressions, which 
would be the best example for students to realize the advantage of the distributive property of 
multiplication in the simplification of the calculation. A teacher would have this correct answer, if 
he/she chose the numerical expression, of the four presented, which exemplifies the advantage of 
using distributive property. 

 
As with any question in the MKT assessment questionnaire, these two questions evaluate the 
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mathematical knowledge of the teacher that can be specified, according to the MKT typology 
defined by Ball, Thames and Phelps (2008). 

As shown in Table 2 below, these questions are also characterized by their "Degree of 
Difficulty" - a parameter obtained through statistical studies performed on the mathematical 
knowledge measurement tests of USA teachers. This parameter issues are characterized as easy, if 
the degree of difficulty is less than -2, a bit easy, if the degree of difficulty is between -2 and 0, a bit 
difficult, if the difficulty is between 0 and 2 and, finally, difficult if they present a degree of 
difficulty greater than or equal to 2. 
 

Table 1. Characterization of questions 
 

Questions Mathematical 
content 

Task content Type of 
Mathematical 
Knowledge  

Degree of 
difficulty 
(USA) 

Question 1 Simplification 
of fractions. 

Analyse 
students' 
explanations. 

SCK 0,617 

Question 2 Distributive 
property of 
multiplication  
in relation to 
addition and 
subtraction 
 

Select the 
best 
example. 

SCK 1,462 

 

4. Some results 

In the first question, concerning the simplification of fractions only 18% (11) of the 61 
teachers correctly identified the justification for the rule. Of the 82% (50) of the participants, 3% (2) 
did not respond and 79% (48) did not select the best explanation.  

 
Answers Frequency Percentage 
Correct 11  18 
Incorrect 48 79 
No answer 2  3 
Total 61 100,0 

 
 
Reflecting on the data collected, the values raise some concern, as the approach of the 

equivalent fractions, in Portugal, should be carried out in the 3rd grade, so teachers should be able to 
identify among the various students’ explanations the best evidence that the student had understood 
why the simplification of fractions gives equivalent fractions. 

Regarding this question, Maria answered the wrong way and Pedro did not answer. At the 
interview, Maria kept the (wrong) answer she had given in the questionnaire, and justified her 
reasoning, which reveals that her response to the questionnaire is consistent with her thinking. 

 
Maria: I can demonstrate this to kids through objects. 
We have a game, a game of fractions and they can see that when we divide the 
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numerator and denominator by the same number, the number is the same, it keeps 
it, and then it's done by division: if I have 12/4 and 6 / 2, divide 12 by 4 and 6 by 2 
and the number is the same… 
But it has to be realized, because if not… they don't understand. 
At this stage there has to be realization of everything! ... and the fractions are not 
easy to understand ... they cannot understand.  
 
In her justification, Maria demonstrates a procedural rather than conceptual knowledge 

(Hiebert & Lefevre, 1986) of the simplification of fractions. 
 

Pedro, although he did not answer the question, stated in the interview that if he had given more 
time to this question he would have answered. At the interview, he answered this question correctly 
and justified his reasoning. 

 
 In the second question, which addressed the advantages of simplification of calculation that 
the distributive property can bring in some numerical expressions, just 38% (23) of the 61 teachers 
answered correctly. 

 
Answers Frequency Percentage 
Correct 23 38 
Incorrect 34 55 
No answer 4 7 
Total 61 100,0 

 
In the questionnaire, Maria answered wrongly and Pedro selected the correct answer. At the 

interview, Maria kept the (wrong) answer she had given in the questionnaire, and justified her 
reasoning, which reveals that her response to the questionnaire is consistent with her thinking: 

 
Maria - When we give the distributive property… we give the distributive property and 
then we do the opposite. 
I learned here once from a teacher, it was once in college… “ball property”… that's how 
I teach the students. (...) So this is the gentleman who dances with the first lady and then 
goes dancing with the second lady. 
… And they can understand, mechanize and use distributive property. 
Then I do precisely the opposite, which is… if we go by the rules of operations, of 
numerical expressions, what is done in the first place? What is inside parentheses. … 
And they can understand… 
… This has to be on the board at exactly the same time and in the same place as for 
them to realize that the result will always be the same whether you do it by handing it 
out or using the numeric expressions. This for me was the best example. And still use. 

 
Consider with some concern this focus on memorizing rules for numerical expression resolution. 
Although memorization of calculus rules is important as a way for students to have a quick and 
effective calculation, the teacher's action should be oriented so that students can understand 
operations.  
Again it denotes that Mary encourages a learning "by heart" instead of meaningful learning. 
Procedures and facts learned “by heart” are stored in memory in isolation, without any connection 
to other concepts. 
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Pedro, at the interview, kept the right answer he had given in the questionnaire. His justification 
was:  
 

Pedro - I chose hypothesis D because it is the only numerical expression that shows in 
some situations the distributive property of multiplication can facilitate the calculation 
compared to the resolution of a “normal” numerical expression, where parentheses are 
given priority. 
In all other options A, B, and C, the distributive property made the calculations more 
complex. Thus, none of these three options would be indicated to choose to show 
students a situation in which the distributive property helps in the calculation. 

 
 
Overall, it should be noted that the performance of the teachers involved in this study was poor. 
Teachers presented worse performance in questions that consisted of identifying the one that best 
evidenced that the student had understood.  
These results appear to be of concern since we are dealing with elementary concepts, which are 
included in the official mathematical programs for elementary school and of which the teachers 
should have a sound knowledge. It seems important that during their training (future) teachers solve 
activities that enhance Content Specialized Knowledge (SCK). 
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Abstract. Reflecting one’s own mathematical learning biography provides an often-
neglected perspective for prospective mathematics teachers even though it is relevant for 
their future teaching activity. A survey among students in elementary school teacher training 
showed that this seems particularly significant when students have made negative 
experiences with mathematics at school. In order to encourage this type of reflection, a 
workshop was designed and conducted at the University of Potsdam in which students were 
given the opportunity to review their own mathematical learning biography. Since winter 
semester 2018/19, this workshop was integrated as a preparation for the students’ first 
teaching internship. Results of the accompanying research on the effects on students’ 
reflexive competence are presented.  

Résumé. Le fait de réfléchir sur sa propre biographie d'apprentissage des mathématiques 
offre une perspective souvent négligée pour les futurs enseignants de mathématiques, même 
si elle est pertinente pour leur future activité d'enseignement. Une enquête auprès des élèves 
en formation des enseignants du primaire a montré que cela semble particulièrement 
important lorsque les élèves ont fait des expériences négatives avec les mathématiques à 
l'école. Afin d'encourager ce type de réflexion, un atelier a été conçu et mené à l'Université 
de Potsdam au cours duquel les étudiants ont eu la possibilité de revoir leur propre 
biographie d'apprentissage mathématique. Depuis le semestre d'hiver 2018/19, cet atelier a 
été intégré comme préparation au premier stage d'enseignement des étudiants. Les résultats 
des recherches d'accompagnement sur les effets sur la compétence réflexive des étudiants 
sont présentés. 

1. Theoretical background 

The analysis and reflection of one’s own biographical learning experiences is part of the German 
standards for teacher education (Kultusministerkonferenz [KMK], 2004). Various projects in 
Germany are creating opportunities for prospective teachers to develop biographical-reflective 
competences. They focus on experiences in the school system from a learner’s perspective as well 
as the reflection on the ambivalent role of student teachers who as learners prepare for the teachers’ 
role (Krauskopf, 2019). 
With regard to mathematics, there seems to be a particular need for biography work. Mathematics 
anxiety or avoidance of mathematics are widespread among students, in particular among future 
elementary teachers (Hembree, 1990; Hannula, 2014). The idea to create the workshop ‘Encounters 
with Mathematics’ arose from the feedback of students on their motivation and emotions 
concerning mathematics in a first semester arithmetic course and subsequent interviews in small 
groups on learning barriers and their causes (Reitz-Koncebovski, Kortenkamp, & Goral, 2018). 
Obviously, previous negative experiences with mathematics at school are a major obstacle for some 
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students at the beginning of their math studies, in particular if they ‘have’ to study mathematics in 
order to become elementary teachers and did not specifically opt for mathematics as a subject. In 
order to be able to successfully study mathematics and to teach mathematics in the future, it seems 
essential for these student teachers to reprocess their own mathematical learning biography and, 
moreover, to reflect on and question the image of mathematics implicitly conveyed by their learning 
experiences. Biography work seems to be a prerequisite of developing beneficial self-regulation, 
positive motivational orientations and appropriate beliefs/values/goals — all of which are aspects of 
teachers’ professional competence according to the model of Baumert and Kunter (2013).  
Even if the mathematical learning biography passed without negative experiences, it is important 
for prospective teachers to examine their own image of mathematics. Firstly, in terms of what they 
want to pass on to their future students, and secondly, in relation to the image of mathematics in 
society. Exploring the nature of mathematics and its reflection in the image of mathematics in 
society can be attributed to school related content knowledge (SRCK; Dreher, Lindmeier, Heinze, & 
Niemand, 2018), that facet of teachers’ professional content knowledge which, beyond mere 
academics, should be conveyed in mathematics teacher training. Not least for this reason, the 
workshop presented here is aimed at all student teachers of mathematics, both for elementary and 
secondary schools. 

2. Concept of the workshop 

The workshop ‘Encounters with Mathematics’ was carried out as a pilot project in the summer 
semester 2018. During its first run, math student teachers for elementary and secondary education 
were offered to participate in the workshop voluntarily during three weekly sessions. After a 
revision of the first workshop, a new concept was developed for the winter semester 2018/19, which 
integrates the workshop more into the curriculum of the university’s math teacher education 
program. The offer is now addressed to all students just before their first math teaching internship, 
when they are presumably facing their first role change from learner to teacher. To provide 
comprehensive support for the several weeks long internship, the workshop takes place before as 
well as after the internship. 

Figure 1.  Curves of mathematical learning biographies (summer semester 
2018) 

 
The first meeting focuses on individual biography work. The core element of the session is a 
graphical representation of the mathematical biography in the form of a curve in a coordinate 
system (see figure 1). Participants draw and label their curve individually before entering into a 
dialogue and presenting it to each other. During these one-to-one conversations, listening to and 
understanding each other are paramount whereas evaluations and advice should be avoided. Thus, 
the attention is drawn onto those situations that depict minima and maxima of the curve and can 
therefore be considered high and low points of one's own experience with mathematics. In a group 
conversation, these situations are analyzed for their triggers, persons involved, (un)fulfilled needs, 
reasons for turning points etc. Towards the end of the first meeting, students are taken behind the 
scenes of biographical work and being presented the background and aims of the method. This 
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enables them to not only experience biographical work themselves but also to approach it in a 
theory-based way. After having reflected on their own math biography, students are expected to, 
firstly, understand how their biography affects them in their work as a teacher and, secondly, that 
they are about to enter a position where they are able to influence other people’s math biographies. 
For the upcoming internship, workshop participants are asked to identify and note situations from 
their given lessons which they consider possible causes of highs or lows in students’ experience of 
mathematics. 
These situations depict the center of the second workshop day, which takes place shortly after the 
end of the internship. At the beginning of the session, students are asked to reflect on their choice of 
situations, which forms one part of the data set for the accompanying research of the workshop. 
Subsequent to this self-reflection, students talk about their situations in small groups and select one 
situation per group, that they present as a role-play to the all workshop participants. Afterwards, 
both spectators and actors analyze the teacher’s (re)actions in these situations by trying to think of 
alternatives to their past (re)actions in order to avoid negative consequences. This idea corresponds 
to the concept of counterfactual thinking (Roese, 1997). It will encourage to identify the underlying 
problem, to which was reacted, and to try to find equivalent reactions and compare characteristics 
such as appropriateness or side effects. Rather than providing student teachers with a (non-existing) 
catalogue of correct reactions though, which many student teachers frequently demand, this 
reflection aims at establishing a basic structure that facilitates sensible problem solving in future 
similar (or even unsimilar) situations (Luhmann, 2002). One of the above-mentioned side effects of 
teacher’s (re)actions could be a negative or positive impact on students’ mathematical experience 
and their attitudes towards and images of mathematics. The second part of this workshop session is 
dedicated to this topic and how to get an insight into students’ attitudes to mathematics in a creative 
way. 

3. Evaluative study 

Following the theoretical foundation and the implementation of the concept, we found it interesting 
to ask questions about the effects and effectiveness of the workshop regarding the reflective 
competences of student teachers. The evaluative study focused on how biographical work is 
valuable for reflecting on classroom situations and actions, and to what extent the workshop 
promotes reflective competence.  
We collected two different data sets during and after the workshop. 1) As mentioned, during their 
internship, the workshop participants were asked to pay attention to situations which might 
influence their students’ experience of mathematics. The mere choice of these was reflected upon at 
the beginning of the second workshop session. Why did they choose these exact situations? Could 
their own mathematical learning biography have influenced their choice? If so, does it also 
influence their whole professional activity as a teacher? Student teachers wrote this reflection on the 
spot and then submitted them anonymously. 2) In a compulsive internship report, that every intern 
has to write and submit digitally quite immediately after finishing the internship, student teachers 
contemplated, amongst other things, their new role as a teacher. We analyzed these reports on their 
references to topics and experiences from the workshop. For this data set, we did not only look at 
participants’ reports but also at reports from student teachers who did not take part in the workshop. 
This was thought to enable us to compare the two groups in order to draw conclusions about the 
effectiveness of the workshop.  
To do justice to the eminently personal character of the workshop, the study examined only 
anonymized written products of the participants. The data was analyzed with a qualitative content 
analysis (Mayring, 2000) after the second workshop day in April 2019. In the following, first results 
of the accompanying research are presented. 
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4. Presentation of results 

The results focus on whether and to what extent topics of the workshop were taken up by students 
in their written reflections. Of course, it was not only crucial that but also how students commented 
on the workshop topics. In this article, the presentation of the results will comprise only the results 
from data set 1), namely students’ reflection of their internship task, which asked them to identify 
and note situations which could possibly be causes of highs or lows in students’ experience of 
mathematics. 
In their reflection, that they wrote during the workshop, 13 out of 22 students made relevant 
statements about workshop topics. These statements can be divided and arranged into four 
categories: (a) general empathy, (b) empathy due to biographical experiences, (c) overgeneralizing 
one's own experience and (d) consideration of one’s boundaries in observation (see figure 2). 

 
Figure 2.  Distribution of workshop topics in students' reflection of the 

internship task (22 persons) 
 
Through general empathy, six out of 22 students founded the selection of their high and low point 
situations. We saw an indication for this in phrases such as ‘to put myself in the students’ shoes’ 
(persons 4, 7, 12, 20), ‘to feel with them’ (person 19) or ‘to identify with them’ (person 11). 
A choice of situations guided by empathy due to one’s own biographical experience was identified 
in five reflections. Statements such as ‘could have been a low point for me’ (person 5), ‘connection 
to my own high and low points’ (person 7) or ‘experienced a similar situation’ (persons 13, 18, 21) 
served as an indicator for us. 
Two students justified the selection of their students’ high and low points with their own situational 
feelings in the teacher role. We saw this overgeneralizing of one's own experience indicated in 
phrases such as ‘something was a low for me as well’ (Person 8) or ‘I felt uncomfortable and that is 
why I would call the situation a low point’ (Person 16). We classify items of this category as rather 
contradictory statements to the workshop contents, because we particularly talked about limits and 
risks of overgeneralization, i.e. the transmission of one’s own feelings on other persons. 
Two students opened up a second level of reflection and, in addition to reflecting on their choice of 
highs and lows, they also considered their own observation boundaries. The remark ‘one cannot 
necessarily tell it from the students’ faces’ (person 5) indicates that for us just as much as the 
attempt to objectify one’s own observation, which was carried out by person 7. The latter developed 
observation criteria for the selection of highs and lows and disclosed them. These criteria pointed to 
the facial expressions of pupils and interpreted ‘signs of frustration and disappointment as a low 
point as well as pride and self-esteem as a high point’. 
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5. Discussion and outlook 

In our study we were able to collect only little evidence of the effectiveness of the workshop. We 
assume, however, that participants will be able to refer back on the impulses for reflection initiated 
in the workshop in their future work as teachers. The workshop ‘Encounters with Mathematics’ is 
designed to have long-term effects, which would then need a long-term study to be revealed. 
The workshop ‘Encounters with Mathematics’ will continue to be offered as part of the preparation 
and follow-up of student teachers’ first teaching internship. Participants' feedback during the 
workshop will be used as a resource to further develop the workshop design as well as other courses 
for the students. For instance, some student feedback suggests that they experienced an impact of 
specific university mathematics courses on their mathematical learning biography. This feedback 
should be used for the re-design of respective courses. Such a re-design should include 
opportunities for students to reflect their mathematics studies and its difficulties. Feedback on the 
workshop concept indicates that the exchange between student teachers for elementary and 
secondary school has been experienced as particularly enriching and valuable. It might be 
rewarding to offer more shared courses for future elementary and secondary teachers and to 
research their different perspectives on the teaching and learning of mathematics. 
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Abstract. The paper presents an innovative formative assessment practice exploiting online 
resources in order to foster argumentation competences in primary pre-service teachers. 
Specifically, we designed formative assessment workshops making use of an online e-
learning platform through which students (future primary teachers) are asked to produce 
written argumentation texts and to provide feedback on their peers’ productions, based on 
the three given criteria of correctness, completeness and clarity. We submitted a 
questionnaire concerning the students’ feelings about their participation to the activity and 
on their perceived impact on their learning process. In the paper we describe the design of 
the educational activity and analyze the results from the students’ questionnaire.  

Résumé. L’article présente une pratique novatrice d'évaluation formative exploitant les 
ressources en ligne afin de favoriser les compétences en argumentation des futurs 
enseignants du primaire. Plus précisément, nous avons conçu des ateliers d'évaluation 
formative à l'aide d'une plateforme d'apprentissage en ligne par laquelle les élèves (futurs 
enseignants du primaire) sont invités à produire des textes d'argumentation écrits et à fournir 
des commentaires sur les productions de leurs pairs, en fonction des trois critères donnés 
d'exactitude, d'intégralité et de clarté. Nous avons soumis un questionnaire pour les élèves 
quant à leur participation à l'activité et à leur impact perçu sur leur processus d'apprentissage. 
Dans l'article, nous décrivons la conception de l'activité éducative et analysons les résultats 
du questionnaire.  

1. Introduction 

Developing argumentation skills and critical thinking is recognized as a key-feature to deal with a 
complex world and mathematics may play a major role therein (see CIEAEM Manifesto, 2000). In 
Italian National Guidelines, mathematics is mentioned as a “cultural means for citizenship” (MIUR, 
2018) providing tools for the scientific description of the world and for everyday life problems, and 
contributing to the development of thinking in its various aspects: intuition, imagination, design, 
hypothesis and deduction, control and therefore verification or denial. In this perspective, 
“argumentative skills are relevant to the formation of an active and conscious citizenship, in which 
each person is available to listen carefully and critically to the other and to a comparison based on 
the reference to relevant topics” (MIUR 2018, p. 12). 
As a consequence, the development of argumentative skills and critical thinking becomes mostly 
relevant in mathematics primary teacher education programs, especially in those countries, as in 
Italy, where student teachers are not specialists in mathematics and in many cases have a 
problematical relationship with the mathematics discipline (Coppola et al., 2013). 
In our study we designed and experimented an innovative practice, which we called formative 
assessment workshops, aimed at enhancing students’ mathematics learning through formative 
assessment activities supported by an online platform. Hence, the study is part of the recent line of 
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research on the role of technologies within processes of formative assessment, which has been 
recognized “among the emergent issues that require further theoretical and methodological 
development” (Trgalovà et al., 2018, p. 158). 
In this paper we focus on the experimentations carried out within Mathematics Education courses 
for future primary teachers and centered on mathematical argumentation. For complementary 
results, see Albano et al. , 2019 (in print). 

2. Theoretical framework  

In mathematics education, argumentation has been defined as “the discourse or rhetorical means 
(not necessarily mathematical) used by an individual or a group to convince others that a statement 
is true or false” (Stilianides et al., 2016, p. 316). Two components may be distinguished (Hitt & 
Gonzalez-Martin, 2016): 

• A component that tries to convince (persuading), in the sense of removing any doubt from 
others; 

• A component that tries to explain (ascertain), in the sense of removing any doubt to 
themselves, and that is based on reasoning. 

In our research, we designed and experimented formative assessment practices aimed at developing 
argumentation according to the latter component. 

Formative assessment (FA) or assessment for learning (contrasted to assessment of learning) 
includes all the activities and practices that are enacted by teachers with the aim of improving 
students’ learning. As largely shared within education literature, FA is conceived as a teaching 
method, where “evidence about student achievement is elicited, interpreted, and used by teachers, 
learners, or their peers, to make decisions about the next steps in instruction that are likely to be 
better, or better founded, than the decisions they would have taken in the absence of the evidence 
that was elicited” (Black & Wiliam, 2009, p. 7). Wiliam and Thompson (2007) have elaborated a 
theoretical framework for FA, highlighting that it can be developed through five key strategies: 

(A) Clarifying and sharing learning intentions and criteria for success;  
(B) Engineering effective classroom discussions and other learning tasks that elicit evidence 
of student understanding;  
(C) Providing feedback that moves learners forward;  
(D) Activating students as instructional resources for one another;  
(E) Activating students as the owners of their own learning. 

In this model, three different agents intervene in FA practices: the teacher, the learner, and the 
learner’s peers. The teacher is responsible for clarifying learning objectives and criteria for success, 
which become assessment criteria (key strategy A), for organising class activities and discussions in 
which she can have evidence of pupils' understanding (key strategy B) and for providing feedback 
to enable students to progress in learning (key strategy C). Beside the teacher, learners have 
important roles also, both in understanding the learning objectives and criteria for success (key 
strategy A), and in taking responsibility for the learning of their fellow students and themselves 
(key strategies D and E).   

Feedback concerns the information that the student receives about his/her performance and is 
undoubtedly one of the most important tools for building a bridge between actual and expected 
learning. Following the definition of Ramaprasad (1983), feedback only becomes formative if the 
information given to the student is used in some way to improve his performance. It is therefore 
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important that the feedback goes beyond a simple green or red 'traffic light' for the student, which 
would merely orient the student's behaviour, and that it rather shows him what any errors, 
deficiencies, inaccuracies and possibly what may cause them. Based on these reflections, Hattie and 
Timperley (2007) then distinguished four types of feedback: 

a) feedback on the task, focusing attention on the interpretation of the text of the task or the 
correctness of the response provided (a sort of feedback on the product);  

b) feedback on the performance of the task, related to the processes necessary to understand 
and effectively address the task;  

c) feedback for self-regulation, focused on the individual's ability to self-monitor and 
consciously direct her/his own actions;  

d) feedback on the individual as a person, which concerns issues related to the individual's 
assessment and includes emotional aspects. 

Based on extensive meta-analysis, Hattie and Timperley (ibid.) highlight the effectiveness of 
feedback on the task (type a) and its performance (type b), while minor effects are found on 
feedback on the person, such as compliments and reprimands (type d). 

Due to the great amount of data that is involved, and the individual nature of effective feedback, 
formative assessment practices may be highly demanding for teachers. Recently, innovative 
projects have given attention to the new possibilities offered by technology in this respect, such as 
the STEP project (Chazan et al., 2016) and the European project FaSMEd (Improving Progress for 
Lower Achievers through Formative Assessment in Science and Mathematics Education, 
https://microsites.ncl.ac.uk/fasmedtoolkit/). Within FaSMEd, a new framework for the design and 
implementation of technologically-enhanced formative assessment activities has been proposed 
(Aldon et al., 2017; Cusi et al., 2017). The framework considers three fundamental dimensions: 
besides the different agents in formative assessment and the five key-strategies as described above, 
attention has been placed to how technology may support FA processes within educational contexts. 
With respect to this latter dimension, three main functionalities have been identified: 

(1) Sending and displaying, e.g. sending and receiving messages and files, displaying and 
sharing screens or documents to students; 
(2) Processing and analysing data collected during the lessons, e.g. showing the statistics of 
students’ answers to polls or questionnaires, or the feedbacks given directly by the 
technology to the students when they are performing a test; 

(3) Providing an interactive environment, in which students can interact to work 
individually or in groups on a task or to explore mathematical/ scientific contents (e.g. the 
use of specific software where it is possible to dynamically explore specific mathematical 
representations). 

In our research study, we refer to the sending-and-displaying and the processing-and-analysing 
functionalities of an online platform to promote mathematics formative assessment processes 
involving the three agents—teacher, students and peers— and in particular peers in a blended 
modality. Shared experiences and literature review (Larreamendy-Joerns & Leinhardt, 2006) show 
evidence of benefits from the integration of online instruction practices at University level. These 
benefits seem to be mainly found in the freedom of the students to move at their own pace. 
Nonetheless, there is not enough literature reporting the actual added-value of online with respect to 
the traditional face-to-face instruction.  
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3. Formative assessment online workshops 

The online formative assessment activities, which we call ‘Formative assessment workshops’ (FA 
workshops, in the following), are centered on peer review processes implemented by using the 
‘workshop module’ of the web-based platform Moodle, followed by a structured feedback by the 
teacher. FA workshops allow students, on the one hand, to upload the resolution of specific 
problems/exercises and, on the other hand, the automatic and anonymous redistribution of the 
works to be assessed by other students and related to a specific topic of the course (sending-and-
displaying functionality of technology). The submission consists of plain text and optional attached 
files including the students’ answer with respect to a specific topic assigned by the teacher.  
We have been experimenting FA-workshops in two different University courses, at the Universities 
of Torino and of Salerno (Italy), where the first and second authors teach and the third author serves 
as assistant (Univ. Salerno). In this paper, we focus on FA workshops that have been carried out 
during a course of Mathematics and Mathematics Education for 200 future primary teachers, in 
which the first author is the teacher. The course focuses on arithmetic and early algebra and among 
its major goals there are i) developing future teachers’ argumentative competences in these domains 
and ii) developing future teachers view on mathematics as processes-oriented. The course is 
mandatory for all students, but participation to lessons is not. About one third of students do not 
usually attend lessons, since mostly of them are already working in school as teachers in non-
permanent positions. Workshops are purposely open also to these students and indeed the efficacy 
of FA workshops for this specific typology of students is of great importance, even if it is not 
specifically investigated in this paper. 
Five FA workshops have been designed and implemented during the course (which lasts about one 
semester). In each FA workshop session, students receive a series of 3 to 5 exercises or problems to 
solve, related to the topics discussed during face-to-face lessons. They are asked to solve some 
argumentation problems and to upload their solution within a given deadline. Then the online 
system assigns randomly and anonymously three solutions to each student, with the request to 
assess them. Assessment is addressed by specific criteria defined by the teacher (FA strategy A): 
correctness, completeness, and clearness. These categories emerged within the teaching-experiment 
carried out by the Italian team of the FaSMEd project, in which the first author was involved (Cusi 
et al., 2019).  
Overall, the FA workshops activity are carried out in the following sequential phases (Figure 1): 

 
Figure 1. Didactical design of FA workshops 

 
- Setting up of the workshops: the teacher sets up the structure of the workshop by: assigning a 

time for the resolution of the various tasks; defining the assessment criteria (correctness, 
completeness, clearness); distributing a specific number of products for each student. 

- Solving task (Task 1): each student receives a problem to solve and is required, for each 
question, to provide correct, clear and complete answers. An example of task given to the 
students is: “Consider a natural number and determine the difference between its square and 
that of its predecessor. Repeat the operation for several numbers: what regularity do you 
observe? Justify what you say”.  
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- Peer assessment (Task 2): each student receives the productions of three randomly chosen 
anonymous peers; (s)he examines them, assess them according to a scale 0 to 30 (the same as 
the final exam) and provides feedback (FA Strategy C) according to the assessment criteria 
detailed below:  
•  Correctness: “Are there mistakes in the result or in the resolution process? Are all 

answers provided? Is the theoretical recall, if any, correct? Are mathematical symbols 
used correctly”?  

•  Completeness: “Are there missing parts or jumps in reasoning? Or unjustified 
conclusions? Can you find all necessary steps in the argument?” 

•  Clearness: “Is reasoning expressed clearly and unambiguously? Are sentences 
understandable?”. 

 
As a final step, the teacher makes available in the platform optimal solutions for each problem, 
chosen among the ones produced by the students. Also, the teacher uploads annotated solutions 
containing the most common mistakes, and gives a feedback to them according the three 
dimensions of correctness, completeness and clearness.  

4. Methodology: the questionnaire 

In order to collect data on the impact that the FA workshops activities had on the students, we 
designed and submitted a questionnaire concerning the students’ feelings about their participation to 
the activity and on their perceived consequences on their learning process. The questionnaire has 
been submitted through the online platform in an anonymous way. Its structure is shown in Figure 
2.  
 

 
 

Figure 2. The structure of the students’ questionnaire. 
 
We can identify two part of the questionnaire. The first part includes quantitative data such as the 
students’ participation to face-to-face lessons, the use of the online platforms and some general 
information about their participation to the FA workshops. The second part gives us some 
qualitative information about the students’ feelings and self-perception on their role as assessors, the 
impact of FA workshops on content learning and on their learning approach (i.e. how the 
participation to the workshops affects the student learning approach for being successful in exams). 
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As a second step in data analysis, we will carry out semi-structured interviews on chosen students, 
in order to further deepen specific issues. 
The following section gives information about the data analysis and presents the first obtained 
results from the questionnaire. 

5. Data analysis and results 

Students’ participation to the online FA workshops has been very high: as a mean, 172 students 
over 200 participated to them. To this regard, even if participation to FA workshops was on 
volunteer base, we have to say that it provided an extra-point (over 30) in the final examination 
score, so a certain component of extrinsic motivation has to be taken into account.  

Among participants, 83 students answered the questionnaire. 62,5% of respondents took part to 
the entire set of five FA workshop, and only 2,5% participated to only one FA workshop, which 
means that students that answered the questionnaire took seriously into account their participation 
to the online FA process. In the following, we report on the main results from their answers to the 
questionnaire. 

5.1. Frequency at lessons  

The questionnaire was mostly answered by students that took part also to face-to-face classes: 
only the 25% of the students (answering the questionnaire) attended less than half of the classes, 
and 10% actually never participated to classes.  

5.2. Use of online platform  

The 57,5% of the students did not use any online platform before their participation to FA 
workshops.  

5.3. Solving argumentation tasks   

About half of the respondents found the proposed argumentative tasks as ‘easy’ (49,4%), and half 
of them as ‘difficult’ (49,4%; other answers were “very easy” and “very difficult” and received very 
little score). Students were also asked about the difficulties that they met. Many of them (19 
answers) refer in a generic way to “argumentation” (“I could not answer when argumentation was 
required”, “It was difficult to argue precisely all the arguments and passages”), and this aspect is 
also related by some students to a new way of doing and conceiving mathematics, due to their 
previous school experience of mathematics as a procedural and oriented to getting correct results 
(“For me specifically to enter into a "new way" of seeing and understanding mathematics as a 
process and not as a result”, “I was used to solve without explaining anything”). 

5.4. Assessing and Being assessed 

One question investigated about the influence of the three criteria (correctness, clearness and 
completeness) with respect to the students’ solving phase. About half students (52%) answers that 
knowing to be assessed with these criteria did influence their solving phase. Of those that specify in 
which way, half mention that they paid attention in particular to the clearness criteria (22 answers 
out of 41), and one fourth refer to the completeness criteria (10 out of 41). 
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Almost two thirds of them found ‘difficult’ or ‘very difficult’ to absolve the role of assessors. 
Among the reported difficulties, we find 29 answers (36,7%) referring to uncertainty about 
assessing the correctness of their peer’s reasoning and 13 answers (16%) referring to difficulties 
understanding “the other’s reasoning”, in especially in those cases in which it was different from 
one own: 

Understanding all the steps and be able to see different points of view.  

Not having followed the execution procedure often made it difficult for me to find the logical 
thread of reasoning.  

Sometimes this aspect intertwines with the clearness criteria:  

Because what may be clear to me may not be clear to someone else. I had to get inside my 
companions' heads to understand what they had written. 

These difficulties were discussed during the lessons in presence, and finally led to a modification 
of the design, in which correct, clear and complete answers were uploaded by the teacher before the 
assessing phase of FA workshops:  

 
Figure 3.  Re-design of FA-workshops 

The modified design (Figure 3) was experimented in workshops 4 and 5. Students reported to the 
teacher that this additional resource resulted very helpful to them, especially to those that had not 
able to carry out the assigned problems.  

On the other hand, we investigated which criteria was perceived as easiest to apply in the peer-
assessment work, and why. The three criteria received the same percentage of answers. More than 
the percentage, it is interesting in our perspective to investigate the reasons underlying them. Some 
students answering that correctness was easiest to assess refer to a sort of objectivity associated to 
the mathematics tasks: 

Because usually the result is either correct or wrong, so it does not require interpretation. 

Exactness is not questionable. 

Because the clarity of the exposure of the contents is easily detectable. 

Answers reporting that completeness was easiest to check appear to refer to completeness as a sort 
of “check the answers list” rather than referring to the argumentation steps, as expected and 
required: 

Because you check if the questions were all made. 

Because it is sufficient to check if all the questions in the question have been answered 
completely. 
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    Some questions investigated the students’ affective dimension during the assessment phase. To 
the specific question How did you feel when you were assessing your peers’ work?, 20 out of 83 
students (24%) reported on negative emotions, such as struggling/difficulties/not up to the 
task/fear to be wrong. Here we can identify to main reasons. The first refers, again, to the 
correctness criteria, and also to self-perception in mathematics: 
Fear of not evaluating it correctly. 

I was afraid to correct the things that were right, but for me they were wrong. 
Worried about not being able to assess correctly, unprepared. 
Sometimes I felt uncomfortable when I wasn't sure of my arguments. 
The second refers to lack of experience in peer-assessment or to a feeling of embarrassment with 
respect to their assessed peer: 

In awe if my mate’s work was done wrong in my opinion. 
I found it difficult to make constructive criticisms. 
I felt a little guilty when I was perhaps criticizing and maybe I didn't give a very good grade even 
though I never really lowered the rating much. 

A specific fear emerges: the fear that a feedback to a product or process could be interpreted as a 
feedback to a person. 

Positive emotions refer to responsibility (19 answers, 23%), related to feeling helpful to other 
students (specifically mentioned by 4 answers): 

I felt the duty to give the right argument and explanation to any mistakes in order to make myself 
understood as much as possible. 
I felt a great responsibility: it was important that I help him understand the nature of his mistakes 
without risking humiliating him with my words or with a numerical evaluation. 
Enthusiastic and hopeful that my corrections would help my peer to better understand the 
subject. 

Positive emotions are also associated to perceiving themselves as teachers, and in feeling in a 
“teacher’s shoes”: 

I understood what a teacher feels about correcting homework, on the one hand I felt the 
responsibility to evaluate it well, on the other hand I felt some frustration 
I understood how a teacher feels about marking assignments, on the one hand I felt responsible 
for evaluating it well, on the other hand I felt a certain frustration 

5.5. Feedback 

The models of good answers, as well as the mistaken & commented answers provided by the 
teacher at the end of the peer assessment cycle (or in the middle, as in the re-design) have been 
deeply appreciated by students, since they were recognized as useful to understand their own errors 
and solve doubts, but also to become acquainted with the teacher’s expectations and criteria for 
success (FA strategy A).  

The role of the assessment received by peers results more controversial: 8,8% of students declare 
that they were not useful, and 13,8% declared that they were useful. The vast majority (77,4%) 
declared that they were partly useful. Among the positive aspects, students mention that their peers’ 
feedback helped them to understand their mistakes, to reflect further on the exercise, to improve: 
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In some cases, the comments have been clarifying some of the passages that I had actually not 
dealt with in the best possible way. In other cases, I have noticed a certain urgency in expressing 
the evaluation with generic "Task well done" while knowing from other corrections that instead it 
presented obvious errors. 

Because they were argued and therefore helped me to understand my mistakes. 

To understand where there were errors and unclear arguments. 

Students appear to be very critical. Overall, only 21 students mention positive aspects (26,5%), 
while 57 students (72,1%) report about negative aspects, and in particular: assessment accompanied 
by no or minimal explanation (17 cases out of 57), and the assessors considered as mistakes 
something that was correct (11 cases out of 57): 

Some gave an explanation of what pointed me out as wrong, others just dwelt on-though it was 
wrong, without explanations. 

Some evaluations did not allow to understand the mistakes made. 

Also, students mention cases of not clear feedback (5 cases), and assessment given on their peer 
as a person rather than on their elaborate (3 cases). As a consequence, positive emotions are 
reported with respect to the cases in which the assessment was accompanied by indication on how 
to improve, which is indeed the fundamental feature of formative assessment. Two reasons are 
indicated for negative feelings: the first is the most obvious, and relates to the case in which the 
assessor did mistake in assessing. The second is more interesting, because it regards the nature of 
the feedback, and refers to the cases in which feedback was not motivated. 

5.6. Effects on own learning and perceived effectiveness 

One question investigated if the participation in the workshops affected learning: the vast majority 
of students (91,5%, 76 answers) answer “yes”, and only 7 students answer “no”. The motivations 
relate to know what was required in the exam and to learn to produce argumentations (19 out of 83, 
22,9%), to helping in studying regularly and to review topics (16 out of 83, 19,3%), and less to 
reflecting on mistakes (7 out of 83, 8,4%, “I've often understood my own mistakes”). Four students 
indicated that participation to FA workshops contributed in changing vision on what it means doing 
mathematics: even if this was mentioned only by 4 students out of 83, we consider it as a very 
positive result, considering the small amount of time in which the overall activity spanned (one 
semester).   

In particular, about half of the respondents (55,4%) answered that the role of assessor has been 
useful in preparing for the exam. In these answers, the importance of self-assessment emerges, even 
if this question has not been directly investigated in the study.  

5. Conclusions 

Students are still facing exams in different sessions and we do not have yet a complete picture about 
the actual impact of FA online workshops on their exam performance: with this respect, data 
analysis is still on-going. However, starting from the students’ answers to the questionnaire, we can 
trace the first considerations and implications from the study.  
Almost all students found added values in participating to FA online workshops, so that they would 
propose that these activities should be combined with the course, if they were teachers. Among the 
reasons they give, we can identify three categories: 
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a) Elements concerning student’s relationship with the course and the exam: the students 
individuated in FA online workshops a help for keeping up with the face-to-face classes, for 
maintaining the focus high all along the course, for forcing personal rethinking at home and 
finally for figuring out what the exam will look like. This appear to concern also those 
students who could attend lessons (e.g. student workers), even if we could gather only few 
data on this category of students, since few of them answered the questionnaire; 

b) Elements concerning self-assessment and recovering: FA online workshops were deemed 
useful by the students to figure out whether or not they understood the topics at stake and, 
consequently, their level of knowledge; in particular, the peer assessment helped them to 
understand your own mistakes as well and to clarify doubts and questions; 

c) Elements concerning their prospective role of teachers: participating in FA online workshops 
was felt by the students as a way to approach the evaluation as a teacher, on one hand 
learning an articulated method of correction by using the three proposed criteria, and on the 
other hand also experiencing the responsibility of the role of the teacher, in resonance with 
Coppola et al. (2013) results.  

Absolving the assessor role constituted a challenge for many students. In particular, students who 
did not feel self-confident with mathematics and were not sure of their own answers to the 
argumentation tasks, reported difficulties in assessing according to the correctness criteria. In order 
to meet this need, we re-designed the FA workshop structure so to include a model of correct, 
complete, and clear answers by the teacher, before the peer assessment phase (Figure 3). This 
modification became a precious tool for the teacher to share the learning goals and criteria for 
success (FA strategy A according to Wiliam and Thompson, 2007). More generally, the peer 
assessment process appears to need a dedicated reflection within the mathematics education course, 
in order to help students developing an attention to processes and to become able to give useful 
feedback on the performance of the task, rather than merely on the task, and to avoid any risk of 
giving feedbacks to the individual as a person (Hattie & Timperley, 2007). As a matter of fact, 
getting involved first-hand in assessment processes, but within an anonymous environment, 
constituted be a good occasion for students to start this reflection, but was not sufficient for it. In 
view of re-designing FA workshops, a complementary activity to face this issue will be organizing a 
classroom discussion on the positive emotions that are reported in the questionnaire with respect to 
the cases in which the assessment was accompanied by indication on how to improve, which is 
indeed the fundamental feature of formative assessment.  
 Another aspect that will receive further improvements and investigation concerns 
developing students’ competences about the completeness criteria for assessing argumentation 
tasks. Answers reporting that completeness was easiest to check appear to refer to completeness as a 
sort of “check the answers list” rather than referring to the argumentation steps, as expected and 
required. This is a precious indication to the teacher about an aspect that needs further discussion 
with the students, concerning the expected learning goals and criteria for success (again, FA strategy 
A). 

Finally, motivational aspects (e.g. relation between participation to workshops and exam 
evaluation) and the impact of FA workshops on students who do not attend lessons will be also the 
subject for further considerations.  
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Abstract. Teacher education, in recent years, has been a subject of increasing concern and in 
need of research. With this in mind, the teacher education program was undertaken.  It 
promoted the study and creation of stories for teaching Mathematics. Thus, the objective of 
this paper is to identify how creating Children’s Literature stories (using animated e-books, 
as well as, printed books) for the development of Mathematical concepts, influences 
professional practices and/or the knowledge of a group composed of teachers from Early 
Childhood Studies and the initial phrase of Primary School. In order to accomplish this, the 
methodology ‘Design Experiments’ was used along with the Mathematics Teacher's 
Specialized Knowledge – MTSK, as theoretical reference for analysis. In general, it was 
discovered that creating children's stories can be a new proposition for the formation and 
development of teacher education. 

Keywords: Children’s Literature; Teacher Education; Mathematics Teaching. 

Résumé:La formation des enseignants au cours des dernières années a été un thème avec 
l'intérêt croissant et la nécessité d'investigation. Dans ce but, nous avons dirigé la formation 
et les enseignants qui ont promu la création d'histoires d'enfants pour l'enseignement des 
mathématiques. Notre objectif était donc d'identifier comment la création d'histoires de 
littérature pour enfants (livre électronique animé et livres conventionnels) pour le 
développement de concepts mathématiques influencent les pratiques et/ou les connaissances 
professionnelles d'un groupe d'enseignants L'éducation et les premières années de l'école 
élémentaire. Pour sa réalisation, nous avons utilisé la méthodologie de l'expérience de 
conception et comme cadre théorique pour l'analyse des connaissances spécialisées de 
l'enseignant de mathématiques – Mtsk. En général, nous avons identifié que la création 
d'histoires d'enfants peut être une nouvelle proposition de réflexion sur la formation des 
enseignants. 

Mots: littérature-enfants; Formation des enseignants et enseignement des mathématiques. 

1. Introduction 

Teacher education has been a concern in the last few years, according to Gatti (2010) there are 
significant barriers that institutions face due to the difficulty of school learning; the scarce initial 
quality, current educational programs and the ineffective career plans offered to Brazilian teachers. 
The author provides us with the basis of this research by declaring the need to think about teacher 
education and how we might improve this educational scenario.  
The objective of this paper is to identify how creating Children’s Literature (animated e-books, as 
well as conventional books) for the development of Mathematical concepts influences professional 
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practices and/or knowledge of a group composed of teachers from Early Childhood Studies and the 
initial years of Primary School. 
The main purpose of this research is to coordinate training programs for Early Childhood Education 
and Primary School teachers which encourage the use of existing Children’s Literature for the 
teaching of Mathematics. In addition, formative actions are to be provided to create stories for this 
purpose, in which teachers’ knowledge will be observed during the creative process. 

2. The project 

The project “Creating Children’s Literature Stories for Teaching Mathematics” initiated its activities 
in 2017 and they are currently ongoing. It has been gifted a favorable evaluation on behalf of the 
Ethics Committee, number CAEE 90142518.0.0000.5160, and its activities are financed by the 
Serrapilheira Institute. 
The proposal was developed in conjunction with studies from some theorists in the area: Galperin 
(2013), Zacarias and Moro (2015) and Alencar e Silva (2017), all of whom have been developing 
research that considers Children's Literature as a resource for teaching Mathematics and other 
subjects. Alencar e Silva (2017) warn us of the need for accessibility to those with special needs. 
Thus, we consider that the development of this project will propose that creating children's stories 
allows access, in an interdisciplinary manner, to Mathematical knowledge, as well as, promoting 
access to that knowledge.  
The methodology used was ‘Design Experiments’ by Cobb; Confrey; Di Sessa;  Lehrer and 
Schauble (2003) which aim to analyze more practical activities for creating more theoretical studies. 
This methodology analyzes a group of teachers.  
Thus this methodology consists of a peculiar approach to explore mathematical concepts. , which 
allows the elaboration of a small theory for the teaching and learning process. Thus the creation of 
history in formative moments can be considered as one of the potential resources for this 
development of learning, in which when creating stories for animated eBooks and printed books, 
with mathematical concepts can influence and help the practices and / or professional knowledge of 
a group of early childhood teachers and early elementary school teachers. 
We emphasize that the elements that compose this methodology are based on Cobb et.all (2003) 
they consider as the ecology of learning, the activities performed and the formative process. 
Therefore the activities that are in the study are the different representations, having different 
records that promoted the interpretation and analysis of the results, the statements prepared by the 
subjects, the planning and organization of the subjects in the development of the tasks, the resources 
to be used and the means of intervention and mediation between the researcher and the research 
subjects. 
We further note that Design Experiments has “interactive systems in a collection of activities or a 
list of separate factors that influence learning” (COBB et. Al., 2003, p.11). Thus all the stages of the 
formative process were recorded, recorded and analyzed, in order to identify the knowledge and 
difficulties explicit in each stage of the process. We made it clear that in case of need we would 
modify the tasks and create a new elaboration of the strategies, with preliminary analysis, which 
will later be applied to the same group of teachers. In our case our hypotheses were not refuted and 
with the development of the formation we began to identify the teachers' knowledge and the 
beginning of the elaboration of a formative planning that we call small theory for the development 
of future formations. 
Through practical activities, it was observed how knowledge can contribute to teacher education. 
From this research, the six stages developed were: 1) Distribution of a questionnaire for the 
teachers; 2) Education with activities focused on Children´s Literature to teach Mathematics 
through the use of existing books and different curricula; 3) Creation of children’s stories by groups 
of teachers from each teaching field; 4) Adjustment of collective creations; 5) Analysis of 
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illustrations, 6) Project layout of the children's books. 
The theoretical framework that will be used for the analysis is Mathematics Teacher's Specialized 
Knowledge - MTSK, referenced by Carrillo-Yañez, Climent, Miguel Montes, Contreras, Flores-
Medrano, Escudero-Ávila, Vasco, Rojas, Flores, Aguilar-González, Ribeiro and Muñoz -Catalan 
(2018).   
 
This study presents, as Figure 1 the knowledge of the mathematics teacher in two domains and 
subdomains, also presenting the beliefs and affective aspects.  

 
 
Figure 1 Mathematics Teacher Specialized Knowledge Model, MTSK 

Source: Carrillo-Yañez, et. al (2018) 
 
We identified in the figure its organization in two major domains: content knowledge - MK - and 
pedagogical content knowledge - PCK. 
  Mathematical Knowledge (MK) refers to the teacher's knowledge about the characteristics and 
elements of Mathematics. This domain consists of the subdomains: Knowledge of Topics (KOT), 
Knowledge of Mathematical Structure (KSM), and Knowledge of Mathematical Practice (KPM). 
The didactic knowledge of the content (PCK) are the resources used for the teaching of 
mathematics, this is composed by the subdomain: knowledge of the characteristics of learning 
mathematics (KFLM), knowledge of the teaching of mathematics (KMT) and the knowledge of 
standards. Learning Mathematics (KMLS). 
It should also be noted that all subdomains have interrelationships for the promotion of mathematics 
learning teaching. 

3. Formative actions of the project  

In this section we present excerpts of the development of the formations following the steps 
described in the methodology. It is noteworthy that in this proposal we do not delve into the 
presentation of deeper analysis, we will briefly show some conclusions found, with the purpose of 
global knowledge of the project, given the limited extent we have to describe it. 

• Step 1: Questionnaire Application 
In our research we applied an open-ended questionnaire consisting of 5 questions to identify 
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teachers' conceptions of the use of children's literature for teaching mathematics and the teaching of 
mathematical notions to early childhood students and the early years of elementary school. the 
objective of identifying the profile of the investigated subjects. 

The questions were: 
1- Have you ever observed, experienced or used a history of children's literature for teaching 

mathematics? If yes report your experience 
2- What factors do you consider pertinent and / or not, in the use of stories of Incredible 

Literature for the teaching of Mathematics? 
3- What mathematical content of early childhood education do you consider important to be 

covered in early childhood stories? Explain Your Considerations 
4- What mathematical content from the early years of elementary school did you consider 

important to be covered in children's literature stories? Explain Your Considerations 
5- Have you created or adapted any children's stories for teaching math or other subjects? 
In general, the answers of the teachers in question 1 showed that the vast majority (90%) of 

the teachers have had some experience as students or have developed some activities using 
children's literature. Some reported on the importance of child-friendly literature for their training 
and others reported on adaptation and stories for the teaching of Mathematics. This fact leads us to 
the studies of Zacarias and Moro (2005) and Alencar e Silva (2017), which point to the existence of 
few specific books on children's literature in the area. 

In question 2, in its entirety (100%) of the teachers consider children's literature can make 
teaching more playful and allows the relationship with everyday situations. Such evidence is in 
agreement with the studies by Gasparin (2013). 

Question 3 and 4 served to allow us to identify the contents in which we would create the 
stories of Children's Literature, being for Early Education Geometry (flat figures) and Localization 
and for Elementary Education the Decimal Numbering System. 

Question 5 shows the use that this teacher makes with Children's Literature, in which we 
observed that 60% use this methodology as a teaching resource and 40% have difficulties in 
establishing the relationships that the children's book can provide. This data highlights the need for 
continuing training on this theme. 

• 2nd stage: Study on Children's Literature and Mathematics and presentation of a didactic 
sequence to teachers 

With the data obtained in the questionnaire we planned some didactic sequences, curriculum 
studies, book reviews of children's literature for the group of teachers. 

Our goal at this stage was to develop in the group of teachers the opportunity to analyze, 
experiment, evaluate and reflect on the use of children's literature for teaching mathematics, as well 
as reflection on some didactic sequences. We aim to conduct a discussion on possible intervention 
strategies to assist students' difficulties. It is also important to investigate possible activities that 
obtain a satisfactory learning outcome. 

Some of the didactic sequences made used as children's stories: History of Dona Hipotenusa; 
Once upon a time there was a ball armadillo, the wolf turning geometric shapes, gambling with the 
monster and the duck lollipop. For each story, a sequence of activities that allowed teachers to 
reflect on the use of Children's Literature for the teaching of Mathematics was approached. 

In this process of knowledge it was also important to study the Brazilian and foreign 
curricular documents (Spain, Italy, Sweden, Norway, Portuguese, Mexico), since books produced 
by having different translations allow them to be used in different countries. Therefore it was 
necessary to understand what is the teaching of geometry (flat figures), location and the decimal 
numbering system in other countries. We emphasize that the selection of curricula was carried out 
by the partnership in other projects already consolidated with researchers from the respective 
countries. 

 
• Step 3: Creation of children's stories collectively for the development of mathematical 
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concepts. 
With the development of initial training, we propose to teachers moments to create stories 

collectively for teaching mathematics. We hope to provide teachers with the foundation and 
reflections for the research subjects to elaborate new stories. This stage aimed to analyze the 
process of story creation by teachers and verify which strategies they use for its development. 

We can see in Figure 2 the teachers in groups gathered to elaborate the fantastic stories. 
 

 
 

Figure 2- Story-making activities 
Source: Own authorship 

 
The stories created for Early Childhood Education was “The Adventures of Guto”, which 

works on the location references and the characteristics of the flat figures. For the Elementary 
School was created the story “The magic tree of numbers”, which work the Decimal Numbering 
System. 

• 4th stage: Discussion and analysis of collective creations for rewriting and adaptation. 
With the completion of the previous stage and storage of the teachers' writings, we expose 

them to the group's interpretation and collective analysis, as a means of promoting a discussion in 
order to understand the most efficient and appropriate approaches. At this stage it will be possible to 
rewrite and adjust the productions. The university's teaching professors were present at all times to 
help with the discussions and the realization of the mediation. 

• Step 5: Creation of Illustrations and Their Analysis 
With the final writing of children's stories for teaching mathematics, they were taken to the 

professional who performs the illustrations. After the first layouts, they have passed the collective 
approval of the group of teachers who will approve the illustrations or make corrections. This 
process was performed until the final elaboration of the book was obtained.. 
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Figure 3- Analysis of the illustrations 
Source: Own authorship 

 
• Step 6: Animated eBook and conventional book layout. 
With the final elaboration of the illustrations, the conventional book was diagrammed and 

began the process of elaborating the animated e-book. We can see in the following figure 4  the 
cover of the book The Adventures of Guto for Early Childhood Education. 

 

 
 

Figure 4- E-book 
Source: Cunha et. al (2019) 

 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 223 

In addition to the Elementary School was created the book The magic tree of numbers, 
presented in figure 5. 

 

 
 

Figure 5- E-book 
Source: Cunha et. al (2019) 

 
With the completion of the two children's books, they were disseminated and of their 

formative development in different media, national and international events, periodicals and others. 
It should be noted that the animated ebook is available at www.literaturamatematica.com.br 

and was designed and edited by Twee publisher. 
Printed children's books will be donated to vulnerable institutions. For this, we analyzed the 

latest reports from the National Institute of Educational Studies and Research Anísio Teixeira - 
INEP, where we analyzed the list of early school performance and the age / grade distortion rate. 
Data from 163,000 brazilian schools were analyzed, in which we chose 4 public schools with high 
distortion index and very low schooling performance. With the other institutions found we will in 
the future do a work of dissemination of children's books and distance education with teachers. 

It should be noted that this stage of the project is still ongoing and therefore some of these 
moments have not yet been finalized. 

4. Some considerations 

The development of this project fostered reflection on how the creation of children's Literature 
stories for math education through teacher training can benefit the expertise of the teacher teaching 
mathematics in early childhood education and in the early years of elementary school. . 
Moreover, the stories developed can help in the teaching of more meaningful mathematics, 
contributing to the right of learning for all in a way accessible to the deaf, blind and visually 
impaired. These stories also make it possible to know them in different languages and to promote 
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their dissemination in another country. 
Given the above, we consider a project that has social potential and in its first year of development 
already raised the proposed objectives to expand the possibilities of teaching and learning. 
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Abstract. In this presentation, three classroom practices about early algebra are discussed. 
The first, the game of hiding, promotes a dialogue in the form of the inner conversation 
through which the movement towards and away from the concrete, develops. The second 
practice rests on the wider base of thinking quantity proposed by Davydov; it is 
characterized by using symbols, high contextualization and development of forms of 
reasoning that concern relations and operations. The third practice concerns the 
reconceptualization of “Whole”, “Unit” and “Quantity”.  

Résumé. Dans cette présentation, trois pratiques de classe sur le pré-algébrisme sont 
abordées. La première, le jeu de la dissimulation, favorise le dialogue sous la forme d'une 
conversation intérieure par laquelle se développe les allers-retours vers le concret. La 
deuxième pratique repose sur le concept plus large de "quantité de pensée" proposée par 
Davydov ; elle se caractérise par l'utilisation de symboles, une contextualisation élevée et le 
développement de formes de raisonnement qui concernent les relations et les opérations. La 
troisième pratique concerne la reconceptualisation du "Tout", de l'"Unité" et de la 
"Quantité". 

Introduction 

Since 2000 we are proposing some early algebra practices in our primary school classes. The 
activities carried out were presented in some conferences (Cieaem 55 in Plock (2003), Cieaem 57 in 
Piazza Armerina (2005) and EME-08 in Braga (2008)). Now, at the beginning of a new cycle of 
primary school for some teachers who had participated in the project, we develop further 
considerations about the proposed practical activities, keeping in mind many reflections present in 
scientific literature. 
Premises. We remind that, speaking of early algebra - algebra for primary school -, we refer to the 
Italian school: in Italy, primary school ends with the fifth grade (10-11 years), while in other 
countries primary school also includes the sixth grade; just the year in which the actual transition to 
algebra takes place. 
We take advantage of three quotes to mention three important concerns we do not develop in this 
presentation. (a) Algebraic thinking. NCTM (2001) mentions the following goal: “To develop 
algebraic ideas in the earlier grades”. Using the term “algebraic ideas”, the term “algebraic 
thinking” is wisely avoided, together the wide accompanying debate . (b) Transformations. 
"Algebra is first characterized by its method that involves the use of letters and literal expressions in 
which transformations are performed according to well-defined rules" (Alexandrov et al., 1974). 
The term “transformation” is little used in the literature concerning early algebra. But we have been 
prompted to design our primary school practices, just by the difficulties with transformations of our 
students (in later grades). Perhaps giving more importance to simple transformations since primary 
school, can offset the excess of importance that is often given to finding solutions. (c) Algebra 
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early. “Early algebra is not algebra early” (Carraher et al., 2008). The opposition highlighted in this 
quote, rises directly the question of familiarization as an educational goal: “familiarization” as 
opposed to “algebra early” that is sometimes proposed in primary school. 
Rethinking. This presentation is structured on three practices: The game of hiding, Quantity, 
“Forms”. In all these three practices, rethinking will be the core of the reflection: rethinking 
abstraction in the game of hiding, rethinking generalization in the practices concerning quantity, 
rethinking measure in the practices concerning forms. 

The first activity. The game of hiding. Rethinking abstraction 

The game is performed with the children of the first class. It was adapted from a Whetley’s activity. 
It is described in the Proceedings of Cieaem 54 by the table presented in Appendix 1. 
Early algebra. The practice of this game concerns early algebra because it promotes a circular 
movement towards and away from the concrete. Let's try to clarify it.  
In our classes we enact practices concerning the construction of number sense, following the 
indications of the American school. Particularly stimulating is the idea exposed in Howden (1989) 
to search for numbers in the real world.1  
Alongside the discovering numbers in the real world, we looked for activities to guide children in 
"detachment from the body” (Malara, 1994), practicing a circular movement between the search for 
the number in the real and the detachment from the real. The game of hiding is one of these 
activities.  
Early algebra is kept in this movement towards and away from the concrete. It has some features: 
Inner conversation - Rethinking abstraction - Dialogical interaction 
Inner conversation. This movement towards and away from the concrete lives on an inner 
conversation:  

The hiding helps the child to break away from the concrete, 
replacing it with a "story": “3 marbles are under the cardboard”;  
the child dwells on the "story"  
and develops an “inner conversation2”  
to find the "link"3 that gives meaning to the experience. “How many are all the marbles?” 

Rethinking abstraction. The practice of activities of the same type as the game of hiding, supports 
the rethinking of abstraction,4 a process critical to approaching algebra. The inner conversation that 
supports the movement towards and away from the concrete, brings up5 children so that they start 

                                                
1 The teacher interviewed by Howden beautifully describes what this search consists of: “We spend a great 

deal of time talking about numbers and working with concrete materials. … But they (children) have 
fingers, the school grounds are strewn with lots of pebbles and leaves, and pinto bean are cheap. So we 
count, sort, compare, and talk about such objects. We’ve measured and weighed almost everything in this 
room and almost everything the children can drag in.” 

2 The term “inner conversation” is linked to the Vygotsky’s term “inner speech”. Vygotsky argues that 
"children speech" instead of disappearing with age, as Piaget says when speaking of "egocentric speech", 
becomes “inner speech”, “thereby shaping mental functioning in a uniquely human way” [Wertsch, 
1988]. The transformation into "inner conversation" refers to the etymological meaning of "conversation" 
(from the Latin "cum versari": “to get acquainted with”/ “becoming familiar” with oneself), to highlight 
how activities such as the game of hiding are "interactive and discursive activities" with himself; 
therefore first steps in the development of consciousness (“cum scio”) [Fellus & Biton,  2017]. 

3 The effectiveness of the “inner conversation” is based on its link with the concrete problem. 
4 “Abstraction: process by which the mind is able to form universal representations of the properties of 

distinct objects” [Merriam-Webster Dictionary]. 
5 The term “upbringing” expresses better than the term “education” the didactic process aimed at bringing 

children to a higher level from which to begin the journey towards abstraction. 
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from a higher level to “form universal representations”. In this sense rethinking abstraction is a core 
element of early algebra. 
Dialogical interaction. We conclude the first part with a consideration on the role of the teacher. 
Here we have a very simple example of “dialogical interaction”6 in which two dialogues attune.  

In the dialogue between teacher and child, the word is momentarily suspended.  
The silence allows the inner conversation to develop.  
The role of the teacher is to manage the attuning of these two dialogues. 

We conclude our considerations on the game of hiding maintaining that, in this activity, early 
algebra intertwines with the topics of early mathematics. 

Second experience: Quantity – Rethinking generalization 

The second experience concerns the use of symbols and the upbringing to transformations. It 
involves the rethinking of generalization, starting from a broader basis in thinking quantity. 
The symbolic aspect. The problem area. The second activity concerns the symbolic aspect more 
directly. The problematic of the symbolic aspect has already been raised in the ICMI held in 
Melbourne in 2001: “Would it be advantageous to introduce the symbolic aspect already in primary 
school?” In our opinion the answer is positive, but on one condition: the introduction of the 
symbolic aspect already in primary school is useful on condition that it is highly contextualized.7 
Upbringing to transformations. The use of letters and literal expressions necessarily brings with 
itself the question of upbringing to transformations, which goes through the training of children to 
focus their attention on relationships themselves.  
The introduction of symbolic aspect and the upbringing to transformations “prepare children in the 
early grades for more-sophisticated work of algebra in the middle and high school” (NCTM, 2000).  
Davydov’s proposal. Activities for primary school that at the same time use symbols, are highly 
contextualized and bring up to transformations, are proposed by Davydov (1982) to introduce the 
concept of quantity. Our second experience concerns classroom activities about quantity, that are 
derived from the Davydov’s project. In the appendix 2 we propose some examples of these 
activities.  
Although Davydov was a source of inspiration, we disagree with some of his didactic proposal. We 
try to clarify which aspects of Davydov's proposal were motivating for us and in what we do not 
agree. 
Students' difficulties with algebra. Davydov starts from specific students' difficulties: “The usual 
procedure of presenting algebra as a generalization of arithmetic is at the origin of the students' 
difficulties with algebra. […] When a child is performing an arithmetic procedure, his attention is 
mainly focused on numbers and algorithmic rules and laws.” (Davydov, 1982) According to 
Davydov, the students' difficulties derive from their focus on solving, leaving the transformation 
aside. These difficulties led Davydov in the construction of his didactic proposal. 
Symbolism. Symbolism is for Davydov a tool to overcome these students’ difficulties, as it allows 
students to focus on the relationship itself: “The use of symbolism helps children to move away 
from the consideration of specific objects, and to focus on the relationship itself.” (Morris, 2000) 
Davydov's Bourbakism. An extensive debate has developed around Davydov's proposal to 
introduce the postulates and theorems related to the concept of quantity before the introduction of 
the concept of number. “Postulates and theorems related to the concept of quantity form the basis of 
the first part of the first-degree curriculum and are introduced before the introduction of the concept 

                                                
6 We have taken the term “dialogical interaction” from David Guillemette. This term effectively synthetizes 

the different ways Backhtin meditated on dialogue. 
7 “The aim […] is to contribute to current efforts to provide alternatives to the traditional emphasis on a rote 

and decontextualized approach to algebra” (Friedlander & Arcavi, 2017). 
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of number.” (Morris, 2000).  
We have not followed this indication. The Davydov’s directions that seemed more interesting to us, 
concern the “working with real things” and the concept of quantity. 
“While working with real things …”. Davydov's first indication is that children should work with 
real things.8  Working with real things is the first step in providing “alternatives to the traditional 
emphasis on a rote and decontextualized approach to algebra”, favoring its contextualization. 
Working with real things was the basis also in the construction of our activities. 
Wider base of thinking quantity. The concept of quantity deserves special attention. Quantity is a 
central concept in mathematics and teaching mathematics. In teaching, it is mostly developed in 
close connection with the construction of the concept of number: the sense of quantity is the sense 
of how much; it is a feel for amounts and magnitudes. Davydov goes beyond a naive definition of 
quantity and adopts a definition that makes clear the “objective content” of this concept: “When we 
determine comparison criteria, we change a set into a quantity”. Davydov plans a succession of 
activities for the primary school, aimed at bringing to the fore this objective content. He 
summarizes his project very clearly: “While working with real things […], the children were taught 
to compare these things […]. The relationships were recorded by signs. Then they passed to writing 
the results of a comparison by a letter formula …”. (Davydov, 1990) 
Comparison. In what has been said so far, the role of comparison in our proposal is evident. On the 
one hand comparison plays an important role in the construction of the number concept;9 on the 
other side, thanks to the activities indicated by Davydov, the comparison becomes the tool to build 
the concept of quantity. So, in our proposal, comparison constitutes the core around which 
arithmetic and early algebra develop simultaneously. “Now algebra is no longer initially learned as 
a generalization of arithmetic, but rather as a generalization of the relationships between quantities 
and the properties of actions on quantities” (Morris, 2000).  
Rethinking generalization. Generalization is a central topic in Davydov's reflection (Davydov, 
1990). The kind of generalization that takes place in these Davydov activities, is based on the 
broadening the way of thinking about quantity: a broader way of thinking that is built up through 
actions on quantities. These activities keep important indication about rethinking generalization: the 
process of generalization goes beyond the trivial inductive generalization and turns towards a 
broader way of thinking about a concept. This broadening led Davydov to a leap, to “a new form of 
reflection, … qualitatively different from the preceding stage in knowing.” (Davydov, 1990). 
Early algebra. Now we summarize the features of the early algebra present in this second practice. 
In this practice, early algebra is a way of thinking that develops alongside the arithmetic way of 
thinking and benefits from the wider base of thinking quantity. It is characterized by a) use of 
symbols, b) high contextualization, c) development of forms of reasoning that concern relations and 
operations. 
Teacher Role. About the role of teacher, she/he needs to interact on a properly structured project. 
The dialogue between the teacher and the researcher is a new dialogue that fit in the dialogical 
interaction. 

Third experience – “Introduction to forms” – Rethinking measure  

Forms. “To put in formula” is an activity frequently associated with the inductive generalization, 
which is a theme that often recurs even in early algebra. But here we do not face it. Instead, we 
would like to show an example in which our practice has had to deal with formulas. That practice 
concerns the activity with fractions that we have also presented to ICMI 24 in Hamburg. In this 
                                                
8 “Davydov asserts the primacy of external object-oriented activity and the derivative nature of internal 

activity.” (Smitthau, 2008). 
9 “So we count, sort, compare, and talk about such objects” is said in the previous quote from Howden. 
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activity, the introduction of the mathematization of the comparison (in some third classes) and the 
consequent use of the common unit, lead to a reconceptualization of the names Whole, Unit and 
Quantity. The clearest way to define these concepts is to use the respective formulas: Whole = n/n; 
Unit = 1/n; Quantity = m/n. These formulas become a clear reference for the teacher. However, the 
question arises whether and how these formulas should be presented to the children. The solution 
we have chosen and proposed was not to present the formulas directly. Instead, we have developed 
classroom practices that lead children to owning and using the "forms" of these concepts without 
knowing the formulas explicitly. With "form", we indicate those mental structures that precede the 
concept and the formula, and that constitute the "memorative synthesis" of own history of active 
learning. The construction of forms enacts a type of early algebra. 

Final consideration  

Familiarization. Early algebra aims at familiarization. The use of the term “familiarization” in 
reference to early algebra would require a reflection on the principles and practices related to early 
algebra. We limit to saying that the objectives, more than "competences", are "intentions". A "trace" 
remains that guides children in "turning their minds towards", favoring a "coherent" development of 
“thinking algebra”. 
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Appendix 1 

The game of hiding is described in the Proceedings of Cieaem 54 by this table: 
 

Table 1. Game of hiding: Succession of the activities 

 
Activity 1  Teacher asks the child to count the marbles in the following situation. 

 
 
 
 
“3 marbles are under the cardboard. How many are all the marbles?” 
 

Activity 2 The teacher shows five marbles; the child counts them. Then the 
teacher hides some of them. 
 
 
 
“How many marbles are under the cardboard?” 
 

Activity 3 Two hidden quantities 
 
 
 
 
First Modality 
“Three candies are under the first cardboard, two are under the second 
one. How many candies are under the two cardboards?” 
 
Second Modality 
“All candies are five; two of them are under the first cardboard. How 
many candies are under the two cardboards?” 
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Appendix 2 – Activities on quantities 

During the primary school years, we offer dozens of different activities in the classroom. As 
example, here we present the activities proposed at the EME-08 conference in Braga. They concern 
the change: a) To register the change; b) To discuss and to describe the change; c) To recognize the 
change; d) To get the quantity that produces the change. 

To register the change 

This activity was proposed to children in second grade. Three identical glasses are used. 
 
 
 
 
 
The same amount of water is poured into two of them. Water levels are marked. Two labels A and B 
are attached.  
 
 
                                                            
                                                 A                     B 
 
Children write the relation A = B. 
 
The water from glass A is poured into the third glass. More water is added to this glass. The new 
quantity is called C. Children compare the quantities B and C  
 
 
 
 
 
                                  A                   B                     C 
 
Children register the comparison by symbols:                   C > B                      B < C         
Teacher guides children through discussion and turns their attention upon a property of inequalities. 

To discuss and to describe the change 

The registration above is used to develop the discussion and the description of change.         
Children describe the happened changes by pointing at quantities and obtained relations. 
Teacher guides the exposition of child by proper questions. 

To recognize the change 

This activity is proposed in the third grade. In this activity children proceed in reverse. They start 
from their own registration   
“At the beginning A = B; we execute the change; at the end, C < B. What’s happened?” 
Children discuss the change; they show by practical activity what’s happened.  
For example, they represent A and B by two strips of paper. 
 
“At the start A = B      
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A 
B                            

 
“A piece of paper is cut from the strip A. The quantity A is diminished and became C” 
                                                                              

C                                           
        B  
 
“The quantity C is minor of B”  C < B. 

To get the quantity that produces the change 

This activity was proposed in the fourth grade. 
Four glasses are used. The first three reproduce the foregoing activity. The fourth one is empty.  
 
 
 
 
                                                  

     A                  B                      C                 K 
 
B and C contain water; A is empty but signed; K is empty. 
“Determinate the quantity of water that was adjoined to obtain C”. 
 
 
 
A part of quantity C is poured in the first glass in order to newly obtain the quantity A. 
 
 
 
                     
 
              A                   B                    C                   K 
 
  
 
                                 
 
                                                  A                   B                   C                 K 
 
“Which quantity was adjoined to A in order to obtain C?” 
 
 
                                                             
 

    
   C                                        A                  K 

                                                                                   
A + K = C 

 
Now a quantity of water C is poured in the third glass.  
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                           A                  B                A+K=C             K 
 
Then, some relations are written. For example: 
 
                                                     A = B    →   A+K > B;  
                                                     C > B,  C = A+K         →              A+K > B. 
 
It’s important to discuss these relations; they are properties of equality and inequalities. 
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Abstract. Teacher preparation programs play a role in supporting future teachers to 
develop a range of competencies for teaching in an increasingly complex world. From 
a sociopolitical perspective, some competencies focus on mathematical identities. We 
developed a framework for mathematical identities and developing mathematics 
teacher identities that we used to analyze survey responses of prospective secondary 
mathematics teachers. The data analyses unveiled two domains within these identities: 
self-perception and perceptions of others’ conceptions. Findings focus on the impact 
of prospective teachers’ self-awareness of mathematics and mathematics teaching 
identities and their development of equity-oriented mathematics teaching practices. 
These findings inform our work in supporting future mathematics teachers develop 
equity-based practices that promote inclusive classroom spaces for students. 

Résumé. Les programmes de préparation des enseignants jouent un rôle en aidant les 
futurs enseignants à développer une série de compétences pour l'enseignement dans un 
monde de plus en plus complexe. D'un point de vue sociopolitique, certaines 
compétences sont axées sur les identités mathématiques. Nous avons élaboré un cadre 
pour les identités mathématiques et le développement des identités des enseignants de 
mathématiques que nous avons utilisé pour analyser les réponses à l'enquête auprès 
des futurs enseignants de mathématiques du secondaire. L'analyse des données a 
révélé deux domaines au sein de ces identités : la perception de soi et la perception des 
conceptions des autres. Les résultats portent sur l'impact de la connaissance que les 
futurs enseignants ont de leur propre identité d'enseignement des mathématiques et des 
mathématiques et sur le développement de pratiques d'enseignement des 
mathématiques axées sur l'équité. Ces conclusions éclairent notre travail de soutien 
aux futurs enseignants de mathématiques pour qu'ils développent des pratiques 
fondées sur l'équité qui favorisent des espaces de classe inclusifs pour les élèves. 

1. Introduction 
Chubbuck (2010) stated that “socially just teachers recognize the need to look beyond the 

school context and transform any structures that perpetuate injustice at the societal level as well” (p. 
198). This work can involve interrogating systems of power through a critical consciousness 
(Freire, 1974) by supporting students to question, challenge, and critique structural inequities. In 
mathematics education, foregrounding identity and power can shed light on inequities that have 
historically marginalized groups of people from mathematics spaces. Given increasingly complex 
global challenges, we cannot afford to exclude students in mathematics spaces; these issues require 
collective efforts across disciplinary contexts. Our work serves to support future mathematics 
teachers develop equity-oriented practices that embrace students’ multiple identities and strengths in 
the classroom. 
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2. Theoretical Perspectives 
Our work focuses on identities as narratives that include our knowledge, experiences, and 

perceptions (Van Zoest & Bohl, 2005). Identities involve how we might view ourselves but also 
how we might be viewed by others (Wenger, 1998). Adapting from these scholars, we created a 
framework with two dimensions: (a) perceptions of ourselves; and (b) our perceptions of others’ 
conceptions of us. Identities with these perceptions emerge through narratives—what we say about 
ourselves and other people. 

We view narratives as dynamic shared storylines of circulated discourses “taken up, reproduced, 
and resisted in multiple ways in daily life” (Nasir & Shah, 2011, p. 26). Dominant narratives in 
mathematics education shape who is seen as mathematically competent. Racialized narratives (e.g., 
Larnell, 2016) and gendered narratives (e.g., Leyva, 2017) might evoke unfair stereotypes that 
exclude groups of students from being viewed as successful with mathematics. 

We argue that ideologies of inclusion should be part of teacher education programs. Teacher 
education programs can support future mathematics teachers to recognize and draw on students’ 
mathematics identities with practices that are inclusive of non-traditionally recognized 
mathematical strengths (Aguirre, Mayfield-Ingram, & Martin, 2013). Such assets could be 
connected to personal or mathematical identities such as knowledge of multiple languages or non-
standard mathematical algorithms. 

3. Background on Project 
Prospective teachers in this study participated in monthly seminars that centered conversations 

about making visible and mitigating inequities in mathematics education, utilizing approaches such 
as funds of knowledge and anti-deficit teaching. An explicit focus on identity and power as a critical 
dimension of equity (Gutiérrez, 2012) became both an opportunity for introspection and for 
prospective teachers to see their future students as complex human beings (Gomez, Rodriguez, & 
Agosto, 2008). 

On the survey, we posed explicit prompts about how they perceived themselves and how others 
might perceive them: 

● Describe 4-5 dimensions of your identity. 
● How did the dimensions you identified affect how you were perceived as a K-12 student? 
● How do you think your professors in college perceived you? 
● How do the dimensions you identified play a role in your teaching practice? 

Our analytic framework helped us compartmentalize the data in the two dimensions 
aforementioned, identities related to prospective teachers’ (a) self-perceptions in mathematics and 
as mathematics teachers, and (b) perception of their teachers’ and professors’ conceptions of them. 

4. Findings 
The secondary mathematics prospective teachers generally had mixed (positive and negative) 

experiences with mathematics. One theme across many of the female prospective teachers’ stories 
involved gender as an important marker related to their identities. 

One prospective teacher, Mia, wrote about frequent comments from others that she did not 
“look” like she was majoring in mathematics, or more bluntly, “we do not see a lot of pretty girls 
doing math” because the stereotype is often that “nerdy” (i.e., more introspective, less attractive) 
people do mathematics. As a bisexual Hispanic prospective teacher, Mia perceived her identities as 
“not the major identities you see in people who are teaching.” She described frustration with not 
being taken seriously by many of her college professors, which she attributed to her “big 
personality.” In turn, Mia reported that her identities and experiences have inspired her to be more 
inclusive in her future classroom so that “students’ identities are celebrated and recognized.” 
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Rebecca, similarly, reflected on experiences in school where her perception of herself did not 
seem to match others’ conceptions. Rebecca thought her K-12 teachers viewed her as “less 
Mexican” than other students because she did not speak Spanish. Some of her college professors did 
not know she was Hispanic, and she felt it was “a little hurtful to know that they did not identify me 
the same way as I identified myself.” When asked about how dimensions of her identity play a role 
in her teaching practice, Rebecca emphasized the importance of not making assumptions about her 
future students and to make efforts to “ask about their culture and the parts that they think are 
important about them.” 

5. Conclusions 
By providing experiences for prospective teachers to disentangle and critically examine their 

identities, prospective teachers were able to develop orientations toward teaching mathematics that 
is more inclusive to diverse groups of students. Through unpacking these identities, prospective 
teachers developed complex competencies that promote inclusive mathematics classroom spaces for 
students to see themselves as valued. 
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Abstract. This paper reports on an ongoing action research project aimed at investigating the 
evolution of preservice primary teachers’ attitude towards mathematics and its teaching and 
at testing the effects of specifically planned interventions on this evolution. Data from 
students are collected in three significant moments of their “Teaching for the elementary 
level” bachelor studies (DFA-SUPSI, Switzerland) through an initial, an intermediate and a 
final questionnaire. These instruments are designed to investigate emotional disposition, 
perceived competence and vision about mathematics and its teaching, following the three-
dimensional model of attitude developed by Di Martino and Zan (2011). In this article, some 
preliminary analyses are presented. 

Résumé. Nous présentons un projet de recherche-action en cours visant à étudier l’évolution 
de l’attitude des futurs enseignants du primaire envers les mathématiques et leur 
enseignement et à tester les effets d’interventions spécifiquement conçues sur cette 
évolution. Les données sont recueillies à trois moments significatifs de la licence en « 
Enseignement pour le niveau primaire » (DFA-SUPSI, Suisse) à travers trois questionnaires : 
initial, intermédiaire et final. Ces instruments sont conçus pour investiguer la disposition 
émotionnelle, la compétence perçue et la vision des mathématiques et de leur enseignement, 
selon le modèle tridimensionnel de l’attitude développé par Di Martino et Zan (2011). Dans 
cet article, quelques analyses préliminaires sont présentées. 

1. Introduction 

This paper reports on an ongoing action research project aimed at investigating the effects of 
specifically planned didactic interventions, in the context of a teacher training, on the evolution of 
preservice primary teachers’ attitudes towards mathematics and its teaching. The research began in 
the academic year 2017/18, following the 72 students who were starting their bachelor’s degree in 
“Teaching for the elementary level” provided at the SUPSI’s Dipartimento formazione e 
apprendimento, in Locarno (Switzerland). The students enrolled at this teacher training generally 
come from very different school backgrounds and their mathematical knowledge is often limited. 
For many of them, school experience with mathematics has been extremely negative, with an 
impact on their attitude. 
This worrying phenomenon is well known to all mathematics teacher educators and spread in many 
countries, as documented by international research (Wood, 1987; Hannula et al., 2007; Di Martino 
& Sabena, 2011). Preservice primary teachers’ negative attitude towards mathematics risks having a 
double effect: it might affect how they approach the teacher training, as well as their identity as 
mathematics teachers and therefore their future choices in the classroom (Coppola et al., 2012; 
2013). Hence, it appears crucial that mathematics teacher education takes responsibility for this 
phenomenon, creating the conditions to reinforce or to rebuild a positive relationship with 
mathematics. In our project, we are designing and experimenting specific interventions, while 
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developing observation tools to analyze and interpret any changes in attitudes towards mathematics 
and its teaching during the training.  

2. Theoretical framework 

Since the mid-1980s, mathematics education research developed a specific interest in studying 
students’ beliefs about mathematics. This trend was born with the aim of interpreting, within 
problem solving activities, phenomena that are difficult to explain in purely cognitive terms 
(Schoenfeld, 1983). In particular, Schoenfeld (1992) highlights how students view and 
conceptualize differently mathematics and how this vision influences their behavior in problem 
solving. In the same period, drawing on the studies of Thompson (1992), an important research 
trend emerged with a focus on studying teachers’ beliefs about mathematics. The assumption behind 
these studies is that the vision of mathematics can influence teachers’ didactic choices (Calderhead, 
1996; Sbaragli, 2006; Hodgen & Askew, 2011) and teacher-student interactions (Buehl et al., 2002). 
For instance, teachers who tend to consider mathematics as a static body of knowledge to be learned 
could be more inclined to adopt approaches that emphasize technical training and memorization. 
The studies focused on students’ and teachers’ beliefs were the first step to go beyond the purely 
cognitive approach in mathematics education, assuming the influence of affective factors (emotions, 
values and attitudes in addition to beliefs) in the process of teaching-learning (McLeod, 1992). In 
this frame, attitude is considered as the more stable affective construct: in the model developed by 
Di Martino and Zan (2011), attitude towards mathematics is defined as a three-dimensional 
construct including emotional disposition, beliefs, perceived competence and their mutual 
relationships.  
Recent studies used this theoretical model to analyze the preservice primary teachers’ attitudes 
towards both mathematics and the idea of teaching it (Coppola et al., 2012). As the authors 
underline, this field is still little explored: so far, mathematics education research on teacher 
education has devoted much energy to determine the disciplinary and didactic knowledge that 
preservice teachers need, but little attention to the crucial aspect of their relationship with the 
discipline. 
In the Italian context, Coppola et al. (2012; 2013) confirm the worrying spread, among preservice 
primary teachers, of strong negative (unpleasant) emotions towards mathematics. Nonetheless, they 
highlight an interesting phenomenon: the desire for a “math-redemption”, accompanied by positive 
(pleasant) emotions related to the possibility of redeeming oneself from past experiences by 
becoming a good teacher. This desire needs for an important teacher education support in order to 
be fulfilled. 
Drawing on these studies, we developed our project in three phases: 1) collection of incoming data 
and analysis of the initial situation; 2) design and implementation of didactic interventions aimed at 
promoting a positive attitude towards mathematics according to the picture emerged in phase 1, 
collection of intermediate data, and design of observational tools to analyze the students’ attitude 
evolution; 3) collection of final data and analysis of the final situation.  
One of the main objectives of the entire project, indeed, is to compare the initial and the final 
attitudes – described in terms of emotional disposition, vision of mathematics and perceived 
competence (Di Martino & Zan, 2011) – of the individual students and analyze if and in what 
dimension(s) they have changed, also thanks to the designed didactic interventions. In this paper, 
we provide a preliminary analysis of preservice primary teachers’ incoming emotions towards both 
mathematics and the idea of teaching it, drawing on data collected at the beginning of their training, 
with some hints at their attitudes at the halfway.  



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 241 

3. Methodology 

It is important to premise that data have been collected through questionnaires, built and sent 
online. In fact, we wanted to leave the students as free as possible to participate in the survey and 
not to impose them the filling of the questionnaire during the lesson hours in classroom. For this 
reason, the number of students composing the sample will vary from questionnaire to questionnaire, 
depending on the students who decided to send their answer. Let us consider the different phases of 
the project from a methodological point of view.  
 
First phase (September - November 2017). In the initial phase of the project, we designed and 
administered a questionnaire to students in order to collect data on their incoming attitudes. This 
questionnaire was composed of three sections, one for each attitude dimension: 

•  Emotional disposition was investigated through open questions regarding mathematics, 
such as “Write the first emotion you associate with the word ‘mathematics’. Explain why 
you associate this emotion with mathematics”, “How would you define your relationship 
with mathematics?” accompanied by the description of a significant episode; and 
concerning mathematics teaching, namely “What emotion do you feel at the idea that one 
day you will teach mathematics? Explain why you think you feel this emotion”.  

•  Students’ vision of mathematics was explored by asking to indicate a good and a negative 
aspect of mathematics, with argumentation. 

•  Regarding the perceived competence, we measured the sources of self-efficacy in the 
specific context of mathematics learning through a validated measure (Ulsher & Pajares, 
2009), composed by 24 items, response format on a 5-point Likert scale, ranging from 1 
“Totally not true” to 5 “Totally true”. 

 
Second phase (November 2017 - May 2019). In the intermediate phase of the project, in 
mathematics and in mathematics education courses, students were encouraged to change or widen 
their beliefs regarding their relationship with the discipline, and constantly guided to analyze and 
reflect on their possible choices as mathematics teachers in a metacognitive perspective. In addition, 
some meetings have been devoted specifically to workshops and discussions in order to make 
students verbalize, argue and become aware of the aspects related to their attitude towards 
mathematics and to their representation of the professional identity as mathematics teachers. While 
at the beginning of the project the great part of them had never been in a classroom, at the halfway 
of their training, they have had their practical internship with pupils in the classroom every week for 
an entire day and once a semester for a longer period of three weeks. To foster the reflection on this 
teaching experiences and to monitor the evolution of attitudes towards mathematics and its 
teaching, an intermediate questionnaire was proposed in January 2019, with the following open 
question: “What emotion do you feel when you think back on the mathematical activities you have 
proposed in your internship in the classroom? Explain why you feel this emotion”. This 
questionnaire was followed in presence by a group and, then, a collective discussion, both 
organized around questions about emotions:  

a. Compared with the beginning of the training, do you feel the same emotions towards 
math and towards the fact that you will teach it? 

b. If they are different, in which way they changed? According to you, what made them 
change? 

c. Do you think that the courses and/or the internship had an impact on these emotions? 
 
Third phase (May 2019-August 2020). In the closing phase of the project, a final questionnaire has 
been designed and proposed to students (May 2019). It is composed of three sections, one for each 
attitude dimension, as the initial one. Some questions remain the same in order to facilitate 
comparison while other ones are specifically centered on the preservice teachers’ experience as 
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university students. Moreover, some additional questions are asked about their vision of 
mathematics teaching and their sense of self-efficacy as future mathematics teacher. 
 
The participants have been assigned an anonymized identification code, so that we can make a 
longitudinal comparison of the collected data. 
As mentioned before, in September 2017, the students enrolled at the first year of the bachelor’s 
degree were 72: 78% of them were women, they were between 18 and 31 years old, and came from 
different school backgrounds, as shown in Figure 1: 

 
Figure 1. School backgrounds of the participants 

4. First analyses 

We analyzed the data emerging from the initial questionnaire, in particular those related to the 
students’ emotional dispositions, which turned out to be very heterogeneous. Using Pekrun and 
colleagues’ categories as analysis lenses, we identified achievement emotions (Pekrun et al., 2007), 
related to both activity and outcomes, and epistemic emotions (Pekrun et al., 2017), related to the 
knowledge-generating qualities of cognitive activities. We analyzed such emotions in terms of 
valence (positive/negative) and activation (activating/deactivating). 
Regarding the emotion associated with mathematics (Figure 2), we identified: 

•  39 negative emotions (54%): 31 activating (e.g., anxiety); 8 deactivating (e.g., 
hopelessness); 

•  24 positive emotions (34%): 21 activating (e.g., enjoyment); 3 deactivating (e.g., relief); 
•  3 contrasting or intermediate emotions (4%) (namely, enjoyment/shame and 

enjoyment/anxiety as contrasting, while indifference as intermediate); 
•  6 non-classifiable answers (8%) that do not refer to a specific emotion. 
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Figure 2. Students’ initial emotions related to mathematics 

 
It is worthwhile noticing that negative emotions are strong and mostly activating, such as anxiety, 
fear and anguish.  
Concerning the emotions towards the future teaching of mathematics (Figure 3), data are more 
encouraging:  

•  47 positive emotions (65%): 44 activating (e.g., hope); 3 deactivating (namely, calm); 
•  5 activating negative emotions (7%) (namely, fear and anxiety); 
•  17 contrasting emotions (24%) (e.g. enjoyment/fear); 
•  3 non-classifiable (NC) answers (4%) since they do not refer to a specific emotion. 

 

 
Figure 3. Students’ initial emotions related to mathematics teaching 

 
We remark that 16 of the 22 contrasting emotions towards mathematics teaching are declared by 
students whose attitude towards the discipline is linked to negative emotions. That is why it is 
interesting to cross the two dimensions in the data analysis: the emotions towards mathematics and 
the emotions towards its future teaching. Various profiles can be identified (see Table 1 for details): 

• students whose emotions have the same characterization (positive or negative) with 
respect both to the discipline and to its future teaching;  

• students for whom the emotion is slightly different or varies greatly, even changing from 
negative to positive, if expressed in relation to the discipline or to its future teaching. 
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Table 1. Different students’ profiles according to emotions towards mathematics or its teaching. 

  Emotion towards the math teaching 

  Positive Negative Contrastin
g NC 

E
m
ot
io
ns

 
To

w
ar

ds
 m

at
h Positive 19 students 1 student 4 students 0 students 

Negative 21 students 4 students 12 students 2 students 
Contrasting/Intermedia
te 3 students 0 students 0 students 0 students 

NC 4 students 0 students 1 student 1 student 

5. Discussion and perspectives 

The first analyses we carried out show a prevalence of unpleasant emotions towards mathematics 
that can negatively influence the students’ attitude towards the discipline and its teaching. 
Preservice primary teachers need support not only on the disciplinary and didactic sides, but in 
parallel they should also be helped reflect upon their relationship with the discipline and upon their 
being mathematics teachers in the classroom. We consider essential to foster their metacognitive 
reflection upon what they were able to do and what difficulties they encountered, both as adult 
students of mathematics and in relation to their internship in the classroom, while teaching 
mathematics to pupils. Identifying and sharing difficulties and how they have coped with them is 
promoted as an important activity in their training. 
Students’ preparation, in fact, without a specific work on attitudes, could be undermined as soon as 
negative emotions, twisted beliefs or a weak sense of self-efficacy regarding mathematics and its 
teaching prevail.   
For example, one of the students, in the initial questionnaire, associated the emotion of anxiety with 
mathematics. However, the emotion she expressed at the idea of teaching mathematics one day was 
contrasting: a mix of anxiety, fear and calm. This case shows how important is to analyze the 
justifications that each student gave with respect to the emotions expressed. To this purpose, we are 
analyzing all the students’ open answers to find reasons for specific emotions. The above-mentioned 
student, for instance, justified her anxiety towards mathematics as follows: “I had teachers in high 
school who made me feel this way every time I entered the classroom”. At the same time, 
concerning emotions towards mathematics teaching, she wrote: “I feel a bit of anxiety anyway, 
because of my ‘bad’ past with this subject, but on the other hand the fact that I will teach in a 
primary school calms me down, because it is not the mathematics I had difficulty with (which was 
high school mathematics). However, there is a part of me that is a little bit scared because I want to 
be able to teach it well, so that my future pupils will not find themselves in the same situations as me 
(suffering because I did not understand anything)”. Notice that her attitude towards mathematics 
was clearly influencing her attitude towards mathematics teaching. Negative emotions towards 
mathematics were mixing with her desire of a math-redemption (Coppola et al., 2012).  
In this regard, concerning the evolution of students’ attitudes especially in the emotional dimension, 
which is the object of this paper, we already have some promising data from the intermediate 
questionnaire that has been sent back by 32 students. Our analyses are ongoing, but we can identify 
a generally positive trend regarding the emotions towards mathematics teaching. Anyway, there are 
also some non-negligible cases in which the trend is slightly negative (see Table 2 for details).  
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Table 2. Emotions towards mathematics teaching in the intermediate questionnaire compared to 
those of the initial questionnaire. 

 Initial emotion Intermediate emotion Number of students 

14 stable cases 
Positive Positive 13 

Negative Negative 1 

10 positive trends 

Contrasting Positive 7 

Negative Positive 2 

Negative Contrasting/Intermediate 1 

8 negative trends 

Contrasting Negative 1 

Contrasting Contrasting 1 

Positive Contrasting 5 

Positive Negative 1 

 
The reported trend is encouraging for our research project. Moreover, in the discussion meeting 
held after the intermediate questionnaire, some students confirmed that something has been 
changing. They also provided reasons of this evolution; for instance, one of them claimed that her 
vision of mathematics teaching has been changing, and she made explicit reference to the courses: 
“[The change has happened] with the courses we have done here. The aspects of the a-didactic and 
laboratory situations, in which children build their knowledge, leads us to have a more open vision 
and not to consider mathematics as mechanics. Here we have been offered many ideas and we have 
been able to realize some of them in our internship”.  
 
 
Feedback of this kind are important for us, since with our action research we expect to have an 
influence on the teacher education courses offered by our Department: not only for the bachelor’s 
students involved in the project, but also for future pre- and in-service teachers, with indirect effects 
on their pupils. Our ambition, in fact, is to succeed in intervening significantly, at least at a local 
level, in the dangerous cycle that transforms students with a negative attitude towards mathematics 
into future teachers with a negative attitude towards mathematics and its transposition into the 
classroom, with harmful consequences for their pupils. After all, already in the ‘70s, Mihalko (1978, 
p.36) wrote: “[Mathematics teachers] cannot be expected to generate enthusiasm and excitement for 
a subject for which they have fear and anxiety. If the cycle of mathophobia is to be broken, it must 
be broken in the teacher education institution”. 
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Abstract. This study analyses school mathematics teachers’ attitudes towards using 
provocative mathematics questions in teaching and assessment as a potential pedagogic 
innovation. By a provocative mathematics question, we mean here a non-routine 
mathematics question/problem that looks like a simple routine task but, in fact, it has some 
catch. It normally calls for an impossible task. For example, the question might ask for a 
proof of something that is not provable; or show the existence of a solution of an equation 
that does not have a solution; or find a certain feature or characteristic (e.g. area, derivative) 
of a mathematical object (e.g. triangle, function) in a case where the object itself does not 
exist. Often a catch is based on a restricted domain or indirectly prompts the use of a rule, 
formula, or theorem that is inapplicable due to their conditions/constraints. Five groups of 
school mathematics teachers did a mini-test consisting of provocative questions. A post-test 
questionnaire was given to the teachers to obtain their feedback on the possible use of 
provocative questions in their teaching practice. Teachers’ responses are discussed and 
analysed in the paper. 
 
Abstrait. Cette étude analyse l’attitude des enseignants de mathématiques à l’école vis-à-vis 
de l’utilisation de questions mathématiques provocantes dans l’enseignement et dans 
l’évaluation comme une innovation pédagogique potentielle. Par question mathématique 
provocante, nous entendons ici une question / problème mathématique non courant qui 
ressemble à une tâche routinière simple mais qui, en fait, a un piège. Cela appelle 
normalement une tâche impossible. Par exemple, la question peut demander une preuve de 
quelque chose qui n’est pas prouvable; ou montrer l'existence d'une solution d'une équation 
qui n'a pas de solution; ou trouvez une certaine caractéristique ou caractéristique (par 
exemple, une zone, une dérivée) d'un objet mathématique (par exemple, un triangle, une 
fonction) dans un cas où l'objet lui-même n'existe pas. Souvent, une capture est basée sur un 
domaine restreint ou implique indirectement l'utilisation d'une règle, d'une formule ou d'un 
théorème inapplicable en raison de leurs conditions / contraintes. Cinq groupes de 
professeurs de mathématiques ont fait un mini-test composé de questions provocantes. Un 
questionnaire post-test a été remis aux enseignants pour obtenir leurs réactions sur 
l'utilisation éventuelle de questions provocantes dans leur pratique pédagogique. Les 
réponses des enseignants sont discutées et analysées dans le document. 
 
MSC: 97D, 97C, 97A 

 
1. Introduction 

 
Everyone can make and face mistakes in their life. The reality is that mistakes, errors, incorrect 
statements and misinformation are everywhere. Some of them are unintentional but some are made 
deliberately in order to mislead, misguide, and misinform like for example fake news. Regardless of 
the nature of a mistake, an ability to recognise it and act accordingly is a valuable skill. School 
mathematics curricula in all countries of which we are aware require the development of students’ 
mathematical ways of thinking, in particular critical/analytical thinking as a learning outcome. 
Attention is also paid to developing students’ confidence in mathematics. For example, the Finish 
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Mathematics Curriculum specifically states that the students in the last 3 grades (6-9) should “learn 
how to trust themselves in mathematics” (Finnish National Board of Education, 2004, p.161). The 
Mathematics Curriculum in India “is explicit in mentioning the importance of encouraging children 
to freely express thoughts and emotions; this is seen to be a way to avoid copying what the teachers 
say. Children should develop their own voice”. (Sumpter, 2015, p.127). Critical thinking is 
beneficial not only in the academic environment but also in other areas of life. Developing a 
sceptical habit of mind to analyse a mathematics question in a classroom should enhance an ability 
to analyse critically other situations outside mathematics. This is an important component of the 
theory of formal discipline, which asserts that mathematical understanding can be valuably 
transferred to other situations, see Inglis & Attridge (2017). It includes an ability to spot a mistake 
and avoid becoming the victim of mistakes.  
 

1.2. Examples of Mathematical Mistakes 
 

Mathematics is not immune from mistakes. Mistakes are in mathematics textbooks and dictionaries 
published by reputable publishers, highly ranked international research journals on mathematics 
education and national school exams. The four examples below would frustrate many mathematics 
teachers and lecturers. 
 
Example 1. The textbook on engineering mathematics by Bolton (1997): “With a continuous 
function, i.e. a function which has values of y which smoothly and continuously change as x 
changes for all values of x, that we have derivatives for all values of x.” (p. 332). 
 
Example 2. The Collins Reference Dictionary of Mathematics by Borowski & Borwein (1989): 
“The function ! = (! + 2) whose graph is shown Fig.102…” (p.132). 
 

                                                     
 

Figure 1. Copy of Figure 102 from Example 2. 
 
Example 3. The journal article published in a top international journal in mathematics education 
(Saenz-Ludlow & Walganuth, 1998): “For both equations !! + 2! + 1 = 0 and sin2x = 1 the equal 
symbol means equality for only 2 values of x”. (p.155). 
 
Example 4. The national school mathematics exam in New Zealand in 2000 where all four choices 
provided in a multi-choice question asking to match the correct graph of the quadratic function 
! = − ! + 2 ! + 3  were wrong. That led to a series of discussions nationwide including an article 
in the leading newspaper “The New Zealand Herald”. The extract from the article is in figure 2: 
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Figure 2. The extract from the newspaper in Example 4. 
 
There are human inconsistencies even in typesetting mathematics, which could lead to error. 
Fateman & Caspi (1999) provided many examples of ambiguous use of writing mathematical 
expressions. One example is below: 
 
Example 5. “We can argue that 1/2π means 1/(2π) because if we had meant π/2 we would have 
written it that way. Indeed, such hackishness has been encoded deliberately in Scientific Workplace, 
which interprets sin π/2 as sin(pi/2) but the more general sin a/(b+c) as !"#!!!!  . There is an 
opportunity to ask the system to explain unambiguously what its interpretation is in such cases, but 
in our experience it is in human nature to fail to check such matters when they really count.” (p.10). 
 
The computer algebra community have been key in trying to avoid mistakes. Interesting examples 
are given in (Stoutemyer, 2011): “Most publications containing the Cardano solution of a cubic 
equation do not mention that his formula is not always correct for non-real coefficients. 
Consequently this formula has been misused by many people, including some computer algebra 
implementers, such as me. The consequences can be disastrous.” (p.865). 
 
We all notice mathematical mistakes from time to time in our everyday life, in particular in the 
media. Collections of mathematical mistakes can be a good resource for teachers like, for example 
the Australian project “Numeracy in the News” (https://www.tas-education.org/numeracy/). Here is 
one example from this resource: “…the case of an opposition member of the Tasmanian parliament 
who was outraged by the supposed drop of 500% in the tax paid by the local casino on its poker 
machine profits” (Watson, 2008, p.6). Another good resource is MisMaths, “a collection of 
mistakes, misconceptions and misrepresentations involving mathematics, which have appeared in 
some media or other, at some time” (http://www.cleavebooks.co.uk/trol/mismaths/trolmm.htm). 
Here is an example from that resource: “The ship is facing the wrong way and will need a 360° turn 
before sliding through the relatively tiny harbour entrance”. One of the most famous books 
presenting a big collection of incorrect and misleading graphs published in books, magazines and 
newspapers is “How to Lie with Statistics” by Huff (1954).  
 
Unfortunately, not all mathematical mistakes are just funny slips. Some of them led to tragedies. 
The recently published book “Humble Pi: A Comedy of Maths Errors” (Parker, 2019) in spite on its 
light subtitle presents many tragic real cases when mathematical mistakes caused the death of 
people. One such chilling story happened in 1986: “When the space shuttle Challenger exploded 
shortly after launch on 28 January 1986, killing all seven people onboard, a Presidential 
Commission was formed to investigate the disaster. As well as including Neil Armstrong and Sally 
Ride (the first American woman in space), the commission also featured Nobel prize-winning 
physicist Richard Feynman… The Challenger exploded because of a leak from one of the solid 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 250 

rocket boosters… The performance of the rubber O-rings was definitely the primary cause of the 
accident and remains the headline finding that most people remember… But Feynman also 
uncovered a second problem with the seals between the booster sections, a subtle mathematical 
effect... Checking if a cross-section of a cylinder is still circular is not that easy. For the boosters, 
the procedure for doing this was to measure the diameter in three different places and make sure 
that all three were equal. But Feynman realized that this was not sufficient… As well as the O-ring 
findings, and recommendations for how NASA should handle communication between the 
engineers and management, there is Finding #5: ‘significant out-of-round conditions existed 
between the two segments’. NASA undone by simple geometry.” (Parker, 2019, pp.75-77). The 
simple geometry is the fact that the converse of the statement “if we have a circle then the diameter 
is constant” is false, for example the Reuleaux triangle. However, the NASA engineers used the 
wrong criterion of a constant diameter to identify a circular shape. That mathematical error 
contributed to the disaster as reported in Finding #5 of the Investigation Report quoted above. 
  

1.3. How to Deal with Mathematical Mistakes 
 
In spite of the clear evidence of existence of mathematics mistakes and misuses of mathematics, 
there is scant mathematics education research conducted on how to deal with this issue. One 
obvious way is to improve the quality of published resources on mathematics. At the very least, 
mathematics teachers should carefully select teaching materials (textbooks, websites, articles, etc.) 
before accepting and recommending them as teaching/learning resources for their students. Some 
countries take it seriously and impose fines on publishers that publish textbooks with mistakes: “In 
a recent review of textbooks proposed for adoption in California, a panel of mathematicians found 
hundreds of errors. While the mistakes ranged from a missing equals sign to a muddy explanation 
of the quadratic equation, it was their pervasiveness that surprised state officials most…"It was 
shocking," said Cathy Barkett, the administrator of the curriculum-frameworks and instructional-
resources office. "In one 200-page text, 50 of the pages had errors."…Hefty fines will be levied for 
mistakes that publishers had previously agreed to correct--up to $25,000 and 1 percent of the sales 
for major errors that impede student learning, and $5,000 for less serious ones”. (Manzo, 1999, 
pp.6-7). Kajander and Lovric (2009) investigated the role of mistakes in mathematics textbooks in 
developing students’ misconceptions. They conclude: “Situations leading to potential 
misconceptions occurred consistently in multiple sources. Acknowledging that textbooks remain a 
fundamental teaching resource, we suggest that more attention be paid to the presentation of 
mathematics. Furthermore, analyses of textbooks should include developmental as well as subject 
matter scrutiny” (p.180). Another way to deal with mathematics mistakes is try to prevent them. 
Sangwin (2015) claims that “many of the classic problems, fallacies or examples of false reasoning 
can be avoided by using an audited elementary algebra. The word audited refers to the explicit 
tracking of domains throughout the calculation. Auditing (i) eliminates many of the problems of 
spurious or missing solutions when solving equations, (ii) reveals where in a chain of reasoning 
such problems occur, and (iii) is a natural extension of algebra which does not introduce any 
artificial devices” (p.298). Cipra (2000) suggests a number of strategies and a series of exercises in 
calculus to look for possible mistakes and “how to find them before the teacher does”. He argues: 
“Everybody makes mistakes. Young or old, smart or dumb, student or teacher, we all make ’em. The 
difference is, smart people try to catch their mistakes” (p.xi).  
 
A common way to prepare students to deal with mathematical mistakes is asking them to disprove 
incorrect mathematical statements by counterexamples. In an international study (Gruenwald & 
Klymchuk, 2003) involving more than 600 students from 10 universities in different countries, 92% 
of the participating students found the use of counterexamples to be very effective. The students 
reported that it helped them to understand concepts better, prevent mistakes, develop logical and 
critical thinking, and made learning mathematics more challenging, interesting, and creative. A 
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practical experience of using counterexamples as a pedagogical strategy in an introductory calculus 
class was shared in Klymchuk (2014). Some of  the strategies include: “On different occasions, I 
have given students mixtures of correct and incorrect statements,  asked students to create their own 
wrong statements and associated counterexamples,  made deliberate errors in my lecture and moved 
on with the  hope that students would detect them,  asked  students to spot errors in their textbook, 
given students extra credit for providing counterexamples to challenging statements I posed in class, 
and included on assignments and tests questions that require students to construct counterexamples” 
(p.1264). A collection of incorrect statements in an introductory calculus and suggested 
counterexamples illustrated by graphs can be found in Klymchuk (2010). Abramovitz, Berezina and 
Berman (2003) shared their similar practical experience of giving students incorrect proofs and 
asking them to identify mistakes (by a definition it is a sophism although the authors did not use this 
word). They also used such tasks in tests and exams. The feedback from their students was very 
favourable and the authors concluded: “It was found that explaining the mistakes is an effective 
way to improve students’ understanding of the theory. Examinations are an essential part of the 
learning process, a part that is highly respected by students. Motivated by these remarks we 
discussed in this paper several examples of wrong proofs used to help the students to understand 
some fine points in calculus and improve their understanding of the subject.” (p.764).  
 
An innovative pedagogical strategy to prepare students and teachers to deal with mathematical 
mistakes and enhance their critical thinking was suggested in Klymchuk (2015). The idea was to 
use so-called provocative questions. A provocative question is a non-routine mathematics question 
that looks like a simple routine task but in fact, it has some catch. It normally calls for an impossible 
task. For example, the question might ask for a proof of something that is not provable; or show the 
existence of a solution of an equation that does not have a solution; or find a certain feature or 
characteristic (e.g. area, derivative) of a mathematical object (e.g. triangle, function) in a case where 
the object itself does not exist. Often a catch is based on a restricted domain or indirectly prompts 
the use of a rule, formula, or theorem that is inapplicable due to their conditions/constraints. A 
provocative question often provokes a solver to find a wrong solution. The intention of using such 
questions is to test solver’s attention, critical thinking and confidence in a hope that they would find 
and avoid the catch. Provocative questions as understood in this paper closely relate to recreational 
mathematical puzzles. Probably the first provocative mathematics question in the Western history 
was posed by Alcuin of York, an English scholar born around 732 AD, in his book “Problems to 
Sharpen the Young”. An annotated translation of his book Propositiones ad acuendos juvenes, the 
oldest mathematical problem collection in Latin, is given in Harley and Singmaster (1992). One of 
the 56 problems presented in the book asks for an impossible task:  

“Problem 43. A man has 300 pigs and orders that they are to be killed in 3 days, an odd 
number each day. (There is a similar puzzle with 30 pigs). What odd number of pigs, either of 
300 or of 30, must be killed each day?” (p.121).  

 
Provocative questions can often be found in books on puzzles. An example of an impossible task 
from Badger et al. (2012) is below: 

“Task 8. There are two telephone poles, perpendicular to level ground. Each one is 30 m tall. 
The poles are an unknown distance apart. A 50 m cable is to be strung from the top of one 
pole to the top of the other. Because the cable is heavy, it will of course droop and take up the 
shape of a catenary. What must the distance between the two poles be so that the lowest point 
of the cable touches the ground?” (p. 6). 

 
Many teachers use puzzles in a classroom as a fun break. However, specifically designed 
provocations tailored to the topic and used not only in a classroom but also in assessment is a 
pedagogical strategy we seek to investigate. This paper deals with school mathematics teachers’ 
attitudes towards this strategy. 
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2. The Study 

 
At the first stage, a mini-test consisting of 7 provocative questions and a post-test questionnaire 
were given to four groups of school mathematics teachers from Germany, Hong Kong, New 
Zealand and Ukraine to investigate teachers’ level of attention (Klymchuk, 2015). Later, the same 
study was replicated in Australia and reported in Brown (2018). The total number of participants in 
all five groups was 127. In spite of the warning that some questions might contain a catch, the 
majority of the teachers solved most of the questions incorrectly.  
Examples of the questions from the mini-test are below. 
 

Question 1. Find the area of the right-angled triangle if its hypotenuse is 10 cm and the height 
dropped on the hypotenuse is 6 cm. 
 

 
 
 
 
 
 

Figure 3. The diagram for Question 1. 
 
Solution: There is no sense to talk about the area, as the triangle does not exist. By the Thales’ 
theorem, the hypotenuse in a right-angled triangle is a diameter of its semicircle so in this case the 
height cannot be bigger than 5 cm. 
 

Question 4. Prove the identity .)cos1(sin 2 xx −=  
Solution: The ‘identity’ is not true. Squaring both sides does not prove it because this operation is 
irreversible. It is not an identity but an equation with infinitely many solutions [ ])12(,2 +∈ nnx ππ .  
 

Question 6. Find the derivative of the function )4)3sin(2ln( −= xy . 
Solution: The derivative does not exist because the function does not exist, as the argument of the 
log function is always negative. 
 
The above two studies analysed teachers’ feelings and reasons for their performance on the test 
using theories of selective, divided and focused attention from psychology and Mason’s (2002) 
concept of discipline of noticing. This paper focuses on teachers’ responses to the last question of 
the questionnaire, in particular on the use of provocative questions in assessment. 
The last question of the questionnaire is below. 
 

Question 3. Would you make any changes in your teaching practice after doing the test? If so 
– which changes? If not – why? 

 
In both German and New Zealand groups (10 and 14 teachers respectively), all participants reported 
that they would make changes in their teaching practice after doing the test. Common comments 
were as follows: “Introduce tricks like this to class to make them think; keep encouraging and 
creating environment where a deep conceptual knowledge is cultivated; encourage and reward 
checking of answers; more emphasis on the validity of solutions; teach them to examine the 
question thoroughly; give students more questions that will force them to think about the conditions 
surrounding the questions; I would encourage students to think through questions carefully; I try to 

	

10cm
m 

   6cm 
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make my students think more about restricted domains, check solutions and not trust graphical 
calculators; give them problems occasionally that will ‘trip’ them up if they have not gone back and 
re-assessed their solutions; more emphasis on the nature of problem solving; stop answering 
impulsively, think before respond; I will expose students to such questions to get them to think 
more deeply about the conditions; re-think exercises; discuss more special cases; implementing 
exercises with surprising answers; more emphasis on self-control”. Only one teacher made the 
comment related to assessment: “Unless it is an element of the assessment I might not have time.” 
 
In the Hong Kong, Ukrainian and Australian groups (26, 26 and 51 teachers respectively), about 
half of the participants reported that they would make changes in their teaching practice with 
common comments as follows: “stimulate student’s thinking, solving the questions not only 
according to an algorithm, be attentive rather than solving automatically, develop logical thinking, 
develop thoughtfulness and reasoning; it is very easy to follow a rule / algorithm / formula, but 
unless you have the understanding ‘why’ you cannot see when there may be no solution”. The other 
half reported that the questions from the test were not common and not part of assessment and 
therefore they would not change their teaching practice. The most strong comments about rejecting 
provocative questions in teaching and assessment came from the Australian group: “In my teaching 
practice my students are given only problems which are possible to solve, they follow the script; at 
school we don’t tend to pose impossible questions; exams always have questions which make sense, 
so why teach them beyond the process; I am worried that in an assessment they will become 
absorbed by looking for the trick and waste precious time, as the assessments they do, do not have 
trick questions; we are trying to get them to be successful in their WACE [West Australian 
Certificate of Education] exams after all”.  
 

3. Discussion and Recommendation  
 
About 60% of the participants from both studies reported that they would make changes in their 
teaching practice by introducing ‘trick’ questions in their teaching, encouraging students to 
‘question the question’ and analysing conditions and constraints before applying a certain formula 
or theorem. The remaining 40% of the participants probably tend to ‘teach to the test’ which 
consists mainly of procedural routine questions. They clearly indicated that they would not use 
provocative questions, as they are not in the assessment. Brown (2018) argues: “If senior secondary 
mathematics assessments contain few questions which explore full understanding, the questions 
presented to “trusting” students must be routine, the content pre-negotiated and expected. Students 
who are not exposed to the risk of losing their self-confidence are therefore not being challenged in 
assessments to demonstrate more than procedural competence. This suggests there may be a 
conspiracy between teachers and their students to avoid coverage of true conceptual understanding 
in senior school mathematics tests and examinations.” (p.191). Klymchuk (2015) suggests: 
“Including the type of questions from the mini-test into the assessment would encourage those 
teachers to pay more attention to details and analysis and enhance such skills in their students. After 
all, many situations in real life do not have a single ‘correct’ answer as is the case with routine 
questions from traditional assessments in mathematics.” (p.69).  
 
It is easy to create or collect provocative questions at any level, use them in a classroom and include 
them into assessment. For example, in an introductory calculus course along with a routine 
procedural question like “Find the derivative of the function ! = cos ln !” one can include the 
provocative question “Find the derivative of the function ! = ln ln sin !” that tests completely 
different skills (the Chain Rule is not applicable as the function has an empty domain). Or, along 
with a conceptual question like “Sketch a graph of the derivative of the function based on the graph 
of the function provided” one can include the question “Sketch a graph of a function that is 
differentiable on the interval (a,b) and discontinuous at least at one point on (a,b)” that tests 
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completely different skills (it is impossible as a function differentiable on (a,b) is continuous on 
(a,b). At a lower level, one can include questions like these “Show that the area of the triangle with 
the sides 20 cm, 10 cm and 8 cm is larger than 50 cm2” or “Explain why a longer number means a 
larger number” or “Prove that the orange rectangle on the right has a larger area than the orange 
rectangle on the left in figure 4”. 

 
 

 
 

Figure 4. The diagram for the question on the areas of the rectangles. 
 

There is another cunning way to create a provocative question apart from asking someone to do an 
impossible task in a way that it looks like it is possible. The trick is to deliberately divert attention 
into a wrong direction of thinking. As an example, let us look at the following recreational puzzle. 
 
Puzzle. Two coins total 30 cents. One of them is not a 10-cent coin. What are these coins? 
 
Using italic font to emphasise the word ‘not’ the attention is deviated to the wrong direction of 
thinking such that there are no 10-cent coins. Surprisingly, many people are stuck with this simple 
puzzle as they replaced the condition ‘one of them’ with ‘none of them’ due to the shift of attention. 
 
Another example of the diversion of attention is demonstrated by the following famous conjunction 
fallacy created by psychologists Tversky and Kahneman (1983). 
 
“Linda Problem. Linda is 31 years old, single, outspoken, and very bright. She majored in 
philosophy. As a student, she was deeply concerned with issues of discrimination and social justice, 
and also participated in anti-nuclear demonstrations. Which is more probable: 

a) Linda is a bank teller. 
b) Linda is a bank teller and is active in the feminist movement.” 

 
Here the Linda’s background provokes to the wrong thinking. In spite of the clear logical reasoning 
that the conjoint statement is less probable, between 85% and 90% of people participated in 
multiple experiments of Tversky and Kahneman gave the wrong answer (b). 
 
There are well-known collections that can inspire the design of provocative questions, see for 
example: Maxwell (1959), Northrop (1945), Posamentier & Lehmann (2013). The website 
resources like Numeracy in the News and MisMaths mentioned earlier are also useful.  
 
Typical assessment in mathematics consists of the following three types of questions/problems: 
procedural, conceptual and applications. In the vast majority of such questions, all conditions of 
theorems/formulas/rules are met. Therefore, students might develop a habit of applying formulas 
and rules without checking the conditions/constraints. In real life, not everything behaves so nicely 
and ignoring conditions/constraints might lead to significant and costly errors. The intention of 
including provocative questions in mathematics assessment is to prepare students for real life by 
enhancing their critical thinking that includes the abilities to analyse questions and recognize 
mistakes. These abilities can be transferred outside mathematics classroom into everyday life so 
students become better-informed citizens. As a pedagogical strategy, provocative mathematics 
questions are deliberately designed to mislead the solver. They demonstrate the importance of being 
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alert and ready to analyse everything. They enhance a habit of questioning the question and not to 
take anything for granted which is an essential part of a mathematical way of thinking. We suggest 
including provocative questions as the fourth type of questions in any mathematics assessment 
along with the common three types - procedural, conceptual and applications. There might be a 
better and more positive word to describe this type of questions instead of ‘provocative’. We 
suggest that the inclusion of provocative questions should be gradual: first use them as an 
additional, extracurricular activity; then include them in the mathematics curriculum and 
subsequently into formative assessment and later summative assessment. Practice in solving and 
posing provocative questions should be an integral part of training of prospective mathematics 
teachers, and is included into professional development of in-service school mathematics teachers. 
Taking into account a solid professional background of mathematics teachers, the investment in 
training them in using provocative questions in a classroom and assessment might be very small – 
attending just 1-2 seminars or workshops – however the benefits for their students and society is 
enormous. These benefits include but not limited to recognising mistakes and fake news, identifying 
contradictory information, eliminating impossible cases, using sceptical and unbiased analysis, 
making rational judgement and decisions based on factual evidence, and other traits of critical 
thinking. 
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Abstract. This work aims to identify what are the criteria used by groups of teachers, in the 
instructional processes (design, implementation and reflection/redesign), carried out in 
Lesson Study (LS) experiences. The theoretical tool Didactical Suitability is used for the 
qualitative analysis of two videos. As a result, it is inferred that groups of professors 
implicitly use some of the components and indicators of the Didactical Suitability Criteria 
(DSC). In addition, it is concluded that the LS methodology becomes a type of training 
device that promotes that some of the indicators and components of the DSC arise as 
consensus in the reflection of the group of professors.  

Résumé : Ce travail vise à identifier quels sont les critères utilisés par les groupes 
d'enseignants, dans les processus pédagogiques (conception, mise en œuvre et 
réflexion/redéfinition), menés dans les expériences de Lesson Study. L'outil théorique de 
pertinence didactique est utilisé pour l'analyse qualitative de deux vidéos. On en déduit que 
des groupes de professeurs utilisent implicitement certains des éléments et indicateurs des 
Critères de pertinence didactique. En outre, il est conclu que la méthodologie des lesson-
studies devient un type de dispositif de formation qui favorise l'utilisation de certains 
indicateurs et composants des critères de pertinence didactique comme consensus dans la 
réflexion du groupe de professeurs. 

1. Introduction 

Many trends related to teacher training, whether initial or continuous, suggest that teacher research 
and reflection on their own practice are key elements for professional development and the 
improvement of teaching. In that sense, since the Didactics of Mathematics, different proposals 
have emerged that provide conceptual frameworks related to the development of reflexive 
competence, such as: the competence to look meaningfully (Mason, 2002), the professional look 
(Llinares, 2012 ), the methodology of the study of the concept (Davis, 2008), the mathematical 
knowledge for a quality mathematical teaching (Hill et al., 2008), the Lesson Study (LS) 
methodology (Fernández & Yoshida, 2004) and the notion of didactical suitability (Font et al., 
2010; Godino et al., 2019). 
LS has to do with a research activity in the classroom (Burghes & Robinson, 2010; Ponte et al., 
2012), since it allows the development of reflexive competence during the realization of the 
teaching activity. On the other hand, the Ontosemiotic Approach of Mathematical Knowledge and 
Instruction (OSA) (Godino et al., 2019) provides us with the Didactical Suitability Criteria (DSC), 
and its breakdown into components and indicators, as a tool to structure the reflection teacher. From 
this perspective, these criteria can be used to guide the teaching and learning processes of 
mathematics and to evaluate their implementation. As has been done in different training processes 
in some countries (Font et al., 2017; Pochulu et al., 2016; Seckel & Font, 2016). Therefore, DSC 
are, first of all, principles that indicate how things should be done and, secondly, they help in the 
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evaluation of the study process carried out (Breda et al., 2015; Breda et al., 2018). Each of these 
methodologies has advantages and limitations. 
In line with investigating the role of teacher reflection as a strategy for their professional 
development and as a tool for the improvement of teaching and learning of mathematics, the 
objective of this work is to identify what are the criteria used by two groups of teachers of primary - 
to guide their practices - in the phases of design, implementation and reflection of the instructional 
processes carried out within the framework of an experimentation of the LS methodology. 
After this introduction, the second section of this document presents the theoretical framework used 
and a review of the literature on this topic: Lesson Study and Didactical Suitability Criteria. In the 
third section, the methodology used is presented. In the fourth section the analyses of the data are 
presented and, in the fifth, a discussion about the results and some final considerations.  

2. Theoretical Framework 

This section presents the theoretical framework used: the Lesson Study (LS) methodology and the 
Didactical Suitability Criteria (DSC) tool and a brief review of the literature is made. 

2.1 Lesson Study (LS) 

The LS methodology emerged in Japan as a teacher professional development strategy. It focuses on 
collective learning based on teaching practice. It basically consists of the collaborative design of a 
class, its implementation and direct observation in the classroom, and a subsequent group analysis 
(Fernandez & Yoshida, 2004; Lewis, 2002; Murata & Takahashi, 2002; Wang-Iverson & Yoshida, 
2005; Hart et al., 2011). LS are methodologies of teaching work supported by research attitudes and 
collaborative practices among teachers, which seek, at the same time, the improvement of teaching 
practice and student learning and the professional development of teachers. 
The idea is that teachers meet with a common problem about their students' learning, plan a lesson 
for the student to learn, and, finally, examine and discuss what they observe in such 
implementation. Through multiple interactions, teachers have many opportunities to discuss student 
learning and how teaching affects them. This methodology can consists of four stages: class 
planning; class performance and observation; joint reflection on the recorded data and redesign; but 
there is no explicit guideline that guides reflection and decision making. To investigate what are the 
criteria that guide the practices and how they are generated in an LS experience, the notion of 
didactical suitability has been used. 

2.1 Didactical Suitability Criteria (DSC) 

The DSC proposed in the theoretical framework OSA, are intended to be a partial response to the 
following problem: What criteria should be used to design a sequence of tasks that allow the 
evaluation and development of students' mathematical competence and what changes must be made 
in their redesign to improve the development of this competence? DSC can first serve to guide the 
teaching and learning processes of mathematics and, second, to assess their implementations. In the 
OSA the following DSC are considered (Breda et al., 2017): 1) Epistemic Suitability refers to the 
teaching of “good mathematics”. In order to achieve this, in addition to considering the approved 
curriculum, the intention is to refer to institutional mathematics that have been incorporated into the 
curriculum. 2) Cognitive Suitability refers to the extent to which applied/desired learning is within 
the parameters of the students’ potential development, as well as the correlation between what the 
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students indeed learn and the applied/desired learning. 3) Interactional Suitability is the extent to 
which the means of interaction allow conflicts of meaning to be identified and solved and how 
interaction methods favour autonomous learning. 4) Mediational Suitability is the degree of 
availability and aptness of time and material resources necessary for the development of teaching-
learning processes. 5) Affective Suitability refers to the degree of the students’ involvement 
(interest, motivation) in the study processes. 6) Ecological Suitability is the extent to which the 
process of study is adapted to the centre’s educational project, the curricular norms and the social 
environment. 
The operability of the DSC requires defining a set of observable indicators, which allow assessing 
the degree of suitability of each of these criteria. For example, there is a consensus that it is 
necessary to implement “good” mathematics, but it is possible to understand very different things 
about it. In Breda and Lima (2016), Seckel and Font (2016), Breda et al. (2017) and Breda et al. 
(2018) a system of indicators is provided that serves as a guide for the analysis and assessment of 
didactical suitability, which is intended for an instructional process at any educational stage and 
explains how these criteria have been generated and their respective components and indicators. 
The criteria and components of didactical suitability are detailed below (more details in Breda et al., 
2018) (Table 1). 
 
Table 1. Didactical Suitability Criteria and components. 
 

DSC Component 

Epistemic (IE1) Errors, (IE2) Ambiguities, (IE3) Process wealth, (IE4) 
Representativeness 

Cognitive (IC1) Prior knowledge, (IC2) Curricular adaptation to individual 
differences, (IC3) Learning, (IC4) High cognitive demand 

Interactional (II1) Teacher-student interaction, (II2) Student interaction, (II3) 
Autonomy, (II4) Formative evaluation 

Mediational (IM1) Material resources, (IM2) Number of students, class 
schedule and conditions, (IM3) Time 

Affective (IA1) Interests and needs, (IA2) Attitudes, (IA3) Emotions 

Ecological (IEC1) Curriculum adaptation, (IEC2) Intra and interdisciplinary 
connections, (IEC3) Socio-labor utility, (IEC4) Didactic innovation 

 
 
As shown in the literature review conducted in Breda et al. (2015), the notion of didactical 
suitability had a relevant impact on teacher training in different countries (Mallart et al., 2015; 
Seckel & Font, 2015; Pochulu et al., 2016). This impact is related to the idea that one of the 
components of the teacher's didactic-mathematical knowledge is one that allows the assessment and 
justification of the improvement of the teaching and learning processes of mathematics. 

3. Methodology 

In this research, exploratory and analytical-interpretive, the qualitative analysis of two videos that 
present different stages of LS experiments is carried out, with the purpose of examining what were 
the criteria used by the groups of teachers to guide their instructional processes (design, 
implementation and reflection). 
After a search for different videos about LS on the YouTube web platform, these two videos were 
selected for three reasons. The first was the significant number of visualizations they present on the 
web platform. The second is because in these videos the LS process can be observed almost 
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completely, that is, there is a design phase, an implementation phase and a reflection phase. And 
third, because one of the videos is about an experience of LS in Japan, the East, and the other is 
about an experience of LS in Chile, the West. 
In the analysis process, we first sought to select considerations used by teachers to support the 
sequence of tasks proposed in their classes. Secondly, it was analysed whether these considerations 
can be considered as evidence of implicit use of some of the components and indicators of DSC. In 
a way it is a "content analysis" of the interventions. To do this, the two videos were first transcribed, 
so that the information units were all the interventions of the participating teachers. Next, the 
consecutive interventions that the authors considered as evidence of an implicit use of a component 
or indicator of a DSC were grouped. Finally, this analysis was triangulated with an expert in the use 
of DSC. 

4. Analysis of videos of Lesson Study 

4.1 Japanese Lesson Study Video 

The first video analysed is an instructional process carried out by a second grade teacher at the 
Japanese primary school. At the end of the classes, professor P starts planning the class he will 
implement in the following week. The theme of the class he is planning is the subtraction. In 
particular, the class focuses on subtracting from a three-digit number a two-digit number, so that the 
result is a one-digit number, and, for that, the teacher uses subtraction problems in which you have 
to fill in the blanks when only the result is known. 
Now, the teacher's first formulation is not very clear since it literally says the following: 
P: With that kind of problem only one or two digits are hidden. I will not hide the two numbers in 
the subtraction problem. The answer is there. Students have to find out the subtraction equation that 
leads to that answer. I think it will be enough to attract your attention to the problem. 
From what is observed in the subsequent implementation, when he says digits he is referring to 
numbers (minuend and subtracting), and despite saying that he will not hide the two numbers, it 
turns out that he hides the miniature and the subtrahend and, when he says subtraction equation, is 
referring to the combinations of minuend and subtracting that give the result supplied. 
 

 
Figure 1. Task proposed by Professor P. 

However, regardless of the difference observed between this first formulation of the objective and 
the subsequent implementation, we can observe that P is making a positive assessment of certain 
aspects in the expected LS experience. Specifically, it is implicitly using the indicator “selection of 
tasks of interest to students” of the “interests and needs” component of the affective suitability, 
since it positively values the fact of developing an activity that promotes the interest of the students. 
In addition, this motivation will be achieved by presenting a task of high cognitive demand (another 
component of cognitive suitability). 
In addition to motivation, P also intended for students to find certain hidden rules in the answers to 
the problem. The first rule was that given a result and found a combination of minuend and 
subtracting that give such result, if the minuend and the subtrahend are increased by one unit, then 
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the same result is obtained. The second rule was that for a value of the difference x there are a 
number x of combinations of minuend and subtracting possible. For example, there are three 
combinations when the difference is three, five combinations when the difference is five and so on. 
By discovering these rules, you can find all the combinations of the minuend and subtracting more 
quickly. 

 
Figure 2. Problem rule. 

The class supervisor (S) visits the teacher at the time he is planning his class. At this moment 
professor P asks for his opinion. 
P: You see that the difference and the number of equations is the same. I believe that students will 
see that there is something here. 
S: Yes, from there you move depending on how the students react. You don't need to push them, just 
go where they take you. Then, at some point he throws a word that leads them to the right path. 
In this dialogue we can first infer that P and S are interested in designing a task that is at a 
reasonable distance from what students know, but at the same time requires a high cognitive 
demand, in the sense that leads them to perform processes relevant to the mathematical activity (in 
this case, observe a regularity and formulate a conjecture (<<I believe that students will notice that 
there is something here>>). Secondly, we can observe how they comment on the type of 
management that the teacher must do to get the students to succeed, but without overly scheduling 
the task (<<Yes, from there you move depending on how the students react. You do not need to push 
them, just go where they take you. Then, at some point throw a word that leads them to the right 
path >>). 
Later, we can observe how P insists that he has designed the task with the objective that the students 
make conjectures that allow them to formulate the rules discussed above: 
P: I think that students will sooner or later discover certain rules while dealing with 1, 2 and 3 as 
answers to the equation. I am looking forward to the moment you discover the rules. I will highlight 
things that they can say about the rules, so that the rest of the class understands how far we are 
going. Finally, I will ask you “How many equations can you make when the answer is 9?” Getting 
to the point where I can ask this question is crucial. 
Subsequently, at the time of reflection on the class taught, when asked about whether the class had 
developed as he had planned it, he comments as follows: 
P: It developed very much according to what I wanted to happen. The children reached the exact 
conclusions that I wanted them to discover. However, I could have gathered or connected thoughts 
and explanations in a better way to help everyone understand what some students were saying. 
In this paragraph we can infer in the P discourse the importance given to the indicator “the different 
modes of evaluation show the appropriation of the knowledge/competences intended or 
implemented” of the component of the cognitive suitability “learning” of the students. The implicit 
use of the indicator “assess whether the interactions managed in class resolve students' doubts and 
difficulties” of the component of the interactional suitability “teacher-student interaction” is also 
evident. 
Later, the professor reflects because some students had difficulties: 
P: It is interesting to note that students who are usually good at math had difficulties at first. I 
wondered why later and said to myself: Those who are good at math were trying to find the number 
that goes in the tens column, when the difference was 3. Those who unexpectedly got the correct 
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answer looked at the Problem as a whole. Because the difference was 3, they simply reached 100 
and 97 immediately. 
In this reflection, the implicit use of the “systematic observation of students' cognitive progress” 
indicator that is part of the “formative evaluation” component of the interactional suitability can be 
inferred. 
A teacher (M1) proposes to the teacher an alternative way of presenting the problem: 
M1: I was wondering why you didn't allow children to try number one. I think it would be good to 
start with one, because that way you can explain everything that should be covered in today's class. 
Those who are not good at math will probably have problems with it. If the problem were for 
example 9 - 8 = 1, working with the number one could give children a better clue as to what is 
happening. 
The reflection made by M1 emphasizes that the intended meanings must present a manageable 
difficulty, an indicator of cognitive suitability. In return, the professor argues that: 
P: Today I used number three and 27 or 28 students got it right away. There were approximately 10 
students that took a long time to solve. If you look at the average, I think presenting the problem 
using number three was a good solution. 
In that statement, what the teacher does not take into account is the diversity in the pace of learning 
of his students, that is, he does not contemplate the “curricular adaptation to individual differences” 
component of the cognitive suitability. 
Another teacher (M2) proposes to the teacher an alternative way of developing the task: 
M2: You have those letters, right? The problem with subtracting a two-digit number from a three-
digit one that gives a difference of five is, well, I was wondering why you are immediately giving 
them the answers. (Comment that the teacher had given the students the answers very quickly). If 
you let the children solve the problems, it would be much more interesting. Choose some children at 
random, call them on the board and ask them to write the answers. I think that will make it more 
interesting. In this way there is no order in your answers. If they say, "there are five answers" then you 
say, "let's choose 5 students". If you ask them to write the answers, then you will not present that 
perfect order. There may be duplicate answers too. That way they can clearly see what is needed. If 
you do that, won't it make the students work together to “put the equations in the right order”? 
In this reflection, the M2 teacher suggests that the "high cognitive demand" component of the 
cognitive suitability be promoted. In particular, that the relevant cognitive processes (generalization, 
intra-mathematical connections, representation changes, conjectures, etc.) present in the “process 
richness” component (the sequence of tasks contemplates the realization of relevant processes in the 
mathematical activity) be contemplated: modelling, argumentation, problem solving, connections, 
etc) of epistemic suitability ”. 
Although the teacher, in his class did not take into account the diversity in the pace of learning of 
his students (cognitive criteria), another teacher (M3) has this aspect in mind in his reflection: 
M3: Because each child can take a different path to discover the rules the teacher uses, it would be 
better to focus on how each child discovers. In doing so, such discoveries would be shared with the 
entire class to deepen everyone's understanding. 
On the other hand, the teacher (M4) makes a comment related to the affectivity between the teacher 
and his students, contemplating the affective suitability. 
M4: The teacher has a wonderful relationship with the children. I don't think anyone can build such 
a relationship in one day. He has had to put a great effort day by day with the children to reach 
such a relationship. 
At the end of the video professor P presents a redesign of the class taking into account the 
improvement observations suggested by the other teachers who have participated in this LS 
experience. 
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4.2 Chilean Lesson Study Video  

In the second video, a group of Chilean teachers met to collectively plan a math class based on a 
performance standard that appears in the Chilean curriculum for basic level 2 “They characterize 
straight prisms and pyramids considering the number and shape of faces and the number of edges 
and vertices. They select networks of prisms and pyramids to assemble a geometric body given 
some characteristics of this ”. Professor T, who later teaches the class, starts the discussion by 
presenting a task to his colleagues: 
T: Based on this generic activity, I looked for a regularity that is what we had planned, of always 
having a challenge or something. True? Then I took a base three pyramid, the vertices increase by 
one and the edges increase twice as much as the base. 
In this comment it can be inferred that the group takes as a first criterion the design of a task, that it 
presents a challenge for students (it is, above all, the high cognitive demand component of the 
cognitive suitability). 
A teacher (N1) questions T what the specific objectives are and what students are expected to learn 
in class: 
N1: What is the objective and what is the learning we are going to expect from the students? What 
do the pyramids conclude? What transforms us into a class of [not understood] by putting together 
the pyramids and counting the vertices and edges or what? 
The N2 teacher (who has the role of moderator of the group) intervenes the other members of the 
group: 
N2: What do the other colleagues think? 
A teacher from group (N3) argues: 
N3: In other words, what is important is not construction, but rather the child relies on the material 
and then comes to reflect, look at what he built and get to reflect on that, the material he was able 
to elaborate. 
In this comment, it is inferred that the teacher considers that in these ages it is convenient to use 
manipulative material to facilitate being able to find regularities. Although they do not say it 
explicitly, it is inferred that the other colleagues assume this criterion (it is the material resources 
component of the mediational suitability). 
Next, more teachers intervene and the following dialogue takes place in which N4, with the support 
of N2, points out the importance of taking into account the students' prior knowledge (a component 
of the criterion of cognitive suitability): 
N4: I think that we must first see this if children really know well and identify well what is vertex, 
what is edge and what is side. 
N2: Previous learning? 
N4: Sure. 
Consistent with the fact of wanting to design a challenging task, then a dialogue takes place in 
which one can infer the interest in designing a task that leads students to carry out a generalization 
process, which allows them to guess a relationship between the number of sides of the base of the 
pyramid, the number of edges and the number of vertices (this is the process richness component of 
the epistemic suitability). 
N3: That is, the children would start by building the geometric bodies and from there they can make 
a record, go counting, looking, watching, counting the number of vertices, counting the number of 
edges, making a record, perhaps in their notebook, to generalize all the work that is being done, 
take it to a table on the board ... 
T: [Going to the board] Let's see! [Pointing at the board] We have the base number of the pyramid. 
N2: The number of sides of the base. 
N4: It is clear. 
T: So, the idea is that the children register ... They themselves pass these records ... [Point in the 
column "base number of the pyramid" on a table that he builds on the board] base 3, base 4, and we 
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leave a base free and we move on to 6. 
The teacher completes the table with the number of vertices and corresponding edges. 
The group then focuses on analysing whether the task can be solved by the students and how to 
manage it so that they can solve it. In the first part of the dialogue, it is the indicator the intended 
meanings can be achieved (being in the area of the student's next development) and the learning 
component of the criterion of cognitive suitability, and also the indicator contemplates moments in 
the students assume responsibility for the study (exploration, formulation and validation) of the 
autonomy component of the criterion of interactional suitability: 
N1: What are we going to expect in response from the students? That they realize that there is a 
relationship between the number of sides of the base, the amount of vertices and the number of 
edges. True? 
N5: Because they would have to take a vertical or horizontal look at the picture we are doing there 
N1: For them it will be very easy to look down and they will find a rule, immediately regularity, but 
they will see it down. That is, they will not see the relationship horizontally, which is what we 
expect. [Gesturing with your hands pointing down and horizontally.] 
N2: What questions are we going to try to bring the children to find the regularity? 
T: Are we going to let the kids analyse the shot [at the moment]? Or first record several pyramids 
and analyse the table at the end? Or do they already place in base three and then to the side, to the 
side and in that minute they analyse the shot or first it is allowed to make several, they register and 
in the end the table? 
N4: Yes, there they will discover. If they do several exercises they will discover regularities, if they 
do one they will not discover. 
Once the first stage of an LS (the planning) has been completed, the video continues with the 
implementation of professor T of the planned class (second stage of the LS). Then, the video shows 
fragments of the third stage (analysis and reflection of the implemented class). In this third stage, it 
is intended to generate a work space that allows sharpening the eye paying attention to how students 
reacted in the classroom, how they expressed their ideas and how the teacher has led the learning 
processes. In any case, for professor T it was an impact to see himself teaching a class. 
T: The truth is that I almost got excited [Laughs]. Already, it is very impressive one does not really 
appreciate the children when they are in the moment, as if they can perceive there [points to the 
screen where they have seen the video of their class] those faces, that joy, those desire to participate 
in the kids. 
Next, the video presents a fragment whose objective is to show what happened with the reading of 
the table (figure 3). In particular, if there is evidence of the expected learning in students. 
 

 
Figure 3. Table proposed by Professor T. 

Their conclusion is that they did not reach the goal of finding a relationship between the number of 
sides of the base, the number of vertices and the number of edges (what they call horizontal table 
reading), but recognize the realization of relevant processes as the transition from the concrete to 
the abstract and the importance of the “table” resource to facilitate it. This dialog shows the learning 
component of the criterion of cognitive suitability and the component use of material resources of 
the mediational suitability: 
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N2: As teacher N4 said, at one point the children saw the table vertically. 
N4: Yes. 
N2: The reading was vertical. Ya! And our goal, what was it? 
T: Our goal was to be horizontal. To make the children know that at the base they would only have 
to add one to know how many vertices and that the double will always be the edges. 
N2: When does T allude to base five and an A1 student instantly starts raising her hand, before he 
asks the question, did she expect the children to give answers as quickly, as it emerged in the video? 
T: No, I think, when we planned it, if you remember, we had some doubts about whether they would 
be able to get to this soon, right? To respond to those spaces that we had left within that table we 
made. And I didn't think it was going to be so fast. 
N4: I really believe that the action of the student A1 clearly demonstrates that the children there at 
that minute abandoned the concrete and went to the abstract. That really is the ultimate goal of a 
math class. Let them jump and what, she didn't build to pyramid 5, but she immediately jumped into 
the mental. 
N1: Now I think that the fundamental vehicle here is not it? In achieving the results and that the 
student A1 responded so quickly was the table. [Point to the table] This table that we raised when 
we did the planning, was the one that gave the very clear indicator to establish a merely abstract 
order, that is, work in numerical form. 
Next, the group goes on to make positive assessments about the interaction between students (this is 
a component of the interactional criteria): 
N1: In the video, the group caught my attention when I was working where they couldn't put 
together the pyramid. 
N3: The collaborative learning. It was the first point, I think, it seems to me, upon hearing you, that 
it was what immediately caught our attention. That is, the boy began to build the pyramid and if he 
was wrong and the girl immediately began to interact with him in the sense of correcting him. 
Later, they begin to reflect on the treatment of diversity, in particular on the lack of extension and 
reinforcement activities (an indicator of the curricular adaptation component to the individual 
differences of the criterion of cognitive suitability). Also, the indicator is inferred, it facilitates the 
inclusion of students in the class dynamics and not the exclusion, of the teacher-student interaction 
component of the criterion of interactional suitability: 
N4: Like Cecilia, I have seen some boys who after finishing the completion on the board, the 
vertices, the edges, if they started playing, to take the straws. So, I think that there we would have to 
rethink some activity in which we would leave this situation and those children will not be left 
without doing anything. 
N3: It seems to me that when she appeared, the first student A1 came out, to put the numbers 
forward there it seems to me that there was perhaps a question left to integrate the other children 
who were very quiet some behind. Working yes, but quieter because there was another who was 
with another personality that participated a lot. 
N2: Something then we will have to aim for the next planning that we do, for the reorganization it is 
to think about the most advanced and the most backward children, not only in general. 
Based on this reflection, teachers propose changes in tasks to generate an interaction that facilitates 
the integration of students and the treatment of diversity (cognitive and interactional suitability): 
N4: Speaking a little what the colleague says the closing was that the closing challenge we did it we 
planned it orally and maybe it should, so that he had participated, because in the oral some 
children participate ... 
T: A small template should have been made with the three bases at hand and maybe it is three 
challenges to have them inserted, one gives the base, the other gives the edge and the other gives 
the truth the vertices and that the children They have delivered and so one is having the detail of the 
course. 
The video ends with a comment that makes an assessment related to emotional aspects (emotions 
component of the criterion of affective suitability): 
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N2: Any other comments? 
N1: I was very attracted to a guy who, in the end, when he was finishing, right? With the closure. 
But I was desperate [to give the right answer]. I already knew I had it ... I mean, there I find, for 
example, a face of happiness, and that happiness is enthusiasm because he learned. That is, in fact, 
for example, a student who learns is a happy student. 

5. Discussion of the results and final considerations 

In the analysis carried out, it is evident that in classes based on the LS methodology implicit 
consensus emerges between the teacher who develops the class and the other participating teachers 
on aspects that are positively valued, which can be reinterpreted in terms of indicators and 
components of the DSC ̶ is a result that coincides with those obtained in Hummes, Font and Breda 
(2019). The results obtained show how in the planning and reflection stages some of the 
components and indicators of the DSC appear implicitly in the reflections of the participants. 
In particular, both in the experience of LS conducted in the Japanese context, and in the Chilean 
context, teachers use the interactional and cognitive criteria very significantly. On the other hand, in 
both scenarios, there is little reflection on the mediational and affective criteria and there is almost 
no reflection on the criteria of ecological suitability. This result can generate other inquiries, such 
as: Why does this regularity arise in an experience of LS in two different contexts? Why do groups 
of teachers attribute more emphasis to interactional and cognitive issues, less emphasis on issues 
related to emotions and resources and have almost no reflections related to environmental issues? 
Questions like these demonstrate the importance of doing research that seeks to analyse the 
experiments of LS carried out in different contexts. 
One of the advantages of working with the dynamics of LS is that some of the aspects that are not 
present in the reflection of the teacher himself may be present in the reflection of the other teachers 
who participate in the instructional process. That is, the LS methodology becomes a type of training 
device that promote that some of the indicators and components of the DSC arise as consensus in 
the reflection of the group of teachers (Hummes et al., 2019). 
Regarding the results obtained, one aspect to be explained is the reason why the DSC implicitly 
function as regularities in the teachers' discourse without being taught the use of this tool to guide 
their reflection. A plausible explanation (Breda et al., 2018; Hummes et al., 2019) is that DSC 
reflect consensus on how good mathematics teaching should be widely assumed in the community 
of educators; and it is plausible to think that the implicit use made by DSC teachers is due to their 
previous training and experience, which makes them partakers of such consensus. Now, another 
explanation, also plausible, is that the teacher who uses these criteria, having not participated in the 
process of generating the consensus that supports them, assumes them as regularities in his speech 
simply because, in the training he has received, they are presented as something naturalized and 
unquestionable in the training they have received. 
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Teaching for connections and understanding 

A total of eleven oral communications, a workshop and four posters were presented in our working 
group that challenge the participants to gain insights in the five questions corresponding to teaching 
for connections and understanding, as posed in the CIEAEM 71 announcement. The presentations 
facilitated the participants to be engaged in reflective dialogic exchanges with respect to the two 
first questions: (a) in relation to connections and understanding, what kind of teaching methods are 
more appropriate? and; (b) how do we evaluate and/or research the resources from the perspective 
of the connections and the understanding they try to promote? Two triads of interconnections were 
revealed: a first one, trying to define mathematical thinking, mathematical understanding and 
perceptions; and, a second one, making relations between reality, mathematical modelling and 
problem posing and solving. In our analyses of the triads both intradisciplinary and 
interdisciplinary linkings were considered to gain deeper insights about the complex situations at 
hand. 
The discussions in the workgroup began by questioning what mathematical thinking and 
understanding is. In the words of Radford (2018), as cited by Squali in this volume, the notion of 
mathematical thinking is still not well conceptualized in the field of didactics of mathematics. 
Despite, this lack of conceptualization and, according to the theory of objectivation (Radford, 
2015), mathematical thinking was employed in the papers of the working group in its 
anthropological sense and in its subjective meaning. The contrast of these two approaches is clearly 
evident in two oral communications. On the one hand, Serradó (in this volume) used a subjective 
meaning of mathematical thinking for making connections between the stochastic thinking and 
understanding and evaluate the deliberate dialogue of secondary students when anchoring their 
previous knowledge about randomness. On the other hand, Squali (in this volume) presented 
algebraic thinking in its anthropological sense to analyse the potential of the development of the 
algebraic thinking in the program of teacher training in the Québécoise school. 
The discussion was also focussed on the development of computational thinking (Suh & Anthal, in 
this volume) and its role in data analysis in the modelling cycle and informatics thinking (Polo, 
Deiana, Curreli & Desogus, in this volume) to make connections between the meaning of variable 
in the fields of mathematics and informatics. The participants were especially concerned about the 
potentiality of this connection to help in gaining deeper understanding of the mathematical notion of 
variable. Moreover, we discussed the difficulties, obstacles and ambiguities of natural language to 
communicate mathematics and grow on the development of mathematical language.  
Moutsios-Rentzos, Pinnika, Kritikos and Kalavasis (in this volume) proposed a communicational 
semiotic system (sign, interpreter and epistemic object) to map the variety of the communicated 
uni-disciplinary meanings of the equals in the official written discourse. The use of sign itself was 
for Koleza an example of the difficulties of communicating didactic-mathematic concepts, whilst 
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the meanings and the word “sign” in their approach was contrasted with previous works of Peirce 
(1981). The oral communication provided connections between natural, scientific and mathematical 
registers, thus contributing to discussions about the inter/intra disciplinary linkings. 
The existence of different registers based on Duval’s (2006) theory was appreciated by Eugenia 
Koleza to consider the emergence of understandings from the change of register. Koleza (in this 
volume) employed Duval’s theory of registers to argue that students’ difficulties in understanding 
mathematical ideas derives from their lack of flexibility of moving between registers. Drawing upon 
diverse theories, she proposed that the use of a pantograph for creating a learning environment for 8 
years old students would help them to perceive, recognize and transfer mathematical concepts, 
while their arguing and constructing geometrical justification. 
Three oral communication highlighted the importance of making connections amongst the different 
registers –understanding(s)– of a same concept. Two cognitive approximations to what does it 
means understanding were discussed, the product of a mental activity and the emergence from a 
chance of register, before a complex, multimodal definition was introduced by Gerofsky (this 
volume). Gerofsky stated that mathematical understanding involves holding multiple, multimodal 
representations of mathematical entities, and grasping how and why they are equivalent, through a 
process of stressing and ignoring. In her oral communication, she proposed that mathematical 
understanding, engagement and an awareness of sustainability may be reached through approaches 
to mathematics via embodied learning and arts in outdoor, experiential learning places. She 
discussed how this embodied learning could help students to understand the mathematic concept of 
angle and to connect the trigonometric ratios in the triangle and the trigonometric circle presented 
by Pierard and Henry (in this volume) with the body representation of angle. Pierard and Henry 
presented a vertical mathematization process that, in contrast with the traditional curriculum 
proposal, emerged from the understanding of projections, in order to ground the trigonometric ratios 
in the triangle and in the circle and construct the functions where the variable is the angle. This 
work provided of another representation of the notion of variable introduced mathematically and 
informatically by Polo et al. (in this volume).  
Cardoso and Mamede (in this volume) evaluated how teachers articulate the different interpretations 
of the notion of fraction and whether the teacher appropriately promotes the connections between 
fractions and everyday situations. They hypothesised and, it was questioned by Bohlman, if those 
different registers (interpretations or understandings) could be introduced from the early beginning 
of mathematical learning in contextualized situations.  
Martins and Martinho (in this volume) presented a fictional realistic task planned and implemented 
to solve a mathematical problem and facilitated the discussion on the phases of a mathematical task: 
anticipation, monitoring, selection, sequencing and connection. This oral communication fostered 
the deliberate dialogue between the participants about what does it means a complex task –not 
understood as complicated task. Bolhman and Benölken (in this volume) stated that –in contrast 
with common isolated, constrained tasks that allow only certain solutions and predetermined 
approaches– complex and substantial mathematical activities ensure a certain degree of openness 
and freedom. This allows more individuality in the learning process; in terms of ways of solution, 
use of manipulatives, kinds of notation and problems to solve or working on problems emerging 
from a given one. 
From questioning on the complexity of these connections in contextualized situations emerged the 
dialogue between the triad: reality, modelling and problem posing/solving. The oral communication 
presented by Suh and Anhalt extended the learning of mathematical modelling to promote students’ 
problem solving and problem-solving abilities from the early ages. They reported ways in which 
researchers collaborate with teacher designers to develop personally relevant and rigorous 
mathematical modelling tasks for elementary teachers and students. In this sense, mathematical 
modelling and deliberate dialogue promote “living together” and a means to reflect about the 
sustainability of the world, in general, and to explore the environmental issues, in particular. 
Summing up, the deliberate, reflective discussions amongst the participants of the Working Group 3 
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allowed our constructing connections and understandings about the complexity of teaching and our 
gaining new insights, such as: the complexity of learning and distinguishing between thinking and 
understanding; the theory can help to abstract perceptions and to grow on objectivity; 
understanding(s) require our making intradisciplinary and interdisciplinary connections, including 
multimodality; the embodiment and the artefacts provoke the emergence of signs and 
representations that may facilitate appropriate understandings and connections, especially by 
emphasising the ambiguity of mathematical language; the power of modelling to understand, make 
sense, engage and be involved in the world, but we should be aware of the differences and 
similarities amongst modelling, problem solving, complex tasks; the perceived reality is a starting 
point, a ground, a space to question ourselves through mathematics. 

Enseigner pour les connexions et la compréhension 

Au total, onze communications orales, un atelier et quatre affiches ont été présentés dans notre 
groupe de travail en facilitant parmi les participants la discussion des cinq questions, posées dans 
l’annonce de la CIEAEM71 et relatives à l'enseignement visant à créer des connexions et la 
compréhension. Les présentations ont permis aux participants de s’engager dans des échanges et des 
dialogues réflexifs sur les deux premières questions : a) en ce qui concerne les connexions et la 
compréhension, quelles méthodes d’enseignement sont les plus appropriées ? ; (b) comment 
évaluons-nous et / ou recherchons-nous les ressources du point de vue des liens et de la 
compréhension qu’ils essaient de promouvoir ? Deux triades d'interconnexions ont été révélées : 
une première, essayant de définir la pensée mathématique, la compréhension mathématique et les 
perceptions ; et, une deuxième, établissant des relations entre la réalité, la modélisation 
mathématique et la résolution de problèmes. Dans nos analyses des triades, on a considéré que les 
liens intradisciplinaires et interdisciplinaires peuvent permettre une meilleure compréhension de la 
complexité des situations. 
Les discussions au sein du groupe de travail ont commencé par une interrogation sur ce qui sont la 
pensée et la compréhension mathématiques. Dans les mots de Radford (2018), cités par Squali dans 
ce volume, la notion de pensée mathématique n’est pas encore bien conceptualisée dans le domaine 
de la didactique des mathématiques. Malgré cette absence de conceptualisation et, selon la théorie 
de l'objectivation (Radford, 2015), la pensée mathématique a été utilisée dans les documents du 
groupe de travail dans son sens anthropologique et dans son sens subjectif. Le contraste entre ces 
deux approches est clairement évident dans deux communications orales. D'une part, Serradó (dans 
ce volume) a utilisé une signification subjective de la pensée mathématique pour établir des liens 
entre la pensée stochastique et la compréhension et pour évaluer le dialogue réfléchi des élèves du 
secondaire lorsqu'ils ont ancré leurs connaissances antérieures sur l’aléatoireté. De son côté, Squali 
(dans ce volume) a présenté la pensée algébrique dans son sens anthropologique afin d’analyser le 
potentiel de développement de la pensée algébrique dans le programme de formation des 
enseignants de l’école québécoise. 
La discussion a également porté sur le développement de la pensée informatique (Suh & Anthal, 
dans ce volume) et son rôle dans l'analyse des données dans le cycle de modélisation et dans la 
pensée informatique (Polo, Deiana, Curreli & Desogus, dans ce volume) pour établir des 
connexions entre la signification de variable dans les domaines des mathématiques et de 
l'informatique. Les participants étaient particulièrement intéressés par le potentiel de cette 
connexion pour aider à mieux comprendre la notion mathématique de variable. De plus, nous avons 
discuté des difficultés, obstacles et ambiguïtés du langage naturel pour communiquer les 
mathématiques et avancer dans le développement du langage mathématique. 
Moutsios-Rentzos, Pinnika, Kritikos et Kalavasis (dans ce volume) ont proposé un système 
sémiotique communicationnel (signe, interprète et objet épistémique) pour présenter la variété des 
significations uni-disciplinaires du signe égal communiquées dans les documents institutionnels. 
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L’utilisation du signe pour les professeurs et les étudiants en soi était pour Koleza un exemple des 
difficultés de communiquer les concepts didactiques-mathématiques, tandis que la signification et le 
mot « signe » dans leur approche étaient en contraste avec les travaux antérieurs de Peirce (1981). 
La communication orale a établi des connexions entre les registres naturel, scientifique et 
mathématique, contribuant ainsi aux discussions sur les liens inter / intra-disciplinaires. 
Eugenia Koleza a estimé que l’existence de différents registres fondés sur la théorie de Duval 
(2006) permet d’envisager l’émergence de la compréhension découlant du changement de registre. 
Koleza (dans ce volume) a utilisé la théorie des registres de Duval pour faire valoir que les 
difficultés des élèves dans la compréhension des idées mathématiques dérivent de leur manque de 
flexibilité pour se déplacer entre les registres. S'appuyant sur diverses théories, elle a suggéré que 
l'utilisation d'un pantographe pour créer un environnement d’apprentissage pour les élèves de 8 ans 
les aiderait à percevoir, reconnaître et transférer des concepts mathématiques, tout en argumentant 
et en construisant une justification géométrique. 
Trois communications orales ont souligné l’importance de créer des liens entre les différents 
registres - compréhension(s) - d’un même concept. Deux approximations cognitives de ce que 
signifie le terme compréhension ont été discutées, le produit d’une activité mentale et l’émergence 
de l’aléatoire, avant qu’une définition complexe et multimodale ne soit introduite par Gerofsky 
(dans ce volume). Gerofsky a déclaré que la compréhension mathématique implique le fait de 
disposer de multiples représentations multimodales d'entités mathématiques et de comprendre 
comment et pourquoi elles sont équivalentes, par le biais d'un processus de mise en évidence et de 
négligence. Dans sa communication orale, elle a suggéré que la compréhension des mathématiques, 
l'engagement et la prise de conscience de la permanence de cette compréhension puissent être 
atteints par le biais d'approches aux mathématiques via l'apprentissage a travers les corps et les arts 
dans des lieux d'apprentissage expérientiel en plein air. Elle a expliqué comment cet apprentissage 
intégré pourrait aider les élèves à comprendre le concept mathématique d’angle et à relier les 
rapports trigonométriques du triangle et du cercle trigonométrique présentés par Pierard et Henry 
(dans ce volume) à la représentation corporelle de l’angle. Pierard et Henry ont présenté un 
processus de mathématisation verticale qui, contrairement à la proposition classique des 
programmes, est issu de la compréhension des projections, afin de fonder les rapports 
trigonométriques dans le triangle et le cercle et de construire les fonctions où la variable est l’angle. 
Ce travail a fourni une autre représentation de la notion de variable introduite mathématiquement et 
informatiquement par Polo et al. (dans ce volume). 
Cardoso et Mamede (dans ce volume) ont évalué la manière dont les enseignants articulent les 
différentes interprétations de la notion de fraction et s’ils promeuvent de manière appropriée les 
liens entre les fractions et les situations de la vie quotidienne. Elles ont émis l'hypothèse, que 
Bohlman a questionné, si ces différents registres (interprétations ou compréhensions) pourraient être 
introduits dès l’initiation de l'apprentissage mathématique à travers des situations contextualisées. 
Martins et Martinho (dans ce volume) ont présenté une tâche réaliste et fictive planifiée et mise en 
œuvre pour résoudre un problème mathématique. Aussi ils ont facilité la discussion autour des 
phases pour résoudre une tâche mathématique : anticipation, surveillance, sélection, séquence et 
connexion. Cette communication orale a favorisé le dialogue réfléchi parmi les participants sur ce 
que signifie une tâche complexe - non comprise comme tâche compliquée. Bolhman et Benölken 
(dans ce volume) ont déclaré que - contrairement aux tâches courantes isolées et contraintes qui ne 
permettent que certaines solutions et approches prédéterminées - des activités mathématiques 
complexes et substantielles garantissent un certain degré d'ouverture et de liberté. Cela permet plus 
d'individualité dans le processus d'apprentissage ; en termes de solutions, d’utilisation de moyens de 
manipulation, de types de notation et de problèmes à résoudre ou de résolution de problèmes 
émergeant d’un problème donné. 
À partir du questionnement sur la complexité de ces connexions dans les situations contextualisées, 
s’est produit le dialogue à l’intérieur de la triade : réalité, modélisation et pose / résolution de 
problèmes. La communication orale présentée par Suh et Anhalt élargit l’apprentissage de la 
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modélisation mathématique afin de promouvoir les capacités de résolution de problèmes des élèves 
dès leur plus jeune âge. Elles ont décrit les moyens utilisés par les chercheurs pour collaborer avec 
les enseignants-concepteurs afin de développer des tâches de modélisation mathématique 
pertinentes et rigoureuses pour les enseignants et les élèves du primaire. En ce sens, la modélisation 
mathématique et le dialogue réfléchi favorisent le « vivre ensemble » et permettent de réfléchir sur 
la durabilité du monde, en général, et d’explorer les questions environnementales, en particulier. 
En résumé, les discussions réfléchies parmi les participants du groupe de travail 3 ont permis la 
construction des connexions et une meilleure compréhension de la complexité de l’enseignement et 
d’acquérir de nouvelles perspectives, telles que : l’apprentissage a une nature complexe et il y a une 
distinction entre pensée et compréhension; la théorie peut aider à abstraire des perceptions et à 
avancer sur l'objectivité; notre compréhension exige que nous établissions des connexions intra-
disciplinaires et inter-disciplinaires, y compris la multimodalité; « l'embodiment » et les artefacts 
provoquent l'émergence de signes et de représentations susceptibles de faciliter la compréhension et 
l'établissement des connexions appropriées, notamment en soulignant l'ambiguïté du langage 
mathématique; la modélisation a le pouvoir de nous faire comprendre, de donner un sens, de nous 
faire engager et participer au monde, mais nous devrions être conscients des différences et des 
similitudes entre la modélisation, la résolution de problèmes et les tâches complexes ; la réalité 
perçue est un point de départ, un terrain, un espace pour nous interroger à travers les 
mathématiques. 
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Abstract. The “Theory of complexity” provides a theoretical framework to embrace a 
complex constructivist view of learning stochastics as the active construction and adaptation 
of one’s mental acts of stochastic understanding and thinking. We apply these theoretical 
principles to a case study about the mental acts activated by 64 grade 10 students (ages from 
15 to 18) during the deliberate dialogue that helped them to anchor and develop their 
previous understandings about stochastic thinking. Five activities of this mental act 
(interpreting, conjecturing, explaining, questioning and conceptualizing) have emerged 
during these deliberate dialogues. We conclude about the potentialities of these deliberate 
dialogues to promote the mental action of anchoring and developing stochastic 
understanding and thinking. 97C30, 97D40 

Résumé. La « théorie de la complexité » fournit un cadre théorique qui englobe une vision 
constructiviste et complexe de l’apprentissage stochastique en tant que construction et 
adaptation actives des actes mentaux de compréhension et de pensée stochastiques. Nous 
appliquons ces principes théoriques à une étude de cas sur les actes mentaux activés para 64 
élèves de 10e année (âgés de 15 à 18 ans) los du dialogue délibéré qui a permis d’ancrer et 
de développer leurs compréhensions antérieures sur les pensées stochastique. Cinq activités 
de cet acte mental (interpréter, conjecturer, expliquer, questionner et conceptualiser) ont 
émergé au cours de ces dialogues délibérés. Nous concluons sur les potentialités de ces 
dialogues délibérés pour promouvoir l’action mentale d’ancrer et de développer une 
compréhension et une pensée stochastique. 97C30, 97D40 

1. The mental act of understanding 

Humans’ reasoning involves numerous mental acts, such as: interpreting, conjecturing, inferring, 
explaining, structuring, generalizing, applying, predicting, classifying, searching and problem 
solving (Harel, 2008a). The study of these mental acts can be done through the observation of 
persons’ statements and actions. In fact, those personal statements and actions are cognitive 
products of the mental acts carried by him or her. Such a product is the person’s way of 
understanding associated with that mental act. Repeated observations of one’s ways of 
understandings associated with a given mental act may reveal certain cognitive characteristics of the 
act. Such characteristic is referred as a way of thinking associated with that act. Harel (2008b) 
proposed the characteristic and the product of the cognition as the subtle distinction of ways of 
thinking and understanding. He defined a way of understanding as “a particular cognitive product of 
mental act carried out by an individual” and a way of thinking as “a cognitive characteristic of a 
person’s ways of understanding associated with a particular mental act” (pp. 490). Persons develop 
ways of thinking only through the construction of ways of understanding, and the ways of 
understanding they produce are determined by the ways of thinking they possess.  
We conceive the potentialities of this dual principle between ways of understanding and thinking to 
structure the stochastic knowledge through the “Theory of Complexity”. This theory will provide in 
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this paper a metaphor for structuring the dual system of the stochastic thinking and the 
understandings of random sequences of events. Nevertheless, this theory does not provide a 
metaphor on how students develop the desirable ways of stochastic thinking. Harel (2008a) for this 
critic question proposes a subjective approach to knowledge based in a deliberate student-centred, 
because the construction of new knowledge does not take place in vacuum but is shaped by one’s 
current knowledge. This constructivist metaphor views learning as the active construction and 
adaptation of one’s internal model of functioning (Doolittle, 2014).  
Summing up, two theoretical frameworks are discussed independently in this paper. On the one 
hand the theory of complexity will provide of a metaphor for structuring the relationship between 
the ways of thinking and understanding. On the other hand, the constructivist theory will provide 
images of how students develop this ways of thinking and understanding. In order to avoid using 
two independent theories, we embrace the complex constructivist theory of learning. Under this 
theory, the internal models of functioning are “naturally emerging” as a natural consequence of an 
individual’s on-going experience (Doolittle, 2014).   
It is a difficult endeavour the design and implementation of classroom practices in which the active 
participation of students promotes the natural emergence internal mental acts. Nevertheless, 
methodologies that facilitate the deliberate dialogue, in which students create meaning of shared 
information and negotiate with the aim of knowledge construction (Serradó et al., 2015), could 
favour this natural emergence. 
In coherence with the previously described principles of the complex constructivist paradigm of 
learning, we present a case study that aims to gain insights on the mental acts activated by 64 grade 
10 students (ages from 15 to 18) during the deliberate dialogue that helped to anchor and develop 
their previous understandings about randomness and stochastic thinking. 

2. The complex principles of the stochastic thinking development 

The term stochastic in this paper is understood under the “Mathematic Theory of Complexity”, 
which leads to highlight the complex system of interrelations between statistical and probabilistic 
knowledge, reasoning and thinking. In particular, stochastic thinking denotes, between others, a 
“persons’ cognitive activity when coping with the process of understanding in situations or problem 
solving, when the chance or probability concept is referred to” (Scholz, 1987, pp. 4). 
In 1997 Falk and Konold used this theoretical approach to argue about the educational potential of 
the analysis of the complexity of the random sequences. In a process that provides a system of 
sequential events, we can describe the algorithmic definition and quantification of randomness 
based on the length of the most concise description of the sequence. This principle has been used to 
define that a finite string is random when it has maximum complexity (Falk & Konold, 1997). The 
complexity measures provide quantification of different degrees of randomness on a continuum 
between the extremes of complete predictability and total randomness. Coherently, different 
epistemological and ontological paradigms emerge about what randomness is and how individuals 
perceive it (Batanero, 2016). Pratt (2000) distinguish between a local and global perception of 
randomness of a resource. For this author, a local perception of the resource is based on the un-
predictability in short term sequences, the irregularity of the sequences, the influence of the 
observer into the events, and the fairness of the generator; the global resource focus on an aggregate 
overall view of the stochastic. Pratt (2000) identified three global resources: (a) probability, when 
the proportion of outcomes for each possibility is predictable; (b) large numbers, if the proportion of 
prior results for each possibility in the sample space will stabilize as an increasing number of results 
is considered, and (c) distribution, when the observer is able to exert control over these proportions 
through manipulation of the sample space. 
We hypothesize that, in the field of stochastics, it would mean that we have two ways of 
understanding the randomness of sequences, a local and a global one. Meanwhile an aggregate way 
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of understanding the complexity of the local and global characteristics of the sequences of events is 
a stochastic way of thinking and perceiving the complexity of the random sequences of events. 

3. Methodology 

The stochastic theory of complexity and the complex constructivist paradigm of learning were 
considered in the design of the case study to analyse the mental acts activated during the deliberate 
dialogue that helped to anchor and develop their previous understandings about randomness and 
stochastic thinking. Students had the same previous school experiences on stochastic thinking and 
reasoning before being engaged in a sequence of five tasks. 
Firstly, a task about the difference on using one or two dices when playing with “The goose game” 
(Serradó & López, 2010). Secondly, the analysis of the relative frequency distributions of 
appearance of each vowel on strings of characters to gain understanding about the Law of Large 
Numbers (Serradó, 2014). Thirdly, traditional tasks about the analysis of the independence of 
outcomes in situations of replacement or non-replacement of balls into urns. Fourthly, a task about 
how Amadeus Mozart used the addition of two dices to wrote the sixteen compasses of his waltzes 
and to analyse the probability distribution of the different possible compositions (Alonso et al., 
2008). Finally, a task to promote students’ evolution on randomness and decision-making (Serradó, 
2019) was implemented. The task consisted in the analysis of the sequences of events 
corresponding to short and long runs of a pseudo-generator created with a Geogebra App. The 
pseudo-generator provided to numbers from -5 to 5 to be added, obtaining sequences of events 
corresponding to integers from -10 to 10. 
Individual and collective written data, records and videotapes of the deliberate dialogue (Serradó et 
al. 2015) were collected during the implementation of these five task to 64 grade 10 students, ages 
from 15 to 18, divided in two classrooms (A with 36 students and B with 28 students).  
The deliberate dialogues corresponding to the last task to promote students’ evolution on 
randomness and decision-making were codified identifying the local and global resources used to 
analyse the sequences of events obtained from short and long runs of pseudo-generator. Later, we 
proceeded to the identification of the deliberate dialogues in which either the teacher or the students 
referred to prior tasks. In those episodes of deliberate dialogue were determined the mental acts 
expressed by the students (such as: interpreting, conjecturing, explaining, questioning, searching 
and problem solving). 

4. Results 

In this paper, we present four examples of these deliberate dialogues and the mental acts pursuit by 
the students when anchoring and developing their previous understandings of the random nature of 
pseudo-generators. The first example of dialogue, which took place in classroom B, is about 
students understanding of the random nature of the pseudo-generator. 

 
6 M Yes, because you are making runs and probably the number will   

7 J But, before we have obtained a 10  
8 M But sooner or later [the 10] would have appeared.  
9 J But sooner or later, it would come out, but we have made 63 runs 

and there are still no nine. 
Conjecturing 
(A1) 
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10 M When we add the numbers, ones have higher probability than the 
others 

 

11 C But that happens with all [the numbers], it depends on the 
number of runs that there are. 

Interpreting 
(A2) 

12 J It is programmed by probability and all the numbers must come 
out in the first ten runs 

Conjecturing 
(A3) 

13 M You do not remember the task we did with the dice! The number 
that was most likely [to come out] was the seven, which was the 
most repeated when adding them. 

Anchoring 
(A4) 

14 L In this task, it can be repeated.  
15 A Every time that a 10 comes out, you need two fives. On the other 

hand, if the zero comes out, you need a five minus five, a for 
minus for, … 

Explaining 
(A5) 

The dialogue has a sequence of five mental acts to grow on their understanding on the random 
nature of the pseudo-generator: (A1) conjecturing about the need of appearing all the integers from 
-10 to +10; (A2) interpreting that the appearance depends on the number of runs; (A3) conjecturing 
about the deterministic nature of the pseudo-random generator; (A4) anchoring for a previous 
situation comparable with the events and outcomes obtained in this task. ); and, (A5) explaining the 
relationship between the numbers pseudo-randomly generated by the Geogebra App and the 
numbers obtained of the addition. The student A used his previous knowledge of the classical 
distribution of the addition of two dices when playing with “The goose game” (Serradó & López, 
2010) to gain understanding on the theoretical distribution corresponding to the addition of the two 
integers.  
The deliberate dialogue prompted students to conjecture about the un-predictability in short term 
sequences of 63 runs as a local perception of the resource, to interpret that this un-predictability is 
due to the length of the runs, to searching for a previous situation to explain the theoretical 
distribution of probabilities. A local resource, the un-predictability in short term and two global 
resources, the probability and the distribution (Pratt, 2000) helped to grown on the understanding of 
the random nature of the pseudo-generator. 
The second example is also a deliberate dialogue of students of classroom B. The sequence of the 
four mental acts helped students to understand the independence of the elemental outcomes to the 
compound event of the addition of two integers from -5 to +5.  
 
 
57 A When coming out the numbers, well, the order also influences. 

When coming out the numbers, depending on the previous result, it 
can come out one number or another. 

Conjecturing 
(B1) 

58 T Depending on what has gone in the first. Does everyone see the 
situation as dependent? 

Conjecturing 
(B2) 

59  Silence  
60 T Yes! Does everyone see the situation as dependent?  
61 Ál No because, for example, to come out the +10 or -10 it has to come 

out two times the [number] -5. So, there should come out again the 
same number. 

Interpreting 
(B3) 

62 T Again, the same number. Tell me Ale  
63 Ale It is independent because when you obtain the 5 and 3 first, you do 

not know if it will be after the 5 [that you have a 5]. In conclusion, it 
can come out again. 
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64 T And, what word did we used in this situation?  
65 Ale Replacement Conceptualizing 

(B4) 
 
They dialogue consist on: (B1) conjecturing about the influence about the order of the numbers to 
be added; (B2) conjecturing about the dependence of the second number in function of the first one; 
(B3) interpreting the independence though the concrete example that to have -10 you need two -5; 
and, (B4) conceptualizing the situation using their previous knowledge about the independence of 
outcomes in situations of replacement or non-replacement. 
The student Ale used his previous knowledge about the dependence and independence of events in 
traditional situations of non-replacement and replacement of balls into urns to gain understanding 
on the independence of the second number randomly generated respect to the first one.  The 
deliberate dialogue begun with conjecturing about the influence of the order due to a local 
perception of the randomness of the resource to interpret and conceptualize the situation on hand as 
independent random events.  
In the third example students of classroom B, deliberate about their understanding of the differences 
on the variability of the frequentist distributions for short and long runs. 
 
202 T Is anyone going to add something else? Now, I want that you look at the 

distribution that you have obtained. Ok? 
 

203 M They have been matched Interpreting 
(C1) 

204 T It seems that they have been matched. Ok, What else?  
205 J That you see more the difference. That the numbers that are closer to zero, 

that the ones that are further away. Well, no! 
Interpreting 
(C2) 

206 A When we begin a new play, may be yes. Conjecturing 
(C3) 

207 J It is true. In truth, although they have been matched, it is not observed that 
there is a jump, because there are bars as high on the left as in the centre. 
Really! 

 

208 M But, when the number of shots increase! Conjecturing 
(C4) 

209 J Yes, yes. But, I speak about now.  
210 M It will be more difference with the numbers with higher probability of 

appearance that the ones with smaller. 
Interpreting 
(C5) 

211 J Yes, yes. But now, you cannot see it.  
212 T Why can you not see it now?  
213 J Because, there have not been enough runs to get it out real. Interpreting 

(C6) 
214 T Ok! Have you got this idea that there is not enough amount of runs to 

observe what happens? Yes? Tell me. 
 

215 A And, is it casual that before he won with 24 runs and now with 28? Questioning 
(C7) 

216 T Yes, I think that it is casual because if you remember yesterday we had a 
play with 550 runs and nobody had won. 

Anchoring 
(C8) 

217 T Do you remember that Marcos told us that this task was similar to the 
ones that we did on "Textos y Estrategias lectoras", in which you were 
adding all the possible values? Well, the same is proposed here. 

Anchoring 
(C9) 

The students mental acts consisted in: (C1) interpreting the graphic distribution of the relative 
frequency on short-runs; (C2) interpreting the variability of this distribution; (C3) conjecturing 
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about what could have happen in a new run; (C4) conjecturing about what could have happened in 
long runs; (C5) interpreting this conjecture in function of their initial understandings of the 
theoretical distribution of probabilities; (C6) interpreting the need of a enough amount of runs to 
compare the relative distribution with the theoretical one; (C7) questioning about the sample size of 
short runs to win on the game of chance (Serradó, 2019); (C8) anchoring the answer to the question 
to a previous play with longer runs; and, finally (C9) anchoring their understandings on the 
variability of the experimental frequency distribution on the students’ previous understandings of 
the theoretical distribution of the addition of two dices (Serradó & López, 2010) and the 
independence of the events in repeated runs of two dices (Alonso et al. 2008). 
During the deliberate dialogue, basically two mental acts were identified: (a) conjecturing and 
interpreting the variability of the experimental frequentist distribution of short runs of the pseudo-
generator, and (b) conjecturing on what could happen when the number of shots increase. In order 
to promote a change in the way of understanding the characteristics of random sequences with short 
to long runs of the pseudo-generator, the teacher proposed to anchor their understandings in the 
irregularity of the sequences when increasing the number of runs to 500. Anchoring students’ 
understanding in this previous situation could provide them with new insights about the 
characteristic of the irregularity of the sequences in the local perception of the randomness on 
strings corresponding to short runs of the pseudo-generator (Pratt, 2000). Instead of giving time to 
the students to interpret and conjecture about what happens when the number of runs increased, the 
teacher hurried up jumping and trying to anchor students’ thinking in the theoretical probability 
corresponding to the addition of two dices and the events independence. Although this could be an 
opportunity to grow on the students’ understanding on the aggregate global view that the theoretical 
distribution could give to understand the experimental one, the students kept silent and the teacher 
was unable to promote a deliberate dialogue in this sense. 
The next example highlights the potentiality of continuing deliberating about what happens when 
the number of runs increases. Students of classroom A were deliberating about the relationship 
between the relative frequency distribution in long-runs and the probability distribution. 
 
 
285 MG The more runs [have], the relative frequency [distribution] 

increases and more closely resembles the possibility. 
Interpreting 
(D1) 

286 T I have not used the word "possibility". To the theoretical 
probability. 

 

287 N If the number of runs increases, it tends to stabilize, such as the 
task of the vowels. 

Interpreting 
(D2) 
Anchoring (D3) 

288 T If the number of runs increases, it tends to stabilize. Is it true this 
argument? 

Questioning 
(D4) 

289 Some [They nod] Yes.  
290 T Yes, right? I have listen two kind of conclusions till now. The first 

that when increasing the number of runs [the relative frequency] 
the distribution looks more like the theoretical one. Meanwhile, N 
has just said something that has to do with an activity that we did 
last year. She has said that it tends to stabilize more. 

 Anchoring (D5) 

291 T Do you want to know what happens with 1000 runs? Questioning 
(D6) 

292 S The [distribution of the sequence] of 500 runs, in terms of 
theoretical probability is very similar, no? 

Conjecturing 
(D4) 

293 T Is there any relationship with N argumentation about the 
stabilization? 

Questioning 
(D7) 
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294 S Yes?  
295 T I ask for! Is there any relationship with the stabilization? Questioning 

(D8) 
296 MG Yes  
297 T Then, when increasing the number of runs -in this case, the sample 

size- what happens? 
Questioning 
(D9) 

298 MC It is stabilizing Conceptualizing 
(D10) 

 

During the deliberate dialogue emerged different mental acts, such as: (D1) interpreting the 
resemblance between the relative frequency distribution and the theoretical one when the number of 
runs increases; (D2) interpreting what happens when the number of runs increases and (D3) 
anchoring this interpretation to the knowledge acquired in a previous task; (D4) questioning about 
the condition posed by the student; (D5) anchoring students’ previous understandings on the 
stabilization of frequencies; (D6) questioning the similarity between the experimental and 
theoretical distribution; (D7) conjecturing about the similarities between the experimental 
frequentist and the theoretical distribution; (D7, D8, D9) questioning the stabilization of the relative 
frequency distribution when increasing the number of runs; and, (D10) conceptualizing the situation 
as stable. 

N student anchored her perception of the global resource on her previous understanding of the 
stabilization of relative frequency distribution of appearance of each vowel on strings of characters 
to gain understanding about the Law of Large Numbers (Serradó, 2014). In the case of this student, 
her understanding about the stabilization of the relative frequency distribution naturally emerge; 
however, this was not the case of the other students participating in the deliberate dialogue that were 
successively questioned by the teacher until they conceptualized the situation by its stabilization.  

5. Conclusion 

Two theoretical frameworks were integrated in this paper to analyse the complexity of the stochastic 
thinking and understanding of the randomness in sequences of numbers pseudo-randomly 
generated. On the one hand, the “Theory of Complexity” provided a metaphor of the duality 
between thinking and understanding and helped structuring its relationship. On the other hand, the 
“Complex Constructivist Theory of Learning” informed about the natural emergence of students’ 
mental models shaped on theirs’s current knowledge in deliberate student-centred approaches. 

 Those theoretical principles were considered in the design of the case study to analyse the mental 
acts activated during the deliberate dialogue that helped to anchor and develop their previous 
understandings about randomness, in particular, and stochastic thinking, in general. During those 
deliberate dialogues, in which students created meaning of shared information and negotiated it 
with the aim of gaining new understandings of the random nature of the strings of numbers pseudo-
generate, different mental acts were activated. The students and the teacher interpreted the situation 
on hand, conjectured about their perceptions, explained their understandings, questioned new 
understandings about their perceptions of the randomness, anchored their understanding of the 
situation on hand on their previous understandings of the randomness, and conceptualized the 
situation. During the deliberate dialogue naturally emerged some characteristics of the local and 
global perception of the randomness of the pseudo-generator. Locally, the students grew on their 
perception and understanding of the un-predictability in short term sequence, the irregularity of the 
numbers pseudo-generated, the independence of events. Increasing the number of runs of the 
generator helped students evolving from locally to globally perceptions of the resource.  They 
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gained understandings about the variability of the relative frequency distribution and they compared 
it with the theoretical distribution. Moreover, two global resources were interpreted, the probability 
and distribution when the number of runs increases. The understanding of the stabilization of the 
relative frequency distribution naturally emerged interpreting the situation on hand and anchoring it 
on the students’ previous understandings of large numbers. Those local and global understandings 
of the resource helped to grow on the stochastic thinking about the chance and probability when 
coping with the process of understandings the random nature of the pseudo-generated strings of 
numbers. 
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Appearances of the equals sign in primary school 
mathematics and natural sciences: an 
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Abstract. In this article, we focus on the different appearances of the equals sign in 
institutional educational documents (textbooks, workbooks, teacher's books) of mathematics 
and natural sciences in primary school. The "variety" that the students encounter in a 
compartmentalised by discipline teaching environment constitutes an area of learning 
confusion implying difficulties of understanding and use. On the other hand, this variety, 
when conceptualised in an interdisciplinary framework, can be useful for the reflective 
construction of alternative authentic meanings leading to a more epistemological didactic 
approach with respect to mathematical thought and the phenomena, as well as of the 
mathematical language of the natural sciences. We employ a communicational semiotic 
system (sign, interpreter, epistemic object) to map the variety of the communicated 
unidisciplinary and interdisciplinary meanings. The results of our analyses confirm that the 
"=" in primary school refers to mathematical relationships only in mathematics, while in 
natural sciences it is mainly used as an abbreviation of a natural language word, forming a 
pre-Galilean perspective of the natural world. Overall, in this paper, we attempt to reveal and 
to valorise the variety identified in an interdisciplinary and systemic didactic design based on 
the exchange of points of view and reflective interactions to avoid phenomena of noematic 
syncretism and confusion in the use of the mathematical properties of the equals sign. 
MSC97C30, MSC97B10, MSC97M910, MSC97U20, MSC97E99 

Résumé. Dans cet article, nous nous concentrons sur la différenciation des circonstances 
d'apparition du signe d'égalité dans les documents pédagogiques officiels (manuels, cahiers 
de travail, livres d'enseignants) des mathématiques et des sciences naturelles à l'école 
primaire. Cette «variété» que les élèves rencontrent a travers un enseignement 
départementalisé par discipline, constitue un  point de confusion pour l'apprentissage 
impliquant des difficultés de compréhension et d'utilisation. Par contre, cette variété, si 
conceptualisée dans un cadre interdisciplinaire peut être utile pour la construction réflexive 
de significations authentiques alternatives conduisant une approche didactique plus 
épistémologique autant de la pensée mathématique, que des phénomènes et du langage 
mathématique des sciences naturelles. Nous utilisons un système sémiotique 
communicationnel (signe, interprète, objet épistémique) pour cartographier la variété des 
significations unidisciplinaires et interdisciplinaires communiquées. Les résultats de nos 
analyses confirment que le « = » à l'école primaire ne désigne les relations mathématiques 
qu'en mathématiques, alors qu'en sciences naturelles il est principalement utilisé comme 
abréviation d'un mot de langage naturel, dans une perspective pré Galiléen du monde naturel. 
Dans l'ensemble, dans cet article, nous tentons de révéler et revaloriser la variété identifiée 
dans un design didactique interdisciplinaire et systémique basée sur l'échange des points de 
vue et les interactions réflectives pour éviter les phénomènes de syncrétisme noématique et 
de confusion dans l'utilisation des propriétés mathématiques du signe égal. MSC97C30, 
MSC97B10, MSC97M910, MSC97U20, MSC97E99 
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1. The “equals to” sign in mathematics and natural sciences 

The sign “=” in mathematics has been linked with the signification of an equivalence binary relation 
(reflexive, symmetric and transitive). The notion of equivalence is central in the set-theoretical 
construction of mathematics and, at the same time, is at the crux of the human’s thematising the 
lived experienced into mental constructions; starting from the basic differentiation of “me” vs. “not 
me”, towards more complex classifications that allow the mind to, for example, count or add 
perceptually different, yet conceptually equivalent objects. As in mathematics the equivalence 
relationship divides the elements of a set to those belonging to the equivalence class and those that 
they do not belong, the human mind re-constructs the perceptually perceived reality into 
conceptually equivalent classes; the same perceptual objects may be equivalent or not, depending 
on the chosen conceptually imposed mental equivalent relations. For example, two blue chairs and 
one red chair may be counted as three for their being classified as belonging to the class of “chairs”, 
whilst they may be counted as two and one (respectively, for their belonging to the class of blue and 
red objects). Hence, we posit that it is important to promote the students’ appropriate construction 
of the equivalence relation, including the institutionally assigned meanings to the “=” sign. In this 
study, we focus on the institutional written discourse (textbooks, students’ workbooks and teachers’ 
book; in Greece, they are common for all schools) about the “=” that students encounter in primary 
school mathematics and in natural sciences. 
Mathematics educators identify diverse meanings of the “=”, with researchers differentiating 
(Alibali, Knuth, Hattikudur, McNeil, & Stephens, 2007) being between relational (signifying an 
equivalence relationship; for example, “5+3=4+4”) and operational (signifying the result of an 
operation; for example “5+3=8”). More extensive categorisations have been proposed. For example, 
Molina, Castro and Castro (2009) suggested an 11-categories classification that took into 
consideration the ontology of the signified objects (number, variables or magnitudes), which may be 
viewed to link mathematics and natural sciences, as the equivalence of magnitudes is linked with 
the epistemic objects and relations in science. 
The meanings that students assign to the equal sign have been linked with the students’ 
mathematical attainment in school, their problem-solving abilities and their development of 
algebraic thinking (Alibali et al., 2007; Capraro & Capraro, 2007; Powell, 2012). Moreover, 
students that have not developed a fully-fledged understanding of the equal sign seem to have 
difficulties in appropriately dealing with tasks in science courses, as mathematics processes and 
operations are embedded (even as a tool) in natural sciences (Kanderakis, 2016; Kellner, Gullberg, 
Attorps, Thorén, & Tärneberg, 2011; Redish & Kuo, 2015). At the same time, various functions of 
the equality in natural sciences seem not to be the same as in mathematics (Ellermeijer & Heck, 
2001; Sherin, 2001; Uhden & Pospiech, 2005). For example, in physics the equivalent relations 
concern epistemic objects of qualitative different ontology. The understanding that the relation “=” 
of numbers refer to natural objects and not abstract mathematical objects is a prerequisite for 
students developing a scientific –and not just mathematical– understanding (Kanderakis, 2016). The 
noematic relationship between mathematics and natural sciences with respect to the “=” may be 
viewed to be in line with the ways that the meanings are assigned to algebraically formulated 
relationships in Geometry. For example, the Pythagorean Theorem is an algebraic relationship, 
which in order to obtain a geometrical status needs to be conceptually bounded to the respective 
geometrical objects (Moutsios-Rentzos, Spyrou, & Peteinara, 2015). 

2. An interdisciplinary, systemic, multileveled perspective to textbook investigations 

In CIEAEM 70, we discussed a communicational semiotic system (Moutsios-Rentzos, Kritikos, & 
Kalavasis, in press; see Figure 1): the sign (triggers the system; refers to all means of signification 
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that may be employed within a communication), the interpreters (the individuals’ roles that are 
activated in the specific communicational process), the epistemic objects (referring to the normative 
construction of an institutionally acceptable scientific object, as conceptualised by the interpreter in 
the specific communicational situation). The communicational system produces the 
communicational meaning as the complex supersum of the entirety of the communicational.  
 

Meaning

Interpreter Sign

Object

 
 

 

 

 

 
 

 

 
 

Figure 1. The interdisciplinary, systemic perspective adopted in this study (Moutsios-
Rentzos, Kritikos, & Kalavasis, in press) 

 
We argue that through our approach, we render pragmatically feasible to reveal to the teachers of 
different courses to actively reflect upon their stereotypical, implicit or explicit, giving meaning to 
specific signs. Thus, since there are common appearances of a sign to the textbooks of their courses, 
a relatively neutral communication space may emerge, which may serve as the common ground of 
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collective reflections; a ground for the teachers of different disciplines to share their reflections and, 
maybe based on that, to subsequently collaborate. Importantly, such an approach may help in their 
realising the intradisciplinary and interdisciplinary facets of giving meaning, of the respective 
epistemic objects and their roles are interpreters, thus mapping both their unique and common 
aspects. 
Moreover, we posit that the proposed approach allows for conceptualising the student as 
multifaceted interpreter, who is constantly asked to employ diverse giving meaning processes, both 
intradisciplinary and interdisciplinary. For example, as already noted, the “=” sign may have 
different meanings within mathematics when it is employed in an equation, an identity or a 
function, and different meanings in Physics or Chemistry. Thus, considering Mathematics and 
Physics, the student is at the same time Interpreter 1 and Interpreter 2, depending on the course 
(s)he attends, constantly being asked to change those roles.  
We argue that the current compartmentalisation of knowledge as operationalised in most of the 
contemporary curricula, shutters the students’ learning world to fragments, without providing the 
students with the means to links them to a whole. The students follow incongruent learning paths 
that remain bound to their assigned fragments – learning worlds; crucially, assigned by authoritative 
figures, usually lacking any rationalisation (which cannot be provided, given the historical and 
sociocultural nature of such fragmentations). The compartmentalisation of knowledge effectively 
constructs the student to be a schizo-unidisciplinary-learner (cf. “schizomathematicslearners”, 
Valero, 2004).  
By not appropriately linking (not conflating) the meanings, the procedures and the epistemic objects 
of different disciplines and, at the same time, by employing signs and practices of different 
disciplines to the teaching of another discipline, the student is left on his/her own to either construct 
such “connecting and discriminating” linkings (see Figure 2), or to actually be a different learner for 
each course (see Figure 1, in the middle). It is argued that the latter situations the most common in 
the contemporary classes. Through our approach, we provide a framework for the teachers to build 
upon, so that the students would appropriately link their being a different interpreter, thus 
constructing an appropriate network of meanings; to learn through linking links. At this point, we 
wish to stress that in Greece the primary school teachers do not differ from their students, in the 
sense that the same person teaches most of the courses and that the same time they do not hold a 
degree in a specific discipline (in contrast, for example, with the secondary mathematics teachers in 
Greece, who hold a first degree in mathematics). Hence, the primary school teachers encounter a 
similar situation and, following the aforementioned line of thinking, it is crucial for their not being a 
“schizo-unidisciplinary-teacher”!  
 

  

Meaning2 
Meaning1 

 

Meaning1 
Meaning2 

 

Object2 

Interpreter 

Sign 

Object1 

 
Figure 2. The primary school student and teacher as an inter-/intra-

disciplinary interpreter within a complex communicational semiotic system. 
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Consequently, in this study, we focus on the sign as the trigger of the signified meanings, rather than 
on the concepts and the associated signs. The rationale of this perspective is that the learners meet 
the already established symbolism as an accumulation point of the institutionally accepted meanings 
and practices. In their enculturation process, they may initially imitate the established norms of 
communication, which crucially employ signs. 
The sources of the students’ restricted or alternative conceptions of the meanings of the “=” have 
been linked with the teaching practices (Fauskanger & Mosvold, 2013) and with the restricted 
representations included in the teaching materials and textbooks (Stacey & MacGregor, 1997). 
Hence, we posit that it is crucial to map the diverse appearances and meanings of the “=” in the 
official written discourse that students meet in mathematics and natural sciences in primary school, 
as in Greece textbooks are the common institutional reference of all school units (the same 
textbooks are taught in all schools). Such an analysis allows our revealing noematic convergences 
and divergences between mathematics and natural sciences, thus allowing for the revealing of 
potential interdisciplinary difficulties in the students’ learning. 

4. Methods and procedures 

In this paper, we consider a portion of data the reported analyses derive from a broader research 
project investigating equality and the equal sign in mathematics and physics during the transition 
from primary school to high school. In that broader study, we employed a textbook analysis scheme, 
which is an adaptation of Daniel Lacombe's Logico-Linguistic Analysis (1979), taking into 
consideration the literature about the functions of the equal sign in mathematics and the natural 
sciences. First, we record and categorise the phenomenological diversity of the equal sign in the 
textbooks of physics and mathematics, as well as the purposes of the didactic phenomenology in 
textbooks. Subsequently, we map the plurality of appearances and functions of equality (based on 
research in education in mathematics and physics) and we conduct comparative analyses to identify 
the divergences and convergences in the intra-/inter- disciplinary meanings.  
In the present paper, we concentrate on the appearances of the sign “=” in the primary school 
textbooks in Greece, and in particular: a) on the functions of the equal sign (relational/operational 
Alibali et al., 2007; measurement units), b) on the employed representational systems (including, 
numbers, pictures, natural language), c) on the context of equivalence (whether the equal sign 
concerns intra-disciplinary entities or not).  
In our investigations, we considered textbooks of the six grades of primary school of mathematics 
(six grades) and natural sciences (four courses): “Learning about the environment” (Grade 1-4), 
“Environmental studies” (Grade 6), “Geography” (Grade 5-6), “Physics” (Grade 5-6). Furthermore, 
we included the accompanying “Student’s Workbook”, as well as the “Teachers’ books” to identify 
explicit directions to the teachers to employ the “=” in their teaching. Overall, we analysed 62 
volumes (17 textbooks, 30 students’ workbooks, 15 teachers’ books). Our analyses were facilitated 
by the qualitative analysis software Atlas.ti.  

5. Results 

Our analyses revealed multifaceted appearances of the equals to sign, with respect to its functions, 
the involved representational systems and the intra/inter disciplinary nature of the denoted 
equivalence relationships. Considering the functions of “=”, our analyses revealed the following 
categories in the mathematics and natural sciences textbooks (see Figure 3):  

a) relational, in line with Alibali et al. (2007),  
b) operational, in line with Alibali et al. (2007),  
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c) equivalence of measurement units, indicating that the “=” is used to denote the conversion 
and the conventions between different measurement units (a special case of “equivalence by 
definition or notation” as defined by Molina et al., 2009),  

d) assignment of numeric value, referring to the case that a variable is given a specific value (in 
line with Molina et al., 2009),  

e) natural language incorporation, referring to the use of “=” natural language word, an 
abbreviation with multiple meanings –such as “is”, “means” etc– depending on the context 
(cf. “indicator of a connection or correspondence”, Molina et al., 2009), 

f) declaration, referring to the use of “=” to introduce and institutionalise a sign to signify a 
specific object. For example, in Greek mathematics textbooks a phrase that is commonly 
found is “we call Δ the dividend and δ the divisor”, which sometimes is written in a form like 
“Δ=Dividend, δ=divisor”. Note that declaration should not to be conflated with definition, 
which is another function that we did not encounter in our analyses and, hence, is not 
included in the present categorisation. 
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Textbook, Mathematics Grade 1, p. 37 
 

 
 

“I learn” 
“greater than” “equal(s) to” “less than” 

 
  

Textbook Mathematics, Grade 6, p. 18 Physics, Grade 6, p. 41 
Relational   
 The equality 74+62+26=100+62 is 

correct 
Each player moves as many 
squares as indicated by the die. 

 
 

 
  

Textbook Mathematics, Grade 6, p. 47 Geography, Grade 6, p. 14 
Operational   
   
 [if] we decide to do the division, it will be 

10:3=3.333…  
We calculate whether the number is divided by 4 
[…] e.g. 1996 à 96:4=24 

 
 

  
Textbook Mathematics, Grade 6, p. 12 Physics, Grade 6, p. 27 
Equivalence of 
measurement units  

 

 1 tenth = 10 hundrendths 
1 hundredth = 10 thousandths 

Each carat equals to 0.2 g 

Teacher’s book … Physics, Grade 5, p. 69 
  

 
  [un]it means “1000 times bigger” 

(1000g=1kg, 1000m=1km). 
 
 

 
 

Teacher’s book Physics, Grade 6, p. 119 
Natural language incorporation of “=”  
 We write on the blackboard “bio”=“life” 
Textbook Mathematics, Grade 6, p. 119 
Natural language incorporation of “=” 

 
 Achilles = 

baskets
tries = 											

	  

 
 

 
Teacher’s book Physics, Grade 6, p. 119 
Natural language incorporation of “=”  
 We write on the blackboard “bio”=“life” 
Textbook Mathematics, Grade 6, p. 119 
Natural language incorporation of “=” 

 
 Achilles = 

baskets
tries = 											

	  

 

 
 

Figure 3. Appearances of “=” in primary school mathematics and natural sciences 
textbooks 

 
The results of our analyses showed that one of the aforementioned categories was found only in 
mathematics textbooks, namely the assignment of numeric value, which seemed to be missing from 
the natural sciences textbooks. The rest of the identified functions appeared in both mathematics 
and natural sciences primary school textbooks. 
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Subsequently, our analysis focussed on the employed representational systems of the entities that 
are linked with the equals to sign, we identified four categories: 

a) numbers,  
b) symbols,  
c) words, written in natural language,  
d) images (sketches, photos, diagrams etc) of various entities; including humans, animals, 

plants, everyday objects etc. 
Considering the nature of the entities that are linked with an equivalence relationship through the 
“=”, we differentiated between: a) intra-disciplinary (mathematics or natural sciences); when, for 
example, there is a case of a signified equivalence relationship of mathematical objects in 
mathematics textbooks or of natural sciences objects in natural sciences textbooks, b) extra-
disciplinary; in the case that the linked entities seem are not from the discipline of the considered 
textbook. The latter was further subdivided in three categories, depending on the nature of the extra-
disciplinary object: mathematics, natural sciences, lifeworld (general). Our analyses revealed that in 
mathematics the equivalence relationship may be linked to both intra-mathematics and extra-
mathematics, though the latter happens significantly less frequently (less than 1% of the times).  
In general, in mathematics textbooks, there is a plethora of examples where the “=” in various of its 
functions may link extra-mathematical objects, whilst a number of these extra-mathematical objects 
refer to natural sciences. See Figure 4, for an example of extra-mathematics (natural science) 
assignment of numeric value function.  
 

Student’s workbook, Mathematics, Grade 6, p. 19  

 

 
 
 

The speed of sound in the air is 340 meters per second. The time that elapses between 
the moment I see a lightning and the moment I hear the thunder is x. 
 x varies depending on how far away the place where the lightning stroke. Calculate 
how far from me the lightning stroke, when x = 5 and x = 12 seconds. The calculation 
should be made in two ways: 

a) by filling the table with the values  
b) by forming the arithmetic expression and by replacing x with its value. 

 
Figure 4. Extra-disciplinary (natural sciences) appearances of “=” in primary school 

mathematics textbooks. 
 
On the other hand, in the natural sciences textbooks, the equivalence relationships as signified by 
“=” seem to refer only to extra-disciplinary objects and they are not mathematically related. It 
should be stressed that, in the teacher’s books, explicit directions are given to the primary school 
teachers not to employ mathematical notation (see Figure 5). The mathematical notation is referred 
to as “formalism” and, implicitly and explicitly, is considered to hinder the students from 
constructing appropriate natural science meanings. Following these, the official directions to the 
primary school teachers are to avoid employing them or to uses them after the conceptual, non-
mathematically described, introduction of the natural sciences ideas. 
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Teacher’s book, Physics, Grade 5, p. 186  

 
 
 

“This information is not necessary to be provided to 
the students. At this age it is enough for pupils to 
notice the change of direction of the light ray when 
it impinging to the flat mirror. Depending on the 
level of students we may provide this information, 
avoiding formalism (a = b). During the sketching of 
the reflected ray, we encourage the students to design 
it as correctly as possible, in accordance with their 
observation.” 

 
Figure 5. Explicitly (for teacher) and implicitly (for students) communicating a pre-

Galilean perspective of natural sciences. 

6. Concluding remarks 

The findings of our ongoing analysis with respect to mathematics revealed the diverse appearances 
of the “=” (including both relational and operational functions), indicating a relation of objects in 
various representational systems (not only numbers; for example, pictures, natural language etc).  
In the natural science courses, the equals sign appears mainly as another way of communicating in 
natural language (for example, instead of writing “a is b”, “a means c” etc). Thus, “=” is used to 
denote an equivalent relation of ideas (scientific or not), but not with a mathematical reference.  
Moreover, “=” may appear in natural science courses in its operational function to denote the result 
of a mathematical operation.  
Drawing upon these, we posit that the written institutional discourse about scientific equivalent 
relations in primary school science courses seems to be signified without the respective 
mathematical notation. The scientific phenomena and, consequently, the lived world may be 
described without the mathematical world, which may be linked with a pre-Galilean perspective of 
natural sciences. Hence, in primary school, the courses of natural sciences describe a reality where 
the mind may thematise the perceived natural phenomena without the need of mathematics. The 
relationship between mathematics and the natural world appears stronger in the mathematics 
courses, where the equals sign may link objects of the perceptual world that belong to the same 
mathematical equivalence class.  
Consequently, it is argued that the proposed framework seems to reveal aspects of the teaching and 
learning phenomena that would otherwise remain invisible. Our current projects focus in utilising 
those findings in the planification of appropriate didactical engineering within and across the 
mathematics school class and the natural sciences school class, as well within and across the 
different educational levels. 
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Abstract. This work deals with a laboratory activity, whose purpose is to investigate the 
potential of a mechanical linkage-the pantograph-in creating an environment for year 8 
students to recognize, and transfer mathematical concepts, while arguing and constructing 
geometrical justifications. The geometric concepts behind the experiment were the ones of 
the similitude and homothety. More precisely we aimed at investigating whether students 
were able to (1) recognize math concepts and relations in a linkage (2) use the machine’s 
structure in order to justify assertions and to prove geometric relations, (3) use the 
mathematics of the machine for constructing another machine under specific restrictions. 

1. Introduction 

The use of artefacts to geometry teaching and learning (the most common being the ruler and the 
the pair of compasses) is considered to be obvious. In general, concrete manipulatives enable 
students to connect abstract mathematical concepts to real objects, making even the most difficult 
mathematical concepts easier to understand. However, this view is not fully substantiated by 
research. Even worse, literature have shown at best inconsistent and rather limited effects (Sowell, 
1989). Several studies of the use of manipulatives have shown that students do not readily acquire 
new mathematical concepts from using manipulatives. Α thorough investigation on the use of 
concrete objects to teach mathematics-geometric artefacts considered as a kind of them- is 
attempted by Uttal and Deloache (1997). In their contribution, manipulatives are treated as symbols. 
“To learn from manipulatives, children must comprehend how the manipulative represents a 
concept. ..to use them effectively, teachers must take into account how children do (or do not) 
understand symbolic relations. For these reasons, we believe that basic research on how children 
interpret symbols is relevant to understanding and improving the use of manipulatives to teach 
mathematics”(p.39). Some of the most important points in the work of Uttal and Deloache (1997) 
that worked as interpretative lenses for our study are: 1. Part of the difficulty they encounter stems 
from the need to interpret the manipulative as a representation of something else (p.38). If children 
do not connect the manipulatives they are required to use with the relevant concepts they are 
required to learn, then they are forced to do double duty. They must learn two separate systems 
(p.47). 2. A concrete manipulative may be interesting to young children, but this is not sufficient to 
advance their knowledge of mathematics or concepts. To learn mathematics from manipulatives, 
children need to perceive and comprehend relations between the manipulatives and other forms of 
mathematical expression (p.38). Using Duval’s terms, and considering a manipulative as a symbol, 
we could say that children must be able to make convertions between registers: between the 
physical device and a semiotic system relative to the concept. If children do not connect the 
manipulatives they use with the relevant concepts they are required to learn, then they are forced to 
do double duty. They must learn two separate systems. 3. Concreteness does not necessarily confer 
an advantage in terms of young children’s comprehension of symbol-referent relations. The 
comprehension of these relations needs to be guided and constrained by teachers’ instructions. 
“Signs sprouting from activities with the artifact are socially elaborated […] the teacher may guide 
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the evolution towards what is recognizable as mathematics. In our view, that corresponds to the 
process of relating personal senses (Leont’ev, 1964/1976, p. 244 ff.) and mathematical meanings, or 
of relating spontaneous concepts and scientific concepts (Vygotsky, 1934/1990, p. 286 ff.)”(Bussi 
and Mariotti, 2008, p.754) .The first and perhaps most important step must be connecting. This 
process is the construction of links between individual symbols (i.e., written mathematical 
expressions) and familiar referents.  
These connections often involve manipulatives, Rather than presenting manipulatives first and then 
the written mathematical symbols, the two forms of expression are linked from the outset. The 
manipulatives are used as a bridge to help children master the abstract. Rephrasing the previous 
process of links’ construction in Bussi and Mariotti terms (2008, p.757), we could say that through 
“pivot signs” we establish the connection between “artifact signs” and “mathematical signs”. 
 

2. Connecting Engineering and Mathematics in Mathematics Education 
  The tools of Mathematics is indispensable to engineering. Mathematical thinking, and more 
specifically mathematical modeling- as one of the key mathematical thinking skills-is needed for the 
analysis and design of engineering structures and systems. Nevertheless, in mathematics education, 
as reported by Tolbert and Cardella (2013 students are often taught to follow a linear, methodical 
process to reach the one best solution. As a result, when students are given tasks to complete they 
seem to have a limited understanding of how to develop appropriate mathematical models to help 
them solve the problems. Many researchers and academics in engineering departments report about 
the declining mathematical skills of engineering students and the overwhelming preference for 
minimal-mathematics. The synergy of Mathematics and Engineering in the context of pre-college 
education could contribute at improving the mathematics preparedness of students. The idea is not 
really new: using engineering for mathematical purposes dates back to the ancient Greece, 2300 
years before. During a two-day world conference held in Spring 2013 at the Courant Institute of 
Mathematical Sciences, New York University, entitled “Archimedes in the 21st Century”, the 
conference talks were divided into three categories: Archimedes the Mathematician/Geometer, 
Archimedes the Scientist, and Archimedes the Engineer, the fields of Mathematics, Science, and 
Engineering each claiming Archimedes as one of their own.  
From 1877 when first appeared the lecture on linkages (: How to Draw a straight line) by Kemp 
(Kempe has demonstrated that there exists a connecting rod mechanism to trace any algebraic 
curve), till the Bryan & Sangwin edition “How Round is your Circle? Where Engineering and 
Mathematics Meet” (Bryan & Sangwin, 2011), teaching Mathematics through a Machine-based 
approach was a nascent idea, which has never really applied in Mathematics Education, apart from 
some exceptions. It is the case of Italian researchers (Bartolini & Martignone 2015) who have 
recommended using artifacts and contexts of geometric practice, which employ mechanical or 
jointed models of drawing and tracing machines as a school’s way to generate complex 
mathematical ideas or notions. The Laboratory of Mathematical Machines (the MMLab), in the 
Department of Mathematics in Modena, contains a large collection of mathematical machines, and 
Modena research group have organized teaching experiments with students of different ages mainly 
on the study of historic drawing instruments and ‘mathematical machines’. “A mathematical 
(geometrical) machine is a tool that forces a point to follow a trajectory or to be transformed 
according to a given law” (Maschietto & Trouche 2010, p.36). Close to our research is Bartolini 
Bussi work (1998) on Sylvester’s pantograph. 
 
So, while the synergy of Engineering and Mathematics is not a new idea, the way we can introduce 
it in the education, is. Among the few contributions to the field we mention the research by R.Gras 
(1983), Métrégiste (1984), and Brousseau (1998) who used in "Problems on the Didactic of 
Decimals", the classic pantograph that performs homothéties. More recently, we see appearing the 
research by Isoda, et al. (1998), Vincent (2003), and English et al. (2013) An extremely valuable 
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proposal for creating a connection between Engineering and Mathematics (different that the 
machine-proposal) has been put forward by researchers of School of Education, Purdue University, 
through the development of real-world engineering tasks, called model eliciting activities 
(MEAs)(Moore & Diefes-Dux, 2004). 

3. Our Research: Engineering Mathematics 

If we accept that “there is no knowledge that someone can mobilize without a representation 
activity” (Duval, 1995, p.15), we need a mediator of this knowledge in order to mobilize it.  This 
mediator, the representational registers, can be  (i) physical devices such as a camera, or (in our 
case) a linkage (a simple or a mathematical machine) etc for physical images, or neuronic 
organizations, such as the brain for visual images, or (ii) semiotic systems (words, symbols, 
drawings)/registers of representation.The ability to link and explore visual, symbolic, and numerical 
representations simultaneously in a dynamic way has been recognized extensively in research, 
nevertheless mainly restricted to digital technologies. Physical devices are less investigated, 
eventually because they are not considered as semiotic systems of representation. Nevertheless, 
manipulatives can considered as symbols, and through this consideration we can interpret 
difficulties that students face when they try to approach a mathematical concept when exploring a 
physical device.  
In our project, the idea we elaborate is the one of reverse engineering: reverse engineering is the 
process of discovering the technological principles of a device, object, or system through analysis of 
its structure, function, and operation. It often involves taking something (e.g., a mechanical device 
or electronic component) apart and analyzing its workings in detail in order to see how a product 
works, what it does, what components it consists of, to be used in maintenance. By carefully 
disassembling, observing, testing, analyzing and reporting, engineers can understand how 
something works and suggest ways it might be improved. 
Our research is not just about the structure and function of a mechanical linkage, but about the 
mathematical concepts embodied into the linkage. The purpose of our research was: to investigate 
the potential of a mechanical linkage-the pantograph-in creating a geometry environment for 
students to recognize, and transfer mathematical concepts, while arguing and constructing 
geometrical justifications. Here we report some findings from our research with grade 9 students. 
Elsewhere we had presented our research with pantograph with grade 10 students (Siopi & Koleza, 
2017). The geometric concepts behind the experiment were the ones of the similitude and 
homothety. More precisely we aimed at investigating whether students were able to (1) recognize 
math concepts and relations in a linkage (2) use the machine’s structure in order to justify assertions 
and to prove geometric relations, (3) use the mathematics of the machine for constructing another 
machine under specific restrictions. 
When devising tasks for engaging students in deductive reasoning in geometry, our important 
considerations were to: establish the students’ need for proof as an answer to the question ‘why’; 
provide a motivating and meaningful context conducive to argumentation and conjecturing; provide 
rich visual imagery, both static and dynamic. 
The pantograph we worked with is a special kind of a chain of four links connected by turning pairs 
whose axes are parallel.  
Four equal rods are hinged by pivots at A, B, C, P, with OA = AP and PC = P’C = AB.  The 
instrument is fastened to a plane surface, by a pointed pivot at O. Then if pencils are inserted at P 
and P’, and P is made to trace a figure F, P’ will trace the figure F’ obtained from F by the 
homothety. The justification of the machine’s function results by showing that (1) APCB is a 
parallelogram, (2) O, P, P’ are collinear, and (3) OP’/OP=OB/OA=constant. (Eves 1995, p.108). 
Invented by the German astronomer Christolph Scheiner (1603) appears in different forms. The 
most commercial one- is pictured in figure 2. The pantograph in geometry teaching can be used (as 
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in our case) for the intuitive discovery of the homothety transformation.  
Four equal rods are hinged by pivots at A, B, C, P, with OA = AP and PC = P’C = AB.  The 
instrument is fastened to a plane surface, by a pointed pivot at O. Then if pencils are inserted at P 
and P’, and P is made to trace a figure F, P’ will trace the figure F’ obtained from F by the 
homothety. The justification of the machine’s function results by showing that (1) APCB is a 
parallelogram, (2) O, P, P’ are collinear, and (3) OP’/OP=OB/OA=constant. (Eves 1995, p.108)  
 

 

3. Theoretical constructs behind our study 

The theoretical tools we have adopted for interpreting our observations were:  
(A) the Kuzniak’s Geometries, (B) Duval’s theory of registers, (C) Radford’s notion of semiotic 
means of objectification and (D) Azarello analysis on the semiotic mediation of artifacts. 
A) In order to describe the complexity of geometric work Kuzniak (2006) introduces the notion of 
Geometric Work Space (GWS), (Kuzniak & Richard, 2014; Kuzniak & Nechache 2015). It 
comprises two levels: the components level and the cognitive level. Both levels need to be 
articulated in order to ensure a coherent and complete geometric work. Three fundamental geneses 
occur during this articulation process: a figural and semiotic genesis (which gives to drawings the 
status of a figure), an instrumental genesis (which transforms artifacts into tools), and a discursive 
genesis of proof. Kuzniak (2015) in order to interpret students’ work solving geometric problems 
and eventual gaps between the teachers’ expectation and students’ performance, describe 3 
geometric paradigms: Geometry I: Natural Geometry with source of validation closely related to 
intuition and reality with eventually the use of measurement and or construction by real tools. 
Geometry II: Natural and axiomatic Geometry based on hypothetical deductive laws related to a set 
of axioms close as possible on the sensory reality. Geometry III: Formal and axiomatic geometry 
(tertiary education). Key words in the above conception of GWS are artifacts and visualization. 
During our research, wandering about which of the previous discussed geometry paradigm followed 
our students, we adopted the finest description of “Geometries” by Kuzniak (2009): Assumed GI 
Geometry (GI/gII). In this geometry, the pupil is working on configurations from the real world, the 
validation relying on perception or measurements. GI ensures validation, hence its dominant 
position, and GII offers tools auxiliaries of resolution, remaining subordinate to GI. Parcelled out 
(or Fragmented) GII geometry (GII/GI): This geometry initiates an axiomatic perspective, but it is 
essentially of hypothetico-deductive islands- developed using the properties already established-, 
concerning some basic figures. Assumed GII Geometry (GII/gI): This geometry uses properties 
derived, here again, from an "intuition of space", but it is beckoning towards a repository with a 
logical organization, which allows a more generalized axiomatic construction. 
B) Duval (2006) points to what he calls  "a cognitive paradox of mathematical thinking”, as he says, 
that the apprehension of mathematical objects can only be conceptual, and it is only by means of 
their semiotic representation that an activity on mathematical objects is possible. Each new semiotic 
system provides specific means of representation and processing for mathematical thinking. For that 
reason, he calls them "register of representation" (Duval, 1995). He distinguishes two kinds of 
registers: the registers with a triadic structure of significance (natural language, 2D or 3D shapes 
representation) and registers with a dyadic structure of significance (symbolic notations, formal 
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languages, diagrams) (Duval, 1995, pp. 63-64). For the same mathematical object we can have 
different representations produced by different semiotic systems.  Mathematical thinking often 
requires to activate in parallel two or three registers, even when only one is externally used, or 
seems sufficient, from a mathematical point of view. Duval distinguishes two possible kinds of 
transformation of a representation: treatments, which transform the representation while remaining 
in the same semiotic register, and conversions, which transform the representation by passing from 
the starting register to another one. Transformation and conversion are necessary conditions in order 
for a semiotic system of representation to be considered as a register of semiotic representation. 
Duval (2006) argues that students’ difficulties in comprehending mathematical ideas is due to their 
lack of flexibility of moving between registers, as most students do not have the cognitive structure 
to perform the switch that is available to the expert.  In some cases conversion is obvious and 
immediate as if the representation of the starting register is transparent to the representation of the 
target register. In other words, conversion can be seen like an easy translation unit to unit. In this 
case we say that conversion is congruent. In other cases it is just the opposite. Conversion is non-
congruent. When conversion from one register into another is non-congruent, the two contents are 
understood as two quite different objects. More precisely, in what concerns geometry, Duval 
(1988), considers a geometrical figure as a cognitive "apprehension". He distinguishes four 
cognitive apprehensions: perceptual, sequential, discursive and operative. Operative apprehension is 
different from perceptual apprehension (visual perception) because perception fixes at the first 
glance the vision of some shapes and this evidence makes them steady. It is through operative 
apprehension that we can get an insight to the mathematical properties represented in a drawing. It 
is possible that though visualization may carry attention to particular objects that make up a figure, 
the language representations of the relations in which those objects are involved and that contribute 
to the meaning of a figure may lag behind. Duval (2005) calls this phenomenon a dimensional 
hiatus.  
For the interpretation of the results of our research, we could restrict to these two theoretical frames. 
The need to invoke Radford’s theoretical positions stems from the necessity to characterize physical 
devices (the pantograph) as semiotic representations in order to apply theory of registers. 
Furthermore, Arzarello analysis helps us to bring out the double nature of the device, as index and 
as symbol, that -we suppose- marks the passage from Geometry I to Geometry II. 
C) Radford introduces the notion of semiotic means of objectification in Radford (2003), making 
explicit the necessity of widening the notion of a semiotic system. He describes as follows his 
enlarged system as semiotic means of objectification: “These objects, tools, linguistic devices, and 
signs that individuals intentionally use in social meaning-making processes to achieve a stable form 
of awareness, to make apparent their intentions, and to carry out their actions to attain the goal of 
their activities.” These semiotic means produce what Radford calls contextual generalization, 
“namely a generalization which still refers heavily to the subject’s actions in time and space and in 
a precise context, even if he/she is using signs that have a generalizing meaning. In contextual 
generalization, signs have a two-fold semiotic nature: they are going to become symbols but are 
still indexes. We use these terms in the sense of Peirce: an index gives an indication or a hint on the 
object, […] A symbol is a sign that contains a rule in an abstract. […] In keeping with this 
perspective, artefacts as representational infrastructures also enter into semiotic systems.” 
(Arzarello 2006).  
D) The inclusion of artifacts into semiotic systems can be considered in parallel with the dialectic 
between artefact and instrument developed by Verillon & Rabardel (1995), who introduced the 
notion of instrumental genesis. “An object has been constructed according to a specific knowledge 
that assures the accomplishment of specific goals; on the other side, a user interacts with this 
object, using it (possibly in different ways). The object in itself is called an artefact, that is, a 
particular object with its features realized for specific goals and it becomes an instrument, that is, 
an artefact with the various modalities of use, as elaborated by the individual who is using it. The 
instrument is conceived as the artefact together with the actions made by the subject, organized in 
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collections of operations, classes of invariants and utilizations schemes. The artefact, together with 
the actions, constitutes a particular instrument: thus, the same subject can use the same artefact as 
different instruments […]. As semiotic representations, instruments can play a fundamental role in 
the objectification and in the production of knowledge”. For example: the pantograph is an artefact, 
which can be used by a student to trace homothetic figures.  A computer can be used for the same 
purpose as the pantograph, but the concept of homothety induced by this use may be different. “As 
the coordinated treatment schemes are elaborated by the subject with her/his actions on/with the 
artefacts/signs, the relationship between the artefact/ signs and the subject can evolve. In the case 
of concrete artifacts, it causes the so-called process of instrumental genesis, revealed by the 
schemes of use (the set of organized actions to perform a task) activated by the subject”. In the 
example above, the knowledge relative to the concept of homothety is developed through the 
schemes of use of the pantograph or of the computer(for pantograph schemes see Martignone and 
Antonini, 2009). 

4. Methodology 

Participants were two groups of three high school students (15 years old). Two girls and four boys, 
who had an elementary formal experience to deductive reasoning: Pantelis, Andreas, Christoforos 
and Eva, Alexia, Thanassis. The two groups worked in the same place, with the opportunity to 
compare and discuss with the peers and the researcher. We completed our project in 5 meetings of 2 
hours each, following the participant observation method. During the last meeting, we had l, 
personal, focused interviews with the students. We recorder and videotaped all meetings.  
The structure of the project was as follows: Phase 1 (2 meetings): (Perception of the machine) How 
is the machine made?  The pantograph is analyzed as an artefact, that is an object designed for 
answering a specific need. Phase 2 (1 meeting): (Justification of perceptions/Upwards transition). 
How is the machine made?  What does the machine do? Phase 3 (1 meeting): (Construction under 
restrictions/Downward process). How the machine could be in order to…? Two weeks after the 
last meeting, we gave students a number of questions about how the pantograph works (Phase 4). 
After responding in writing to the questions, we asked them to explain their answers in a semi-
structured interview. Phase 4 (1 meeting): Why does the machine do that? 
Due to the restricted space, we will analyze only some the transcripts from phase 2,3 and 4. 
 

5.  Comments on the observations 

5.1  Phase 2: 3d meeting (Justification of perceptions)- How is the machine made? 

The pantograph -as an artefact- “contains” similar triangles. Justifying similarity could be a sign 
that the artifact functions as a symbol. However students remain at a clear perceptual level 

Table 1 shows the way students understand the structure of the machine. 
 

 Dialogues  Pictures and comments 
 

Researcher: What do you see? 
Andreas: A rhombus whose opposite 

sides extend to twice. 
Researcher: Why is it a rhombus?  
Pantelis: The sides are equal, because 

they are connected in this way. 

The instrument ensures 
validation (Assumed 
Geometry GI/gII). The 
validation relies on 
perception.  
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Researcher: In what way?  
Pant: Because the rods have the same 

length. 
 
 
 
Christoforos:  Because if it moves to 

make a 90 degree angle, we have a 
square. 

 
 
 
 
Researcher:(she puts the pantograph in a 

vertical position on the table) Do you 
see other shapes? 

Pant: Triangles…. Two small and one 
big…These triangles are isosceles. 

 
 
Researcher: Why? 
Andreas: For the same reason that a 

square, was a square. Their sides are 
half of equal sides. 

Researcher: Beyond being isosceles, what 
is the relation between them? 

And: The two smalls are equal to each 
other and similar with the big one… 

Researcher: Why are they similar? 
Andreas: Since the rods are doubled, 

half of them are analogous ... the half 
side is proportional to the large. 

 
“Rods”, “segments”, the 
name of the same object, in 
different registers: 
mechanical, mathematical.  
Rhombus, as topologically 
equivalent to square. But 
the intervening properties 
are still based on the 
material experience of the 
subject. 

 
Students see similarity 
guided and constrained by 
researchers’ question. Even 
then, they make no 
reference to parallelism.  
 
We distinguish 
characteristics of 
Fragmented Geometry II 
(GII/GI).  
 
 
Language as an obstacle 
for the deductive reasoning 

  
 
Table 1: How is the machine made? 
 
5.2. Phase 3: 4th Meeting (Construction under restrictions)- How the machine could be in 
order to make the figures three times bigger?  
 
The main difficulty students faced when they were asked to construct a 1:3 pantograph was the 
conversion from the physical device-the machine- to the figural register. This conversion seems to 
meet an obstacle: the need for an operative apprehension of the pantograph’s structure. In the 1:2 
pantograph students had recognized the two small (congruent) triangles, similar to the big one, in 
the prototype (upright) position, which ensured symmetry of the structure.  In the 1:3 pantograph 
the symmetry disappeared, and though students knew that the figure of the middle was a 
parallelogram, and they had proved the collinearity of the 3 points in the base of the artifact, they 
were unable to construct it. Students made many failed attempts for more than an hour. 
Furthermore, despite repeated suggestions to work first on paper by designing the machine, they 
preferred to work directly with the artifact, changing the links.  
The researcher put in front of their eyes the 1:4 pantograph as an example (Figure 1). However, they 
continued to have difficulties. The transition (inside the same physical resister) from 1:4 to 1:3 was 
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impossible. Only when the 1:4 pantograph was adjusted so that the rods were perpendicular to each 
other (Figure 2), they were able to construct the desired pantograph (see Figures 3,and 4).  
 

    
Figure 1 Figure 2 Figure 3 Figure 4 

 
 

 Dialogues  Pictures and comments 
 

1st group 
Researcher:Do you want to draw it on the 
paper first?  
Alexia: Should we find the proportions? 
Thanasis: (He works directly with the 
pantograph)… It's wrong... 
Researcher:What did you expect? 
Thanasis: A rhombus. 
Researcher: Again a rhombus? 
Thanasis:No ... I expected it more regular 
 
2nd group 
(After the pantograph has been 
constructed) 
Researcher:You have two ways to show 
that you did it right: to design the 
detective; or to work with similar 
triangles, to see if the sides' relations are 
1:3. In which of the two ways do you feel 
more confident? 
Andreas:We have no numbers to work 
with similar triangles.I prefer to draw the 
detective! 
Christoforos: I think it's OK, I see it! We 

don’t need to prove it. 

They ignore the suggestion! 
The “should we…?” 
expression is an index of 
possible discrepancies 
between the expectations of 
the teacher/researcher, and 
the response of some 
students to geometry 
problems. 

 
Andreas prefer a “preuve 
pragmatique 
(dont)…l’action mécanique 
en est un exemple” 
(Balacheff 1999).  
Christoforos and Andreas 
work inside Natural 
Geometry I. The source of 
Validation is the senses 
experiment and deduction 
act on material objects by 
means of the perception and 
instruments. 
 

Table 2. Attempts to construct the 1:3 pantograph 

5.3. Phase 4: 5th Meeting-Why does the machine do that? 

During the 5th meeting we gave students a number of activities in order to test if they can explain 
using mathematical reasoning the way the pantograph functions. In what follows we refer to two of 
them
 

Table 3. Attempts to explain the functioning of the pantograph 
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 Dialogues  Pictures and comments 
 

Activity 4: Graph A makes a segment (e). 
Complete the figure appropriately with 
the drawing written by B. (Figure 5) 

 
Pantelis: We take the triangle ΟΚΑ, and 
we lower one corner, Α, pull the line 1 cm.  
Triangle OΛB is 4 times bigger  
(He reasons about the area, and he runs 
with the finger the perimeter).  
So the parallel line that lowers B will be 
double. (Figure 6) 
Researcher: Why not 4 times bigger? 
Pantelis: … O, A, B are in a straight 
line and A is in the middle (: he abandons 
the triangles and focus only to the relation 
OB=2OA).  
Researcher: How it is related to the fact 
that the machine produces a double length 
segment? 
Pantelis: … 
Researcher: You told me that AP and BΣ 
are parallel lines. Can you locate these 
parallels as part of a more complex shape? 
This relationship ΟΒ=2ΟΑ you've 
identified does it exist elsewhere in your 
figure?  
Pantelis:I don’t know…I don’t know. 
 
Activity 5: Design a pantograph that can 
triple a segment. Justify why he can do 
that 
 
Pantelis: E has a weight for one piece, 
while Z has a weight for three and drops 
three…E is at the corner of the small 
triangle and Z at the corner of the big one 
and drops three. (Figure 7) 

Figure 5 
 

 
Figure 6 
 
 

Figure 7 
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6. Final comments  
Research with pantograph has been documented by Bartolini & Martignone (2015). In their case, 
participants were teachers from secondary schools. In their conclusions they report that: “In order to 
solve this problem teachers had to clearly understand how the transformation properties are 
embodied in the artefact structure and to be able to modify the artefact maintaining the main 
features of the transformation: the fixed and tracers points remain aligned and at a proportional 
distance during the movement.» In our case we worked with 8th grade secondary students, who had 
a very limited learning experience on similitude, and absolute none experience on the concept of 
homothety as it has been excluded from the curriculum the last 8 years.  The teaching of the 
similitude mainly concerns, understanding of the concept of similar shapes and the constructions 
that the children are asked to deal with, are usually placed in a horizontal position, i.e. the sides are 
parallel to the sides of the object on which the construction is done. As a result most students 
develop a stereotype view of the geometrical shapes, which is very affected by the intuitive rules. 
They were unable to use this knowledge in the new context of the pantograph. They were working 
inside Assumed GI Geometry and Fragmented GII Geometry. The students in our project managed 
to recognize the similar triangles in the structure of the machine, in a rather static way. They were 
unable to reconstruct the pantograph under the new conditions: ratio 1:3. The synthesis process 
proved very difficult due not only to a lack of understanding of the transformation properties 
embodied in the machine, and the prevalence of the prototype image concerning the similitude of 
triangles (similar triangles in a horizontal position), but, also, to their inability to make the drawing 
of the machine on the paper, fact that deserves further investigation, and it was mentioned already 
by Martignone and Antonini (2009): “[…] what lets Anna to do the discovery of the transformation 
incorporated in the machine, is the drawings analysis more than the machine structure”.  
Concerning language to reasoning, they used different words in different registers for the same 
concept. For example, “rods”and “sides” for in describing the rhombus (could this be an indication 
that they oscillate between Assumed GI Geometry and Fragmented GII geometry?), equal and 
similar, also, were used without substantial discrimination. For Duval (2000), “it is usual to observe 
a gap between the use of words and the use of symbols, or between the spontaneous ways of seeing 
geometrical figures and the mathematical ones”. In our case, the mathematical way of seeing figures 
presupposes the status of the pantograph as a symbol for homothety or even of similitude. Working 
with activity 4, where they were asked to give argumentations that justify why the pantograph does 
a homothety, they saw the points movement and the whole pantograph (in a wrong way) as a beam 
bending under the press of weights, than as a transformation tool. The fact that the students look for 
the interpretation of the machine’s function in nature rather than in mathematics the interpretation 
rather than mathematics, although it opens up perspectives for the correlation of these two 
approaches, but also it raises concerns about the level of understanding of mathematics. 

The basic questions that emerged through the analysis of the observations were: What are the 
appropriate questions that will lead students who have been taught a concept to discover it through 
the operation of a machine? Is the pantograph the best mechanical approach of the homothety 
concept? According to Bartolini & Martignone (2015), “in order to proof why the artefacts does 
that, they have to use arguments linked to the articulated system […] the argumentations based on 
movement lead to further argumentations that explain the motion through the structure of the 
articulated system, and a cognitive unity may or may not occur”. Does this mean that the 
pantograph experiment can be apprehended only with elder students?  Does the explanation of the 
motion through the structure of the machine, could be understood if we highlight best the double 
nature of the pantograph: as a math machine and a physical system?  

Finally, the analysis of the transcripts verified the conclusions of Uttal and Deloache (1997) that we 
summarized into the introduction. Especially the fact that the relation between artifacts and their 
intended referents are not transparent to children. The pantograph did not act as a symbol for the 
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transformation of homothety. Could we associate this fact with the Geometries they worked inside? 
 We would have had different results if the question “why the machine enlarges the figures?” had 
preceded the construction of “another” pantograph? A wider research is required. 
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Abstract. The paper describes an analysis of two lesson studies focused on mathematical 
modeling in the early grades. The purpose of the study was to better understand what core 
teaching practices were essential to successfully implementing mathematical modeling in the 
elementary school classroom and how teachers bring intentionality in creating opportunities 
to elicit mathematical modeling competencies in early modelers. Data sources included 
individual teacher reflections, videos of lessons with researcher memos and videos of semi 
structured group interviews with the lesson study teams during the final lesson symposium. 
The artifacts collected from the Lesson Study cycle included the lesson plans, the analysis of 
student work, and teacher reflections. Each of these data sources contributed to compiling a 
comprehensive picture of teachers’ experiences with MM and the development of students’ 
modeling competencies. Findings revealed four main categories of mathematical modeling 
core teaching practices that emerged as being central to the success of enacting mathematical 
modeling in the elementary classroom and linked specific critical moments in the lesson with 
identifiable teacher moves, routines and tools that created opportunities for students to make 
their mathematics thinking more visible and supported the development of students’ math 
modeling competencies while moving the modeling process forward. These core practices 
included: a) Inquiry practices that developed student questioning competence; b) Data 
Practices, that connected relevant data with formulating the problem and eliciting student 
thinking about important variables and assumption in a problem situation; c) Modeling 
Practices that led students to building a solution that could be communicated to others 
through uses of records of student work and representations; d) Analytic and Interpretive 
Practices that facilitated students’ analysis of solutions for the purpose of refining the model.  

Abstrait. L'article décrit une analyse de deux leçons tirées de la modélisation mathématique 
dans les premières années. Le but de cette étude était de mieux comprendre quelles sont les 
pratiques pédagogiques essentielles à la réussite de la mise en œuvre de la modélisation 
mathématique dans la salle de classe de l’école élémentaire et comment les enseignants 
apportent une intentionnalité en créant des possibilités de susciter des compétences en 
modélisation mathématique chez les premiers modélisateurs. Les sources de données 
comprenaient des réflexions individuelles des enseignants, des vidéos de cours avec des 
notes de recherche et des entretiens de groupe semi-structurés avec les équipes d’étude de 
leçons durant le symposium de leçons finales. Les artefacts recueillis lors du cycle d’étude 
de leçon comprenaient les plans de leçon, l’analyse du travail des élèves et les réflexions de 
l’enseignant. Chacune de ces sources de données a permis de dresser un tableau complet de 
l’expérience des enseignants en matière de MM et de développer les compétences de 
modélisation des élèves. Les résultats ont révélé quatre catégories principales de pratiques 
pédagogiques de base de la modélisation mathématique qui sont apparues comme étant 
essentielles au succès de la modélisation mathématique dans la salle de classe de 
l'élémentaire et ont lié des moments critiques spécifiques de la leçon avec des mouvements, 
des routines et des outils identifiables créant des opportunités pour les étudiants. pour rendre 
leur pensée mathématique plus visible et soutenir le développement des compétences en 
modélisation mathématique des étudiants tout en faisant avancer le processus de 
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modélisation. Ces pratiques de base comprenaient: a) des pratiques d’enquête qui 
développaient la compétence de questionnement des étudiants; b) les pratiques de données, 
qui associent les données pertinentes à la formulation du problème et à la réflexion des 
étudiants sur des variables et des hypothèses importantes dans une situation problématique; 
c) les pratiques de modélisation qui ont conduit les étudiants à élaborer une solution pouvant 
être communiquée aux autres utilisateurs au moyen d’enregistrements de leurs travaux et 
représentations; d) Des pratiques d’analyse et d’interprétation facilitant l’analyse par les 
étudiants de solutions permettant d’affiner le modèle. 

1. Understanding the nature of mathematical modeling in the early grades 
 

Traditionally, mathematical modeling (MM) has been implemented primarily in secondary 
schools, but recent research examines using this approach with elementary students to promote their 
problem solving and problem-posing abilities (Suh et al., In press). MM provides the opportunity 
for students to solve genuine problems and to construct significant mathematical ideas and 
processes instead of simply executing previously taught procedures and is important in helping 
students understand the real world (English, 2010).  With the adoption of Common Core State 
Standards (CCSSM, 2010), mathematical modeling has received increased attention in the United 
States. The Common Core’s Standards for Mathematical Practice, SMP4 called Model with 
Mathematics (CCSSM, 2010) states,  

Mathematically proficient students can apply the mathematics they know to solve problems 
arising in everyday life, society, and the workplace. In early grades, this might be as 
simple as writing an addition equation to describe a situation.  They routinely interpret 
their mathematical results in the context of the situation and reflect on whether the results 
make sense, possibly improving the model if it has not served its purpose.  

Although SMP4, as a mathematical practice, cuts across Grades K–12, mathematical-modeling 
opportunities are not connected with the K–8 content standards, presenting an implementation 
challenge for teachers (Cirillo, Pelesko, Felton-Koestler, & Rubel, 2016).  

Mathematical modeling in the truest sense begins in the unedited real world (Pollak, 2007). The 
explicit focus on getting a problem from the real world into a mathematical formulation and 
explicitly translating the mathematical solution back into the real world is what differentiates 
mathematical modeling solving textbook math application problems. Mathematical Modeling (MM) 
activities are a process of interpreting, analyzing and understanding an authentic real-world problem 
by translating it into a mathematical form. MM “denotes the process of translating, in both 
directions, between mathematics and the extra-mathematical world” (Blum & Ferri, 2016, p. 65). It 
is a cyclical process that includes posing authentic, open-ended problems, making assumptions, 
identifying constraints and variables, building mathematical solutions and, finally, analyzing and 
interpreting these solutions. It is cyclical because once the initial solution is tested and translated 
back to the real world, revisions usually need to be made and the process continued until a 
satisfactory solution is reached (see Figure 1). This iterative process not only helps to validate the 
model but also helps to optimize the method and the process in the context of the real-world 
problem.  

Teachers play a crucial role in MM and must be able to: (1) find appropriate questions to move 
students through the modeling cycle, (2) handle discussions in nondirective but supportive ways, (3) 
allow students time for productive struggle, and (4) provide scaffolding without directing the 
problem or its solution (Burkhardt, 2006). Teachers also need to develop problem-posing expertise 
(Suh et al., 2017) and to base their instructional decisions on responses to students’ work (Bleiler-
Baxter et al., 2016). Thus, learning to teach MM requires teachers to develop multiple knowledge 
bases.  
Suh et al., (In press) reported ways in which researchers are collaborating with teacher designers 

to develop personally relevant and rigorous MM tasks for elementary students. These key design 
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considerations for teachers designers include : 1) Leveraging problem posing routines: When posing 
a MM problem, teacher-designers adopted instructional routines for problem posing and worked on 
developing teacher and student questioning competence; 2) Connecting familiar context that 
engages students: Teachers, as designers, looked for situational features that warranted 
mathematizing and searched for contexts that were relevant and important to support students 
engagement in modeling. In addition, teachers elicited students to think about how their solution 
was shareable, reuseable, or generalizable, in order to evaluate whether a systematic model was 
created; 3) Connecting context with content: Teachers connected the need for mathematics in a 
modeling task with the curricular objectives of their grade level; 4) Considering categories of MM 
tasks: The modeling tasks tended to fall into four general categories where a mathematical solution 
or model could be used to describe, predict, optimize, and make decisions about real world 
situations.  

 

Figure 1. The Mathematical Modeling Process & Promotion of 21st Century Skills (Suh et al., 
2017) 

Teaching through MM is ambitious instruction and a change in our teachers traditional approach 
to teaching. This paradigm shift requires much time and reflective practice to move one’s practice 
to a model of teaching oriented differently than one’s prior learning experiences (Lampert, 2001). 
To develop a common understanding of the concept of a core practice, Grossman, Hammerness, et 
al. (2009) offered a preliminarily list of criteria that all core practices might share:  Practices that 
occur with high frequency in teaching; Practices that novices can enact in classrooms across 
different curricula or instructional approaches;  Practices that novices can actually begin to master; 
Practices that allow novices to learn more about students and about teaching; Practices that preserve 
the integrity and complexity of teaching, and Practices that are research-based and have the 
potential to improve student achievement (p. 277).  McDonald, et al (2013) in their article Core 
Practices and Pedagogies of Teacher Education: A Call for a Common Language and Collective 
Activity state that having this set of criteria for identifying core practices challenges scholars to 
avoid a reductionist approach in which core practices become nothing more than the simple 
selection of specific moves or a list of best practices.  In fact, having an in depth look at core 
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practices can help educators define what it takes to enact these high leverage practices and provide 
structures that support the enactment of these practices,  

“While the core practice of eliciting student thinking is improvisational in nature, the 
instructional activity of sourcing documents involves many structured supports to help 
novices create opportunities to elicit student thinking, enact a plan for elicitation, and use his 
or her enactment as a learning tool for further professional development” (p 383). 

This paper will focus on identifying core practices for mathematical modeling and the natural 
connection between computational thinking and modeling practices and how these practices elicit 
modeling competencies in students as modelers. Weintrop (2016) introduced an initial set of 
computational thinking skills that are essential in fostering the practices of mathematical modeling. 
These include: the ability to deal with open-ended problems; creating abstractions for aspects of 
problem at hand; persistence in working through challenging problems; reframing problem into a 
recognizable problem;  confidence in dealing with complexity; assessing strengths/weaknesses of a 
representation of data/representational system;  representing ideas in computationally meaningful 
ways; generating algorithmic solutions; breaking down large problems into smaller problems; 
recognizing and addressing ambiguity in algorithms. For this current study, the researcher analyzed 
cases of two lesson studies that focused on planning a field trip and solving a school supply 
dilemma. Through the research lessons from these lesson studies, the researcher wanted to begin to 
define the core teaching practices that support modeling in the early grades by examining practices 
that occur with high frequency, practices that teachers new to modeling can begin to enact; practices 
that allow teachers to learn more about students and teaching through modeling and practices that 
are research based and have significant impact on improving student learning. 

 
2. Method 

A qualitative case study approach was selected for this study (Stake, 1995). The case study was 
instrumental as the intent was to gain insight and understanding of elementary school teachers’ 
enactment of core teaching practices related to implementing mathematical modeling. This paper 
documents a study that was part of a three year grant funded project focused on immersing teachers 
in mathematical modeling and supporting teachers as designers in a practiced-based professional 
development using Lesson Study (Lewis, 2002) as a vehicle to co-design math modeling lessons for 
the elementary grades. The boundaries of the case were two lesson study teams with teachers who 
were in-service, grades K-6 following a PD on mathematical modeling. The two Lesson Studies, the 
Field Trip Task and the School Supply Dilemma, were hosted by two different fourth grade 
teachers. The researcher was interested in gaining insights into how teachers’ pedagogical practices 
and knowledge emerged as they enacted MM in the elementary school and how being intentional 
about eliciting student thinking helped develop student math modeling competencies.  This study 
was not looking to do a detailed study of the individual teachers as that would entail separate case 
studies. Instead, the unit of analysis was the similarities and differences across these teachers’ 
experiences in implementing MM and the pattern of teacher moves or routines that promoted the 
development of student modeling competencies. 

 

2.1 Research Questions 

In order to understand what core teaching practices are important to mathematical modeling in 
the elementary grades, the researcher addressed these research questions: 1) What core teaching 
practices were essential to successfully implementing mathematical modeling in the elementary 
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school classroom? 2) How did teachers create opportunities using these core MM practices to elicit 
the development of students’ mathematical modeling competencies in the elementary grades? 

2.2  Data sources and analysis 

Planning, enacting and debriefing episodes of individual Lesson Study session and Lesson Study 
group presentation at a final symposium were captured on video. Data sources included individual 
teacher reflections, videos of lessons with researcher memos and videos of semi structured group 
interviews with the lesson study teams during the final lesson symposium. The artifacts collected 
from the Lesson Study cycle included the lesson plans, the analysis of student work, and teacher 
reflections. Each of these data sources contributed to compiling a comprehensive picture of 
teachers’ experiences with MM. Interviews, videoclips of classroom episodes and artifacts from 
lessons including lesson plans, and student artifacts also helped identify the students’ development 
of the MM competencies in the elementary classroom and the various models that emerged from the 
MM tasks. The researcher used the analytic researcher memos that allowed to document teachers’ 
planning and enactment of the mathematical modeling lessons but also mark critical pedagogical 
moves that created opportunities for the teacher to facilitate student learning through MM and elicit 
student modeling competencies.  

3. Findings  

To answer the first research question, what core teaching practices were essential to successfully 
implementing mathematical modeling in the elementary school classroom, the researcher examined 
teachers’ enactment of the MM lessons. In detailing the teachers’ enactments of the MM lessons 
and reflections on the MM process using several of the lesson episodes, the researcher found four 
main categories of mathematical modeling core teaching practices that emerged as being central to 
the success of enacting mathematical modeling in the elementary classroom: a) Questioning 
practices: Developing student questioning competence; b) Data Practices: Connecting relevant data 
with formulating the problem and eliciting student thinking about important variables and 
assumption in a problem situation; c) Modeling Practices: Building a solution that can be 
communicated to others through uses of records of student work, concrete tools, written and verbal 
explanations, number sentences and pictorial representations; d) Analytic and Interpretive Practices: 
Facilitating productive analysis of a model for the purpose of refining the model. To answer the 
second research question, how did teachers create opportunities to elicit the development of 
students’ mathematical modeling competencies in the elementary grades, the researcher examined 
critical moments in the lessons where teachers brought more intentionality in creating opportunities 
to elicit mathematical modeling competencies in early modelers and made their mathematics 
thinking more visible. In the following section, each of the practices will be described along with 
specific teacher moves, tools, and routines that supported the modeling process to move forward.  

3.1  Inquiry Practices: Developing students’ question competencies  

 A core practice essential to launching a modeling task involved inquiry practices. This entailed 
problem formulation (OECD, 2018) which involves identifying the mathematical aspects of the 
problems contained in the real context situation and the important variables and breaking down 
problems into smaller, manageable parts that helps simplify a situation or problem in order to make 
it amenable to mathematical analysis. In our work with teachers, the researcher noticed teachers 
developing routines that promoted students’ questioning competence. Across the two lesson 
analyses, teachers elicited questions about the problem situation by asking and creating a chart of 
what students knew and/or needed to know about the problem situation. They showed a photo of a 
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field trip and asked what they noticed and wondered about the situation. When students offered the 
questions, a teacher color coded and sorted questions that related to mathematical endeavors and 
other questions that were not mathematically related. In their questioning process, students were 
already starting to think about some important variables such as cost, time, distance, and means for 
transportation.  

 
Table 1. What do you wonder about our field trip? 
 
General Wonderings Mathematical Wonderings 

What about weather conditions?  
What if it rains/storms? 
 Will weather affect our trip/ travel 

time?   
What are we going to do when we 

get there?  
What will we want to explore?  
What is the date?  
What kind of clothing should we 

wear?   

M-Where in the locations are we going?  
M-What is the budget?   
M-How long would it take to get there? How long are 

we staying there? When do we have to wake up? What 
time will we leave the school? How many hours will we 
spend at the location?      

M-How much will gas cost?  
M-How many students are going? 
M-What kind of bus are we taking? How many people 

can fit on the bus?   
 

 

The host teacher for the Field Trip problem felt comfortable letting students pursue multiple 
mathematical modeling pathway as shown below which opened up the modeling experiences for the 
fourth graders. Another teacher who enacted the field trip problem decided to choose MM path of 
determining the cost of the bus. A second-grade teacher posed the problem of determining the 
number of buses to order for a school wide field trip. Figure 2 shows the multiple pathways that 
students in host classroom chose to pursue. The teacher reflected on how the multiple pathway 
actually allowed for differentiation to occur more naturally while having multiple mathematics 
standards covered in one multi-day MM task. She was able to revisit elapsed time, multi-digit 
computation and use decimals with operations with budgets.   

 
Figure 2. Focusing on mathematical modeling pathways 
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3.2 Data Practices: Developing students’ quantitative literacy through the use of data 

A core practice essential to modeling that connect to computational thinking include data 
practices, which include gathering data, analyzing data, and representing data through graphic 
representations. Teaching through MM means supporting students to gather relevant data when 
formulating the problem and eliciting student thinking about important variables and assumption in 
a problem situation to describe, predict and prescribe a solution. The Lesson Study took place at the 
beginning of the year and the context of the school supply dilemma was authentic and connected to 
keeping track and conserving their materials for the year. 

 
Figure 3.  Collecting data and representing the usage on a graph 

 
In the primary grades, teachers used routines like counting collections to get students to keep 

track of the count of the school supply and provided a more constrained problem by just focusing 
on the pencil supply. In upper grades, students collected data on all of their supplies and had to 
create a chart tracking the usage. In the host teacher’s reflection during this process, she notes that 
in the Making Assumptions and Defining Variable phase, students started to build on each others’ 
assumptions.  

S: Everyone brought in 12 pencils at the beginning of the year. At least that’s how many I 
brought. 

T:  Is that true of everyone?  
(Ss as a group chimed in and shared that some brought in more than that and some said less) 
S2: We know that there are 22 kids + 1 teacher, and everyone needs at least1 pencil (at a time) 
and kids might need a back-up pencil if theirs breaks. 

While some students were, according to the teacher, “dead set on identifying a number”, this notion 
of “what if- the pencil breaks” spurred a lot of assumptions. Some of the students were comfortable 
with being playful with making assumptions while others wanted finite numbers to work with. The 
“What if Scenario” opened up opportunities for more students to chime in on their thinking through 
assumptions and variables. 
 

What if students leave the class or join the class during the year; What if a pencil last more 
than one week; What does it means when a pencil is “used” (is this when the eraser is 
gone? Is this when it’s too small for the sharpener?); Pencil use will vary based on whether 
the school is at 1:1 technology or not; How many pencils will get lost before they are 
“used”? 

 
The host teacher reflected at this point of the lesson, stating, “ I could tell they were on the cusp 

of jumping into bigger mathematical thinking, so I sent them off into their four- person table groups 
to continue working”. By triangulating the reflection with the analysis of the lesson video, one key 
teacher move that was notable during the Making Assumptions and Defining Variable phase, was 
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how skillfully the teacher used a move that was coined “the catch and release”. This move was used 
strategically in critical points of the lesson, when the teacher would “release” students and open up 
the space and invite students to tap into their funds of knowledge and their assumptions to work 
with numbers. Teachers recognized that at times, though, students’ numeric assumptions were not 
quite reasonable due to not having a good grasp of magnitude of numbers, not having enough 
background knowledge or getting lost in numbers. These were points in the lesson when teachers 
used the “the catch and release” to bring students together to negotiate and come to some 
consensus, better define the variables or to move students further along the modeling process. Here 
is one example of this, as documented in the host teacher’s reflection.  “At this point since there was 
some revision happening and other kids were starting to chime in with numbers, I felt they were 
ready to get to the next step.”  

The next step of the lesson afforded opportunities to thinking quantitatively. The teacher used 
sentence frames, “If I knew_________, then I can figure out _______” to focus students in the 
mathematics.  Asking for students’ contributions, the teacher filled out the statement:  If I knew how 
many pencils each student uses in one month, then I can figure out the total number of pencils we 
need for the year. This required students to consider variables.  One student shared that there were x 
number of students in the classroom, “Our class has 22 kids”. Some considered 180 school days 
while others considered 8 months in a school year. These data practices included gathering 
information by counting, measuring, collecting data on usage and multiplying and dividing by days 
or month and graphing. In the School Supply Dilemma, students needed to determine the rate in 
which students used the school supply before they could describe the trend of use, predict the usage, 
and then prescribe the appropriate use rate to ensure they did not run out. It also involved helping 
students learn how to depict and organize data in appropriate graphs, charts, words, or images. The 
host teacher reflects on facilitating the core practice of using data to build a solution. 

“At the beginning of the year, we presented our classes with the above question: What is 
the best way to organize and maintain classroom supplies to last until the end of the year? 
We then led students through finding variable and making assumptions. During this step in 
the process, students formed groups in charge of different supplies, took inventory of their 
supplies, and came up with usage guidelines for the class. In the weeks following, students 
revisited their inventory and collected more data points as time went on. As students 
collected these various data points, they began to form charts to show trends in their 
data.  Once students had several data points, they looked for patterns and predicted how 
many supplies they would have left at the end of the year. After analyzing and predicting, 
some students found that they would run out of supplies before the end of the year. These 
students then revised their problem and came up with a new problem: How can we make 
our supplies that we have last us throughout the year? As students revised their supply 
guidelines, they reported these back to the class.” 

 

3.3 Modeling Practices: Developing students’ appreciation for the use of mathematics to make 
informed decisions 

MM promotes students computational thinking by using mathematics to make important 
decisions. Some of the solutions lead to mathematical models that described, predicted, and 
optimized situations that helped one make decisions. In the professional development institutes that 
teachers engaged in, they were introduced to the Math Modeling Taxonomy. These modeling 
problem types were not exclusive but they were the types of problems that were most accessible to 
elementary students and related to many school, community and everyday contexts. The goal of the 
MM lessons was to have students build solutions that were useful, that could be communicated to 
others, and that might be applicable to other similar situations.  
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Math Modeling Taxonomy – Modeling Problem Types 
Descriptive Modeling- Using math to describe, represent and analyze a situation or a 
phenomenon. Describe situation and quantify like finding the cost of the field trip. 
Predictive & Prescriptive Modeling- Using trends and data analysis to predict an outcome or 
use patterns (data analysis and algebra) 
Optimization Modeling-Using data to find the “best” by maximizing or minimizing some 
variable(i.e., cost, space) in a situation. Determine optimal time, budget, resources, logistics 
based on relevant data 
Decision Making Rating and Ranking- Using a criteria where one assigns weights or 
mathematical measures as a way to rate and rank options to make decisions and prioritize. 

In the school supply lesson, the host teacher engaged students in the predictive and prescriptive 
modeling (i.e. using school supply usage trends and data analysis to predict an outcome or use 
patterns, which involved data analysis and algebra). They predicted how quickly they used up 
pencils using preexisting data of how many they started with and seeing how many they had left in 
the community pile.  Some students wanted to design an experiment to test how long it took to use 
one pencil. Instead, many picked a general number of pencils each student would need for the year, 
then used multiplicative thinking or other strategies to calculate how many pencils would be needed 
for the entire class. First one group shared, Let’s say it takes 5 days to use one pencil: 180 school 
days / 5 = 36 pencils for the year; 36 x 22 = 792 pencils. They quickly realized that they would run 
out of supplies and had to readjust their numbers to make sure they had enough for the rest of the 
year. Counting the supplies first and seeing how much they had left allowed students to create a 
“rule” for the month. Then they used their data to decipher if they were close to their projected 
usage or not.   

In the field trip lesson, teachers annotated their lesson plan outlining the components they expect 
the students’ models to include such as food costs, transportation costs, event costs, and the number 
of people. They defined this MM task would yield a useful model that will be able to represent the 
total cost of their planned field trip, and that it can be “reuseable” in that it could be applied to any 
future trips. Many of their mathematical modeling scenarios fell in the descriptive modeling types, 
using math to describe, represent and analyze a situation or a phenomenon.  

 
3.3 Analytic and Interpretive Practices: Developing students’ critical thinking skills in 

mathematics 
 
Finally, another common core practice was providing students with the time and space to analyze 

their solutions and models. This requires important discursive practices from both the teacher and 
students including, communicating one’s model, justifying their solutions and critiquing one’s 
thinking. Facilitating productive conversation around the analysis of a model is a critical component 
in refining the model and validating the result back to the real issue that it set out to address. Using 
a gallery walk, students were asked to think “Does the solution make sense?” This allowed students 
to return to the original “unedited real-world” problem and think about the problem statement and 
ask questions to their peers. The gallery walk provided a chance to ask the authors of the math 
model to justify their thinking while encouraging students to pose questions about their model 
which encouraged analytic and interpretive practices. 
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Table 2. How many pencils will a 4th grade class need for an entire school year? Evaluating 
solutions 

 
Group A  

• Range of 1-3 pencils 
per person/per year, so 
class needs at least 22 
pencils at any given time 

• This presumes that we 
need 66 pencils for the 
entire year. 

• Math Model: # of 
students * 3  

 
Question posed by class:  

Will one pencil last a kid the 
entire year? Will 3 be 
enough? What types of 
things could happen to the 
pencils? 

 

Group B: 
• Kids use ¼ of a pencil 

in a month. It will take 2-5 
months to finish one pencil. 
• School year is 8 

months, range of pencils a kid 
needs is 2-3 for the whole year 
• 23 x 3 is 69, 23 x 5 is 

115, so between 69 and 115 
pencils 

• Math Model: # of students * 
3 to # of students * 5 (range) 

 
Question posed by class: Is this 

realistic? If you only had 3 pencils 
in your desk, do you think those 
three would last you the whole year? 
What might happen to some of 
them? Would 5 seem more 
reasonable? 

 

Group C: 
• Each student needs 

10 pencils for the year 
because then if the 
pencil they are using 
breaks, they have others. 

•  This means we need 
22*10=220 pencils 

• Math Model: # of 
students * 10 

 
Question posed by class: 
How do they know 10 is 

enough for the year? How 
did they decide on that? 

How many would the 
entire class need? 

 

 

4.  Conclusions 

The findings from this study begins unpack the potential of mathematical modeling in the early 
grades and identifies some of the core teaching practices that supported that development of student 
competencies in early modelers. These modeling core teaching practices along with the tools and 
routine occurred with high frequency to ensure that the mathematical modeling process moved 
along while bringing out visible mathematical thinking and learning in elementary students. It will 
be important to continue to refine these sets of core practices and detail them even to a finer grain 
so that teachers new to modeling can learn to enact these practices while allowing teachers to learn 
more about how to promote students’ mathematical modeling competencies to develop in the early 
grades. More specifically, students need to be encouraged to be problem posers by identifying many 
questions around real phenomenon, then defining a problem that can be solved using mathematics. 
Using open-ended modeling tasks like the Field Trip Planning and the School Supply Dilemma 
affords students opportunities to develop inquiring mind needed in problem posing. After the 
identification process of the problem, the modeler makes assumptions, eliminates unnecessary 
information, and identifies important quantities to develop a solution. The mathematical solution 
focuses on the usefulness of mathematics to solve a real-world problem. It should be noted that 
there can be several mathematical solutions for a given real-world situation. After solving the 
problem, the results are translated back to the real-world and interpreted in the original context. The 
problem-solver then validates the solution by checking whether it is appropriate or reasonable for 
the purpose. This process of making assumptions, identifying variables, formulating a solution, 
interpreting the result, and validating the usefulness of the solution is iterative in nature and 
modified and repeated until a satisfactory solution is obtained and communicated (Blum, 2009).  A 
powerful reflective comment shared by a teacher sums up this iterative nature,   
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 It was powerful when students recognized when revising was needed in their own problem. They 
saw when the process needed to change, as they said, “We started to find the solution, but then 
we ran into a new problem so now we are working on that.” 

As detailed in this study, starting with authentic and relevant “unedited real-world problem” 
connected to students’ lived experience and keeping the modeling task open in the beginning, 
middle and at the end allowed multiple students to access the mathematics and feel ownership in 
their “own” problems and sense-making abilities. 
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Abstract. Problem solving is a skill that can be developed by students. For this to happen, 
the teacher must be prepared to teach classes in which they proposes that their students solve 
one or more problems. Teacher do not always feel ready and confident to have a class where 
the focus is on solving a problem. In this communication, the focus is on the planning and 
implementation of a class in which one intends to solve a mathematical problem. Thus, the 
experience of the first author is reported when planning a class, passing through the five 
practices that facilitate the discussion of mathematical tasks: anticipation, monitoring, 
selection, sequencing and connection. 

 
Keywords: Problem Solving, Exploratory Teaching, Planning a Class, Discussion of 
Mathematical Tasks, Secondary School 

Résumé. La résolution de problèmes est une compétence qui doit être développée par les 
étudiants. Pour ce faire, l’enseignant doit être prêt à donner des cours dans lesquels il/elle 
propose à ses élèves de résoudre un ou plusieurs problèmes. Les enseignants ne se sentient 
pas toujours prêts et confiants d’avoir une classe où l’accent est mis sur la résolution d’un 
problème. Dans cette communication, l'accent est mis sur la planification et la concrétisation 
d'une classe dans laquelle on entend résoudre un problème mathématique. Ainsi, l'expérience 
du premier auteur est rapportée lors de la planification d'un cours, en passant par les cinq 
pratiques qui facilitent la discussion des tâches mathématiques: anticipation, surveillance, 
sélection, séquence et connexion. 

 
Mots clefs: Résolution de Problèmes, Enseignement Exploratoire, Planification de Cours, 
Discussion de Tâches Mathématiques, Enseignement Secondaire 

 

1. Introduction 
Solving problems is one of the ten areas of competence that must be developed over the twelve 
years of compulsory schooling in Portugal. Planning classes to engage students in tasks that 
promote understanding, solving problems and reasoning, and create opportunities to make sense and 
discussing processes and solutions in a relevant and enriching way for everyone is essential for the 
development of this area of competence (NCTM, 2017). In this way, students have the opportunity 
to develop their ability to solve problems, the critical spirit and the ability to expose and defend 
their ideas. Besides that, students can realize the difficulties they feel in solving a problem and share 
these difficulties with the class, allowing everyone to reflect on them and how to deal with them. 

Accordng to Zimmermann (2016), if we want students to develop their problem-solving skills, 
teachers should be oriented on how they teach their classes. This author believes that teachers, in 
their initial education in order to become a teacher, should have “the opportunity to simulate little 
parts of lessons, teaching their fellow students solving a problem” (Zimmermann, 2016, p. 105), 
and their colleagues should react like they were pupils in the classroom. This way, future teachers 
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develop their ability to teach classes that involve problem solving as well as anticipating difficulties 
and questions that students can ask in the classroom. 

Considering the relevance of problem solving in the classroom and the importance of planning a 
lesson carefully, this communication aims to share an experience of planning a class with focus on 
solving a problem. This sharing focuses on the teacher’s concern with respect to lesson planning 
and achievement.  In this paper, the focus will be on one of the problems that have been solved in 
small groups by the students involved in this research. 

2. Context and method 
This study was developed in a 11th year class of the Science and Technology course of a 

Portuguese public school. This group had 22 students and wasn’t accustomed to solving problems 
before the intervention carried out by the first author in the context of this experience, held during 
the teaching internship. The students of this class, twelve girls and ten boys, were between 16 and 
18 years old and, at the end of the school year, only two students had a negative grade in 
mathematics, and the average grade of the class was 14 points, in a maximum of 20. 

In this one-month intervention, students solved problems individually and in small groups. 
Students were challenged to organize groups on the condition that they have to be separated into six 
groups of three students and one group of four. The groups were established by the students and the 
groups remained the same in all classes. Throughout the classes, there was no difference between 
the groups, with all groups working at a similar rhythm, with identical doubts and with all students 
actively contributing to solve the proposed problems. 

Observing students’ posture in class was a very important process because it allowed them to 
understand students’ position on problem solving – initially, some students were not involved in 
problem solving, maintaining a defeatist attitude and not trying to understand the problem. Without 
this observation of the classes, it wouldn’t be possible to perceive this attitude from some students, 
since the written productions do not help us to clearly identify these situations. Moreover, the 
observation also showed that this attitude was changing and that students who initially felt more 
insecure about their ability to solve problems, were feeling more secure and more willing to solve 
the proposed problems. Regarding student productions, all the resolutions that were made in the 
classroom were delivered to the teacher – in the case of group work, each group delivered a single 
resolution. In addition, when the problems were solved in groups, audio recorders were placed in all 
groups, to access the difficulties that were felt within the group and to better perceive the entire 
process of resolution developed.  

The study with these students was based on a qualitative research. This type of research has 
some characteristics that are found in this study, according to Merriam (2009), for example: the 
researcher is the main instrument in the collection and analysis of data, the researcher builds ideas 
from observation and intuitive thoughts and the products of research is strongly descriptive. 

3. Theoretical background 
Although they point out that there isn’t a unique way to work problem solving in the classroom, 
Onuchic and Allevato (2011) present a possible script for a problem solving class. In this script, the 
lesson plan goes through nine points: problem preparation individual reading, group reading, 
solving the problem, observation and encouragement, registration of resolutions in the blackboard, 
plenary, consensus, formalization of content. This plan consists of thinking in advance about the 
problem that is to be worked out, so that it serves the purpose (like working on a certain content 
taught or discovering new content). Then, in the classroom, the teacher distributes the problem to all 
students, who read individually and then form groups and re-read the problem together. The 
problem starts to be solved and, as the students solve it, the teacher must observe the work of each 
group, clarifying possible doubts, launching new questions and trying to bridge the difficulties 
experienced by the students. Once completed, one representative from each group records the 
resolution obtained on the blackboard, so that the whole group knows what the process followed by 
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that group was. This register gives the opportunity to listen to the ideas of colleagues and create a 
discussion that allows the development of the critical thinking of each student. From this 
discussion, a consensus should be established regarding the solution of the proposed problem and, 
finally, the concepts that were constructed by solving that problem formalized. This script 
established by Onuchic and Allevato (2011) seems to follow the five facilitating practices of 
discussion about a mathematical task established by Stein, Engle, Smith and Hughes (2008). These 
five practices include anticipating student responses, monitoring students’ work while they solve the 
problem, selecting the resolution that are relevant to show the class, establishing a sequence for that 
presentation, and ending it with the connection between different responses and ideas. 

3. Experience of planning a lesson 
The lesson used to solve this problem took 90 minutes. This problem was solved after the topic 
“Principle of Mathematical Induction” (PMI), inserted in the chapter on Sequences, has been taught. 
The problem chosen had the title “Cuts in the pizza”, and its statement can be seen in figure 1.  
 

 
Figure 1. Statement of the problem proposed to students. This statement has been adapted from 

Oliveira, H., Canavarro, A. P., & Menezes, L. (2013). Cortes na pizza (ensino secundário) – caso 
multimedia. In Site do Projeto P3M, Práticas Profissionais de Professores de Matemática. 

Available at: http://p3m.ie.ul.pt/caso-4-cortes-na-piza-ensino-secundario 
 

When this lesson was planned, an anticipation was made regarding what might happen in the 
classroom and a record of what was expected to be obtained in response to the problem written 
down. In task 1, the students were expected to arrive at the “37 slices” answer, and in task 2 the 
class should define a recursive sequence, with the first term 2 and each subsequent term is the sum 
of the previous one and n . The objective was for students to realize that the 
maximum number of slices would be obtained by: (1) intersecting cuts and (2) each new cut should 
intersect with all existing cuts, but not at intersection points. To achieve this goal, students were 
expected to use a strategy of drawing a picture, followed by attempt and error, until they realized 
the existence of a pattern. Regarding the difficulties, it was expected that some students would tend 
to think that the cuts should pass through the center of the pizza which would prevent them from 
reaching the correct result. In this process of anticipating the class, it was further defined that the 
presentation and discussion of group resolutions would be done in an increasing order of solutions, 
if there were different answers. Besides that, if there was still class time, the problem could be 
extended to specific cuts, such as parallel cuts and perpendicular cuts. 

The students entered the room and sat down according to the previously established groups. 
The class started with the teacher distributing the problem statement to all the students and 
recommending that they read it carefully. She also stated that they would have 30 minutes to solve 
the problem so that the discussion about it would be made later. During that time, the teacher went 
through all the groups, giving place to the monitoring phase and realizing the situation in which 
they were, what difficulties and what results were being obtained. The initial 30 minutes had to be 
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cuts 
This happens if 
the slices are 
circular sectors 

Since it is always obtained twice the number of the 
cuts, then if n is the number of cuts 2n will be the 
number of slices. 

cuts 
cuts 
cuts 

slices 
slices 
slices 
slices 

increased to 50 minutes because the students weren’t able to reach an answer to the whole problem, 
using the time only for to answer the task 1. Only one group was able to present a response to the 
two tasks, and this was the only group that presented a correct answer to task 1. Throughout this 
monitoring, there were few questions put to the teacher, due to the spirit of mutual aid between the 
students while working in group. When the doubts that appears were questions of the whole group, 
the teacher was called upon to intervene and tried to help the group without giving answers, 
encouraging the students to work together and discuss ideas with each other. At this stage, questions 
have emerged from the students, such as “should the slices have the same geometric shape?” and 
“should the slices be triangular?”. The teacher asked the students if this was written in the 
statement, and they said no. With this clarification, it was intended that the students understood that 
they should be restricted to what is provided by the statement, and work from that base. Sometimes, 
students get too “stuck” to certain concepts and ideas, which prevents them from successfully 
solving a problem. One of the groups was so focused on the fact that the slices had to pass through 
the center of the pizza that, although the teacher encouraged them to think better about their 
resolution, the group could not get out of that idea. 

After the 50 minutes, each group delivered its resolution and the teacher established an order, 
which was already thought through the anticipation phase and also in the monitoring phase of the 
groups. In the case of this class, the selection phase was omitted. This is because the number of 
resolutions was reduced (one per group, so there were seven resolutions), and six different answers 
were obtained. In the sequencing phase, the sequence previously thought following the increasing 
order of solutions was followed. In the case of the two groups with the same solution, the sequence 
was established according to the depth of the response of each group – first presented the group that 
only arrived at the solution through figures and then the other group explained their attempts to find 
some pattern that would allow them to respond to task 2. By starting the presentation and discussion 
of results from the lowest value solution, students had the opportunity to participate more actively, 
asking their colleagues questions about why they hadn’t tried other strategies. For example, the first 
group got the answer “16 slices” because they just tried to make cuts that went through the center of 
the pizza (figure 2).  

 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

Figure 2. Resolution of the problem presented by the group with the lowest value solution. 
 

They introduced their idea and one student from another group asked why they didn’t try to 
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make cuts that didn’t pass in the center of the pizza, making the discussion richer and increasing her 
critical ability. In this way, the students interacted with their colleagues, to give new ideas and to 
understand why the answer was not correct, helping to give meaning to the pre-established 
sequence. In the end, it was noticeable that this entire phase of presentation and discussion of results 
merged with the connection phase, as students were able to access the strategies of all groups, 
perceive all ideas and understand what failed in most cases. In addition to all the skills they 
developed around problem solving, students were also able to apply the knowledge learned about 
the PMI. This is because the last group presented the recursive sequence that responded to task 2, 
and yet another group raised a hypothesis for the general term of the same sequence. With these two 
ways of defining the same sequence, the students applied the PMI to show that such was the general 
term of the sequence. 

4. Conclusion 
Planning a lesson is a challenging process. Planning a lesson that consists of solving a problem is an 
even more challenging process. The plan of a class of this type is related to the practice of 
exploratory teaching, following the five phases proposed by Stein, Engle, Smith and Hughes 
(2008). It is necessary to make a good selection of the problem that we are going to propose to the 
students, and this selection depends on the objective that we intend. We may have a problem that 
relates to the content taught, and then we must be careful to see if that is indeed a problem, or 
whether it will become an exercise. If we want to have a richer discussion after solving a problem, 
we need to choose a problem that allows for different types of resolution. All this careful selection 
of problems is part of the anticipation phase of a lesson. At this stage, the teacher tries to select a 
good problem, to anticipate the doubts and questions of the students, which strategies can be used 
and how to select and sequence the answers that will be presented to the whole class. As we move 
on to the lesson, the monitoring phase allows the teacher to perceive the situation of each student, to 
understand what the doubts are, and to begin to identify the answers that will be relevant when 
presenting the results. Arriving the discussion stage, the role of the teacher is very important in 
selecting which groups should present their resolutions, and in what order. This sequence should 
start with incorrect or incomplete answers, and only in a final phase we can present a more correct 
resolution, allowing the whole group to follow the progression and realize that there are normal 
failures and that we can learn from mistakes. Finally, we go through the connections phase, because 
the discussion is important so that the students know the different strategies and ideas that could be 
used, and can apply them in future problems. 
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Abstract. The aims of this paper are the study of a case concerning the implementation of an 
innovation practice in mathematics education at the college level. The innovation concerns 
the introduction into the Mathematics curriculum of knowledge and skills related to coding 
from the level of the sixth. The study concerns the analysis of the aims and the mathematical 
knowledge of innovation projects, currently in the implementation phase, and the 
methodological set-up implemented within the framework of a project funded at the 
Department level in Italy, at which institutions have participated voluntarily in the 2018.19 
school year. The results of a questionnaire offered to students, teachers and "experts" 
involved in the experiment, as well as the testimony of a teacher, will constitute the study's 
database. The study aims, on the one hand, to identify variables and constraints of a different 
nature that favor or hinder innovation; on the other hand, the validation of the hypothesis that 
a teaching of mathematics using "coding" can help to promote comprehensiveness of 
learning in an increasingly complex world. 

Résumé. Le but de cet article  est la présentation de l’étude d’un cas concernant la mise en 
place d’une pratique d’innovation de l’enseignement des mathématiques au niveau du 
collège. L’innovation concerne l’introduction dans le curriculum des Mathématiques de 
savoirs et compétences liées au « coding » à partir du niveau de la sixième. L’étude concerne 
l’analyse des finalités et des savoirs mathématiques des projets d’innovation, actuellement en 
phase de réalisation, et du dispositif méthodologique mise en place dans le cadre d’un projet 
financé au niveau du Département en Italie, auquel les établissements scolaires ont participé 
volontairement dans l’année scolaire 2018.19. Les résultats d’un questionnaire proposé aux 
élèves, aux enseignants et aux « experts » engagé dans l’expérience, ainsi que le témoignage 
d’une enseignante vont constituer la base de données de l’étude. L’étude vise d’une part 
l’identification de variables et de contraintes de nature différente favorisant ou faisant 
obstacle à l’innovation; d’autre part la validation de l’hypothèse qu’un enseignement des 
mathématiques utilisant le « coding » puisse contribuer à promouvoir un apprentissage riche 
en compréhension dans un monde de plus en plus complexe. 

1. Introduction  

Les documents officiels et les sites institutionnels ou d’autres organisations, qui s’adressent aux 
enseignants, donnent actuellement une importance croissante aux sciences informatiques et 
notamment à la programmation informatique, la robotique, le numérique. Plus généralement au 
niveau de la société toute, la demande et les nécessites en termes d’alphabétisation précoce en 
informatique, dans la pensée algorithmique et de la programmation sont augmentés. Témoignage de 
cette prégnance du « coding », de la pensée informatique et de codage sont les différentes 
ressources à la disposition des enseignants à ce sujet (Website 1, 2, 3). Un exemple emblématique la 
6e édition de la Semaine européenne du code ou "Code Week" lancée en France en présence 
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d'"ambassadeurs" bénévoles au ministère de l'Éducation nationale, le lundi 15 octobre 2018 
(Website 4,5). Le site du ministère de l’Éducation en France, annonçât:  
Du 6 au 21 octobre, enfants, jeunes, adultes, parents, enseignants, associations et entrepreneurs 
se réunissent dans toute l'Europe, dans des salles de classe, des bibliothèques ou lors 
d'événements pour apprendre à se servir de la programmation comme outil de création. Créée en 
2013, cette initiative de terrain prend de l'ampleur. En 2017, plus d'un million d'enfants a participé 
à près de 20 000 événements organisés dans 67 pays.  
Le site official de l’événement informe que l’édition du 2018, a eu plus de deux million de 
participant et 44000 événements organisés in 70 pays. En 2019 la semaine est prévue du 5 au 20 
octobre (Website 6).  

Ce phénomène global pose beaucoup de questions à la recherche en Éducation, à la Didactique 
des mathématiques en particulier, comme aux pratiques scolaires. Comment l’apprentissage et 
l’enseignement des Mathématiques devraient se relier à celui de la programmation, notamment dans 
la scolarité de base est une question vivant et complexe. Elle met en évidence, à nouveau, le thème 
de l’interdisciplinarité en le reliant à celui de l’amélioration de l’enseignement des mathématiques: 
(…)  l’interdisciplinarité s’inscrit sur un parcours qui implique, en amont, le moment de la 
pluridisciplinarité et, en aval, celui de la transdisciplinarité. Pluri- inter- et transdisciplinarité ne 
sont pas des procédures distinctes, mais des étapes d’un même processus dont l’interdisciplinarité 
constitue le « milieu », au triple sens de ce terme : l’écart ou la marge, l’espacement ou 
l’intervalle et le juste milieu visé par l’interprétation. Le problème par conséquent de 
l’amélioration de l’enseignement et de l’apprentissage des mathématiques dans cette voie, ne se 
pose plus en termes d’utilité ou d’utilisation des mathématiques par d’autres domaines de 
l’activité humaine, mais plutôt par les termes de complémentarité et d’originalité des 
mathématiques dans le cadre d’une activité pleine de sens, ou d’un projet interdisciplinaire en 
contexte scolaire démocratique de coopération. (Resweber  JP, 2011, p. 175) 

Selon les contraintes du processus de transposition didactique, l’entrée du coding à l’école, dans les 
10 dernières années, est le résultat d’une forte légitimité épistémologique des TIC mais aussi d’une 
forte légitimité sociale que le numérique et la robotique ont acquis (Vitali Rosati, 2011, Marcianò 
G., (2017). Notamment la programmation et le codage dans un langage lié à la robotique vont 
assumer un caractère pervasif dans la complexité de nos jours. L'école devient le terrain de 
« conquête » des fabricants de robots, d'applications et de jeux vidéo interactifs. L'approche à la 
programmation à partir de l’École Primaire par la robotique et les jeux vidéo, s'accompagne souvent 
avec une insistance sur l'efficacité de telles innovations pour l'apprentissage, et en particulier pour 
les mathématiques. 

(…) la conception de jeux par la programmation est un tremplin intéressant pour les individus, 
autant sur le plan motivationnel que pédagogique. Ce sont des apprentissages qui détonnent avec 
ce que les élèves sont habitués à faire en classe. De plus, la possibilité de concrétiser certains 
contenus théoriques par la programmation plaît particulièrement aux garçons. Ces situations 
d’apprentissage se prêtent particulièrement bien à l’interdisciplinarité et à la transversalité. À lui 
seul, l’apprentissage d’un langage de programmation permet le développement d’une série de 
compétences transposables dans plusieurs domaines. Par exemple, les tâches informatiques 
s’intègrent naturellement à celles abordées dans les cours de mathématiques et de sciences. 
Nombre d’enseignants créatifs extrapolent même ces arrimages en français, en histoire et dans 
d’autres matières. (Desjardins, Tran et all., 2018)  

L’affirmation «les tâches informatiques s’intègrent naturellement à celles abordées dans les cours de 
mathématiques et de sciences » est en fait contredite dans beaucoup des pratiques habituelles en 
mathématique notamment au niveau du primaire et de la scolarité obligatoire. Il faudrait en tout cas 
une précision sur la nature de ces tâches de deux points de vue, mathématiques et informatique. Ce 
qui nécessite un travail sur le plan épistémologique et de la transposition didactique.  
Ce texte propose une première réflexion à ce sujet par l’analyse d’une expérience visant 
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l’innovation de l’enseignement des mathématiques par la programmation, réalisée en Italie au 
niveau équivalent au collège dans l’année scolaire 2018.19. Nous allons discuter les avantages ou 
les désavantages à impliquer les mathématiques dans une démarche interdisciplinaire de croisement 
avec la pensée numérique, la programmation et la robotique. 

2. L’innovation des pratiques comme questions de recherche 

Nous avons étudié de pratiques d'innovation dans le but d’analyser les idées innovantes non 
seulement au niveau épistémologique pour les mathématiques, mais aussi en ce qui concerne de 
nouveaux dispositifs des activités en classe. De plus, l’analyse est menée dans de classes ordinaires 
pour identifier des invariants significatives par rapport à la réussite et à la reproductibilité de 
l’innovation même. La formation initiale des enseignants impliqués et le caractère volontaire ou 
moins de la participation jouent le rôle de variables importantes dans les expériences d’innovation 
étudiées. La durée et les modalités de mise en place des activités expérimentales et de la formation 
associée à l’innovation sont aussi de contraintes qui affectent grandement le succès et la 
reproductibilité de l’innovation. (Polo 2017).  
Nous avons étudiée la question de l’innovation des pratiques habituelles, en particulier, dans le cas 
de l’interdisciplinarité entre les mathématiques et les disciplines scientifiques (Lai S. & Polo, 2012). 
Dans ce cas nous avons montré que, si les savoirs mathématiques nécessaires à la résolution d’un 
problème, par exemple la compréhension et l’explication d’un phénomène naturel, sont à la 
disposition des étudiantes, c’est l’utilisation routinière et autonome de ces savoirs mathématiques 
qui est mise en cause. En effet il s’agit d’une rupture par rapport aux pratiques ordinaires des 
activités d’entrainement sur des savoirs mathématiques, qui d’habitude sont fortement dirigées par 
l’enseignant. L’étudiant doit chercher la réponse en autonomie par rapport aux savoir 
mathématiques à utiliser dans une application à une autre domaine ou discipline. Une rupture de 
l’organisation scolaire et des pratiques habituelles de l’enseignant des mathématiques se produit 
aussi du fait que normalement il n’a pas institutionnellement la charge d’enseigner les sciences au 
niveau du primaire et, pour certaines contenus du domaine scientifique, même au niveau du collège. 
Tel est par exemple le cas de l’orientation par rapport aux points cardinaux (Lai S. & Polo, 2018) 
enseignée par l’enseignant de géographie qui a une formation littéraire. Dans le cas des disciplines 
scientifiques et aussi de l’informatique et de la programmation; souvent l’enseignant de 
mathématique aussi n’as pas une formation initiale dans ces domaines, au mois dans le système 
italien de la formation initial pour l’enseignement obligatoire. 
En fait, dans la compréhension d’un phénomène complexe, comme les phénomènes naturels, non 
seulement les mathématiques doivent interagir avec les autres disciplines, mais il s’agit d’une 
rupture par rapport à la linéarité du curriculum des mathématiques. Il faut mettre en place, tant au 
niveau du design de la recherche pour l’innovation que du travail de l’enseignant et de l’élève, des 
activités favorisant  l’enseignement/apprentissage des mathématiques, comme processus de 
modification du discours (Sfard, 2001), d’interaction sociale et de médiation dans des situations 
conçues explicitement à intentionnalité d’enseignement (Vygotsky, 1980, Brousseau 1988). Ce 
processus est fortement influencé et contraint dans les situations d’innovation ( Aldon et all. eds., 
2017), visant  la programmation et le développement de la pensée algorithmique et donc utilisant le 
media des technologies informatiques 
Pour Yves Chevallard (2008, p.344), un média est un « système de mise en représentation d’une 
partie du monde naturel ou social à l’adresse d’un certain public » tandis qu’un milieu, perçu dans 
un sens proche de celui de milieu adidatique  développé en théorie des situations (Brousseau, 1998), 
est défini comme un « système qu’on peut regarder comme dénué d’intention dans la réponse qu’il 
peut apporter ». Média et milieu se distinguent alors par l’intention didactique d’apporter une 
information qu’ils incarnent. Toute ressource peut être considérée comme une réponse (…), même 
partielle, ou comme un outil d’analyse et d’évaluation (…)  de ces réponses partielles. C’est la fonction 
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d’une ressource dans le processus de l’étude qui est déterminante, les rôles n’étant pas figés a 
priori. (…)  La dialectique des médias et des milieux renvoie ainsi au parti pris du questionnement 
du monde qui considère toute information comme devant être questionnée comme si elle était une 
simple conjecture à valider, tout en prenant en charge la fonction didactique d’une ressource suivant 
son rôle dans le processus d’étude. (Wozniak 2011, p. 155) 
Dans la classe de seconde où nous avons réalisé l’expérience du « coding » nous avons fait recours, 
en tant que ressource, à un scenario de storytelling issus de certains premiers résultats d’un Projet 
nationale de recherche de base (Albano et all. 2018, Polo et all. 2019). Cela d’un parte pour 
réfléchir sur le rôle des pratiques ostensives dans l’action de l’enseignant (Matheron Y, Salin M.H., 
2002, Sarrazy, 2007) et d’autre part pour favoriser l’autonomie et la motivation des étudiantes.  
Nous allons ici discuter trois des hypothèses avancé dans notre travail encore en cours. La première, 
sur les rapports mathématique-programmation informatique et pensée algorithmique, considère 
que : la notion de variable en informatique n’est pas construite intuitivement et même au niveau de 
troisième et seconde peuvent se présenter des difficultés à son utilisation dans la réalisation d’un 
algorithme ; une question interdisciplinaire mathématiques-informatique est pertinent et d’avantage 
pour la genèse de compétences sur la programmation. La deuxième  sur le plan de l’organisation 
didactique : la réussite de l’activité va dépendre du rapport qui peut s’instaurer entre l’enseignant et 
l’expert comme sur la reproductibilité et la diffusion de l’innovation.  La troisième sur le plan de 
l’efficacité de l’activité auprès des élèves : les élèves vont ressentir en premier impacte comme 
positive l’activité « mathématique-coding » ce qui ne fait pas nécessairement dériver une plus forte 
efficacité dans l’apprentissage de connaissances mathématiques et de la programmation 
informatique.  

3. Contexte de l’expérience et méthodologie du travail 

L’expérience présentée prend en considération le travail, encore en cours, de mise en place d’un 
Projet d’innovation introduisant le « coding et la robotique » dans la classe des Mathématiques au 
niveau du collège. Chaque École, par la participation volontaire à un appel d’offre de la Région de 
la Sardaigne, a proposé un parcours didactique de 30 heures, dont 16 en horaire curricula ire et 14 
en horaire extracurriculaire, pendant lesquelles l’enseignant de classe des Mathématiques et un 
« expert de coding » doivent travailler ensemble avec des élèves. Les projets présentés sont validés 
par une commission et les Écoles financées ont réalisée l’activité dans la période mars-juin 2019. 
Pour démarrer dans la mise en place du parcours, chaque enseignant doit choisir l’expert, sur la base 
du seul CV de l’expert mis à la disposition de l’École. De plus, l’expert n’a pas participé à la phase 
de conception du projet et aucune place horaire en commune enseignant-expert est prévue pour la 
conception détaillée des activités. 
Le contexte a une complexité intrinsèque, notamment per rapport aux différentes design des leçons 
et des tâches que l’enseignant et l’expert vont mettre en place ;  aux relations entre mathématiques 
curriculaire et les connaissances du domaine de la programmation ; aux difficultés que ces activités 
peuvent soulever pour les élèves et pour les enseignants; la viabilité et la reproductibilité de cette 
innovation au moment où l’expert ne pourra plus assurer sa présence en classe une fois le projet 
terminé. Nous allons ici en prendre en compte seulement quelqu’un. Au niveau méthodologique 
l’institution  qui finance l’innovation avait prévu un questionnaire à donner aux élèves avant et 
âpres la réalisation des activités. Nous avons fait partie de l’équipe1 chargée de la construction de 
deux questionnaires (ex-ante et post), et proposé un dispositif méthodologique qui prévoit la 
passation de deux questionnaires supplémentaires aux enseignants et aux « experts » engagés dans 
l’expérience. Actuellement l’analyse croisée des réponses aux questionnaires élèves et ceux du 

                                                
1  Composée par les auteurs de ce texte, dans le cadre d’une convention du Centro di Ricerca e Sperimentazione 

dell’Educazione Matematica (CRSEM)  avec  Sardegna Ricerche.  
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questionnaire posé aux enseignants et aux « experts » est encore en cours. De plus nous allons 
compléter la comparaison des données recueillis des questionnaires soumis aux classes 
expérimentales et à celles de contrôle. Seulement les réponses des élèves à certains items des deux 
questionnaires, ainsi que le témoignage d’une enseignante ont constitué la base de données de 
l’étude de cas dans ce travail. 

4. Premières résultats  

Sur la moitié des Projets présentes que nous avons analysé, 8 concernent les niveaux de la sixième à 
la quatrième pour un totale de 13 classes ; 11 Projet sont du niveau troisième et seconde avec 15 
classes engagées. Sur 19 Projets, 7 ne donnent aucune référence aux interactions prévues en phase 
de construction du design avec les savoirs du curriculum officiel des mathématiques. Les 12 Projets 
faisant référence au curriculum officiel des mathématiques proposent les savoirs des Instructions 
ministérielles pour le niveau concerné : propriétés géométriques des polygones, orientation dans 
l'espace, symétries, applications du théorème de Pythagore, proportions, pourcentages, algèbre, plan 
cartésien, fonctions, propositions logiques, résolution de problèmes à l'aide d'équations, résolution 
de problèmes. 

4.1. Les questionnaires initial et final  

Le questionnaire initial pour les étudiants est organisé en deux sections: une motivationnelle avec 
10 questions et une avec 15 questions à choix multiple. Cette dernière concerne les connaissances 
mathématiques de base en arithmétique, géométrie, algèbre, ainsi que des questions proches de la 
pensée algorithmique et de la programmation. Le questionnaire final, de même structure,  est 
composé de 5 questions d’appréciation et 10 questions à choix multiple concernant les 
connaissances mathématiques et de la programmation informatique. Les données recueillis 
concernent 18 Classes de 6ème, 5ème, 4ème pour un totale de 371 étudiants et 7 Classes  de 3ème et 
2nde pour un totale de 130 étudiants pour le questionnaire initial.  
Considérons les réponses à deux des questions mathématique/ algorithme. Pour la première nous 
avons déjà comparé les classes expérimentales et celles de contrôle. Le problème posé est le suivant 
Le problème des monnaies. On a deux boîtes A et B, dans la boîte A il y a 3 monnaies, dans B 5 
monnaies. Un robot va suivre ces instructions:  

• enlève 2 monnaies de la boîte A  
• ajoute dans la boite B autant de monnaies que celles contenues dans A moins une 

pièce.  
Combien de monnaies il y aura à la fin dans les boîtes?  
1. 1 monnaie en A et 7 en B  
2. 1 en A et 5 en B  
3. 1 en A et 8 en B  
4. Je ne sais pas répondre 
Dans la totalité des réponses des classes expérimentales le 76,7% fourni la réponse correcte et le 
21,7 % la réponse « 1 monnaie en A et 7 en B » correspondant au calcul qui ne tient pas en compte 
la première instruction « enlève 2 monnaies de la boîte A ». Elle prend la donnée initial de 3 
monnaie dans la boite A. Dans la totalité des réponses des classes de contrôle le 47, 1 % donne la 
bonne réponse et le 38,2 % la réponse « 1 monnaie en A et 7 en B ». Une meilleure réussite des 
classes expérimentales, évidement, n’est pas attribuable seulement à l’activité d’innovation des 
pratiques habituelles. Toute fois le pourcentage du 21% et du 38% de réponses erronée et celles de 
non réponses du 5,9% dans les classes de contrôle et le 1,5% dans les classes expérimentales, 
confirment l’intérêt et la nécessité de mieux développer une activité en mathématique sur la pensée 
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algorithmique. Ce qui est confirmé par l’analyse des réponses à la question suivant. Elle concerne 
l’approche à la programmation, et elle était prévue dans le questionnaire initial pour les classes de 
3e et 2e et pour le questionnaire final pour les classes de 6e, 5e, 4e. Celles-ci avaient dans le texte 
initial une question impliquant le même scenario mais qui ne concernait pas la notion de 
«  variable » du point de vue informatique.  
 

Problème du Robot 
La figure montre une zone qui doit être nettoyée par 
un robot qui peut recevoir des instructions de la part 
deux opérateurs, Filippo et Anna, en partant de 
l'endroit où ils se trouvent tous les deux. Filippo 
donnera les instructions suivantes: En Avant - En 
Avant – A Gauche - En Avant.  Une fois les 
instructions de Filippo terminées, le robot 
redémarre en suivant les instructions d'Anna, qui 
donnera à son tour les instructions suivantes: En 
Avant – A Droite – En Avant- En Avant 
Combien de sacs aura collectés le robot au total 
après avoir suivi toutes les instructions?  
1. 14 
2. 9 
3. 18 
4. Je ne sais pas répondre 

 

Figure 1.  Question du questionnaire initial niveau  Classes  de 3ème et 2nde 
 
Sur les réponses d’élèves du niveau de troisième et de seconde  le 7% déclare “je ne sais pas 
répondre”, le 15%  donne la réponse 9, le 38.8 % donne la réponse 18 qui s’obtient en considérant 
deux fois le sac 4, le 39,3 % donne la réponse correcte 14. La question concerne des savoirs 
mathématiques disponibles pour les élèves de ces niveaux (taille des nombres, opérations 
nécessaires, instruction pour le mouvement dans une représentation habituelle du quadrillage). Mais 
il faut considérer que, dans le développement de l’algorithme, la variable « nombre de sac dans 
chaque case du parcours » peut changer de valeur.  
En fait, pour répondre correctement, sont nécessaires une attention aux consignes et à la 
considération raisonnée des effets d’un algorithme. Le pourcentage bas des réponses correctes 
confirme la nécessité d’un travail à longue termes sur les liens entre “variable” en mathématiques – 
"variable" en programmation. La première hypothèse sur les rapports mathématique-programmation 
informatique et pensée algorithmique, trouve confirmation dans ces résultats. 
Au niveau des Classes de 6e, 5e, 4e la question est proposée dans le questionnaire initial utilisant le 
même scenario (figure 2) mais évitant la nécessité du recours à la notion de « variable ». La tâche 
posée concerne seulement de connaissances de déplacement sur le quadrillage et l’identification de 
l’équivalence des deux trajets par rapport aux nombres de sac à transporter. Dans le questionnaire 
final est utilisé le même problème proposée pour les classes de 3e et 2e. La figure suivant montre la 
fréquence de chaque réponse  
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Le problème du Robot 
La figure montre une zone qui doit être nettoyée par un 
robot qui peut recevoir des instructions de la part de 
deux opérateurs, Filippo et Anna. 

 
En partant de l'endroit où ils se trouvent tous les deux, 
Filippo donnera les instructions suivantes: En Avant - 
En Avant – A Gauche - En Avant.  
Anna donnera les instructions suivantes: En Avant – A 
Droite – En Avant - En Avant  
Le robot va collecter plus de sacs 
1,  En suivant les instructions de Filippo                 
2,  En suivant les instructions de Anna                             
3, Aucune des instructions précédents                          
 4, Je ne  sais pas répondre  

 
Réponses test initial - déplacement 
sur le quadrillage 
 
 

 
Réponses test final - recours à la 
notion de « variable »  
Combien de sacs aura collectés le 
robot au total après avoir suivi toutes 
les instructions?  

Figure 2. Résultat Test Initial et final niveaux 6e, 5e, 4e. 
 
Dans le test initial le 34, 8 % donne la réponse correcte. Dans le test final, le 5,3 % déclare “je ne 
sais pas répondre”, le 21,5 %  donne la réponse 9, le 49,3  % donne la réponse 18  et seulement le 
23,9 % donne la réponse correcte 14. En fait nous avons confirmation du fait que la notion de 
variable en informatique n’est pas construite intuitivement. Encore au niveau de troisième et 
seconde peuvent se présenter des difficultés à son utilisation dans la réalisation d’un algorithme. 
Ces résultats montrent la complexité de concevoir de tâches sur une question interdisciplinaire 
mathématiques-informatique mais aussi qu’une telle question n’est pas en soi pertinent et 
d’avantage pour la genèse de compétences sur la programmation. 

4.2. Le perçu des étudiants : motivation et appréciation de l’activité 

Parmi les questions de nature motivationnelle du questionnaire initial posé aux élèves, quatre 
questions avaient l’objectif de mesurer le rapport des étudiants aux mathématiques et à l’activité en 
classe de mathématiques. La séparation des données concernant les réponses par rapport aux 
niveaux de la 6e à la 4e et puis la 3e et la 2nde est motivée par l’articulation du système scolaire 
italien où ces deux dernières classes font partie de l’enseignement secondaire. 
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Rapport à l’activité en classe de 
mathématiques 

 
Rapport aux mathématiques 

Figure 3. Questions de nature motivationnelle 
 
La comparaison des réponses par rapport aux niveaux montre une commune vision positive de 
l'enseignement effectué avec des activités de laboratoire, et aussi d’un rapport positif aux 
mathématiques. Les aspects positifs du perçu des étudiants sont l’acquisition de nouvelles 
connaissances en informatique et en mathématique, le rapport avec l’expert et le travail en groupe 
de paires. Le 16% des étudiants du niveau troisième et seconde  ne trouve aucun aspect négatif, le 
69% voit dans la période de l’année avec beaucoup de contraintes scolaires un aspect négatif. A la 
question « vous pensez que ce que vous avez acquis pendant le cours vous sera utile à l'avenir », le 
32 %  spécifie « pour l’étude des mathématiques », le 16% « pour les disciplines scientifiques », le  
26% « pour le travail futur », le 26% considère les acquis pas beaucoup ou pas du tout utiles. 

4.3. L’activité dans une classe de seconde 

Comme nous l’avons précisé dans la description du contexte, dans ce Projet d’innovation, chaque 
classe proposât le parcours au moment de la demande de financement faite au début de l’année par 
l’École. Nous décrivons brièvement ici le cas d’une classe de 2nde  par le témoignage de 
l’enseignante de la classe. Les 30 heures de travail prévues ont été articulées dans 16 heures en 
horaire curriculaire où l’enseignant et l’expert ont croisé un travail sur la programmation avec celui 
centré sur le storytelling. Dans l’activité de codage avec l'utilisation de Scratch (en ligne) les 
étudiants, répartis en 5 groupes de travail, avaient pour tâche de concevoir et de mettre en œuvre 
une histoire dont le thème central était un contenu mathématique parmi ceux du curriculum habituel 
des Mathématiques. Pour cette classe les savoir considérés sont le théorème de Pythagore, les 
théorèmes d'Euclide, les transformations géométriques dans le plan, les polygones inscrits et 
circonscrits (figure 4). L’activité de codage avec l’utilisation d’Arduino a été réalisée lors des 
activités extrascolaires pendant le 14 heures prévues dans l’articulation du Projet.  
 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 333 

 

 
Figure 4 Le storytelling sur les théorèmes réalisé par Scratch 

 
Le travaille est organise pour que les élèves comprennent les bases de l’utilisation de la carte 
Arduino, tout en ne faisant pas un traitement théorique rigoureux. Des concepts de physique 
fondamentaux ont été introduits afin de pouvoir construire des circuits simples avec des LED et des 
boutons (courant, différence de potentiel, résistance, circuits en série et en parallèle). On a utilisé 
Ide Arduino et les instructions "block" de Scratch et celles d’Arduino apparemment plus complexe. 
L’enseignante de la classe, l’une des autrices de cette présentation, par rapport à l’apprentissage et 
au climat du travail, considère que les élèves ont sûrement appris ce qui été prévu. Par exemple la 
classe est alignée aux résultats générales au problème des monnaies, 14 étudiants  répondent 
correctement et seulement 4 ne  répondent pas correctement et donnent la réponse qui ne tien pas 
compte de l’attribution de la valeur à la variable dans le développement de l’algorithme. En général, 
les étudiants se sont mesurés à des activités qui leur étaient agréables, tout en acquérant non 
seulement des compétences en mathématiques et en informatique, mais également des compétences 
générales telles que travailler en groupe, savoir communiquer, etc. Ils ont étudié les sujets 
mathématiques d'une manière non conventionnelle, en réfléchissant à la façon de les proposer à 
leurs pairs afin qu'ils puissent comprendre les sujets, s'efforçant ainsi de comprendre et de 
communiquer. Le codage avec Scratch et Arduino leur a permis d’apprendre des concepts 
fondamentaux de la programmation informatique qui seront développés dans les années à venir. 
Avec cette expérience, de plus, certains aspects de la logique et de la pensée informatique ont été 
traités avec des effets positifs. En conclusion de l’activité l’enseignante considère intéressante et 
efficace le rapport avec l’expert qui a eu un bon rapport avec la classe. 

Conclusion 

Nous avons mené une étude initiale visant l’identification d’avantages ou de désavantages, pour 
l’enseignement et l’apprentissage, à impliquer les mathématiques dans une démarche 
interdisciplinaire de croisement avec la pensée numérique, la programmation et la robotique. 

Nous avons identifié des variables et des contraintes de nature différente qui favorisent ou 
entravent l'innovation. L’organisation didactique concernant l’intégration dans le curriculum des 
mathématiques du numérique et de savoirs de bases de la  programmation et la collaboration 
enseignant des mathématiques et expert de coding, semblent des conditions prometteuses à fin de 
promouvoir un apprentissage riche en compréhension dans un monde de plus en plus complexe.  
Toute fois cette pratique d’innovation curriculaire montre des limites par rapport à la réussite et à la 
reproductibilité de l’innovation même. Les premières données recueillis et analysées nous 
permettent d’affirmer que l’une des contraintes qui vont influencer la réussite des activités et aussi 
l’apprentissage des élèves va être la compétence et l’expérience de nature didactique de « l’expert 
de coding ». Les conditions de réalisation aussi devraient être modifiées. Il faudrait prévoir des 
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places de travail et de réflexion commune enseignant-expert en amont, pendant et en aval des 
activités.  
La validation de l'hypothèse selon laquelle l'enseignement de la mathématique par le "coding" peut 
contribuer à promouvoir l'apprentissage de compétences mathématiques, informatiques et aussi 
transversales est confirmée mais seulement en partie et pour certaines aspects. En ce qui concerne 
les connexions et la compréhension de savoirs mathématiques et informatiques, comme de 
compétences de travail entre pair ou en autonomie, dans notre expérience, c’est plutôt un climat de 
travail autonome et collaboratif des étudiants et le rôle de médiation de l’enseignant qui se sont  
révélés plus appropriés qu’une méthode particulier ou spécifique.  
Un premier impacte positif de l’activité « mathématique-coding » tant sur l’enseignant que sur les 
étudiants n’est pas une condition suffisante pour une plus forte efficacité dans l’apprentissage de 
connaissances mathématiques et de la programmation informatique. Il faudrait développer  aussi 
une étude plus approfondi du point de vue épistémologique sur le sens de «  la variable » en 
mathématiques et en informatique et sur ce qui pourrait faire d’obstacle ou favorise l’apprentissage 
de deux sens. Quelles caractéristiques devraient avoir les tâches afin de promouvoir un tel 
apprentissage et comment faire des recherches sur la dynamique complexe de l’apprentissage avec 
compréhension promue par l’interdisciplinarité mathématiques-informatique reste une question à 
développer.  
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Résumé. Dans cet article, nous montrerons pourquoi nous avançons que l’utilisation 
intensive des triangles rectangles et du cercle trigonométrique dans l’enseignement des 
nombres trigonométriques crée des difficultés et est source d’obstacles à un apprentissage 
robuste des concepts de trigonométrie. Une brève revue de la littérature nous a permis 
d’identifier quelques erreurs et difficultés fréquentes chez les élèves qui manipulent les 
rapports trigonométriques (nous privilégions l’expression “rapports trigonométriques” pour 
renforcer la connexion entre nombres trigonométriques et rapports trigonométriques). Nous 
nous sommes ensuite appuyées sur la théorie de la transposition didactique pour comparer le 
savoir savant et le savoir à enseigner en trigonométrie. Après avoir confronté ces deux 
savoirs aux difficultés des élèves, nous faisons l’hypothèse qu’un recours trop systématique 
aux triangles rectangles et au cercle trigonométrique complexifie la création de liens entre les 
rapports trigonométriques construits dans l’un et dans l’autre. Nous proposons dès lors de 
réorganiser le savoir à enseigner pour consolider ces liens. Pour le moment, notre approche 
est essentiellement théorique mais nous espérons pouvoir expérimenter quelques activités 
didactiques courtes en lien avec cette réorganisation du savoir à enseigner. 

Abstract. In this paper, we’ll show why we think that the systematic use of right triangle and 
unit circle while teaching trigonometric ratios creates difficulties and can generate obstacles 
for a deep learning of the trigonometric concepts. A short survey on the literature makes us 
identify some mistakes and recurrent difficulties for the students who manipulate the 
trigonometric ratios (we prefer the expression « trigonometric ratios » to emphasize the 
connection between trigonometric numbers and trigonometric ratios). Afterwards, we use the 
theory of the didactic transposition to compare the scientific knowledge and the knowledge 
to teach in trigonometry. The confrontation of those knowledges to student’s difficulties, we 
make the assumption that using too systematically the right triangles and the unit circle 
complexifies the creation of links between the trigonometric ratios built in both of them. We 
propose to reorganize the knowledge to teach to boost those links. For now, our approach is 
essentially theoretical but we hope we could experiment some short didactic activities in 
relation to this reorganization of the knowledge to teach. 

1. Historique 

Les premières traces de trigonométrie datent du IIème siècle ACN, lorsque l’étude des angles 
s’est avérée nécessaire pour l’évolution de l’astronomie. On travaillait alors avec des cercles de 
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rayon quelconque et le sinus d’un angle (premier rapport trigonométrique à être formalisé, en Inde, 
au Vème siècle) permettait entre autres d’étudier la position des étoiles dans le ciel. À cette époque, 
le sinus d’un angle au centre fut défini comme la demi-corde de l’angle double. Au IXème siècle, la 
trigonométrie s’est développée dans le monde musulman, notamment pour résoudre des problèmes 
faisant appel à un gnomon. Ces derniers permirent de définir la tangente et la cotangente. On 
travaillait alors avec des triangles dont on ne connaissait pas la mesure de tous les angles ni la 
longueur de tous les côtés. C’est au XIIIème siècle que l’étude des triangles inscrits dans un cercle a 
permis de rassembler les cercles et les triangles dans ce qu’on appelle aujourd’hui le cercle 
trigonométrique. Avec l’apparition des nombres complexes, les grands théorèmes de la 
trigonométrie ont quitté le domaine de la géométrie à la fin du XVIIIème siècle pour rejoindre celui 
de la théorie des fonctions complexes. 

 
Ce bref historique, inspiré de (Henry et Pierard, 2015), met en avant que la trigonométrie est 

avant tout apparue pour répondre à des besoins géométriques. C’est dans cette philosophie que sont 
construits les programmes scolaires belges. En effet, en tenant compte des différents réseaux et 
filières repris dans (Fédération Wallonie-Bruxelles, 2014 à 2017), on peut résumer le curriculum en 
disant qu’avant le grade 9, les élèves ont appris à reconnaître un angle, à le caractériser de droit, 
plat, plein, aigu ou obtus et à le mesurer en degrés à l’aide d’un rapporteur. Ils ont également 
travaillé sur la proportionnalité et, au grade 9, ils ont découvert les triangles semblables ainsi que les 
théorèmes de Thalès et Pythagore. C’est durant cette même année qu’ils découvrent les rapports 
trigonométriques, avec le triangle rectangle. Au grade 10, ils travaillent dans les triangles 
quelconques à l’aide des deux premiers quadrants du cercle trigonométrique. Les élèves de grade 
11, quant à eux, poursuivent l’apprentissage de la trigonométrie dans le cadre de l’analyse, au 
travers de l’étude des fonctions trigonométriques. 

2. Curriculum 

Du grade 9 au grade 11, les définitions des rapports trigonométriques évoluent donc. Illustrons 
cette évolution avec la définition du cosinus, sachant que les remarques qui vont suivre peuvent être 
faites de manière similaire pour le sinus et la tangente.  

2.1 Au grade 9 : trigonométrie et triangles rectangles 

Au grade 9, on dira que le cosinus d’un angle aigu interne à un triangle rectangle est le rapport entre 
la longueur du côté adjacent à l’angle et la longueur de l’hypoténuse du triangle. Sur base de la 
figure ci-dessous, on peut dire que le cosinus de l’angle α est le rapport de |AB| sur |AC|. 

 
Figure 3. Trigonométrie et triangles rectangles 
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2.2 Au grade 10 : trigonométrie et cercle trigonométrique 

Au grade 10, on construit les deux premiers quadrants du cercle trigonométrique pour pouvoir 
travailler avec des angles de 0° à 180°. Le cosinus d’un tel angle est alors défini comme l’abscisse 
d’un point de ce demi-cercle. Sur base de la figure ci-dessous, on peut dire que le cosinus de l’angle 
β est l’abscisse du point B. 
 

 
Figure 4 - Trigonométrie et cercle trigonométrique 

 

2.3 Au grade 11 : trigonométrie et fonctions 

Au grade 11, on s’éloigne de la géométrie et le cosinus d’un angle devient le cosinus d’un nombre 
réel. On peut dès lors construire la fonction cosinus , dans laquelle le 
cosinus est l’ordonnée d’un point du graphe de  
 

 
Figure 5 - Trigonométrie et fonctions 

 
C’est donc au grade 10 que la « fusion » entre le cercle et les triangles s’opère. Les élèves doivent 
alors établir de nombreux liens comme par exemple le fait que le cosinus soit un rapport n’est plus 
explicite dans le cercle trigonométrique puisque le dénominateur, réduit à 1, ne s’écrit plus. Un 
autre exemple est que la définition du rapport trigonométrique comme rapport de longueurs perd 
son sens dans le cercle trigonométrique puisqu’elle est remplacée par la coordonnée d’un point, qui 
peut être négative. Bien que très différente en apparence, la définition du cosinus dans le cercle 
trigonométrique englobe pourtant celle du cosinus dans un triangle rectangle. 
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3. Littérature didactique 

La littérature didactique portant sur l’enseignement et l’apprentissage de la trigonométrie met en 
avant plusieurs difficultés liées au sujet qui nous occupe. Par exemple, les travaux de (De Kee et al., 
1996), (Thompson, 2008) et (Vadcard, 2002) nous laissent penser que les élèves associent souvent 
la mesure d’un angle à la mesure de ses côtés, supposant donc que ces derniers soient de longueur 
finie. Bien que l’angle ait été étudié comme figure géométrique à part entière dans l’enseignement 
fondamental, cette remarque montre qu’avec les premières années de l’enseignement secondaire, les 
élèves ont tendant à systématiquement associer un angle à un polygone. Quand la trigonométrie 
définira le cosinus comme un rapport de longueurs de deux côtés d’un triangle rectangle, constant 
quelles que soient les longueurs des côtés en question, le constat précédent constituera un premier 
obstacle à la compréhension de la définition.  

D’autres exemples nous sont fournis par (De Kee et al., 1996), (Proulx, 2003) et (Tanguay, 
2010), qui constatent qu’une fois le cercle trigonométrique construit, certains élèves parlent du 
sinus d’un point et non du sinus d’un angle, ou encore que certains élèves mettent des unités de 
longueur aux rapports trigonométriques ou aux mesure en radians.  

Enfin, des travaux comme celui de (Kendal et Stacey, 1996) nous poussent à continuer notre 
questionnement. Ces auteurs ont comparé l’enseignement de la trigonométrie dans le triangle 
rectangle à l’aide des rapports de longueurs de côtés et la trigonométrie à l’aide du cercle 
trigonométrique. Leurs résultats penchent en faveur des rapports de longueurs, ce qu’elles 
expliquent notamment par la complexité des relations entre les procédures à appliquer quand on 
utilise le cercle trigonométrique. En effet, pour résoudre un triangle à l’aide du cercle 
trigonométrique, il faut d’abord réorienter le triangle pour que le sommet de l’angle corresponde au 
centre du cercle trigonométrique, puis il faut faire abstraction du triangle et se concentrer sur 
l’angle, ensuite il faut se souvenir des propriétés du cercle (angle correctement orienté, lecture des 
sinus sur l’axe vertical,…) et enfin revenir au triangle initial. Cependant, toujours d’après les 
auteurs, le cercle a l’avantage de donner une signification concrète et visuelle des fonctions 
trigonométriques. 

Les éléments relevés ci-dessus soulignent deux faits importants. Le premier est l’importance de 
la notion de rapport dans la définition des rapports trigonométriques. En effet, il permet d’insister 
sur le fait qu’un rapport trigonométrique ne dépend que d’un angle et pas d’une figure ou d’un 
point. Il permet également de souligner que ce n’est que parce que le cercle trigonométrique a un 
rayon unitaire que le sinus et le cosinus sont réduits à des coordonnées de points. Enfin, il appuie le 
fait que les rapports trigonométriques n’aient pas d’unité. 
Le deuxième aspect à souligner est que les élèves ne comprennent pas toujours ce que représentent 
les rapports trigonométriques et à quoi ils servent. Ils créent difficilement des connexions entre la 
trigonométrie dans le cercle trigonométrique et celle dans les triangles. De plus, les triangles et le 
cercle ne semblent pas avoir la même finalité : les triangles seraient propices à une utilisation 
géométrique de la trigonométrie tandis que le cercle serait plus propice à une utilisation analytique 
de la trigonométrie. 

4. Adaptation du curriculum 

3.1 Motivation 

Dans le curriculum actuel, les triangles rectangles et le cercle trigonométrique semblent être 
utilisés comme des facilitateurs. Travailler dans un triangle rectangle permet en effet de faire des 
rapports entre des longueurs de côtés, rapidement identifiables et liés à des formules faciles à retenir 
; travailler avec le cercle trigonométrique permet d’oublier les rapports puisque le dénominateur, 
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égal à 1, n’apparaît plus. Comme nous l’avons vu plus tôt, ces deux facilitateurs sont pourtant peu 
propices à la construction de connexions entre les triangles et les cercles.  

Nous faisons donc l’hypothèse qu’une définition générale des rapports trigonométriques serait 
peut-être préférable à une définition à généraliser. Actuellement, les définitions des rapports 
trigonométriques sont fortement dépendantes du contexte : on définira les rapports trigonométriques 
dans le triangle rectangle ou les rapports trigonométriques dans le cercle trigonométrique. Même si 
le lien entre ces contextes est probablement explicité par les enseignants, il pourrait laisser penser 
aux élèves que les rapports trigonométriques sont tout simplement des objets différents dans un 
contexte ou dans l’autre. Il nous semble dès lors pertinent de définir les rapports trigonométriques à 
l’aide des projections orthogonales puis de présenter leurs définitions actuelles comme des 
propriétés et non comme d’autres définitions. 

3.2 Modification principale : la définition du cosinus à l’aide des projections orthogonales 

Voici comment nous proposons de définir le cosinus à l’aide des projections orthogonales. 
Prenons un angle Â déterminé par les demi-droites [AB et [AC, et comme plus tôt, déterminons son 
cosinus en sachant que le sinus et la tangente peuvent être obtenus par des résultats similaires. Sur 
[AB, on choisit un point M quelconque dont la projection orthogonale sur AC est le point P. On 
définit dès lors le cosinus de l’angle Â comme le rapport de |AP| sur |AM|. Ce rapport est 
évidemment indépendant du choix de M. En prenant comme convention que le cosinus est positif si 
le vecteur la demi-droite [AP est de même sens que la demi-droite [AC, négatif sinon, on peut 
aisément appliquer cette définition à n’importe quel angle mesurant de 0° à 360° inclus.  

Le principal avantage d’une telle définition est que les différentes facettes de la trigonométrie 
sont reliées dès le départ. En effet, notre définition est valable dans les triangles rectangles, dans les 
triangles quelconques et dans le cercle trigonométrique. Dès lors, les rapports trigonométriques dans 
les triangles rectangles apparaissent comme un cas particulier où l’angle Â est strictement compris 
entre 0° et 90° : le cosinus acquiert la propriété d’être le rapport de longueurs de deux côtés du 
triangle. Le cercle trigonométrique apparaît aussi comme un cas particulier, où le point M est choisi 
à 1 unité de distance du point A : le cosinus acquiert la propriété d’être l’abscisse d’un point du 
cercle. De plus, toute la trigonométrie géométrique peut être construite sans recourir au cercle 
trigonométrique. 

5. Réorganisation du savoir à enseigner 

5.1 Le savoir à enseigner dans la littérature 

Dans le but d’identifier le savoir savant en trigonométrie, au sens de (Chevallard, 1991), nous 
avons fait une brève revue de la littérature scientifique sur le sujet. Celle-ci nous a montré que, quel 
que soit l’ouvrage consulté - (Gelin, 1902), (Van Binst, 1951), (Schons, 1968), (Lang et Murrow, 
1988), (Swokowski et Cole, 1998),… - la trigonométrie est toujours décrite à partir du cercle 
trigonométrique, dont découlent toutes les propriétés présentes dans le curriculum. Une telle vision 
du savoir savant ne permet donc pas d’organiser le savoir à enseigner selon nos souhaits, à savoir en 
repoussant le recours aux triangles rectangles et au cercle trigonométrique. Nous avons donc écrit 
notre propre interprétation du savoir savant en le restructurant. Le cercle trigonométrique y est 
construit en fin de parcours, tandis que les rapports trigonométriques sont définis, dès le départ, par 
les projections orthogonales. Cette nouvelle structure permet de couvrir tous les objectifs du 
curriculum de manière cohérente et rigoureuse et nous servira de référence pour l’écriture d’un 
savoir à enseigner. 
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5.2 Un savoir à enseigner réorganisé 

L’organisation de ce savoir à enseigner est basée sur la définition des rapports trigonométriques à 
l’aide des projections orthogonales. Notons que le recours aux projections orthogonales dans le 
savoir à enseigner n’est pas une nouveauté. En effet, le programme belge de 1982 (référence 
1982/7/5086) définissait le cosinus d’un angle comme le coefficient de réduction d’une projection 
orthogonale. Cette définition a été abandonnée par la suite pour des raisons que nous ignorons. Les 
définitions et conseils associés à la trigonométrie ne cessent d’ailleurs de changer dans les 
programmes depuis les années 1950. 

Notre savoir à enseigner vise à respecter les trois principes suivants. (1) Les projections 
orthogonales permettent de définir les rapports trigonométriques des angles, ces derniers étant pris 
comme des régions situées entre deux demi-droites partant d’un même sommet et non comme des 
éléments constitutifs d’une figure géométrique. (2) La définition des nombres trigonométriques est 
une définition générale qui sera appliquée aux différents cas particuliers que sont les triangles 
rectangles et quelconques, le cercle trigonométrique ou n’importe quelle figure géométrique. Cela 
permettra d’insister sur les liens qui unissent tous ces cas particuliers. (3) Grâce aux projections 
orthogonales, toute la facette géométrique de la trigonométrie pourra être étudiée sans faire 
référence au cercle trigonométrique. Ce dernier ne sera construit que pour pouvoir travailler la 
facette analytique de la trigonométrie, à savoir les fonctions trigonométriques. Notons que c’est le 
recours au cercle trigonométrique que nous souhaitons repousser ; le travail sur un cercle de rayon 
quelconque aurait sa place dans notre structure. 

5.3 Un savoir à expérimenter 

Ce savoir s’étendant sur 3 années du curriculum, l’expérimenter entièrement nous semble peu 
réaliste. Nous envisageons donc de construire de courtes activités didactiques permettant 
d’expérimenter quelques éléments ciblés comme la définition des rapports trigonométriques à l’aide 
des projections orthogonales, sur lesquelles nous trouvons très peu d’informations dans la littérature 
didactique. 

6. Conclusion 

Pour conclure, nous dirons que dans l’enseignement d’aujourd’hui, on a recours à des facilitateurs 
comme les triangles rectangles et le cercle trigonométrique, qui simplifient les manipulations 
techniques des rapports trigonométriques. Ces facilitateurs utilisent de multiples propriétés, parfois 
implicites, comme le fait qu’un rapport trigonométrique reste un rapport dans le cercle 
trigonométrique où on le repère pourtant avec des coordonnées. Utilisés à différents moments du 
curriculum, ces facilitateurs rendent difficile la création de connexions entre les différentes facettes 
de la trigonométrie. Cherchant à clarifier ces connexions pour les élèves, nous avons réussi à 
organiser le savoir savant à partir d’une définition des rapports trigonométriques utilisant les 
projections orthogonales. Le savoir à enseigner sur lequel nous travaillons aujourd’hui poursuit le 
même objectif. 

7. Perspectives 

Les discussions du groupe de travail 3, axées sur « Les connexions pour l’enseignement et la 
compréhension », nous ont donné plusieurs pistes pour la suite de notre travail. Nous en détaillerons 
deux ici. 
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La première piste consiste en l’analyse rigoureuse du savoir à enseigner réorganisé. En effet, 
comment s’assurer que cette réorganisation soit pertinente en sachant que son expérimentation ne 
serait pas aisée ? La méthode d’analyse présentée par Hassane Squalli dans le cadre de son travail 
sur la pensée algébrique pourrait nous convenir. Cette méthode propose d’étudier le savoir à 
enseigner à l’aide des praxéologies qui, comme la théorie de la transposition didactique, sont issues 
de la théorie anthropologique du didactique de Chevallard. Nous travaillons actuellement la mise en 
œuvre de cette méthodologie pour notre recherche.La seconde piste nous fait réfléchir au sens de 
l’enseignement de la trigonométrie aujourd’hui. En effet, cette matière occupe une place importante 
dans le curriculum belge mais ce n’est pas forcément le cas partout. Dès lors, quelle place concrète 
prend cette matière dans le monde actuel ? Quelles situations pourraient donner sens aux notions 
qui la constituent ? Ces questions seront au cœur de notre travail sur les courtes séquences 
didactiques à expérimenter. 
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Abstract. Life in today’s world is complex for various reasons. What contributions can 
mathematics education provoke to face its challenges? What are the advantages and 
limitations of respective approaches? This article explores these questions by focusing on the 
example of complex tasks that can be considered as highly accepted in the context of 
mathematics education. 

Résumé. Vivre dans le monde actuel est complexe, pour diverses raisons. Quelles 
contributions l’enseignement des mathématiques peut-il susciter pour relever ses défis? 
Quels sont les avantages et les limites des approches respectives? Le présent article explore 
ces questions en se concentrant sur l’exemple des formats de tâches complexes qui peuvent 
être considérés comme hautement acceptés dans le contexte de l’enseignement des 
mathématiques. 

1. Introduction 

In recent times, different social, socio-cultural, political and educational developments have made 
life increasingly complex: examples of the past two decades are given by the digital revolution, 
processes of globalization and pluralization or the declared striving for an inclusive society in many 
countries. Making sense of this increasingly complex world and dealing with its challenges requires 
a variety of tools, skills and approaches. Mathematical understanding can crucially contribute to 
meeting the demands of our world today world, since mathematics offers strategies to structure or 
simplify complex problems, especially if we see mathematics as a way of “solving problems in an 
adaptive, not arbitrary, and coherent fashion” (Nunes & Bryant, 1997, p. xiii). Providing students 
with opportunities to acquire those skills and tools is a basic goal of mathematics education. In that 
way, mathematics education has to enable students to solve their own real-life problems, but also to 
participate as critical, responsible and active future citizens of society (Sachdeva, 2019), whereby a 
fallible view on mathematical activities seems to be productive (Ernest, 2014). This in turn, requires 
a learning with understanding, and not simply practising and using a series of techniques over and 
over again (Nunes & Bryant, 1997).  
Vice versa, the modern world’s developments influence education in a direct way, as for example 
students’ diversity requires adjustments of both the school systems and classroom activities (e.g., 
Käpnick, 2016). In Germany, educational policy introduced standards of pupils’ competencies at 
different levels of their school biography, which is also a consequence of German pupils’ relatively 
low attainments in international comparative studies (e.g., Käpnick, 2014). Within mathematics 
education, it is in particular mathematical complexity what is considered as an approach to enable 
mathematical activities for all children as to one common subject – and in this way is a contribution 
to explore the complex world in the sense given above. But what does actually mathematical 
complexity mean within the realm of mathematics education? What are the potentials and 
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limitations of complex mathematical tasks? The aim of this paper is to illustrate exemplary answers 
to these questions. 

2. Complex mathematical tasks 

2.1 Central ideas and characteristics of complex tasks 

Student-centred teaching strategies combined with open tasks have been discussed in the last 
decades to promote fundamental mathematical experiences which contribute to enable individuals 
to live in the modern world. Such open tasks involve inquiry-based and problem-centred learning, 
and mathematics teaching based on complex, real-life contexts (like problem solving, handling 
mathematical structures or regarding real-life by ‘mathematical eyes’; Winter, 1995; Stillman, Blum 
& Salett Biembengut, 2015). These approaches entail a constructivist perspective, assuming that 
understanding is based on students’ both exploratory and active learning, whereby task-related 
complexity can promote the acquisition of skills, strategies and (mental) approaches that are 
necessary to deal with larger, more challenging issues (a detailed overview of the summarized 
aspects can be found in Benölken, Veber & Berlinger, 2018; see also Schoenfeld, 1992). 
The ways of implementing complexity in mathematics education are diverse and relate to methods 
or learning arrangements, but especially to task design. In contrast to common isolated and 
constrained tasks that allow only certain solutions and predetermined approaches, complex and 
substantial mathematical activities ensure a certain degree of openness and freedom. This allows 
more individuality in the learning process, for example in terms of ways of solution, the use of 
manipulatives, kinds of notation, problems to solve or further questions emerging from a given one 
(e.g., Scherer & Krauthausen, 2010). According to Krauthausen (2018), it has to be stated that 
‘complex’ is not necessarily the same as ‘complicated’. Au contraire, it is especially the 
mathematical substance that enables “a personal access at a certain point for the individual student” 
(ibid., p. 331) even though not all pupils have to master all the details of the content immediately. 
In the international context, complex tasks correspond to the concepts of “Open ended maths 
activities” (Australia, see Sullivan & Lilburn, 2017), so-called “Low floor, high ceiling” tasks 
(Canada/USA, see, e.g., Gadanidis & Hughes, 2011; Boaler, 2016) or learning environments 
(Germany, see, e.g. Höveler, 2019). 
All those concepts share the idea of tasks that are accessible to all students, but that can be solved in 
different ways. Additionally, the mathematical problems should be challenging, but accessible to a 
much broader spectrum of students than typical exercises. The problem, the working process and 
the exchange among the students become much more important than the answer itself. Therefore, 
such tasks aim at a rich mathematical discourse. The extra dimension Wide Walls might extend the 
concept of Low Floor, High Ceiling in order to avoid the impression that there is only a single path 
from floor to ceiling. 
According to Gadanidis and Hughes (2011), who call those learning activities Big math ideas, the 
low mathematical floor allows students to engage even with minimal mathematical knowledge. The 
high mathematical ceiling offers opportunities to extend their mathematical thinking, even to 
concepts and relationships beyond their grade level. In this way, the different ideas and concepts 
have in common that they are suitable for inclusive mathematics classrooms. 
The approach behind complex tasks, recently popular in Germany and labelled natural 
differentiation, comprises a large spectrum of discoveries as well as profound mathematical 
insights, so that all learners can approach one common research question by applying their own 
strategies (Benölken, Veber & Berlinger, 2018). In addition, Scherer (2013) points out that those 
complex tasks can contribute to the development of both content-related knowledge as well as 
process-related competencies (such as Mathematical Reasoning, Communicating in, with, and about 
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Mathematics or Representing Mathematics). In addition, such tasks enable to discover structures 
and patterns that form the necessary basis for understanding the nature of mathematics. 

2.2 Examples of complex tasks 

One example of complex tasks offers a well-known research question on cube buildings. Cube 
buildings are combinations of cubes in which the edges and surfaces of each cube adjoin those of 
others that stand on a surface (see figure 1, which exemplarily shows the cube buildings that can be 
formed by three cubes). A question for a complex task could be: “How many cube buildings can 
you build with 2, 3, 4, 5, ... cubes?” (cf., e.g., Franke & Reinold, 2016)  
 

 
Figure 6: Cube buildings. 

Possible discoveries range from enactively detecting numbers of smaller cube buildings by laying 
material, to systematic investigations applying formal-symbolic building plans, to more abstract 
investigations of possible numbers of poly-cubes. Some impressions of students’ solutions are given 
by figure 2 (for more details, see Benölken, Berlinger & Veber, 2018a). 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7. Students’ solutions. 
The pictures shown in figure 2 demonstrate a big range of possible discoveries and approaches. All 
students found access to the activity, alone, in pairs or in groups. The mutual exchange and the 
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presentation at the end of the activity enhanced the learning of all. Especially, the necessity to argue 
why you found all possible cube buildings, made the students find ways to present their solutions. 
Additionally, they communicated in, with, and about mathematics and learned to reason 
mathematically. They made use of different manipulatives and ways of representing mathematical 
entities. Therefore, in addition to the task design, the way of implementing complex tasks in the 
mathematics classroom, is of great importance. The exchange among the students and the mutual 
presentation at the end of the activity stimulates mathematical reasoning and ways of representing. 
This description corresponds to the idea of “mathematics as an evolving social practice that is 
constituted by, and does not exist apart from, the constructive activities of individuals” (Cobb, 
Yackel & Wood, 1992, p. 28). 
Another example is given by a complex task focusing on investigations of how many possibilities 
for direct paths exist in city maps with a chessboard structure. In the example of figure 3, the 
research impulse could be “Investigate how many possibilities exist for Elisabeth to go directly to 
one of the other locations in the map.” (The small triangles indicate the exact locations). The basic 
idea can be adapted to different school years, but the main research question is always the same 
(Wittmann & Müller, 2012; Benölken, Hammad, Radünz, & Veber, 2019; Benölken, Veber, 
Hammad, & Berlinger, 2018). 
 

 
Figure 3. Example of a maps’ chessboard-structure 

Experience shows that pupils approach the research question very differently: some pupils lay paths 
with material (e.g. tiles), some pupils draw paths in the middle of the streets and use colors to 
distinguish different paths. Other pupils place ‘map squares’ or a coordinate system in a suitable 
position on the map. This access offers a possibility for further exploration from a more in-depth 
mathematical perspective. If the sides of the streets are distinguished, the well-known problem of 
determining the number of possible paths between two points in a grid arises, which can be solved 
systematically with the help of suitable considerations on the binomial coefficient (detailed case 
studies of pupils representing the outlined ideas can be found, for example, with Benölken, 
Hammad, Radünz, & Veber, 2019). As in the example Cube buildings, the necessity to argue, why 
all possible direct paths were found, can be seen as an opener, which enables pupils to work 
productively together in spite or because of very different potentials and needs.  
Beyond the examples of Cube Buildings (related to the fundamental idea of space and shape) and 
Chessboard Maps (related to data, frequencies and statistics), similar examples can be constructed 
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in the frame of all mathematical content areas: for example, by Developing games with coloured 
dices in the context of probability, by Sequences of figured numbers in the context of functional 
interrelations, or by collections of Fermi problems such as “Do you drink as much as a horse?”, 
“Do you eat as much as a squirrel?”, or “Do you jump as far as a flea?” in the context of realistic 
mathematical tasks or mathematical modelling (for details see Benölken, Berlinger & Veber, 
2018b).  

3. Potentials and limitations of complex mathematical tasks 

With regard to a life in a complex modern world, complex tasks offer various constructive bridges 
as well as meaningful, reasonable and beneficial degrees of freedom. Their construction and 
implementation offer potentials for realizing postulates in terms of arranging the mathematical 
teaching-learning-process, for example possibilities of fundamental experiences being acquired in a 
mathematical context. In addition, complex tasks offer potentials for authentic joint learning in such 
a way that the diversity of ideas or approaches to solutions becomes a benefit and learning resource 
for all students. Thus, the implementation of complex tasks can contribute to the social goal of 
accepting diversity and, therefore, becoming an inclusive society since decategorizations are 
attainable. Thus, complex mathematical formats seem to be one sustainable element in order to 
organize the teaching and learning of mathematics as a social practice with individual constructions.  
Such activities call for a focus on the potentials of the students and the group rather than 
concentrating on their deficits. Of course, complex tasks provide nothing more but one approach to 
organize diversity. Simultaneously, a large spectrum of different methods has to be taken into 
account, always scrutinizing the intention of a learning situation between a relationship level 
focusing on authentic participative learning and an institutional level focusing on personalized 
learning with regard to different individual needs and potentials (for example, Benölken, 2019). The 
guideline of Bohlmann, Dexel and Benölken (2020) shown in figure 4 indicates possible paths that 
might be considered in this context. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4. Guideline of classifying tasks by Bohlmann, Dexel and Benölken (2020). 
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Beyond questions of intentions, as promising as activities in the frame of complex tasks might 
sound, they also provide space for misunderstandings and pitfalls. Openness, for instance, is not to 
be equated with arbitrariness. Although students have freedom and autonomy to choose their own 
path on how to deal with tasks, not every approach necessarily leads to a learning with 
understanding. For the teacher it requires a certain sensitivity to support students without directing 
them too much. This also applies to helping students who do not immediately find access or refuse 
to engage with open activities, especially when they are predominantly used to narrow, simplified 
tasks. According to Krauthausen (2018, p. 328) the teacher’s responsibility requires specific 
professional skills: 

Even an autonomously learning and high-performing child needs sound support when (s)he 
meets the zone of his or her proximal development (Vygotsky 1978). The teacher, on the one 
hand, is responsible for leading the child to its individual limits. On the other hand, (s)he 
must offer the child sound impulses in order to push those limits more and more forwards. 
Delving into mathematical structures of the learning contents in that sense does not happen 
automatically, rather a well-considered encouragement is necessary. 

Therefore, Krauthausen emphasizes that the design and implementation of activities complying with 
natural differentiation are specifically a teacher’s responsibility and “cannot be delegated to 
elementary students, as some questionable teaching methods may suggest” (ibid., p. 331). The 
demands put upon teachers are various and contain knowledge of both the subject-specific and 
pedagogical content (e.g., Wittmann, 2004).  
Additionally, we have to acknowledge the limits of complex tasks, avoiding the impression of 
providing an overall solution for all problems in the teaching and learning of mathematics. First, not 
all mathematics lessons can be arranged appropriately around complex tasks and inquiry-based 
learning, as certain knowledge, such as mathematical notions, cannot be ‘discovered’ and therefore 
require other classroom settings. 
Another problem not solved yet evolves due to contradictions in our educational systems and 
educational policy. On the one hand, current national and international teaching guidelines require a 
learning environment that respects the different needs, skills and capabilities of the students and 
adapts to them. On the other hand, in tests, examinations and other forms of assessment, 
traditionally all students have to solve the same tasks and are measured against the same standards. 
While individual learning processes are highly encouraged, individual assessment is not yet 
realized. Therefore, as long as educational systems are built around grades and degrees and have 
selective functions, the demands for inclusive mathematics education and for respecting diversity 
necessarily provoke contradictions. 
In addition, with regard to inclusive mathematics education, there might be doubts in terms of the 
suitability of complex task for all students (that are hardly addressed in the literature). In the last 
years, complex tasks have been discussed to be adequate for inclusive settings as every student can 
work on his/her own level and with his/her own strategies, using or not using support. The present 
paper argues in that way as well. However, we want to question if complex tasks can really satisfy 
this high demand and meet all the challenges mentioned above. Indeed, we have to ask if any 
classroom setting is able to suit this demand and to provoke mathematical learning and 
understanding for all children. This question, or we should rather say this objection, is of special 
relevance for inclusive classrooms, where the diversity among the students is notably and 
intentionally high. Without questioning the general idea of inclusive education, it remains an open 
question how far for example students with severe impairments will learn mathematics with 
understanding and participate meaningfully in the mathematical activity. But also other students 
might have difficulties, for example coping with the openness and degree of freedom. On the side of 
the teacher, it requires sensibility and fundamental knowledge about the mathematical learning 
process to support students appropriately without guiding them too much. 
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A study of Höveler (2019), investigating the learning process of students in learning environments, 
revealed that in the lessons under analysis not all students made progress. As one result of the study, 
the author states that the learning progress depends on various factors. For example, a general 
attitude among the group that the interaction with others is helpful for their own learning seems to 
be necessary. Additionally, Höveler points out that it is in particular the teacher’s practice, how to 
implement such tasks, that is essential for the learning process of the students: his/her way of 
arranging the whole activity, of developing a certain attitude on the side of the students, of creating 
a respectful atmosphere or of setting stimulating impulses. 
Therefore, we conclude that apart from the chances and opportunities that complex tasks offer, there 
is a variety of pitfalls and limits that must be reflected on in research and teaching practice. 

4. Concluding remarks 

Against the background of the challenges of a complex world, the discussion about potentials and 
limitations of complex tasks highlighted some aspects being particularly significant from our point 
of view. However, this contribution only represents selected aspects and seeks to be complemented 
by other arguments. In the literature, as far as we have recognized, potentials and limitations of 
complex tasks have been explored primarily on the basis of philosophical-conceptual considerations 
and experiences. The empirical investigation of their benefits and boundaries rather continues to be 
a desideratum. Although intervention studies in a pre-post-design (which seem to be most popular 
in recent approaches of studying benefits of mathematical formats) may provide a possible 
technique, they seem not to be sufficient for the investigation of long lasting effects or of complex 
phenomena like students’ thinking. 
We suggest mixed-methods-designs, for example, a triangulation of contrasting case studies and 
impressions from participating class observations, and/or longitudinal studies since their holistic 
perspective seems to be more appropriate to meet the challenges to study the effects of complex 
tasks for living in a complex modern world.  
However, we want to stress that even the best tasks (complex or not) will not be able to prepare 
students completely to master the challenges of our world today. The design and implementation of 
complex tasks in mathematics classrooms can only be one part. Every school subject as well as the 
classroom culture has to contribute to this very fundamental role of schooling in its own way. 
Nevertheless, complex tasks might be suitable to gain fundamental mathematical experiences, to 
learn mathematics with understanding and to perceive mathematics as a social practice. It requires 
more fundamental theoretical and empirical research in order to confirm (or to refute) those 
assumptions. 
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Abstract. The most recent Portuguese guidelines for the Primary School Mathematics 
preconize an in-depth contact with fractions, dealing with quotient, part-whole, measure and 
operator interpretations for fractions. It is well known that teachers often struggle on 
teaching such matters. Since fractions are traditionally approached mainly in part-whole and 
operator interpretations, it seems pertinent to investigate whether the actual teaching 
practices reflect those innovative guidelines. This study focuses on teaching practices on 
fractions and aims to understand primary school teachers constrains and difficulties when 
teaching fractions. It addresses three questions: 1) How does the teacher make sense of 
fractions in the classroom? 2) Does the teacher properly promote the connections between 
fractions and everyday situations? 3) How does the teacher articulate distinct interpretations 
of fractions in the classroom? Four primary school teachers participated in a collaborative 
working program about fractions with the researcher (one of the authors of this paper) and 
their classes were observed. This paper presents the results related to the observed classes of 
one of the participating teachers – João (fictitious name). A qualitative analysis of the 
observed lessons suggests some fragilities regarding the teaching of the different 
interpretations of fractions, namely: on approaching the equivalence and the ordering of 
fractions in quotient interpretation; on marking fractions on the number line; on articulating 
the interpretations of fractions. Therefore, in-service teacher training should be regularly 
promoted for primary school teachers in order to ensure greater convergence between 
curriculum and teaching practices, improving the quality of the latter. 

Résumé. Les directives portugaises les plus récentes sur les mathématiques dans les écoles 
primaires préconisent un contact approfondi avec les fractions, traitant des interprétations 
quotient, partie-ensemble, mesure et opérateur pour les fractions. Il est bien connu que les 
enseignants ont souvent du mal à enseigner de telles matières. Étant donné que les fractions 
sont généralement abordées principalement sous forme d’interprétations partielles et 
d’opérateurs, il semble pertinent de rechercher si les pratiques pédagogiques actuelles 
reflètent ces directives novatrices. Cette étude se concentre sur les pratiques pédagogiques 
sur les fractions et vise à comprendre les contraintes et les difficultés rencontrées par les 
enseignants du primaire lors de l’enseignement des fractions. Il aborde trois questions: 1) 
Comment l’enseignant donne-t-il un sens aux fractions dans la classe? 2) L’enseignant 
favorise-t-il correctement les liens entre les fractions et les situations de la vie courante? 3) 
Comment l'enseignant articule-t-il des interprétations distinctes des fractions dans la classe? 
Quatre enseignants du primaire ont participé à un programme de travail collaboratif sur les 
fractions avec le chercheur (l'un des auteurs de cet article) et leurs classes ont été observées. 
Cet article présente les résultats relatifs aux classes observées de l’un des enseignants 
participants - João (nom fictif). Une analyse qualitative des leçons observées laisse entrevoir 
certaines fragilités quant à l’enseignement des différentes interprétations des fractions, à 
savoir: sur l’approche de l’équivalence et le classement des fractions dans l’interprétation du 
quotient; sur les fractions de marquage sur la droite numérique; sur articuler les 
interprétations des fractions. Par conséquent, la formation continue des enseignants devrait 
être régulièrement encouragée pour les enseignants du primaire afin d'assurer une plus 
grande convergence entre les programmes et les pratiques pédagogiques, améliorant ainsi la 
qualité de ces derniers. 
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1. Introduction 
 
The concept of fraction is considered fundamental for a successful and proper development of 
children’s mathematical thought. It is also assumed as a rich basis for intellectual development and 
as a powerful tool to understand and deal with problems within real world’s daily life (Behr, Lesh, 
Post & Silver, 1983). Nevertheless, it is also known as a complex concept to teach and likewise 
difficult to learn (Behr et al., 1983; Cardoso, 2016; Mamede & Nunes, 2008; Nunes & Bryant, 
2007). Its high complexity and comprehensiveness lie in its different interpretations, i.e., in the set 
of situations or interpretations that make the concept useful and meaningful — quotient, part-whole, 
measure, ratio and operator (Behr et al., 1983, Nunes & Bryant, 2007). 
In Portugal, the most recent curricular guidelines anticipate a more in-depth approach to the concept 
of fraction in the primary school levels (6-10-years-old). According to such guidelines, the 
introduction to the concept of fraction in these levels should be made using several interpretations 
of fractions: measure, quotient, part-whole and operator (see MEC-DGE, 2012a, 2012b, 2013). 
Additionally, these documents propose the learning of operations with non-negative rational 
numbers on the 3rd and 4th grades. Such a curriculum implies significant changes if one takes into 
account that, previously (ME-DEB, 2004), only the operator interpretation was regarded and, 
having this prior curriculum been used since the early 90s, it naturally underwent a deep rooting. 
Thus, several teachers might be barely acquainted with a comprehensive teaching of fractions, as 
desirable and as demanded by the current guidelines. 
Therefore, and since the traditional approach to fractions relies on part-whole and operator 
interpretations, it seems pertinent to investigate whether the current teaching practices reflect the 
current guidelines. Are the teachers comfortable and fully prepared to teach fractions? Within this 
scope, and particularly regarding the Portuguese reality, research has scarcely been developed, 
especially regarding teachers’ classroom practices.  

1.1 The interpretations of fractions 
To master a complete concept of fraction implies to know how to represent and operate with all 
interpretations of fractions. Several authors have distinguished interpretations that might offer a full 
and fruitful understanding of the concept of fraction (see Behr et al., 1983; Kieren, 1993; Mack, 
2001; Nunes et al., 2004). Given their inclusion in the most recent Portuguese curricular guidelines 
for primary school, quotient, part-whole, measure and operator interpretations were selected for 
approach in the present study. Within this paper, and regarding the quotient interpretation, the 
denominator designates the number of recipients and the numerator designates the number of items 
being shared. In this situation, a fraction may indicate the relation between the number of items to 
share and the number of recipients but also the amount of an item that each recipient gets. In part-
whole interpretation, the denominator designates the number of parts into which a whole has been 
cut and the numerator designates the number of parts taken. In measure interpretation, the fraction 
1/b (b≠0) is used repeatedly to determine a distance; it is often accompanied by a number line or an 
image of a measuring instrument, allowing students to measure the distance from one point to 
another in terms of 1/b unities. Finally, in an operator interpretation, the denominator designates the 
number of equal groups into which a set of discrete quantities was divided and the numerator 
designates the number of groups taken. 

1.2 Teacher’s knowledge on rational numbers 
Studies focused on teachers’ knowledge of rational numbers suggest that teachers have difficulties 
with the concept of fraction. As part of the Rational Number Project (RNP), Post et al. (1991) 
conducted a study involving 218 teachers (grades 4-6), that intended to draw a profile regarding 
their knowledge of rational numbers. The authors identified several difficulties, namely with the 
interpretations of fractions and with the ordering and equivalence between fractions. Post et al. 
(1991) emphasised that teachers have difficulties in presenting pedagogical explanations for 
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computations with rational numbers performed by themselves. 
Tirosh et al. (1998), as researchers from the Conceptual Adjustments in Progress to Non-Negative 
Rational Numbers (CAPWN) project, carried out a diagnostic questionnaire to 147 prospective 
primary teachers in order to examine formal, algorithmic and intuitive understanding of rational 
numbers. Prospective teachers' mathematical knowledge was found to be rigid and segmented. For 
most of them, Mathematics was a mere collection of computational techniques not well mastered, 
unjustified formally, indeed often even intuitively. Their results also showed that the prospective 
teachers tended to over generalise their knowledge of whole numbers when working in the domain 
of rational numbers. 
In Portugal, the results obtained by Pinto and Ribeiro (2013) by carrying out a questionnaire on 27 
prospective teachers for Primary School (grades 1-4) suggest that these ones possess a limited 
knowledge of rational numbers. The results particularly suggest difficulties with: the quotient, part-
whole and operator interpretations of fractions; the understanding of the role of the reference unit; 
the order and equivalence between fractions; and the density of rational numbers. 
Mamede and Pinto (2015) carried out a questionnaire on 86 pre-service teacher training for Primary 
School (grades 1-4) to know their ideas about fractions. The results indicate difficulties of 
prospective teachers with the understanding of the reference unit; weak domain of the 
interpretations of fractions, mainly in the scope of problems involving the quotient interpretation 
and in the scope of problems involving the representation of rational numbers on the number line 
when numbers different than one are used as reference and when it is necessary a redefinition of the 
scale; weak domain of the property of density of rational numbers; and difficulties with the ordering 
and equivalence between fractions. 
Specifically concerning the Portuguese teaching practices on fractions, little is known. Aware of the 
recent Portuguese mathematics curriculum, that preconize an in-depth contact with fractions, the 
research presented through the present paper was conducted with Portuguese primary school 
teachers and focused on their teaching practices. It addresses the following questions: 1) How does 
the teacher make sense of fractions in his class? 2) Does the teacher properly promote the 
connections between fractions and everyday situations? 3) How does the teacher articulate distinct 
interpretations of fractions in the classroom? 
This paper deals with, and expands, a case-study that is part of a larger study and pioneer research 
on Portuguese primary school teachers’ practices on fractions.     
 

2. Methodology 
 
This study used qualitative methods since it is intended to have a description and interpretation of 
an educational phenomena in their natural environment (see Bogdan & Biklen, 2001; Merriam, 
1998). A multiple case studies design was used, according to Yin (2010) such option is particularly 
appropriate, both to answer questions of the type ‘how?’ and ‘why?’, and to seek for a deep 
thorough understanding of the phenomena. 

2.1. Participants 
Four primary school teachers of the district of Braga, in Portugal, participated in this study. The 
present paper presents the results concerning only one of the cases — teacher João (fictitious 
name), with nine years of teaching practice. His 3rd grade class had 17 students (aged 8 and 9 
years). By the time this data collection, the students had not had any formal contact with fractions 
before the lessons presented here.  

2.2. Design 
While introducing the concept of fraction to his students, João was involved in a collaborative 

working program with a researcher - one of the authors of this paper. This program was organized 
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into cycles of activities, each consisting in the following sequence: working meeting, with all the 
participants, for reflection on the observed lessons and preparation of the next ones; observation of 
the lessons of each participant by the researcher only; individual interview on the observed lesson 

occurring immediately after each lesson to assess teacher’s critical view of his/her practices (Figure 
1). 

 

 
 

Figure 1. Standard cycle of the collaborative work program. 

 
Five cycles of the collaborative program were carried out. Each cycle comprised one or two 
observed lessons. Each working meeting comprised: a) discussion on different interpretations of 
fractions referred in the official guidelines; b) discussion on teachers’ suggestions for introduction 
of the concept of fraction in the classroom; and c) presentation of suggestions of the researcher on 
the topic. The selection and implementation of tasks in the classroom was teacher’s responsibility. 
Tasks presented at the working meetings focused on the interpretations of fractions (quotient, part-
whole, measure and operator) and on representation, equivalence and ordering of fractions in these 
interpretations. 
The collaborative work aimed to help teachers to improve their practices in a reflective way, and in 
agreement with Saraiva and Ponte (2003), it can help them to accomplish the desire to innovate and 
do better. The researcher and teachers acted as pairs, discussing mathematical and didactical doubts 
according to the rhythm, needs and teachers’ interests when teaching in the natural context of the 
school. 

2.3. Data collection and data analysis 
Data collection comprised digital audio records, photos and field notes taken by the researcher, 
one of the authors of this paper. Photos were also taken but only during the lesson observation. A 
large and varied set of data was collected in order to guarantee validity. During the lessons, the 
researcher was a non-participant observer, acting as an observer only. The lessons were observed 
in locus only by the researcher (one of the authors of this paper). The researcher did not intervene 
in any lesson development.  
Data analysis was based on the model about knowledge base for teaching presented by Ball, 
Thames, and Phelps (2008). Thus, in order to interpret the data, a categorisation of the analysed 
aspects was made, according to the different parameters of the above-mentioned model: aspects 
of content knowledge and aspects of pedagogical content knowledge for teachers regarding the 
concept of fraction teaching. 
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3. Results 
 
Concerning the observed lessons, the results suggest some difficulties of teacher João when 

introducing the concept of fraction – some of them are summarized below. The results presented 
here concern seven consecutive observed lessons on fractions. 

From now on, in the transcriptions of classroom dialogues presented in this section of results, the 
letter S represents the intervention of a student — numbered according to the order in which 
different students appear in each dialogue, T represents the intervention of the teacher, and Sv 
represents the simultaneous intervention of several students.  
 
 
 
Ordering and equivalent of fractions in quotient interpretation 
To approach the equivalence of fractions in quotient interpretation, the teacher presented, for 
example, a task on the fair share of 3 cheeses between 6 friends. Despite one of the students’ 
immediate answer of “1

2
 of cheese for each friend”, the teacher induced the students to answer “3!”. 

The following transcription illustrates this situation: 
 

S1 — [Answers to a task about sharing 3 cheeses between 6 boys] It’s two 
boys for each cheese. 

Teacher — Your colleague has already seen there a relationship of a cheese for 
two boys. But I just want you to present the fraction. Follow the logic 
of what we did before… 

S1 — [Answers 3
6
] (Figure 2)  

Teacher — It is three cheeses for six boys. Is that right? 
Sv —   Yes! 

 
In reaction to some students’ insistence on answering “1

2
”, the teacher made sequences of the values 

of the fraction (numerator and denominator) to produce equivalent fractions of “1
2
”, in order to show 

that “1
2
” and “3!” are equivalent fractions. The following transcription and figure illustrate this 

situation: 
 

Teacher — Does anyone have something else to say? 
S1 — Three sixths is half. 
Teacher — Why? 
S1 — Because three is half of six. 
Teacher —   Very well! Write another fraction that represents half. 
S1 — [At the request of the teacher, the student writes on the 

whiteboard: 1
2
= 2
4
= 3
6
= 4
8
= 5
10
= 6
12
= 7
14

 (Figure 2)] 
 […] 
Teacher — Above [pointing to the numerators] it goes one by one and below 

[pointing to the denominators] ...? 
Sv —   It goes two by two. 
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Figure 2. Answering a task about the fair share of 3 cheeses between 6 friends 
 
Therefore, within the quotient interpretation, the teacher promoted a mechanized learning by 
reducing an eventual approach to the equivalence of fractions to the production of sequences of 
natural numbers. In other words, the teacher draws students’ attention to relationships of addition 
between the numerators and between the denominators. Such relationships ignore a fundamental 
trait of the concept of fraction that is its representation as a part of a whole. 
In another moment of João´s classes, a student that easily used relationships of addition to produce 
equivalent fractions could not answer correctly to a question like !! =

!
?. Thus, this student did not 

fully understand the idea of equivalent fractions. The teacher should have explored the quotient 
interpretation in-depth to promote students understanding of the idea of equivalent fraction, as the 
quotient interpretation is intrinsically connected to the proportional reasoning. 
Within tasks about the ordering of fractions in quotient interpretation, the teacher induced the 
students to divide the items, consequently reducing that interpretation to the part-whole one, and 
leaving it undesirably unexplored. The following transcription illustrates such a classroom situation, 
specifically involving the ordering of 2

6
 and 3

6
. 

  
Teacher — Now, look over here [pointing to 3

6
] and then over there [pointing to 2

6
]: 

which children eat the most? 
S1 — [Silence] 
Teacher — How many pieces do you eat in this one [pointing to 3

6
]? 

Sv — Three. 
Teacher — And, how many pieces do you eat in this one [pointing to 2

6
]? 

Sv — Two. 
Teacher — So, where do you eat more? 
Sv — In the first. 
Teacher — It's in the first. If we divide something into six, here we eat three parts 

[pointing to 3
6
] and here we eat two [pointing to 2

6
]. Where do you eat 

more?  
Sv — In the first [pointing to 3

6
]. 

Teacher — Look at this example [the teacher writes 11
20

 and 8
20

]. In the first case I 
have 11 parts of 20 and in the second I have 8 parts of 20. So I eat 
more in the first one. 

 
Again, the teacher seemed unaware of the fact that the quotient interpretation promotes the 
understanding of the ordering and equivalence of fractions, as it calls for the use of correspondences 
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between portions and recipients. Indeed, children are quite good at making correspondences to 
produce equal shares — thus thinking about a direct relation between the quantities. Such kind of 
reasoning is easier for the students than thinking about an inverse relation between the quantities 
involved in the problem – typical reasoning of the part-whole interpretation.  
 
Marking fractions on the number line 
In order to represent fractions on a number line, the teacher proposed to the students the use of 
correspondent decimal numbers. Figures 3 and 4 illustrate this type of approach. 
 

  
 
Figure 3.  Marking 1

10
, 1
5
, 1
2
, 5
10

 and 3
5
  on the 

number line 

 
Figure 4. Marking !! ,

!
! ,

!
!" and !! on the number 

line 
 

Hence, the results also suggest weaknesses concerning the measure interpretation: within a task that 
most properly would have benefitted from the direct use of that interpretation, the teacher firstly 
converted the fractions involved in the task to decimals, representing the latter on the number line. 
Such a tendency of approach prevents the important and useful capability of conceptualising a 
fraction as a point on a line. By the end of the collaborative program, the teacher was already 
marking fractions on the number line, using the fraction 1

b
 (b≠0), repeatedly, to determine a distance 

to the origin equal to a×1
b

 .
 
Articulation of the interpretations of fractions 
It is also important to provide the students opportunities to make connections between the several 
forms of representation of fractions. However, this seemed to be scarcely promoted in the observed 
lessons. Generally, the tasks tended to be implemented in a segmented way, i.e., when an 
interpretation of fraction was approached, only tasks on that interpretation were selected. João 
began by working in quotient interpretation, then moved to part-whole and measure interpretations, 
and finally to the operator interpretation. The articulation of these interpretations of fractions would 
have promoted a consolidation and integration of knowledge. Indeed, students needed explicit help 
on learning to perform these articulations. 
 

4. Discussion and conclusions 
 
The results of the observation of teacher João’s classes suggest different fragilities in both 
mathematical and didactical knowledge: concretely, in the domain of different fractional 
interpretations and in the knowledge of didactic strategies that make those same interpretations 
meaningful to students. 
Within the quotient interpretation, the teacher made sequences of the values of the fraction 
(numerator and denominator) to produce equivalent fractions, consequently promoting a 
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mechanized learning — according to Hiebert and Lefevre (1986), procedural knowledge can be 
developed from either meaningful learning or mechanized learning, while it is impossible to directly 
generate conceptual knowledge from mechanized learning. Instead, the teacher could have applied 
the direct proportional reasoning that naturally emerges in a quotient situation (e.g., twice chocolate 
bars and twice children means that each child still gets the same) (Nunes & Bryant, 2007, 2011; 
Streefland, 1991). Concerning the ordering of fractions in the quotient interpretation, it was 
observed a reduction of this interpretation to the part-whole one, leaving it undesirably unexplored. 
According to Nunes and Bryant (2007), the quotient interpretation foments the understanding of the 
ordering and equivalence of fractions, as it calls for the use of correspondences as the scheme of 
action: children establish correspondences between portions and recipients. Indeed, children are 
quite good at establishing correspondences to produce equal shares — thus thinking about a direct 
relation between the quantities — whereas they experience much difficulty in partitioning 
continuous quantities — which leads to thinking about an inverse relation between the quantities 
involved in the problem (Nunes & Bryant, 2007, 2011). The former type of reasoning arises in the 
quotient interpretation and the latter in the part-whole one (Nunes & Bryant, 2007, 2011; Streefland, 
1991). Teacher João seemed to ignore all these questions, given his little exploration of the quotient 
interpretation in the classroom. 
These teaching fragilities regarding the quotient interpretation might be particularly noteworthy: the 
quotient situation is known as the most appropriate for the appliance of children’s informal 
knowledge about fractions (Mamede, 2018; Mamede & Nunes, 2008). 
The results also suggest weaknesses concerning the measure interpretation (representation of 
fractions on the number line): within a task that most properly would have benefitted from its use, 
the teacher converted instead the fractions involved in the task to decimals, representing the latter 
on the number line. Such a tendency of approach prevents the important and useful capability of 
conceptualising a fraction as a point on a line.   
Finally, the approach to the subjects was, in general, too segmented: the teacher rarely interpolated 
tasks involving different interpretations. This suggests that either the teacher did not recognise the 
importance of articulating interpretations when building on the concept of fractions, or the teacher 
felt uncomfortable on doing this articulation, or perhaps, both. The articulation of different 
interpretations of fractions would have promoted a consolidation and integration of knowledge, and 
would have revealed stronger knowledge of the teacher on the domain of pedagogical content 
knowledge regarding the teaching of fractions. The above-mentioned teaching fragilities on 
interpretations of fractions — either by inappropriate approach or absence of approach — naturally 
prevent students’ comprehensive and valuable knowledge on fractions. Such limitation is felt both 
on understanding each of the interpretations and on understanding their interrelationship. 
Eventually, it does not promote children’s: a) mathematical thought (particularly regarding the 
development of number sense); b) development of mental structures that foster intellectual growth; 
c) knowledge to widely connect fractions, whenever useful, to everyday situations, thus preventing 
their ability to manage situations in the real world. 
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Abstract.  In this time of increasing presence of technologies in everyday life, questions 
about the place of these technologies in teaching and learning are crucial to prepare students 
for understanding the world and their integration as citizens aware of their possibilities and 
limitations. In the context of mathematics education, the tools proposed both from the point 
of view of communication and from that of calculation or dynamic representations of objects 
being acquired must be questioned from a perspective of benefits in terms of their 
understanding. 

Résumé. Dans ce temps de présence de plus en plus importante des technologies dans la vie 
de tous les jours, les questions de la place de ces technologies dans l'enseignement et 
l'apprentissage sont cruciales pour préparer les élèves à la compréhension du monde et à leur 
intégration comme citoyen conscient de leurs possibilités et de leurs limites. Dans le cadre de 
l'enseignement des mathématiques, les outils proposés tant du point de vue de la 
communication que de celui du calcul ou des représentations dynamiques des objets en cours 
d'acquisition doivent être interrogés dans une perspective de bénéfices quant à leur 
compréhension. 

1. Introduction of the WG4 

In this time of increasing presence of technologies in everyday life, issues about the place of these 
technologies in teaching and learning are crucial for the education of new generations. As 
technology is a tool for communication, for the conservation and sharing of diversified and always 
renewed data, for the facilitation of daily tasks, it must be studied to understand deeply its 
possibilities and limits. Hence, technology has to be present in the future citizens’ education from 
the very early age and particularly in mathematics teaching and learning. ICT makes world more 
complex but also gives opportunities to discovering mathematical concepts differently, making 
bridges between concepts, giving sense to engage students in mathematics. 
It’s a matter of tension between the increasing of complexity brought by technology and the 
facilitation in the understanding of concepts. Here we can think of the theoretical framework of 
instrumental genesis: before an artifact becomes an instrument to do something, its use modifies the 
way of doing things when it is shaped by the actors: 
According to this approach, the use of a technological tool involves a process of instrumental 
genesis, during which the object or artifact is turned into an instrument. This instrument is a 
psychological construct, which combines the artifact and the schemes (in the sense of Vergnaud, 
1996) the user develops to use it for specific types of tasks. In such instrumentation schemes, 
technical knowledge about the artifact and domain-specific knowledge (in this case, mathematical 
knowledge) are intertwined. Instrumental genesis, therefore, is essentially the co-emergence of 
schemes and techniques for using the artifact. (Drijvers & al. 2010) 
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The working group 4 addressed three main issues that can be summarized in the three questions: 
• How can ICTs contribute to learning rich in connections, in an increasingly complex world? 
• How can ICT be used in teacher training to promote understanding in mathematics? 
• How can we use ICT as teaching and learning tools, rather than instruments that replace 

students’ cognitive efforts?  

Communications 

Communications within WG4 have been diverse in term of contents, in terms of goals, countries 
and educational systems represented, but also in terms of school levels and technology. Each author 
or group of author provided a new point of view on the landscape of technology in mathematics 
education. It is interesting to review the various communications and discussions to perceive the 
variety of technology oriented research mathematics education. The discussions, following each 
communication, also clearly indicate the actual need of research in the field.  

Houssam Kasti spoke of the effect of a collaborative and iterative Geogebra module on in-service 
mathematics secondary teachers’ zones. In his communication he explained the conditions under 
which teachers can benefit from in-service training in term of teachers’ Valsiner’s zones relating to 
technology. His thesis clearly shows that training sessions are not enough to integrate technology 
into their teaching. It is necessary to add a specific intervention taking into account the teachers’ 
positioning with regard to technology in order to radically change the current  pedagogical behavior 
of teachers. 
Julia Bagdadi studied the principles used in the design of e-tasks in a context of formative 
assessment combined with rich tasks. The experiments done with students showed that the design 
principles of such tasks are more efficient when students can choose themselves some of the 
didactical variables of the exercises in order to solve problems according to their knowledge. It 
means that a very precise analysis of the variables that can be used is an important goal that 
designers must take into account.  
Marcello Bairral took profit of the manipulations on touch screen devices to explore mathematical 
properties of geometrical figures leaning students to justify the constructions, paying attention to 
gestures as moving, dragging, pulling and augmenting. These actions, essentially embodied and 
synchronous, produce meaning and augment the geometrical repertoire of students.  
Elisabete Cunha, Lina Fonseca and Isabel Cabrita raise the problems of the relationship between the 
use of technologies and computational thinking through programming in the context of teachers 
training. Through the programming of robots or drones, they show the interrelated skills in 
geometry and programming necessary to solve path problems, stressing the importance of 
collaborative work between students to manage both Artifact signs and Mathematical signs in a 
semiotic perspective.  
Audrey Cooke showed how 360.° videos can be used in the context of teachers training to observe 
children in early childhood education. In particular she showed how this observation tool allows 
discussions between teachers to recognize mathematical thinking in what children do and to 
understand the mathematical thinking they engage with. These observations strengthen new 
teachers’ efficacy in helping young children to develop and become aware of their mathematical 
skills. 

Gilles Aldon, starting by the observation that mathematics often only appears as a selection subject, 
explained the project of creating a game whose objective is to allow the students of the low 
secondary and high school to reflect on a positive orientation taking into account their tastes, their 
skills and a thorough knowledge of the trades. Technology, in this project, is a media that allows 
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students to work in and out of school through an epistemic game that takes profit of the 
technological dimension to enhance the skills, social and playful dimensions. 
Belmira Mota and Rosa Tomás Ferreira based their communication “Using WhatsApp to share 

mathematical ideas” on the premise that writing and learning influence each other. Yet, students 
reveal many difficulties in communicating mathematics in written form, which involves not only 
answering a given task but also making explicit and understandable to others the reasoning followed 
to solve that task.  Hence the authors challenged their classes to create Whatsapp groups in which 
students could share their questions, difficulties or ideas in a perspective of collaboration between 
them but also with the teacher, who, as the students gained autonomy, progressively played the role 
of moderator, letting them pose their own questions and validate their own answers. 
 
The posters’ presentation gave also the opportunity to hear from the authors about their research or 
class experiments.  Mária Čujdíková studies the relationships between games and mathematical 
thinking through observations and interviews. Uaiana Pratesand João Filipe Matos are interested in 
the e-learning platforms willing to identify possible dialogues between the Mathematics Teacher 
Programs in Distance Education (DE) and the new paradigms of communication, production and 
access to knowledge. Claire Chevrier shows how to use pattern and punches to study mathematical 
properties of plane transformations. 

Discussions 

Although the diversity of research on technology may appear to be a patchwork, the discussions in 
the group revealed the common goal of all these works:  to improve mathematics engagement but 
also mathematics competencies, knowledge, skills, emotions, attitudes, including the human ones 
and specific to mathematics. And this common goal leans to consider interactions with technology 
not in a functional sense but in a perspective of intentional interactivity, that is to say, answering 
questions of the value of technology in relation of other tools and considering goals in terms of 
knowledge construction. Technology has no goal to replace teachers but, in the contrary, it 
highlights the importance of the teacher who has to deal with the introduction of a reflection on the 
uses of technology and develop critical thinking at the same time as he/sh must take into account 
the place that technology plays in the daily lives of his/her students. The aim of the school is to 
prepare future citizens to live in the future world and technology is now present in the world. So, 
school must deal with issues and challenges that technology brings: how does it work? How to use 
it? To do what? What are the limits? What are the ethical issues? Is there a specific epistemology of 
computer science? What is changing in mathematics? In mathematics teaching?  In mathematics 
learning? We only have to look back 30 years to see how the use of technology has changed the 
perception of what mathematics can be in terms of calculation, representation, communication... Is 
it then possible to ignore it in mathematics teaching? 

However, the technology that teachers want to use is not necessarily the same than students use. 
One of the teachers’ roles is to make the link without forgetting the educational and 
teachingobjectives of the future citizen: using properties of technology to design games, but games 
with an epistemic background; using touchscreen manipulations or robots programming, but aiming 
at discovering geometrical properties of objects; using communications tools but with the will to 
make students write mathematical text and develop arguments and logical thinking. These new roles 
have to be taught and technology is in itself a tool allowing to approach  a better understanding of 
students behavior or teachers awareness of the importance of this reflection in a complex world, 
where different viewpoints are necessarily to catch the entire fact. Technology may be considered as 
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a way to show and to introduce complexity as well as to help to understand better the issues of this 
complexity. 
The following texts coming from the communications presented in the Working Group 4 of 
CIEAEM 71 reflect the need to continue working at future conferences in a specific group taking as 
an input the use of technology in teaching and learning of mathematics. 
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1. Introduction du GT4 

En cette époque de présence croissante des technologies dans la vie quotidienne, les questions 
relatives à la place de ces technologies dans l'enseignement et l'apprentissage sont cruciales pour 
l'éducation des nouvelles générations. La technologie étant un outil de communication, de 
conservation et de partage des connaissances et des données toujours renouvelées, de facilitation 
des tâches quotidiennes, elle doit être étudiée pour en comprendre profondément les possibilités et 
les limites. La technologie doit donc être présente dans l'éducation des futurs citoyens dès leur plus 
jeune âge, en particulier dans l'enseignement et l'apprentissage des mathématiques. Les TIC rendent 
le monde plus complexe, mais donnent aussi l'occasion de découvrir des concepts mathématiques 
différemment, de jeter des ponts entre les concepts, de donner un sens à la participation des élèves 
aux mathématiques. 
C'est une question de tension entre la complexité croissante apportée par la technologie et la 
facilitation dans la compréhension des concepts. On peut penser ici au cadre théorique de la genèse 
instrumentale : avant qu'un artefact ne devienne un instrument pour faire quelque chose, son 
utilisation modifie la façon de faire les choses quand il est façonné par les acteurs : 
According to this approach, the use of a technological tool involves a process of instrumental 
genesis, during which the object or artifact is turned into an instrument. This instrument is a 
psychological construct, which combines the artifact and the schemes (in the sense of Vergnaud, 
1996) the user develops to use it for specific types of tasks. In such instrumentation schemes, 
technical knowledge about the artifact and domain-specific knowledge (in this case, mathematical 
knowledge) are intertwined. Instrumental genesis, therefore, is essentially the co-emergence of 
schemes and techniques for using the artifact. (Drijvers & al. 2010) 
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Le groupe de travail 4 a abordé trois questions principales qui peuvent être résumées dans les trois 
questions : 
    - Comment les TIC peuvent-elles contribuer à un apprentissage riche en connexions, dans un 
monde de plus en plus complexe ? 
    - Comment les TIC peuvent-elles être utilisées dans la formation des enseignants pour 
promouvoir la compréhension en mathématiques ? 
    - Comment utiliser les TIC comme outils d'enseignement et d'apprentissage plutôt que comme 
instruments qui remplacent les efforts cognitifs des élèves ?  

Communications 

Les communications au sein du GT4 ont été diverses en termes de contenu, en termes d'objectifs, de 
pays et de systèmes éducatifs représentés, mais aussi en termes de niveaux scolaires et de 
technologie. Chaque auteur ou groupe d'auteurs a présenté un nouveau point de vue sur le paysage 
de la technologie dans l'enseignement des mathématiques. Il est intéressant de passer en revue les 
diverses communications et discussions pour percevoir la variété des recherches sur l'enseignement 
des mathématiques médiées par la technologie. Les discussions, à la suite de chaque 
communication, indiquent aussi clairement le besoin réel de recherche dans ce domaine.  
Houssam Kasti a parlé de l'effet d'un module collaboratif et itératif de Geogebra sur les zones des 
enseignants de mathématiques en service dans le secondaire. Dans sa communication, il a expliqué 
les conditions dans lesquelles les enseignants peuvent bénéficier d'une formation continue en 
s’appuyant sur les zones définies par Valsiner des enseignants en matière de technologie. Sa thèse 
montre clairement que les sessions de formation ne suffisent pas pour intégrer la technologie dans 
leur enseignement. Il est nécessaire d'ajouter une intervention spécifique prenant en compte le 
positionnement des enseignants par rapport à la technologie afin de changer radicalement le 
comportement pédagogique actuel des enseignants. 
Julia Bagdadi a étudié les principes utilisés dans la conception de tâches dans un contexte 
numérique et d'évaluation formative construites sur des tâches riches. Les expériences faites avec 
les élèves ont montré que les principes de conception de ces tâches sont plus efficaces lorsque les 
élèves peuvent choisir eux-mêmes certaines des variables didactiques des exercices afin de résoudre 
des problèmes en fonction de leurs connaissances. Cela signifie qu'une analyse très précise des 
variables qui peuvent être utilisées est un objectif important que les concepteurs doivent prendre en 
compte.  

Marcello Bairral, en étudiant les manipulations sur les appareils à écran tactile, explore les 
propriétés mathématiques des figures géométriques en demandant aux élèves de justifier les 
constructions, en prêtant attention aux gestes comme bouger, traîner, tirer et augmenter. Ces actions, 
essentiellement incarnées et synchrones, produisent du sens et augmentent le répertoire géométrique 
des élèves.  
Elisabete Cunha, Lina Fonseca et Isabel Cabrita soulèvent les problèmes de la relation entre 
l'utilisation des technologies et la pensée computationnelle par la programmation dans le contexte 
de la formation des enseignants. Par la programmation de robots ou de drones, elles mettent en 
évidence les compétences interdépendantes en géométrie et en programmation nécessaires pour 
résoudre les problèmes de trajectoires, soulignant l'importance du travail collaboratif entre les 
élèves pour gérer à la fois les signes d'artefact et les signes mathématiques dans une perspective 
sémiotique.  

Audrey Cooke a montré comment les vidéos 360° peuvent être utilisées dans le cadre de la 
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formation des enseignants pour observer les enfants dans l'éducation de la petite enfance. Elle a 
notamment montré comment cet outil d'observation permet aux enseignantes et enseignants de 
reconnaître la pensée mathématique dans ce que font les enfants et de comprendre la pensée 
mathématique à laquelle ils participent. Ces observations renforcent l'efficacité des nouveaux 
enseignants pour aider les jeunes enfants à développer et à prendre conscience de leurs compétences 
en mathématiques. 
Gilles Aldon, partant du constat que les mathématiques n'apparaissent souvent que comme un sujet 
de sélection, a expliqué le projet de création d'un jeu dont l'objectif est de permettre aux élèves du 
collège et du lycée de réfléchir sur une orientation positive tenant compte de leurs goûts, de leurs 
compétences et d'une connaissance approfondie des métiers. La technologie, dans ce projet, est un 
média qui permet aux élèves de travailler à l'école et en dehors de l'école à travers un jeu 
épistémique qui tire profit de la dimension technologique pour améliorer les compétences, les 
dimensions sociales et ludiques. 

Belmira Mota et Rosa Tomás Ferreira ont basé leur communication "Using WhatsApp to share 
mathematical ideas" sur le principe que l'écriture et l'apprentissage s'influencent mutuellement. 
L’expérience montre que les élèves ont de nombreuses difficultés à communiquer les 
mathématiques sous forme écrite, non seulement pour répondre à une tâche donnée, mais aussi pour 
rendre explicite et compréhensible pour les autres le raisonnement suivi pour résoudre cette tâche. 
Les auteurs ont donc mis leurs classes au défi de créer des groupes Whatsapp au sein desquels les 
élèves pourraient partager leurs questions, difficultés ou idées dans une perspective de collaboration 
entre eux mais aussi avec l'enseignant qui, au fur et à mesure que les élèves gagnaient en 
autonomie, jouait un rôle de modérateur, leur laissant poser leurs propres questions et valider leurs 
propres réponses. 

La présentation des affiches a également donné l'occasion aux auteurs d'entendre parler de leurs 
recherches ou de leurs expériences en classe.  Mária Čujdiková étudie les relations entre les jeux et 
la pensée mathématique à travers des observations et des interviews. Uaiana Prates et João Filipe 
Matos s'intéressent aux plates-formes d'apprentissage en ligne pour identifier les dialogues possibles 
entre les programmes d'enseignement des mathématiques à distance (DE) et les nouveaux 
paradigmes de communication, de production et d'accès au savoir. Claire Chevrier montre comment 
utiliser les patrons et les poinçons pour étudier les propriétés mathématiques des transformations 
planes. 

Discussions 

Bien que la diversité de la recherche sur la technologie puisse lui donner un caractère disparate, les 
discussions au sein du groupe ont révélé l'objectif commun de tous ces travaux : améliorer 
l'engagement mathématique mais aussi les compétences en mathématiques : connaissances, 
aptitudes, émotions, attitudes, y compris celles des humains et spécifiques aux mathématiques. Et 
cet objectif commun tend à considérer les interactions avec la technologie non pas dans un sens 
fonctionnel mais dans une perspective d'interactivité intentionnelle, c'est-à-dire en répondant aux 
questions sur la valeur de la technologie par rapport aux autres outils et en considérant les objectifs 
en termes de construction du savoir. La technologie n'a pas pour objectif de remplacer les 
enseignants, mais au contraire, elle souligne l'importance de l'enseignant qui doit faire face à 
l'introduction d'une réflexion sur les usages de la technologie et développer une pensée critique tout 
en tenant compte de la place que la technologie joue dans la vie quotidienne de ses élèves. 
L'objectif de l'école est de préparer les futurs citoyens à vivre dans le monde du futur et la 
technologie est maintenant présente dans le monde. L'école doit donc faire face aux problèmes et 
aux défis que pose la technologie : comment fonctionne-t-elle ? Comment l'utiliser ? Pour faire 
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quoi ? Quelles sont les limites ? Quelles sont les questions éthiques qui se posent ? Existe-t-il une 
épistémologie spécifique de l'informatique ? Qu'est-ce qui change en mathématiques ? Dans 
l'enseignement des mathématiques ?  Dans l'apprentissage des mathématiques ? Il suffit de regarder 
30 ans en arrière pour voir comment l'utilisation de la technologie a changé la perception de ce que 
peuvent être les mathématiques en termes de calcul, de représentation, de communication… Est-il 
alors possible de l'ignorer dans l'enseignement des mathématiques ? 
Cependant, la technologie que les enseignants veulent utiliser n'est pas nécessairement la même que 
celle qu'utilisent les élèves ; l'un des rôles des enseignants est de faire le lien sans oublier les 
objectifs institutionnels et pédagogiques du futur citoyen : utiliser les propriétés de la technologie 
pour concevoir des jeux, mais des jeux avec un fond épistémique, utiliser des manipulations d'écran 
tactile ou la programmation robotique, mais viser à découvrir les propriétés géométriques des 
objets, utiliser des outils de communication mais avec la volonté de faire écrire aux élèves des 
textes mathématiques et développer l’argumentation et la pensée logique. Ce nouveau rôle doit être 
enseigné et la technologie est en soi un outil permettant d'aborder une meilleure compréhension du 
comportement des élèves ou une prise de conscience par les enseignants de l'importance de cette 
réflexion dans un monde complexe, où des points de vue différents doivent nécessairement saisir le 
fait dans son ensemble. La technologie peut être considérée comme un moyen de montrer et 
d'introduire la complexité ainsi que d'aider à mieux comprendre les enjeux de cette complexité. 
Les textes suivants, issus des communications présentées dans le Groupe de travail 4 du CIEAEM 
71, reflètent la nécessité de continuer à travailler lors de futures conférences au sein d'un groupe 
spécifique en prenant comme contribution l'utilisation de la technologie dans l'enseignement et 
l'apprentissage des mathématiques. 
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Abstract. The importance of quality early childhood education is acknowledged, particularly 
the potential impact it has on children’s later engagement with learning. Mathematics, 
specifically, has been identified as an area where experiences in early childhood have the 
capacity to echo through the child’s life – influencing their schooling, further educational 
experiences, and work opportunities. Educators in early learning centres need be able to 
notice the mathematics in what young children do as, in noticing the mathematics, they will 
create further opportunities for children to engage with mathematics. This paper outlines 
how 360-degree video has been used to design a resource to address pre-service educator 
skills in noticing mathematics in what young children do and considers the affordances 360-
degree video can offer beyond what has been previously available. 

Résumé. L'importance d'une éducation de qualité pour la petite enfance est reconnue et en 
particulier l'impact potentiel qu'elle a sur l'engagement ultérieur des enfants dans 
l'apprentissage. Les mathématiques, en particulier, ont été identifiées comme un domaine 
dans lequel les expériences de la petite enfance se répercutent sur la vie de l'enfant, en 
influençant sa scolarité, ses expériences éducatives ultérieures et ses possibilités de travail. 
Les professeurs des écoles maternelles doivent être en mesure de remarquer les 
mathématiques dans ce que font les jeunes enfants car, en pointant les mathématiques, ils 
créeront d'autres opportunités pour les enfants de s'engager dans les mathématiques. Ce 
document décrit comment la vidéo à 360 degrés a été utilisée pour produire une ressource 
permettant aux éducateurs en formation initiale d'acquérir les compétences nécessaires pour 
mettre en évidence les mathématiques dans ce que font les jeunes enfants et considère que la 
vidéo à 360 degrés offre de nombreuses opportunités qui n’étaient pas encore disponibles 
sans cette technologie. 

1. Introduction 

Children aged up to three years of age (referred to as ‘young children’) can engage in with 
mathematics in their everyday play and activities (Department of Education, Employment and 
Workplace Relations [DEEWR], 2009). Garvis and Nislev (2018) describe how young children’s 
engagement with and sense-making of their environments generates and develops early 
mathematical understandings. As a result, Garvis and Nislev state that the environment and the 
adults within that environment need to support children’s engagement. Even everyday activities 
help children develop their mathematical understandings and abilities; likewise, activities young 
children initiate themselves have the capacity to show their mathematical understandings 
(Björklund & Pramling, 2017). Franzén (2015) noted the points made by Sheridan, Pramlin, 
Samuelsson, and Johansson (2009, as cited in Franzén, p. 45) – that children between the ages of 
one and three years develop mathematical understandings and that the great variability in their 
mathematical understandings indicates that this is a period that needs to be closely considered 
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regarding later mathematical understandings. 
 
In an educational setting, the educator greatly influences the opportunities children have to engage 
with mathematics (Linder & Simpson, 2018) and determines the environment, including what 
children can access, how long they may be able to access it, the engagement with other children, 
and the interactions with the educator, as well as bearing the responsibility for identifying the 
mathematical ideas that children may develop or use when engaging with the environment. The 
early childhood educator needs to create a quality environment (Cohrssen & Tayler, 2016), but also 
needs to be able to identify and understand the mathematical thinking children may be using when 
engaging with the environment (Ginsburg, 2016). The early childhood educator also needs to be 
able to observe what children do and interpret what it is they see (Trawick-Smith, Swaminathan, & 
Liu, 2016). Without having the opportunity to develop the understandings and skills to notice 
mathematics, early childhood educators may not be able to identify mathematics in what young 
children do when engaged in play (Anders & Rossbach, 2015). 
 
Parks and Wager (2015) expressed concern that early childhood educators may not believe that 
young children can engage mathematically or may believe that young children are not ready. Early 
childhood educators may consider mathematics as not important for young children (Linder & 
Simpson, 2018). In addition, early childhood educators may not be able to identify mathematics 
(Garvis & Nislev, 2018). Early childhood educators’ capacity to identify mathematics may also be 
impeded if they do not develop the knowledge and skills when preservice educators. Early 
childhood educator education needs to enable preservice early childhood educators to develop the 
skills required to create quality environments that enable young children to develop mathematical 
thinking (Cohrssen & Tayler, 2016) as well as the skills to identify the mathematical thinking young 
children use within that environment (Garvis & Nislev, 2018), whether it is through educator-
initiated or child-initiated activities.  
 
Unfortunately, as Ertle, Rosenfeld, Presser, and Goldstein (2016) state, early childhood educator 
education does not place sufficient emphasis on mathematics education in early childhood. 
Ginsburg (2016) expressed concern at the lack of mathematics education within courses that 
preservice educators complete in early childhood education programs, especially, he states, with the 
fear and lack of understanding they have regarding mathematics. The lack of early childhood 
mathematics education within early childhood initial educator education programs can be 
compounded as many preservice educators (PSE) do not engage with or feel confident with 
mathematics or have anxiety about mathematics and teaching mathematics (Cohrssen & Tayler, 
2016).  

2. Pre-service educator (PSE) education 

Choi and Dobbs-Oats (2014) support claims that educator preparation needs to provide a greater 
focus on the development of PSE skills regarding young children’s mathematical understandings 
and how they develop. They emphasise the importance of early learnings of young children acting 
as the foundation of their subsequent learnings, particularly with early mathematics experiences. 
However, they expressed concern regarding the quality of the mathematical activities that young 
children may experience in early learning centres, and proposed that this may be an outcome of the 
mathematics education opportunities in PSE education. As a result, they expressed support for 
improvements in mathematics education both PSE education and professional development for in-
service educators.  
 
It is the role of educators to prepare early childhood PSEs to “recognize mathematical ideas, 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 377 

concepts and language in what children make, say and do” (Cohrssen & Tayler, 2016, p. 25). 
Without this capacity, Cohrssen and Tayler state that PSEs may struggle in their attempts to create 
appropriate environments and experiences to develop young children’s mathematical 
understandings. Their research considered the PSEs self-efficacy and mathematical content 
knowledge at the beginning and the end of a course on mathematics education. They found that 
there were several significant increases in the areas investigated for mathematical content 
knowledge and that significance was found for all self-efficacy responses, as well as the finding that 
the PSEs self-efficacy was not related to their results regarding mathematical content knowledge. 
Cohrssen and Tayler concluded that it is possible for courses to improve PSEs engagement with 
mathematics, and that this should be investigated further to identify whether it is sustained through 
the PSEs studies and into their first years as an educator.  
 
Wager and Parks (2016) argue for early childhood educators to be able to identify the mathematics 
within play, both in what the child does when engaging in play but also in terms of the opportunities 
they create for children to engage with during play. They consider that it is of critical importance for 
PSE courses for early childhood educators to help PSEs develop understandings for recognising 
mathematics in the play of young children as well as in the use of strategies for creating play 
opportunities that support mathematical learning of young children. Wager and Parks also 
recommended a greater focus on what is required in early childhood mathematics education within 
early childhood educator courses.  
 
Early childhood educators need to know what mathematics their children know as, Trawick-Smith 
et al. (2016) explain, this forms the basis of the scaffolding they will use when creating experiences 
for the children. The educator’s knowledge of their children’s mathematical understandings can be 
used in their interactions, often occurring in play situations (Trawick-Smith et al.). In their study on 
the impact on mathematical thinking of organic educator and child interactions in play, Trawick-
Smith et al. found that the greatest impacts were the mathematical understandings children bring to 
the learning experience and the tailoring of support from the educator to reflect the mathematical 
understandings the child already has. If the educator cannot identify the mathematical 
understandings of the child, this would impact their capacity to appropriately scaffold the child in 
future learnings. 

3. Pre-verbal young children and mathematical thinking 

Franzén (2015) considered how a young child might develop and demonstrate their mathematical 
understandings. She wrote of how, as a researcher, she could help young children with limited 
language by “expressing their voices” (p. 47), noting that this would require the application of her 
understandings of how young children engage with learning environments. The observations were 
conducted within a learning environment setting and involved in a very young child interacting with 
a climb-in toy car. In her writing, Franzén shows that the consideration of the physical actions 
involved in the behavior of the young child could be linked to mathematical thinking. The 
appropriateness of this approach – “focusing on how children use their bodies when they solve 
mathematical problems” (p. 45) – was considered via the discussion of existing research, 
particularly Palmer (2011, as cited in Franzén, p. 45), who considered the child’s physicality as a 
demonstration of mathematical understandings. 
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4. Using video for observing very young children 

Video of young children can be used to identify the activities they engage in during their everyday 
activities (Lynch & Stanley, 2018). Lynch and Stanley indicated that this could enable children to 
engage in context-driven observations that could “operationalize a rights-based approach” (p. 57), 
particularly for pre-verbal children who could not communicate verbally or via writing or drawing. 
To determine whether the observed behaviours were occupational, Lynch and Stanley used the four 
core aspects from Wood, Towers, and Malchow (2000, as cited in Lynch & Stanley, p. 61) – there 
were transactions (such as looking at, touching, or grasping) with the components of the 
environment that the child was in; the child’s behavior was intentional in terms of being about 
elements of the environment; there was a purposeful aspect regarding a final result or a goal for the 
behaviour; and the child chose to persist in their actions, demonstrating agency. Lynch and Stanley 
found that using videos enabled researchers to engage in cyclical analysis, repeatedly watching the 
videos and generating detailed data. However, they also noted that if a hand-held video camera was 
used, the researcher could struggle in terms of maintaining distance whilst also becoming part of the 
environmental context. 
 
Affordances are available through videos that are not available during in-the-moment situations as 
they enable multiple viewings. Ertle et al. (2016) state “videos can be played and replayed, as well 
as argued and explored more deeply. … They can show examples of children’s behaviour, which 
teachers can analyze and use as the basis for making inferences about children’s learning and 
thinking” (p. 980). Ertle et al. further suggests that using videos can likewise help educators develop 
their skills in observation and their awareness of mathematical ideas that are evident in what the 
children do. Ginsburg (2016) also proposes that videos help educators learn to recognise 
mathematical thinking in what children do and to understand the mathematical thinking young 
children engage with.  
 
Trawick-Smith et al. (2016) reiterate the importance of early childhood educators knowing the 
needs of their children. They also identified the use of observation, particularly of children’s play, 
and identify videos as providing affordances that may not otherwise be possible: 

teachers need to learn to observe and interpret children’s play … (and) … that 
greater attention should be paid in teacher education to interpreting and 
supporting play. … Providing teachers with opportunities in self-analysis of 
video-recorded play interactions would be particularly helpful. (p. 728).  

5. Using 360-degree video in pre-service early childhood educator mathematics education 

Newer 360-degree video shows all aspects of the environment, enabling mathematics in everyday 
activities that the child may self-initiate to be observed (Björklund & Pramling, 2017). One of the 
more powerful aspects of the 360-degree video is viewer manipulation of the perspective. Viewers 
can focus on actions that show young children can engage in sophisticated mathematical thinking 
(English, 2016). In an early learning setting, this is very important, much as Wager and Parks 
(2016) state, as young children may engage with an aspect of the environment the educator has set 
up intentionally to initiate mathematical thinking but may also move away from intentional settings 
to engage in highly mathematical self-initiated play (Björklund & Pramling, 2017).  
 
This paper focuses on the capacity of 360-degree videos to generate affordances that were not 
previously possible. There are two affordances that are considered – the opportunity for the 
situating of the experience within the context of the full (360-degree) environment within which it 
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occurs and the opportunity of the viewer to share with others what they are seeing within the 360-
degree video. The first of these affordances was not previously possible, as traditional video was 
dependent on the perspective of the person holding or placing the video camera. This resulted in 
only that perspective of the environment being made visible to those who would later view the 
videos. This could limit the opportunities for identifying the mathematics that might be evident and 
the aspects of the environment or objects that the young child may have engaged with. In addition, 
if the camera was being held, it could result in a conflict if the camera-holder felt they needed to 
intervene in what the child was doing due to safety concerns (Lynch & Stanley, 2018). 
 
The second affordance enables sharing of the mathematics identified by those who are also 
watching in real time as well as discussing what was seen and the mathematics identified at a later 
point in time. This is similar to the video benefit of being able to rewind and review what has been 
seen (Ginsburg 2016), as it enables additional considerations that may not have been evident with 
one viewing opportunity to provide feedback. In each of these instances, the PSE can share the 
mathematics they link the actions of the young children to and the elements of the environment that 
the young child may have engaged with that generated the mathematical thinking, enabling the PSE 
educator and the other PSEs viewing the video to offer immediate feedback in real time or 
considered feedback at a later point in time. This enables all viewers to strengthen their observation 
skills in noticing mathematics.  
 
The platform housing the 360-degree videos was created as part of the 360 Video in Education 
Project (see https://computation.curtin.edu.au/research/groups/multimodal-analysis-
group/projects/atn-projects/). The platform is available online and enables viewers to manipulate the 
360-degree video to focus in on specific aspects. The project developed data analytics to enable 
instructors to identify what the viewer looks at and for how long (Curtin University, n.d.). This 
provides an additional affordance as it would enable PSE educators to identify aspects of the video 
held most PSEs’ attention, which could be used to identify whether the PSEs are able to notice all 
mathematics that was evident, such as those described by Bishop (1988), or focus on a narrower 
range of mathematics, such as number or geometry (Hachey, 2013). The PSE educators can then 
revisit the videos with the PSEs to: 

• Provide feedback to the PSEs on the mathematics they noticed in the areas of the 360-degree 
video that was their focus; 

• Identify additional mathematics that may be evident from the actions of the young children 
that were within the areas of the 360-degree video that were the focus of the PSEs; 

• Highlight other areas within the 360-degree video that also involved young children 
engaging in behaviours and actions that may indicate mathematical thinking, as well as the 
mathematical thinking that may have been evident in those actions; 

• Identify behaviours and actions that may not have been identified by the cohort of PSEs and 
address them more thoroughly in the structure and planning for the PSEs when using the 
360-degree videos. 

• Analyse the mathematics recognised by the cohort (and subsequent cohorts) of PSEs to 
identify areas of mathematics that may be frequently missed in the actions of the young 
children. 

 
The recognition of the mathematical engagement of these pre-verbal young children, in both the 
ways the child experiences the intentionally created environment as the educator intended and in the 
ways the child creates novel experiences in the intentionally created environment that the educator 
had not anticipated through child-initiated play (Björklund & Pramling, 2017), will also inform the 
PSEs’ planning. It may be in terms of identifying the children’s existing mathematical 
understandings, in distinguishing the environments, objects or situations that are linked to 
mathematical understandings, or in the creation of experiences that help the children develop further 
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mathematical understandings, all of which are important considerations for continually developing 
young children’s mathematical understandings (Björklund & Pramling, 2017). This will ensure the 
PSEs develop quality experiences for the young children they work with that will progress the 
children’s engagement with mathematics (Cohrssen & Tayler, 2016).  

6. Conclusion 

Developing PSE observations skills to enable them to notice mathematics that young children 
engage with (Wager & Parks, 2016) and to identify the environments, objects, and situations that 
enable young children to demonstrate mathematical thinking through physical actions (Franzén 
2015) are vital in PSE education. Incorporating a strong focus on this in their PSE education may 
enable the PSE to strengthen their efficacy in helping young children develop early mathematical 
skills (Cohrssen & Tayler, 2016), and potentially the perceived impact on the young children they 
work with, possibly into the children’s adulthood (Anders & Rossbach, 2015).  
 
PSE educators need to help PSEs develop the capacity to identify mathematical understandings 
evident in play (Anders & Rossbach, 2015), but the development of the PSE skills to notice 
mathematics in pre-verbal young children needs to move beyond language to consider the child’s 
physicality as a means of demonstrating mathematical understandings (Franzén 2015). This would 
provide agency for pre-verbal children who could not communicate through writing or drawings 
(Lynch & Stanley, 2018). However, PSE educators need the resources with which to help PSEs 
identify the mathematical understandings that pre-verbal young children may express with their 
physical actions, as well as the opportunity to identify the environments, objects, and situations that 
may elicit these actions.  
 
Using 360-degree videos enable PSEs and PSE educators to see young children’s mathematical 
thinking through their actions within both educator-initiated and child-initiated activities (Björklund 
& Pramling, 2017). The capacity to rewind and review what is seen within all of the environment 
(Ginsburg 2016) can enable a closer examination of what the child does – their behaviours and 
actions – and has the capacity to aid in the identification of both the actions of the pre-verbal young 
child and the environments, objects, and situations that stimulate these behaviours and actions. 
Combining these two together could lead to the PSE selecting objects and creating environments 
and situations that further stimulate young children’s mathematical understandings (Garvis & 
Nislev, 2017).  
 
The generation of both real-time sharing and sharing at a later time will enable greater reflection on 
the mathematics that may be evident in the young child’s actions and on the young child’s 
engagement with their environment, objects, and situations. Reflection with PSE educators and 
peers may help solidify links between what they have learned and what they actually see in the 
videos (Cohrssen & Tayler, 2016). Providing both real-time sharing and sharing at a later time also 
enables a greater opportunity for a wider range of PSEs to engage with the videos (Lynch & 
Stanley, 2018) – to share the mathematics they identified, and to consider the young child’s 
interactions with their environment, objects, and situations – extending the opportunities to give and 
receive feedback.  
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Abstract. In this paper, we share the results of an ongoing research in which we seek to 
understand how the digital tool WhatsApp may support students’ communication of their 
mathematical questions, difficulties and ideas, and how it helps in overcoming those 
questions and difficulties. We focus on two research questions: 1) How do students express 
their difficulties within their WhatsApp group? and 2) How do the interactions within the 
group support students’ learning? This exploratory study follows directly from the first 
author’s practice and involved three secondary level classes, each one with its own 
WhatsApp group. The analysis of the postings in all groups indicates that students used their 
WhatsApp group to post their questions and doubts, and share ideas and solutions, going 
beyond curricular topics and including mathematical curiosities. The digital tool fostered the 
development of students’ communication skills and became an environment in which they 
progressively gained collaborative autonomy, communicating mathematics with each other 
and reaching solutions, which they also validated. The teacher also gained more information 
about her students’ mathematical thinking, becoming better equipped to adjust instruction 
according to their difficulties. Some reflections on the practicalities of implementing similar 
initiatives are made. 

Résumé. Dans cet article, nous partageons les résultats d’une recherche en cours dans 
laquelle nous cherchons à comprendre comment la technologie numérique WhatsApp peut 
aider les étudiants à communiquer leurs questions mathématiques, leurs difficultés et leurs 
idées, et comment il peut aider les étudiants à surmonter leurs questions et difficultés. Nous 
nous concentrons sur deux questions de recherche: 1) Comment les étudiants expriment-ils 
leurs difficultés au sein de leur groupe WhatsApp? et 2) Comment les interactions au sein du 
groupe favorisent-elles l’apprentissage des élèves? Cette étude exploratoire découle 
directement de la pratique du premier auteur et a impliqué trois classes de niveau secondaire, 
chacune avec son propre groupe WhatsApp. L'analyse des publications dans tous les groupes 
indique que les étudiants ont utilisé leur groupe WhatsApp pour poser leurs questions et 
leurs doutes, et partager des idées et des solutions, allant au-delà des matières du programme 
scolaire et intégrant des curiosités mathématiques. La technologie numérique a favorisé le 
développement des compétences en communication des étudiants et est devenu un 
environnement dans lequel ils ont progressivement acquis une autonomie collaborative, 
communiquant les mathématiques les uns avec les autres et proposant des solutions qu’ils 
ont également validées. L’enseignante a également obtenu plus d’informations sur la pensée 
mathématique de ses élèves, devenant ainsi mieux équipée pour ajuster l’enseignement en 
fonction de leurs difficultés. Quelques réflexions sur les aspects pratiques de la mise en 
œuvre d'initiatives similaires sont faites. 

MSC: 97D40 
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1. Writing to communicate mathematics and the role of digital technologies 

“Writing has always connected people through space, time, and culture” (Haas, 2013; cited in 
Freeman, Higgins, & Horney, 2016, p. 287). In particular, writing is a means of communication, of 
learning, and of discovery (Sabrio, Sabrio, & Tintera, 1993). Moreover, it plays a fundamental role 
in learning (Ponte, Serrazina, Guimarães et al., 2007), supported on a set of representations that 
facilitate the communication processes (Boavida, Paiva, Cebola, Vale, & Pimentel, 2008).  
In fact, writing and learning influence each other – when they write, students focus on what they are 
learning, and develop their thinking, as well as the various representations which support that same 
thinking (such as diagrams, drawings, symbols, etc.) (NCTM, 2000, 2014). At the same time, 
whenever they need to communicate mathematical ideas in written form, students have to reflect on 
their knowledge, while also identifying aspects in which difficulties persist; thus, writing 
mathematics helps in learning mathematics (Burns, 2008; Pimm, 1996; Yackel, 1995).  
However, students reveal quite a lot of difficulties in writing mathematics throughout their school 
path (Carvalho, 2011), not so much due to weaknesses in their mathematical knowledge, but mainly 
due to the difficulties they feel when they verbalize that same knowledge. Yet, and even taking into 
account that external assessment is heavily dependent on writing, students’ ability to write 
mathematically is rarely explicitly focused in the mathematics classroom (Martinho, 2017).  
Communicating, in written form, in mathematics involves not only answering to a given task 
(which may be posed in various ways and may have distinct levels of cognitive demand), but also 
making explicit the reasoning followed in order to solve it, in a way that is clear and understandable 
by others. Different channels may be used to achieve such written communication, among which we 
can find the digital technologies. 
“The writing that is produced using these [digital technologies] is easily sharable, updatable, and 
portable, as well as collaborative and social in nature” (Freeman et al., 2016, p. 283). Furthermore, 
when students write in tools like blogs or various applets for exchanging messages, they expect to 
“receive comments and immediate feedback from their teachers and possibly their peers” (Freeman 
et al., p. 284). 
Writing mathematics resorting to digital technologies frees the very act of writing from space 
limitation, but changes the ways in which the written words and other representations to 
communicate mathematical ideas are recorded. Students are prompted to be a part of an 
interconnected community, where sharing and discussing knowledge is a constant feature. However, 
research on how digital technologies favor the development of written communication abilities in 
mathematics is still scarce. 

1.1 Context and goals of the study 

As such, we have challenged three secondary level classes to create a group, one per each class, on 
WhatsApp. Each group was constituted by the whole set of students in their class and their 
respective mathematics teacher. The goal of such groups was to create an environment in which 
students could share their questions, difficulties or ideas, about any mathematical topic or aspect, 
and look for mutual help. The mathematics teacher would work as a supervisor of the group, 
intervening whenever she would find necessary or whenever her help would be requested. 
In our research, which is still ongoing, we seek to understand how the digital tool WhatsApp 
supports students’ interactions, mainly regarding the communication of their mathematical 
questions, difficulties and ideas, and how it helps in overcoming those questions and difficulties. 
We also search to characterize the communication in mathematics that is established through this 
digital tool.  
However, in this paper, we focus on the following research questions only: 1) How do students 
express their difficulties within their WhatsApp group? and 2) How do the interactions within the 
group support students’ learning? 
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2. Methodological procedures 

This study has a clear exploratory character, and it follows directly from the teaching practice of the 
first author, with three secondary level classes (two of 10th grade – 15 years-old – and one of 11th 
grade – 16 years-old), in a private school in northern Portugal. The students frequently interacted 
through smartphones apps, in particular, WhatsApp. Thus, the teacher decided to use that same app 
as a true resource for the mathematics teaching and learning process (Adler, 2000).  
As such, she proposed the constitution of three WhatsApp groups, one per each class, being her the 
sole common element to those groups. The administrator of each group was the respective class 
delegate. Data have been collected since September 2018. In this paper, we focus on the records of 
students’ communications, within their WhatsApp group, amongst them and with the teacher. Next, 
we present a preliminary global analysis of the data gathered so far. 

3. Analysis of some preliminary results 

At first, students’ postings on WhatsApp, in their respective groups, aimed, mainly, at 
communicating the teacher their difficulties. For example, as shown in figure 1, a student 
photographed a textbook exercise in which he was having trouble and asked the teacher directly: 
“Teacher, how are we supposed to solve [exercise] 43.1 without seeing [i.e., having available] the 
line equation?” 
 

 
Figure 1. Example of students’ initial questions posted on WhatsApp. 

 
In her interventions on WhatsApp, the teacher always pushed students to mobilize their 
mathematical knowledge, without answering their questions directly. In this particular case (see 
figure 2), the teacher answered by posing two questions, striving to guide the student’s attention 
towards important mathematical aspects of the situation, which would be instrumental for solving 
the task: “What points lay on the blue part? What do they have in common?” Almost immediately, 
the student realized that those points “were closer to point A”, an assertion the teacher quickly 
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validated: “Exactly”.  
 

 
 

Figure 2. The teacher’s response, scaffolding student thinking. 

 
As shown in figure 2, the student found a way to solve the task: “Ok, I got it. We have to use the 
formula for distances. Thank you, teacher”. In general, students were actually capable of 
overcoming their difficulties, reaching answers to their own questions and doubts.  
Progressively, students posed fewer questions to the teacher and placed her fewer doubts directly. 
For example, figure 3 depicts a situation in which student H posed a question directly to the teacher. 
Yet, in replying to him, student F shared her solution with the whole group: “I solved this way”.   

 

 
Figure 3. Students’ interactions on WhatsApp. 

 
The teacher’s post drew on F’s solution (see figure 4) to ensure H had understood F’s solution and 
explanation: “H, did you understand F’s solution? Remember what I have said many times [in 
class]: when a result is given (in this case, a volume), the exercise usually involves solving an 
equation”. H quickly replied by saying: “[Yes,] I understood. I was trying to solve as if QV were the 
hypotenuse and the height of the pyramid and 2/[2] (square root of two) the [right triangle] sides; do 
you see?”. And the teacher wrapped up: “I see. But, that way wouldn’t work because you would 
have to know the coordinates for V, which is what you are looking for…” 
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Figure 4. Teacher and student’s interactions to ensure understanding. 

 
Figure 5 illustrates an instance in which the student’s doubt is posed to the whole group, rather than 
directly to the teacher. In fact, over time, students began clarifying doubts to each other, relying 
fewer and fewer on the teacher. 

 
Figure 5. A student question posed to the whole WhatsApp group. 

 

Sometimes, the students used text to indicate the task in which they were having trouble. Other 
times, they resorted to the affordances of the tool in order to indicate to others what their question 
or doubt was. In figure 6, the student started by photographing the textbook page where the exercise 
which he was having trouble with was posed. But then, not only did he type text upon the 
photograph, but he also used the drawing tool to signal the corresponding exercise number in the 
textbook. 
 

 
Figure 6. Use of different affordances of WhatsApp. 
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The fact that the students progressively directed their posts to all elements in the group fostered 
their interactions. When sharing their own solutions to tasks or answers to classmates’ questions or 
doubts, the students felt the need to be clear in communicating their ideas and to overcome the 
typing limitations of WhatsApp in terms of writing mathematical symbols. Indeed, such limitations 
were not very hard to overcome, and the students did that in a quite simple and intuitive way – for 
example, they wrote “ – 3 + [square] root of 5” to represent −3+ 5.  
 

 
Figure 7. Students’ interactions around a question raised by one of them. 

 
Figure 7 depicts a dialogue among three students (each different colored band identifies a different 
student) about an exercise which one of them was having trouble with. The students ended up 
clarifying their own questions and the teacher had no need to intervene.  
However, the students resorted to their WhatsApp groups to do more than place their questions or 
doubts to each other. The group also worked as a place to share presentations made during class 
sessions (figure 8) or curiosities related to mathematics (figure 9). Many of such curiosities are 
easily found in social networks, but the students considered their WhatsApp group as another 
appropriate place to share them. 
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Figure 8. Example of a class presentation shared via WhatsApp 

 

 
Figure 9. Examples of mathematical curiosities shared via WhatsApp. 

4. Final remarks 

In our perspective, all participants have benefitted from this experience. It has improved students’ 
written communication skills because, even without realizing it, they were able to present clearly 
their reasoning and difficulties. In fact, students were frequently eager to receive quick feedback 
from their peers after sending a message do the group, meeting the findings of Freeman et al. 
(2016).  
The digital tool has promoted interaction opportunities that have helped students in overcoming 
their learning difficulties, and the students’ initial dependence on the teacher (reflected, for instance, 
when students directly questioned the teacher whenever they resorted to WhatsApp to try to 
overcome a difficulty) progressively decreased as they were able to help each other. In addition, 
WhatsApp has given students a comfortable environment to share mathematical ideas/curiosities 
beyond curricular mathematics, which was quite surprising to the teacher. The teacher has gained a 
better knowledge about how her students think mathematically, what major difficulties they face, 
and how she can adjust her teaching in order to meet her students’ needs.  
Although we believe that this whole experience was quite positive (for all the reasons pointed 
above), we acknowledge that it might bring an added load to teachers’ already overwhelmed 
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working loads. However, the time that was necessary to devote to this initiative with WhatsApp was 
not substantial, and it did diminish over time, as students progressively gained autonomy and 
perceived WhatsApp as a virtual meeting point where they could share and discuss their doubts and 
questions. As such, over time, the teacher acted as a group moderator, intervening only when 
needed. 
Implementing this experience demanded that the teacher shared her cell phone number with her 
students, and many teachers may not be comfortable in doing so. However, our experience involved 
a significant number of students and all of them used the teacher’s cell phone number to deal with 
issues related only to mathematics. Nevertheless, we believe that it is wise to analyze the 
characteristics of the classes before implementing a similar experience. If the teacher is not 
comfortable in sharing his personal contacts, then other available apps might support the creation of 
groups. In this case, it is important that the selected app be familiar to students. We chose to work 
with WhatsApp precisely because the students used this app very frequently, and we assumed that 
their familiarity with the tool would increase the likelihood of participating in the groups.   
This experience has suggested that creating a virtual group for sharing mathematics fosters students’ 
collaborative autonomy, in the sense that they are able to explore situations, place questions and 
doubts, and solve tasks without the teacher’s intervention, through peer dialogue. Such resources 
allow students to communicate their reasoning and mathematical ideas, as well as their weaknesses 
and difficulties, and, through that communication, they are able to reach and validate conclusions, 
and to identify and overcome mistakes or misconceptions. 
WhatsApp, which so often works as a distractive device, may actually be used to develop students’ 
learning of mathematics. We have been looking at one way of having WhatsApp as an ally of the 
mathematics teaching and learning process, but further research is needed to explore other usages of 
this (and other) digital tool(s) to support that same process. 
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Abstract. Computational thinking, critical thinking, problem solving, creativity and 
collaboration are just a few examples of a broad range of 21st century skills which are key to 
the education of students and active citizens of the future. Enhancing its development while 
mobilizing content, pedagogical and technological knowledge, is one of the main challenges 
of 21st century teacher practice. Having as background a pilot implementation of a study, 
centred on Mathematics, which aims to investigate the influence of collaborative 
programming activities on the development of the abilities to solve and formulate geometric 
problems, critical thinking, creativity and collaboration, in this article we intend to 
characterize the signs produced during the resolution of collaborative problems through 
graphic programming artefacts. The research methodology is qualitative with case study 
design. The data collection techniques are: participant observation, supported by field notes / 
logbook; questionnaire survey; documentary collection (audio-visual and photographic 
records and written documents produced by the students). The preliminary results point to 
the existence in the programming activity of a dependence between the signs of graphic 
programming artefact and the mathematical signs. When mathematical knowledge is not 
properly mobilized, programming projects them. Then, the opportunity arises to think 
critically, and other signs can emerge, such as the pivot signs in the 
mobilization/construction of knowledge. 

Résumé. La pensée informatique, la pensée critique, la résolution de problèmes, la créativité 
et la collaboration ne sont que quelques exemples d’un large éventail de compétences du 
XXIe siècle, essentielles à l’éducation des étudiants et des citoyens actifs de demain. 
Améliorer son développement tout en mobilisant contenu, connaissances pédagogiques et 
technologiques, est l’un des principaux défis de la pratique pédagogique du XXIe siècle. 
Ayant pour toile de fond une implémentation pilote d’une étude centrée sur les 
mathématiques, qui a pour objectif d’examiner l’influence des activités de programmation 
collaborative sur le développement des capacités de résolution et de formulation de 
problèmes géométriques, de pensée critique, de créativité et de collaboration, nous nous 
proposons dans cet article: caractériser les signes produits lors de la résolution de problèmes 
de collaboration par des artefacts de programmation graphique. La méthodologie de 
recherche est qualitative avec un plan d’étude de cas. Les techniques de collecte de données 
sont les suivantes: observation participante, appuyée par des notes de terrain / journal de 
bord; questionnaire d'enquête; fonds documentaire (enregistrements audiovisuels et 
photographiques et documents écrits produits par les étudiants). Les résultats préliminaires 
mettent en évidence l'existence d'une dépendance dans l'activité de programmation entre les 
signes d'artefact de programmation graphique et les signes mathématiques. Lorsque les 
connaissances mathématiques ne sont pas correctement mobilisées, la programmation les 
projette. L'opportunité de penser de manière critique se présente alors et d'autres signes 
peuvent émerger, tels que les signes pivots de la mobilisation / construction du savoir. 
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1. Introduction 

Technologies are present in our day to day, but how can ICT be used in teacher training to promote 
mathematics comprehension? The challenge is to guide future teachers and educators towards an 
appropriate use of ICT (concerning teaching/learning contexts). 
In its position about “Strategic Use of Technology in Teaching and Learning Mathematics”, NCTM 
(2015) defends the need to carefully consider and design ways for students and teachers to use both 
digital and physical tools so that the full potential of technology is employed on enhancing “how 
students and educators learn, experience, communicate, and do mathematics” (p. 1), promoting a 
math learning experience which involves students in meaningful practices, engaging the 
development of skills such as critical thinking, collaboration, problem solving or creativity, in line 
with 21st century skills (WEF, 2015).  
The TPACK theorical referential (Mishra & Koehler, 2006), which has its genesis on Shulman’s 
ideas, also states that teachers are expected to mobilize technological, pedagogical and content 
knowledge when developing a carefully defined curriculum. 
Nowadays, we can purchase a set of programable devices (such as lego wedo 2.0; the Parrot 
minidrone; Sphero 2.0; a robot mouse; and the robot Doc) which can be connected to tablets, 
mobile phones and computers. Their programming may support the formulation and/or resolution of 
creative and challenging tasks (which can also be collaborative), combining fun with learning.  
In this article, we focused on the analysis of the results of one of the tasks implemented in a pilot 
study, which intends to analyse the influence of programming activities in collaborative, 
challenging and fun contexts, in the development of the skills required to create and solve 
geometrical problems, critical thinking, creativity and collaboration by future teachers and 
educators. So, with The Postman's Task, which uses  Sphero 2.0, the mini drone and graphic 
programming software (Scratch and Tynker), we tried to understand, under the Semiotic Mediation 
Theory (TMS), which signs are produced in the various phases of the resolution of the task and the 
difficulties that arise during it. 

2. Artefacts and their Semiotic Potential 

The construction and use of artefacts are intrinsically linked to human activity. In addition to 
contributions to a more practical level, they can intervene at a cognitive level, challenging new 
ways of thinking and acting (Norman, 1993). 
According to Bussi and Mariotti "any representation is supported by an artifact" (2008, p. 748). It is 
thus fundamental to understand the role of artefacts in the creation of representations and how they 
act on cognition in the emergence of new abstractions. 
According to the same authors (2008), a double semiotic link is established when we analyse the 
semiotic potential of an artefact: 

on the one hand, personal meanings are related to the use of the artifact, in particular in 
relation to the aim of accomplishing the task; on the other hand, mathematical meanings 
may be related to the artifact and its use. (Bussi & Mariotti, 2008, p. 754) 

The TMS (Bussi & Mariotti, 2008) identifies 3 main categories of signs: artefact signs, pivot signs 
and mathematical signs (figure 1). 
The artefact signs (Bussi & Mariotti, 2008) are those that emerge from the use of the artefact to 
carry out the task, those that trigger the construction of mathematical knowledge. Although the 
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meanings of the artefact signs are personal, the task may lead to the need for negotiation of shared 
meanings. 
The mathematical signs refer to the mathematical context, “these signs are part of the cultural 
heritage and constitute the goal of the semiotic mediation process orchestrated by the teacher” 
(Bussi & Mariotti, 2008, p. 757). 
The pivot signs (Bussi & Mariotti, 2008) are a symbolical representation of the hinge which 
potency the first detachment of the artefact, promoting the passage from the context of the artefact 
to the mathematical context, but maintaining the connection to the artefact. 

 

 
Figure 1: Artefacts and signs, adapted from Bussi and Mariotti (2008, p. 757) 

3. Methodology 

The research methodology is of a qualitative nature with a case study design, involving two 3rd year 
classes of the Basic Education course at Viana do Castelo Higher Education School. 
The Postman Task, presented in Figure 2, was solved by 36 of the 40 students, organized in 13 
groups (eight groups of three students, four groups of two students and a group of four students). 

 
Figure 2: The Postman Task 

Each student was asked to solve the problem individually. After finding the solution they should 
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discuss with their group which strategy should they use to program the mini drone Parrot or Sphero 
2.0. They began by using Scratch to model the way to go (since we don’t have drones/Spheros for 
all groups). When their commands were inserted in Scratch, they submitted them in the Moodle 
platform and only then they could test them. After the test, they corrected the errors and adapted the 
programming to the Tynker software to activate the drone or Sphero (these artefacts are 
programmed by time, whereas in Scratch the actors are programmed in steps). 
This task is one of four tasks implemented. Students, using graphical or tangible programming of 
2.0 devices, such as robots and drones, mediated by tablets and computers, recorded the strategies 
used during the resolution through video and photography, supporting a collaborative reflection of 
the resolution of each problem. The final work is a report which contains the reflections of the 
solved problems and a didactic sequence. 
The data collection techniques were: participant observation, supported by field notes / logbook; 
questionnaire survey; documentary collection - audio-visual and photographic records and written 
or digital documents produced by students. 
The analysis focused on the resolution of the postman’s task and part of the results of the 
questionnaire, contemplating the following categories of analysis: difficulties and type of signs 
produced. 

4. Results 

All students were able to identify a path that respected the conditions of the problem. 
Most groups elaborated initial schemes such as those presented on figure 3, which show no 
mathematical signs like the Pythagorean Theorem or a relationship between angles. 

 

 
Figure 3: Examples of solutions presented by some groups 

 
However, other groups elaborated schemes which show the emergence of other pivot and 
mathematical signs. In figure 4, we can see that the group indicated the amplitude and the direction 
in which the angles should rotate, as well as the number of steps required to go through each street. 
In addition, it included the calculation of the Pythagorean Theorem.    
In figure 5, the group used drawings to relate the amplitude between the angles. In the upper right 
corner of this figure we can observe the enlargement of only part of the map, in which the group 
shows they recognize the relations between complementary angles. Still in this figure and focusing 
on the map, the group showed they knew the concept of supplementary angles. 
Figure 6 has the schematic with the most information. We can see that they calculated the 
hypotenuse and indicated the amplitude of all angles presenting, as on the previous example, the 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 397 

drawing of lines which show the relation of supplementary angles. 
 

 
Figure 4: Example of a scheme that indicates the amplitude and the direction in which the angles 

should rotate and the hypotenuse calculation 
 

 
Figure 5: Example of a scheme with evidence of relations between angles 
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Figure 6: Example of a scheme with evidence of relations between angles and hypotenuse 

calculation 
 
 When students collaboratively programmed the path in Scratch, the results were not expected for 
11 of the 13 groups, as shown on Figure 7 (Group G5 did not submit the files but, in the reflection, 
they admitted they didn’t achieve it). The length of streets 7 and 8 had to be calculated using the 
Pythagorean Theorem, but only six of the groups realized they had to mobilize this knowledge (G2, 
G5, G7, G9, G10 and G11). Another common mistake concerned the triangle formed using streets 
1, 2 and 3. This is an equilateral triangle, but 4 groups considered that the angle formed by streets 2 
and 3 was rectangle (G1, G8, G10 and G13), as shown on the dialogue with group G8: 
 

Teacher: Does this triangle have a 90º angle? 
G8: No, supposedly it has 60º. 
Teacher: Why? 
G8: Because all sides are the same. 
Teacher: But you said it was 90º.  
G8: Yeah… 
Teacher: Did you forget? Didn’t you read the statement carefully? 
G8: We didn’t think about it. We only worried about rotating an angle.   
 

In addition, as shown on figure 7, most groups miscalculated some angles. 
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Figure 7: Results of the students first attempt to graphically program the postman’s path 

However, after testing their programming, the groups worked collaboratively to correct the mistakes 
made. The majority showed autonomy, although some of the groups requested help from the 
teacher. 
As they finished, they adapted the programming to the Tynker software installed on the tablet. For 
this, they began by testing the time in seconds that each of the artefacts took to travel a certain 
distance, as can be observed in the Figure 8. 
 

 
Figure 8: simulation of the postman’s path which was to be replicated using the Sphero 2.0 and the 

mini drone 

5. Final reflection 

The observed interactions led to the coexistence of artefact signs and mathematical signs mediated 
by pivot signs. The artefact signs are those that arise from the use of the artefact and in the case of 
Scratch or Tynker are associated with the construction of the puzzle of commands that originates the 
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graphic programming, but the graphic programming requires the mobilization of mathematical 
signs. As noted above, most students made a few mistakes when they made the first attempt, but 
this allowed them to use the image produced by the software to understand the mistakes they had 
made. Some resorted to pivot signs and went from the map artefact to the digital artefact, as well as 
other which went the other way around going from the digital artefact to the map artefact. For 
instance, some used hand gestures both on the map and on the computer/tablet screen, stating the 
angle on which to turn; others pretended to be the postman and simulated his trajectories on the map 
drawn on the classroom floor. In any case, they correctly mobilized the fundamental mathematical 
signs to solve the problem. 
In this sense, the scheme proposed by Bussi and Mariotti (2008, p. 757) requires an adaptation. This 
scheme suggests that we move from artifact signs to mathematical signs through pivot signs. 
However, in this study, it is observed that the relationship between signs is more dynamic, not just 
unilateral. Since artifact signs emerge implying the immediate mobilization of mathematical signs, 
that is, the programming of the path involves using mathematical signs, as we have seen, mediated 
by pivot signs (gestures, drawings, dramatizations). After the programming was tested, we can see 
that the concepts may not have been correctly mobilized or not mobilized at all (for example, the 
Pythagorean Theorem). Based on the produced graphical result, we once again resort to pivot signs 
reflecting on the mistakes made, and thus new mathematical signs emerge. We can move from 
artifact signs to mathematical signs and vice versa until we solve the problem, hence in Figure 9 the 
scheme was adapted by placing the arrows in both directions. 

 
Figure 9: Artifacts and signs in programming tasks 

This experience mobilized geometric knowledge in a way that had meaning for the students, 
promoting the development of their critical thinking and collaborative work. This meets Lopes, 
Silva, Dominguez and Nascimento (2019) when they defend that it is imperative to develop these 
skills, contributing to the students technical and professional development. For instance, in the final 
questionnaire most students agreed or completely agreed with the statement "I was wondering about 
the path I was using (knowledge and strategies).", suggesting they mobilized critical thinking during 
task resolution. In addition, they stressed the importance of collaborative work, emphasizing 
"sharing of ideas", "overcoming obstacles", "sharing strategies", "learning with colleagues", 
"fostering persistence", "working in a relaxed way". 
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Abstract.  The goal of the project presented in this paper is to create a digital and tangible 
game that allows players to build a positive orientation. This game is digital and aims to take 
advantage of the potential offered by augmented reality and documentation offered by 
digital. It is also a facilitating entry for teenagers who will be able to find familiar 
environments. This game is intended to be digital and tangible to allow an anchoring in 
reality and the concrete to play on the complementarity of digital and real environments. The 
game must be able to return to reality by articulating the computerized and real worlds.  

Résumé. Le but du projet présenté dans cette communication est de réaliser un jeu 
numérique et tangible permettant aux joueurs de construire une orientation positive. Ce jeu 
est numérique et entend profiter des potentialités offertes de réalité augmentée et de 
documentation offertes par le numérique. C’est aussi une entrée facilitante pour les 
adolescents qui pourront retrouver des environnements familiers. Ce jeu se veut numérique 
et tangible pour permettre un ancrage dans la réalité et le concret permettant de jouer sur la 
complémentarité des environnements numériques et réels. Le jeu doit pouvoir permettre de 
revenir au réel en articulant les univers informatisés et réels. 

1. Introduction 

Mathematics is often considered as a selection subject. Is it possible to think about students’ 
academic direction taken in secondary school in a more positive way, by making sure that choices 
are made on a self-knowledge of one's abilities and tastes and of one's knowledge of the trade 
concerned. These questions are crucial for French students from the grade 9 (the last year of lower 
secondary school in France) but also for the pursuit of higher education (grades 10, 11 and 12, the 
high school grades until the baccalaureate). The idea of this project is to encourage students to 
reflect on their orientation in a fun way through a serious game, or epistemic game (Sanchez, 2014). 
A team of teachers, guidance counselors, psychologists and researchers has been working since the 
beginning of 2019 on a project whose objective is to enable students to enter a positive orientation, 
by improving their knowledge of their competencies and tastes but also by providing an objective 
understanding of the knowledge and skills required in the targeted professions. To do this, the 
project team is working on the development and implementation of a digital epistemic game that 
will help students to discover themselves while they discover the reality of training and professions. 
The research questions focus on two distinct aspects that are common to the project: on the one 
hand, to what extent will a tangible and digital epistemic game promote positive students’ academic 
guidance? And on the other hand, how can self-knowledge make it possible to consciously choose 
one's academic choice? 
To test these questions, we work in a design-based research paradigm (Swan, 2014). In this 
communication, we introduce the relationships between mathematics and school guidance, then we 
present the theoretical frameworks on which our work is based and the methodology of the research 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 404 

to finally conclude with the first results and the next direction of work. 

Mathematics and school guidance 

In France, the choice of courses was (is?) strongly prioritized, in secondary school, in recent years 
(Science and Mathematics > Economics > Literature > Industrial Techniques > Commercial 
Techniques) according to the level of academic performance of students (Duru, Jarousse & Solaux, 
1997; Jarousse & Labopin, 1999). The consequence is that successful students choose the scientific 
path taking into account that all university courses are thus open, even if they do not want to study 
sciences or mathematics. This fact has at least two consequences, one on mathematics teaching and 
the other on academic guidance. 
Regarding mathematics teaching, mathematics become a selective subject with the consequences of 
performance quantification that tends to assess technical skills that are easier to quantify rather than 
assess creative ideas or problem-solving competencies. As assessment is very often a pedagogical 
tool that leads teaching methods and contents, the subject “mathematics” tends to become a 
technical subject where repetitive exercises become more important than a comprehensible 
approach to concepts or an exploration of small areas of mathematics through problem solving. And 
finally students have a poor level in mathematics as the different international tests show (OCDE, 
2016, 2017). Success in mathematics therefore consists in knowing the types of exercises that will 
be placed in the exams and not taking the time to explore a field of mathematics and discover 
mathematical objects in different facets, using multi-representations, and making connections 
between these objects. The new high school reform that is being implemented from this school year 
onward is based on an identical observation, by specializing the courses of study in such a way as to 
offer pupils a more rational choice of their courses of study. The question of educational and 
vocational guidance is then very topical. 
Indeed, instead of developing a better understanding of professional competencies needed for trades 
that can match with abilities and self-knowledge, students develop competencies in order to pass 
examinations and delay a real reflection about professional guidance that can lean to a professional 
choice far from the actual tastes and abilities that would have been better developed. Even for 
scientific careers, students suffer from a bad vision of what are exactly mathematics and give up 
scientific studies because of the poor image of science and mathematics transmitted by the 
elementary and secondary school. We can imagine that this reform should change this state of 
affairs and we are positioning ourselves in this direction. 
Based on these observations, we thought that a reflection on the career orientation of students was 
important and that this orientation should be based on the students' tastes and competencies, their 
knowledge of the trades and academic fields that can lead to it. According to Shertzer (1976), 
school guidance can be define as: 
”[…] the  process  of  helping  an  individual  to  understand  himself and his world. Conceptually, 
guidance involves the utilization  of  a  point  of  view  to  help  an  individual  as  an  educational   
construct.” (p. 172) 

A consequence of this definition and of the previous reflections consists to consider school 
guidance as an equilibrium between three poles: self-knowledge, training knowledge and job 
knowledge as represented in figure 1. 
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Fig. 1 Guidance as the result of a tension between three poles. 

Theoretical frameworks 

In order to work with students about their own school guidance, we hypotheses that a game should 
offer a proper context. We rely in particular on the work carried out in our laboratory (Sanchez, 
2011, Jouneau-Sion, 2015, Vincent & Sanchez, 2016, Sanchez & al., 2017): 
“In a context marked by a widening gap between the digital culture of young people and school and 
university cultures, the introduction of games into educational practices is supported by 
enthusiastic discourse and high institutional expectations. This includes exploring new approaches 
to science teaching/learning, in a context marked by a crisis in science education, high institutional 
expectations (interdisciplinarity, integrated teaching, investigation approaches) and the emergence 
of new forms of problem solving (serious games).”1  
As Henriot (1989) has shown, no structure of game is in itself or by itself playful; it is the 
individual who, depending on the attitude he/she adopts, can make this experience playful or not. It 
is therefore essential to distinguish between the game, which is the structure designed to be playful, 
and the playing, which is the situation in which players are placed (analogous to the situation in the 
theory of didactic situations (Brousseau, 1989)) and game-playing, which is the very activity of the 
game (which we can associate to an a-didactical situation (Ibid.)). This theoretical distinction 
proposes a practical work plan: to think of a serious game that will have in itself a playful potential, 
to think and implement game situations that allow students to confront an environment that allows 
them to acquire knowledge and to observe the players' activity in order to refine the a priori 
analyses that can be made. 

The game is also intended to be epistemic, allowing the development of expertise in a field: 

                                                
1  http://eductice.ens-lyon.fr/EducTice/recherche/jeux translated by us. 
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"This choice is inspired by the "epistemic frames" developed by Shaffer & al. which are: "knowledge 
and concepts, but also the ability to speak, think, see, work as an expert" (2009 p. 4) A digital 
epistemic game helps players to develop expertise in the field by leading them to reason, 
communicate, act with authentic constraints. “The epistemic dimension is therefore considered here 
from the perspective of the development of a culture, beyond factual knowledge and contextual 
skills." (Benech & al. 2017, page 21). 
The game is digital and aims to take advantage of the potential offered by augmented reality and 
digital technology. It is also a facilitating entry for teenagers who will be able to find familiar 
environments. Finally, the game is intended to be digital and tangible to allow it to be anchored in 
reality and the concrete, allowing the complementary of digital and real environments to be played 
on. The game must be able to return to reality by articulating digital and real worlds. (Soury-
Lavergne 2017). We develop below this particular aspect of the game and the reasons that lead us to 
choose this kind of game.  

But before entering in the description of the game and the design choices, we need to speak of 
theoretical framework of school and vocational guidance. 

Vocational guidance has gone through three phases in the last century: an instrument of economic 
policy based on the rationalization of the workforce, an instrument militating for the 
democratization of the school, and an educational work seeking to make young people autonomous 
with regard to their professional choices. The sociology of education has focused much attention on 
guidance and in particular on the behavior of guidance actors. Four analyses were proposed. The 
first type of analysis is based on the role of structures (Bourdieu and Passeron 1970) leading to a 
vision of academic counseling influenced or guided by social position; the school provides to the 
society the workforce that it needs, by reproducing social inequalities from generation to 
generation; hence school guidance is a mean to reproduce these inequalities. The second type of 
analysis, represented for example by Cherkaoui (1982), proposes the rational actor model for which 
the orientation choices are the result of an estimation of the costs and benefits that the actors can 
make of the envisaged training. In this case, it appears that the family's demand is predominant. The 
third type of analysis borrows from psychology the concepts of motivation, mobilization and 
project (Wolters et al. 1996). These three types of analysis infer the actual knowledge of the actors 
in a global analysis of the functioning of the school system and institutions. The fourth type of 
analysis, on the contrary, "considers the guidance process as a collective action involving different 
categories of actors. This research, which is more focused on the ordinary functioning of schools or 
some of their entities (the classroom, for example), is based on a variety of inspirations and 
examines how interactions between the institution's agents contribute to the determination of school 
careers" (Masson, 1997). 

More recently, Loisy and Carosin (2017) propose a framework for designing and accompanying 
adolescents in the long-term construction of a professional project:  

"To help the young subject to situate himself or herself in this changing environment, it is necessary 
to enable him to develop his/her ability to build projects that include intentionalities, directions, 
objectives located in time and space, and actions.” (ibid., p. 64). 
It is in an articulation of knowledge of trades and training and self-knowledge in the students' 
project that the game's construction scenarios must find their origin. The development of skills 
related to the construction of the professional project and skills related to a better self-knowledge 
must be articulated with the aim of developing autonomy in terms of guidance (Loisy et al. 2010).  
 

Methodology 

As announced in the introduction, the methodology of this project is built on the design-based 
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research paradigm. By these words we mean research developed to answer teaching or learning 
questions that arise in the field and for which there is a need for reflection combining theoretical 
frameworks and the necessity to build answers in the real world.  
Malcolm Swan gave a definition (2014) of Design based Research: 

“Design-based research is a formative approach to research, in which a product or process 
(or “tool”) is envisaged, designed, developed, and refined through cycles of enactment, 
observation, analysis, and redesign, with systematic feedback from end users. In education, 
such tools might, for example, include innovative teaching methods, materials, professional 
development programs, and/or assessment tasks. Educational theory is used to inform the 
design and refinement of the tools and is itself refined during the research process. Its goals 
are to create innovative tools for others to use, describe and explain how these tools function, 
account for the range of implementations that occur, and develop principles and theories that 
may guide future designs. Ultimately, the goal is transformative; we seek to create new 
teaching and learning possibilities and study their impact on teachers, children, and other 
end users.” (page 148) 

 
Thus the team working on this project has been built, including researchers, teachers, guidance 
counselors, computer scientific, IT experts, as the projected work aims at the realization of a digital 
game. The second important point of this project is the willingness to involve end users, that is to 
say young people aged 14 to 17 years, in a UX Design perspective. The challenge was therefore to 
allow to work together, to take into account the different points of view, the actual technological 
feasibility, and the playful of the game in order to engage and retain end-users. 
 
So the methodology is built on a cycle of discussion, design, experiments, analysis and re-design. 
The discussion, where all the actors are present, are built on the idea of hackathon, that is to say, a 
full day organized around a particular issue, where all the partners can explain their viewpoints and 
discuss the positive and negative points of answers. For example, the first hackathon focused on the 
general characteristics of the game, a precise definition of the end-users, and a general game’s 
progress. The second hackathon was dedicated to the writing of the scenario, the definition of the 
environment of the game. The design in itself is under the responsibility of IT specialists that 
transform the discussion into a tangible realization of the game (see for example fig. 2). But also the 
results of the discussions are put to the test of the users: experiments with students have been 
conducted to adapt the wishes of the creative team with the end users and lead to new proposals or 
modifications. 
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Fig. 2 Implementation on mobile of the Game’s environment 

During the first six months of the project, two cycles were completed that lean to the writing of a 
complete scenario taking into account the player as narrator of the story that the game tells. The 
scenario is built on the idea of building games where players have to build and make evolve a city. 
The goal of the game is for the player to target jobs that are consistent with the tastes, desires, 
abilities of the avatar that the player has created for himself. The bet is that, gradually, the avatar 
will be more and more representative of the real player who created it. During the experiments a 
student explained her vision of her avatar: 

When you have filled your avatar, the avatar has qualities, defects. But in fact, by 
playing this game she will make other acquaintances who will also develop her qualities 
or she will be able to acquire qualities that she did not have. She will be able to acquire 
diplomas that allow her to earn jobs for example. So her avatar, she's not frozen either, 
she's going to evolve. 

Her reflection, and others of the same type from other students, leaned us to consider more closely 
the possible evolution of the players’ avatar that will play an important role in the scenario of the 
game, because the avatar is the direct link between our objectives and the player. And particularly, 
this student’s game culture leads her to consider the avatar as her character that she adapts to her 
own personality while giving her revered or expected powers. And it is exactly this path that we 
consider to be a way of making student think about his or her own choice. 
The narrator of the story, a bird, will accompany the player in the story when he’ll build an 
environment that makes sense to him, questioning him in different ways at different times. The 
construction of this environment in an area of this archipelago, involves the integration of buildings 
representative of a professional field of activity, which the player can integrate with the help of 
points that he wins. A building is a place to exercise one or more trades all in the same field but also 
to think about the training that leads to this job. Students during the experiments were also very 
aware of the need for realism in the game, as can be seen in this excerpt: 

Teacher: that being said, we can imagine winning a doctor's job description for 
example, but if we don't have the rigour skills, the scientific skills to be so, how does it 
feel to have the description of the profession? 
Student 2: You have to work on it. 
Student 3: Well, yes, you can't have a job without the skills. 
Student 1: You can't become a surgeon without the agility of your hands. For example, 
there are people who tremble, they can't become surgeons. 

From the discussions with students confronted with the willingness of reaching our goals, the game 
is gradually being built up. When the player arrives on the game, he develops his avatar, then he 
chooses in the archipelago a first zone (sea, mountain, cultivable land, city field) in which he would 
like to build a city. The construction of the city involves the integration of buildings (such as a 
hospital, a hairdresser's salon, a power plant, etc.). One student suggested that we link the rewards 
of the game with knowledge:  

Oh yes, also, uh, when we unlock new trades, we could put, uh, you have a new trade 
and underneath we mark the training that is needed to reach this new trade. Basically so 
that we don't think so, yeah, I want to do this job but I don't know what studies to get it. 

It is then within these buildings that the player's activity allows him to discover professional fields, 
trades and training leading to them, based on what the player knows about himself or what he shows 
about himself in the game. At the end of his exploration, or if his choice no longer suits him, the 
player can choose another profession and/or building. Thus, player and city evolve as the game 
progresses. The game also has a social dimension in the sense that the city can be visited by other 
players who can find in the city buildings documentation and information that, in turn, can help 
them develop their own city. 
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The next steps will consist on linking the game play with the scenario and to develop the 
relationships of the player with the real world. The goal of the game is for players to integrate into 
their own reflections the path that the character follows in the game.   
Before carrying out this step in the academic year 2019-2020, I come back to the results and 
reflections of the research conducted in this project. 

Discussions 

In this section I would like to link the research questions of the project with one of the questions 
worked in the working group: How can we use ICT as teaching-learning tools, rather than 
instruments that replace students’ cognitive efforts? Indeed, digital epistemic games can be seen as 
an artifact unessential to achieve the  assigned educative role, but it can also be seen as a media that 
allows users to reflect in a  familiar environment. In our case, the main issues of school guidance 
are always at stake and technology is used to stimulate students’ curiosity, to enter the world of 
young people and to take advantage of the potential of databases which can link the three poles 
presented above.  
In this project, students are invited to play a game and teachers and guidance counselors aim at 
allowing students to reflect about their academic and professional future. So, the epistemic game 
can be analyzed through the four dimensions (Serna & al. 2015) of competence, technology, 
playfulness and social relations. The first dimension (competence) aims at developing specific 
competences, taking into account what players are learning and how the game achieves these 
learning objectives. But also, how can students get out of the game to take profit in their lives of the 
gains they obtain in the imaginary world of the game. The tangible part of the game takes into 
account this relationships with the tangible world: when the player explores a particular jobs’ 
domain (health, trade, education, etc.), the game will invite him or her to actually explore the reality 
of the jobs by encountering professionals of he domain (doctor, nurse, nursing assistant, stretcher 
bearer,... for example in the field of health) as well as the game will direct the player towards the 
studies necessary to achieve these positions. The first experiments with students show that they 
quickly identify themselves with the character of the game by putting their own wishes into play. 
Thus, a 14-year-old student decided to build a music school first when he was confronted with the 
reconstruction of a city destroyed by an external event, when one of his classmate decided to build a 
sports hall. Indeed, and to the extent that the game allows, students engage in it by putting their own 
tastes into their game strategies.  

The second dimension corresponds to what technology can bring to the game itself and to the 
underlying objectives of the epistemic dimension of the game. How are the links between game and 
reality thought? And which gains brings technology use? The answers to these questions must be 
present both in the design of the game and in the game; during the design phases, the question of the 
need to use technology is always present and the comparison with a scenario without technology 
has been continually addressed. For example will the game board be materialized or digitized? The 
answer came from the desire to leave students free to play the game under the supervision of an 
adult or alone. In this example, technology has provided a portability property that favors students’ 
independence from play which is a fundamental basis of our work. The third dimension (playful) 
corresponds to the ease and the interest that the game can bring to young people; the questions of 
the play springs that are used (randomness, avatar, role play,…) as well as the scenario are 
addressed in order to keep to the game a playful character. Here, the involvement of end-users is 
very important because teachers, guidance counselors and more generally all adults very often lose 
the playfulness of the game to choose game directions that better match the learning objectives but 
at the same time lose the spirit of the game. Fortunately, experiences with young students are 
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helping to counter this trend. And finally the fourth dimension questions the relationships and the 
articulations between individual and collective dimensions. How do players communicate and what 
are the added value of social communications in the game, first but also in the learning dimension? 
it was a prerequisite that the students of the different classes asked from the beginning of the 
experiments: "a game must be able to allow us to communicate with each other". It is thus, starting 
from these reflections that we have made available to the players interactions that are both 
interesting for the gain of the game and for the targeted learning. 

These four dimensions have not to be considered alone but in a whole, not as successive layers but 
better as four sets whose intersection is the target (Fig. 3). In our case, our digital epistemic game 
takes profit of the technological dimension to enhanced the three other dimensions (competencies, 
social  relations and playfulness).  

 
 
 
 
 
 
 
 

 

 

 

 

Fig. 3 The target of the four dimensions 

Conclusion 

An important development work is now necessary to realize a playable prototype so that we can 
experiment again with the students in ecological conditions close to those of the final game. In 
terms of methodology, we are thus approaching a third cycle of design, experiments and analyses 
that should make it possible to produce a playable prototype. However, although the project is only 
in its very beginning, first conclusions can be drawn about the questions written in the introduction; 
first, the experiments showed clearly that students as players make links with their reality of school 
guidance and build their character in the game in their own image, which confirms our choice to 
leave the character of the game to the discretion of the player.  In order to answer completely to the 
questions (to what extent will a tangible and digital epistemic game promote positive students’ 
academic guidance? How can self-knowledge make it possible to consciously choose one's 
academic choice?), we still need more observations and interviews with students to better 
understand their evolution regarding school guidance whether they use or not the game. In this 
conditions, and as far as a playable prototype can be tested, we will use a comparative methodology 
leaning on interviews including also self-knowledge competencies before and after the experiments 
of two groups of students using or not the game. 

At this stage, and even if we cannot fully answer the questions asked, we are still able to positively 
evaluate the methodology that allowed us to take into account the various opinions of professionals 
involved in different positions in the project. But it also made it possible to take into account the 
end users without distorting the cognitive objectives that the project carries. 

   Playfulness  
 
 
 
 

 
 
 
Social 
relations 

         Competences Technology 
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module on in-service mathematics secondary 
teachers’ zones 
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Abstract. This article addresses one of three parts of a PhD thesis conducted between 2012 
and 2018. One main purpose was to determine the impact of the GeoGebra intervention on 
teachers’ Valsiner’s zones relating to technology integration, namely: the zone of free 
movement (ZFM), the zone of promoted action (ZPA), and the zone of proximal 
development (ZPD). A qualitative multiple case study design was conducted with four in-
service secondary mathematics teachers (three females and one male) with different 
backgrounds and GeoGebra practice levels. A design-based research (DBR) methodology 
was used which involved two phases: a pre-intervention phase (one iteration) and an 
intervention phase (two iterations). Before the intervention, teachers went through an 
introductory workshop and were asked to complete questionnaires about their practices, and 
the barriers they faced. Then, they conducted GeoGebra lessons in collaboration with the 
researcher over two iterations. Overall, the results indicated an improvement for the four 
participants in their zones with collaboration and iterations. Specifically, the effect of the 
hindering factors of the ZFM and ZPA decreased as the intervention progressed and some 
assisting factors like ZPD improved.  
              
 
Résumé. Cet article traite de l'une des trois parties d'une thèse de doctorat menée entre 2012 
et 2018. L'un des principaux objectifs était de déterminer l'impact de l'intervention de 
GeoGebra sur les zones d'intégration technologique de Valsiner des enseignants, à savoir : la 
zone de libre circulation (ZFM), la zone d'action promue (ZPA) et la zone de développement 
proximal (ZPD). Une étude de cas qualitative a été menée auprès de quatre enseignants de 
mathématiques du secondaire (trois femmes et un homme) ayant des expériences variées de 
GeoGebra. Nous avons utilisé une méthodologie de recherche orientée par la conception 
(ROC) qui comportait deux phases : une phase pré-intervention (une itération) et une phase 
intervention (deux itérations). Avant l'intervention, les enseignants ont participé à un atelier 
d'introduction et nous leur avons demandé de remplir des questionnaires sur leurs pratiques 
et les obstacles auxquels ils étaient confrontés. Ensuite, ils ont mené les leçons de GeoGebra 
en collaboration avec le chercheur sur deux itérations. Dans l'ensemble, les résultats ont 
indiqué une amélioration pour les quatre participants dans leurs zones avec la collaboration 
et les itérations. Plus précisément, l'effet des facteurs gênants de la ZFM et de la ZPA a 
diminué à mesure que l'intervention progressait et que certains facteurs favorables comme la 
ZPD s'amélioraient. 
 
Keywords: GeoGebra, DBR, Zone theory, PD, 97A70, 97D20 
 

1. Introduction 

This study particularly uses Zone Theory since it was found to be the most comprehensive, 
encompassing individual, social, cognitive and contextual factors. This theory was developed by 
Valsiner (1997) within the context of child development who extended Vygotsky’s (1978) Zone of 
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Proximal Development (ZPD). Applying Zone Theory to the context of technology, there are three 
categories of factors affecting technology integration by teachers: zone of proximal development 
(ZPD), zone of free movement (ZFM) and zone of promoted action (ZPA; Goos et al., 2010). ZPD 
is defined as the potential technology ability that teachers can reach with the support of more 
experienced individuals. ZFM refers to contextual, environmental or systemic constraints that limit 
teachers’ technology integration. ZPA refers to the training experiences that teachers received as 
part of their pre-service education or in-service professional development on the integration of 
technology. In order to integrate technology in their classes, teachers who are novice in using 
technology should have their zone of promoted action (ZPA) be within their zone of free movement 
(ZFM) and consistent with their zone of proximal development (ZPD) (Goos, 2005).  

Putting it into perspective, if technology integration by in-service teachers is to be increased, 
then they should be equipped with knowledge on technology that is: 1) available for them, 2) 
related to their curricula, and 3) consistent with their pedagogical beliefs.  
Taking all of the above into consideration, a suitable methodology to use for the purpose of this 
study was found to be design-based research (DBR). DBR is appropriate because it mandates close 
work with practitioners within a real context and on theoretically-based grounds.  

2. Literature Review 

A comprehensive view of the barriers was conducted using the zone theory perspective. Table 
1. lists some of the main inhibiting factors to technology integration faced by teachers in their 
teaching.  

 
Table 1. Some of the previous studies on the factors mathematics teachers face when 

integrating technology in their teaching. 
 

Zone of free movement 
Factor Study 
lack of time to prepare and to  
implement technology based lessons 

Baskin & Williams, 2006; Chen, 2008; Chen, 
Looi & Chen, 2009; Forgasz, 2006 

inaccessibility and unavailability of resources  
or resource systems, including software  
and hardware 

Earle, 2002; Forgasz, 2006; Oncu et al., 2008 

Lack of support (technical, administrative) Chen, 2008; Earle, 2002 
lack of appropriate planning for how  
the technology is going to be used 

Hew & Brush, 2007 

Assessment-related issues Becta (2004) 
Zone of proximal development 
lack of adequate technology knowledge  
and skills 

Handal et al., 2013 

resistance to change Becta, 2004; Bingimlas, 2009; Earle, 2002 
lack confidence in using computers Forgasz, 2006 
Lack of ability to plan and implement 
technology-based lessons  

Lim & Khine, 2006 

Zone of promoted action 
lack of adequate training Baskin & Williams, 2006; Bingimlas, 2009; 

Keong, Horani & Daniel, 2005  
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2.1 The participants 

The participants were four in-service secondary mathematics teachers. They teach the 
Lebanese curriculum in English. They were selected in one of the workshops given by the 
researcher. The selection criteria were on two bases: extent at which GeoGebra was used in their 
teaching and the barriers they have faced. Table 2. Summarizes their main demographic 
characteristics.  

Table 2. Participant Demographics, Practice and Zones Level  

*Note. N/A = The zone was not considered a barrier to GeoGebra integration 
 

2.2 The instrument 

To measure these zones, an instrument called the Barriers in Using Technology 
Questionnaire (BUTQ) was developed by the researcher based on Goos’ (2005) work. This 
instrument consisted of 27 questions divided into three subscales or zones. Table 3 revises what 
each part of the questionnaire measured. An example of the first 19 questions is: “In your school do 
you have available hardware?” Each of questions had three possible response options: “yes” (1), 
“yes but not enough” (2), and “no” (3). ‘Yes’ in these questions means it is not a barrier. For the 
other questions numbered 20 to 27, an example is: “Do you consider curriculum requirements as 
barrier to technology integration in your teaching?” and the possible response options were: “yes” 
(3), “not much” (2), and “no” (1). In these questions, ‘yes’ means it is a barrier. The instrument was 
piloted and readapted accordingly then evaluated to get a Cronbach alfa 0.9. Also it was evaluated 
by two education professors for reliability. After the first and second implementation of the lessons 
for each participant, a parallel form of the same instrument was used, but this time it was with 
related to two other instruments about teachers’ practices and TPACK in a semi-structured interview 
form. A list of 24 barriers for technology integration was provided to participants. For each item of 
the practices and TPACK instruments, each participant had to select from this list one or more 
factors that he/she felt was a barrier. Every selected item was given the value 2 or 3 as a barrier 
based on the extent of impact; any non-mentioned item was given the value 1. 

Table 3. Summary of the Questions of the BUTQ (Form 1) 

 
Subscale Questions Measuring 
 1-8 Resources: availability, accessibility, and applicability. 
Zone of  
free movement 

9-10 Availability of encouragement 
11-12  Availability of time to prepare and to apply. 
13 Availability of technical support 
20-22 Factors related to students such as: motivation, technical 

abilities… 
23-27 Miscellaneous factors such as: curriculum, assessment, goals… 

 
Zone of  14-16 Previous and current professional development including pre-

Name Age Highest 
degree 

Teaching 
experience 

Practice 
level ZFM ZPA ZPD 

Amani 50-55 BS 25 years Low Moderate Moderate Low 
Tima 23-26 Masters 

+TD 

2 years Moderate Low Moderate

ee 

N/A* 
Sara 33-40 BS 7 years Moderate Moderate Low N/A 
Hazem 41-50 Masters 31 years High Moderate N/A N/A 
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promoted action service education, practicum and teaching experience. 
 

Zone of proximal 
development 

17-19 Skill/experience in working with technology such as: Pedagogical 
knowledge, general pedagogical beliefs … 

3. The analyzes  

An average score of the four teachers was calculated for each zone. The higher the average, 
the more this zone was considered a barrier for technology integration. Specifically, an average of 1 
is not a barrier; if the average was in the interval ]1, 1.5[, it is a low level barrier for technology 
integration, if the average was in the interval [1.5, 2[, it is a moderate level barrier for technology 
integration; and, lastly, if an average was in the interval [2, 3.00], it is a high level barrier for 
technology integration. Low ZPD, for example, means participating teachers consider themselves 
(to a certain extent) to have developed the required skills, knowledge and confidence to integrate 
GeoGebra in their teaching. Moderate ZFM means external factors inhibit or at least negatively 
impact the integration of technology. 

 
4. Results 

First, regardless of their starting level, all participants ended up with approximately the same 
level which is ‘not a barrier’ zone for all three zones. Second, despite their heterogeneous start, all 
participants had homogenous ends in terms of zones. Third, there was a decrease in ZFM for all 
participants. Fourth, there was a decrease in ZPA in three cases and no change in one case. Fifth, 
there was a discrepancy in ZPD among the participants (figure 1). From all the collected data 
(written and oral), it can be concluded that, in terms of the impact of the intervention on teachers’ 
zones, the GeoGebra intervention done cooperatively and iteratively resulted in: 1) decreasing 
participants’ ZFM effect and also made participants experience the discrepancy between their 
expected and actual barriers for technology integration, 2) filling participants’ ZPA technology 
integration gap that they had from their preparation background and previous professional 
developments, and 3) affecting participants’ ZPD in a non-equal manner, but ending in the same 
result after the intervention. 
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Iteration:  1: before implementation; 2: after implementation 1;  3: after implementation 2 
Level:     1          : not a barrier to technology integration 
           ]1.-1.5[    : Low level barrier to technology integration 
           [1.5-2.0[  : Moderate level barrier to technology integration 
           [2.0-3.00]: High level barrier to technology integration 

Figure 1. The effect of the intervention on the three zones. 
 
An analysis of the data was done by calculating the average of each factor for all participants before 
and after the first implementation and after the second implementation. The results showed that 
sometimes teachers anticipate or expect factors to be main inhibiting factors to their technology 
integration; however, when they experience technology integration, they find that those factors were 
not the real barriers. The real barriers were some other unanticipated ones. In addition, it is worth 
mentioning that some factors were overcome by participants. The least factors selected by 
participants, before the intervention, as inhibiting factors were all the ZPD factors (skills, knowledge 
and confidence). Three out of the four teachers (Tima, Sara, and Hazem) started with enough skills, 
knowledge and confidence to integrate GeoGebra in their teaching, but after the first 
implementation two teachers realized they needed additional knowledge and skills in GeoGebra. 
After the second implementation, most of the skills and knowledge gaps were solved and teachers’ 
confidence increased.  

4.1 Amani’s Zones.  

Amani’s starting zone level was high limiting ZFM and low assistive ZPA and ZPD. Amani 
did not have enough preparation in her college study or in her school professional development 
about the effective ways to integrate technology in her teaching (low assistive ZPA). She also did 
not feel confident with her knowledge and skills concerning that aim (low assistive ZPD). In 
addition, she was facing many external factors to her technology integration (high limiting ZFM). 
When asked why she did not apply what she had learnt from the workshops she attended, she 
replied:  

I didn’t apply due to many reasons (personal and availability of hardware) but now I am 
happy exploring things and learning a lot. Your presence made me work because I felt more 
confident, secure, and somehow ethically obliged. (Interview 1, October 17, 2015) 
4.2 Tima’s Zones. 
Tima started with a moderate limiting ZFM, low assistive ZPA and high assistive ZPD. She 

did not have enough college preparation or school professional development about the effective 
ways to integrate technology in her teaching. She considered herself ready in terms of skills, 
knowledge and confidence for technology integration. What is interesting in Tima’s case is how her 
ZPD and ZPA changed due to the intervention. Specifically, her ZPA with collaboration and time 
increased as assisting to GeoGebra integration, and her ZPD decreased as assistive after the first 
implementation and, then, increased after the second. This was not a surprise because Tima did not 
have much experience in teaching, in general, or in technology integration (two years only). Her 
skills, knowledge and confidence were up to what she used to know or practice, but when she 
collaborated with the researcher and experienced other and better ways of using GeoGebra in her 
teaching, she realized that she needed more knowledge and skills. In her words, she stated:  

According to what I knew about GeoGebra I thought it is easy to use but it turned out that it 
is not, it needs time to learn about how to use it effectively. (Interview 2, December 22, 
2015)  

However, after her second implementation her assistive ZPD level increased and her ZFM 
decreased to a limiting zone. 
 

4.3 Sara’s Zones. 
Sara’s initial zone levels were high assistive ZPD, moderate assistive ZPA, and high limiting 
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ZFM. Sara had the confidence, skills and knowledge (high assistive ZPD) despite the fact that she 
did not get enough technology integration in her university preparation (moderate assistive ZPA). 
She said:  

University math courses in general are not updated. Our children are learning them as we 
have learned them. In education departments in almost all universities in Lebanon don’t 
prepare future teachers to integrate technology in their teaching. (Interview 3, February 2, 
2016)  

She perceived herself as an average expert in technology usage, in general, and as a beginner in 
GeoGebra, in particular. In her school, she faced many ZFM barriers to integrate technology in her 
teaching, but that decreased over iteration stages.  

4.4 Hazem’s Zones. 
Having a background in computer science, Hazem started the intervention with high 

assistive level of ZPA and ZPD. The ZFM was the only zone that was limiting his high extent of 
using GeoGebra in his teaching. The intervention affected Hazem zones in the following way: his 
ZPD level decreased then increased as assisting and his limiting ZFM level gradually decreased. 

5. Discussion 

In conclusion, it seems that the impact of the intervention was highest on teachers’ ZPA 
(zone of promoted action) and ZFM (zone of free movement). Although the effect did not follow 
the same path for every teacher, they all reached the same end of high assistive ZPD (zone of 
proximal development) driven by a high assistive ZPA to overcome weak barriers (i.e., low limiting 
ZFM). In general, accessibility, and applicability of teaching materials, applicability of software, 
encouragement were all high ZFM limiting factors and were eliminated after the intervention. 
Availability and accessibility to hardware and students’ motivation remained as limiting ZFM 
factors after the intervention. It also seems that the key component for those results was the 
assistive role of the researcher as a more experienced person and the design of the intervention in a 
collaborative and iterative way.  

Results of this study showed that, before the intervention, the participants frequently 
reported a high level of barriers belonging to the ZFM category such as administrative and staff 
support, technical support, students’ skills and motivation, curricular requirements, assessment 
policies and school goals. In fact, all of these have been mentioned as common barriers to 
technology integration in numerous previous research (e.g., Bingimlas, 2009; Chen, 2008; Forgasz, 
2006; Lim & Khine, 2006; Oncu et al., 2008). After the intervention, the number of ZFM barriers 
mentioned decreased to only three which were accessibility and availability of hardware and student 
motivation. Accessibility and availability of hardware has been consistently reported by in-service 
teachers as a significant barrier to technology integration (Earle, 2002; Forgasz, 2006; Hew & 
Brush, 2007; Oncu et al., 2008). With regard to teachers’ ZPD, the teachers were least likely to 
report that a gap in their knowledge, skills or confidence was an inhibiting factor. This is in contrast 
with previous research which reveals that teachers’ lack of confidence and skills in using 
technology and their lack of technology knowledge are important factors in whether or not they 
choose to integrate technology (Forgasz, 2006; Handal et al., 2013; Lim & Khine, 2006). However, 
after the first implementation, the teachers of this study realized that they needed additional 
knowledge and skills in GeoGebra. This was remedied after the second implementation whereby 
teachers were somewhat able to fill those knowledge and skill gaps as well as boost their confidence 
through collaborations with the researcher. Again, this finding suggests that teachers may not have 
an accurate perception of their knowledge, skill and confidence levels regarding technology 
integration. It is also worth noting that the impact of the intervention on ZPD was inconsistent 
across the participants. This indicates that every individual experiences the impact of certain 
inhibiting factors differently from others or that some inhibiting factors might impact some 
individuals but not others. 
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Finally, a lack of adequate or sufficient training in technology integration is the top most 
cited issue hindering teachers’ use of technology (Bingimlas, 2009). This was supported from the 
findings of this study which indicated that three of the teachers reported to not have had adequate 
training or experience with technology integration, in general, and GeoGebra, in specific. 
Interestingly, despite the fact that the teachers reported not having adequate training, they still 
indicated that their knowledge and skills were the least inhibiting factors in their technology 
integration (as stated above). Teachers’ lack of training and competence in technology integration is 
in fact directly related to their knowledge, skills and confidence (Becta, 2004; Bingimlas, 2009).  

6. Recommendations 

In sum, when considering the zones for the four participants together, it can be said that the 
GeoGebra intervention done iteratively and collaboratively increased participants’ confidence, 
knowledge and skills, filled ZPA gaps in technology integration, and helped them overcome many 
ZFM barriers. Analyzing these results clarifies the interconnectivity among the zones and how it is 
best to work on all of them simultaneously by not only trying to overcome or remove the barriers 
but also capitalizing on affordances. This study also highlights the importance of working in 
teachers’ own environments or contexts.  
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Abstract. Digital mobile devices can contribute for teaching and learning processes. This 
article illustrates reflections concerning geometric discoveries produced by students in tasks 
with FreeGeo device. The teaching experiment took place in a High School classroom and 
the tasks focused on identification, conceptualization and analysis of quadrilaterals 
properties. Data collection was done using written answers to the tasks, researchers’ diaries, 
capture of screen, and interactions throughout the classes. Students’ observations related with 
parallel lines were recurrent. Actions such as dragging, moving and enlarging were 
evidenced in the analysis. Learning quadrilaterals with mobile dynamic geometry 
environment with touchscreen (MDGEwT) can enrich subjects’ discourse. Embodied 
actions, particularly those related with touch, also should be considered as new ways to think 
mathematically with such device.    

Résumé. Les appareils numériques portables peuvent contribuer aux processus 
d'enseignement et d'apprentissage. Cet article illustre les réflexions concernant les 
découvertes géométriques produites par les élèves dans le cadre de tâches avec le dispositif 
FreeGeo. L'expérience d'enseignement s'est déroulée dans une classe de lycée et les tâches se 
sont concentrées sur l'identification, la conceptualisation et l'analyse des propriétés des 
quadrilatères. La collecte des données a été effectuée à l'aide de réponses écrites aux tâches, 
de journaux personnels des chercheurs, de captures d'écran et d'interactions dans les classes. 
Les observations des élèves relatives aux lignes parallèles étaient récurrentes. Des actions 
telles que le glissement, le déplacement et l'agrandissement ont été mises en évidence dans 
l'analyse. L'apprentissage des quadrilatères avec l'environnement de géométrie dynamique 
portable avec écran tactile (MDGEwT) peut enrichir le discours des élèves. Les actions 
incorporées, en particulier celles liées au toucher, devraient également être considérées 
comme de nouvelles façons de penser mathématiquement avec ce type d'appareil. 

 

1. Introduction 
Smartphones are becoming indispensable personal objects for students and even teachers. Their 
connectivity, ubiquity, convergence and mobility widen their possibilities to be implemented in 
teaching environments; they foster learning, and they allow for a variety of tasks (Henrique & 
Bairral, 2018).This article2 illustrates how High School students at a public school, working on 
FreeGeo device, learn concepts and properties about quadrilaterals and justify their ideas for the 
proposed activities.  
In Brazil, geometry instruction still favors the use of conventional resources or approaches based 
mainly on static figures, memorization and little reasoning. In order to contribute with new 
pedagogical possibilities for establishing connections and better understanding regarding 
geometrical shapes, this paper provides insight on how MDGEwT can foster mathematical thinking, 
particularly different ways of justifying properties and related concepts concerning quadrilaterals. 
 

                                                
2 Research project granted by CNPq. 
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2. Learning Geometry with Touchscreen 

Due to the simultaneity of motion in different elements (points, sides, angles, areas etc.) from one 
picture touchscreen on a mobile device is not neurocognitively the same as mouse clicks (Bairral, 
2019). A MDGEwT should allow the user to interact constantly both with the device and with the 
other people in the group, and move freely during the task in progress using various forms of 
communication, technological and geometric strategies.  
MDGEwT also provides more freedom in manipulation with continuity throughout the screen and it 
also may serve an important function of grounding mathematical ideas in bodily form, as it may 
also communicate perceptual (Arzarello, Olivero, Paola, & Robutti, 2002), spatial and relational 
concepts (Boncoddo et al., 2013). Interaction in MDGEwT occurs by touching on, with or from the 
screen device and thus we will have not only gestures or drags, but also screen touches and other 
handlings (Bairral, 2017). All of them (talking, writing, gestures, dragging, touching, handling with 
the device etc.) occur synchronically and they express thought. This bundle gives evidence of the 
internalization of artifacts explored, manipulated, and constructed on the device screen (Ng & 
Sinclair, 2015). 
In MDGEwT, learning also occurs when the subject produces meanings from observation and 
analysis in a static or moving form for various geometric objects. During the teaching of 
quadrilaterals, conceptualizing, classifying3, giving names, justifying and understanding properties 
must be seen as interrelated processes. All of them are important and they must be continually 
enhanced by another important process: visualization. 
 

3. The Teaching Experiment 

The teaching experiment proceeded in three different moments: (1) elaboration of tasks, (2) 
implementing of tasks, and (3) data analysis. FreeGeo4 App is only focused on geometry and takes 
up less space on smartphone then GeoGebra. We developed a sequence of tasks on quadrilaterals 
(Bairral & Silva, 2018) for twenty High School students (16-19 years old). Students had already 
studied quadrilaterals in primary and middle school, but basically not much farther than nomination 
(square, triangle, rhombus).  
The students used their own smartphones and FreeGeo was shared via Bluetooth through 
MyAppSharer. Students worked in pairs for 12 hours (6 classes). Such classroom organization was 
new for them. In addition to the initial and final assessment, the tasks were grouped into four specific 
sets of quadrilaterals5: 1 (squares and rectangles), 2 (rhombus), 3 (generic parallelograms), 4 
(trapezoids). Since these are the type of quadrilaterals explored in the adopted textbook we decide to 
explore only them. Our aim was to register processes of learning and the students expressing, in their 
own words and ways, processes of identification, conceptualization and analysis of quadrilaterals 
properties (mathematical learning), processes of discovery through action and perception (learning 
awareness related to doing and perceiving, specially visualizing). 
During the process students were continuously invited to express their ideas in different ways 
writings, drawings, gesturing, constructing on App etc.), and they were allowed to use the App as 
soon as they wanted. As strategies for data collection, responses were used from the students answers 
from activity sheets, written records of the researchers, screen capture, observations and 
conversations throughout the classes. The content analysis was focused on the properties and 
concepts of the quadrilaterals, and how students justify their ideas. Here we illustrate and analyse 
                                                

3Although classification was not the main focus in this analysis, it was developed naturally through the 
activities. In the Course for a degree in Mathematics we explore the classification of quadrilaterals 
further, as we also delve deeper into concepts and definitions. 

4 FreeGeo App is both ios and android compatible and it is free. 
5 In Bairral & Silva (2018) you will see all the designed tasks.  
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some writings responses. 

4. Results  

The initial tasks explored a set of possible definitions/ descriptions often presented in Brazilian 
textbooks when working with quadrilaterals, for example “has a single pair of parallel sides, only a 
pair of right angles, square is a parallelogram, every quadrilateral has four sides, four vertices and 
four angles”. During task 1 students were able to freely investigate software tools through free 
constructions. Initially they had difficulty on the meaning of parallel, right angle, acute and obtuse. 
The doubts were clarified and in the following tasks were identification of squares, rectangles and 
lozenges, and rhombus free construction.  
In the first two meetings students constructed quadrilaterals without using a procedure based on 
quadrilateral properties. This allowed some discoveries. For example, when constructing a square, if 
a student only takes into account the congruence of the sides and angles, the figure will deform 
during the handling. It is necessary to perform some procedure that guarantees the parallelism of the 
sides (2 by 2) or the perpendicularity (2 by 2 sides). Some answers given to a rhombus: all its sides 
are equal, different angles, equal diagonals, it sides are formed by two pairs of parallels, it 
diagonals have equal angles. These answers are those commonly observed in textbooks when we 
characterize this type of quadrilateral. Students can memorize them without deep understanding. The 
next aspect calls attention to the action of stirring. It shows the dynamic movement aspect of the 
application and the student's discovery: Moving the sides of the rhombus, it changes into other 
figures, for example triangle and square. 
At each meeting, a conversation was held about what had been studied previously. A curiosity is that 
the concept of parallel was present in all the meetings and the students always were attentive to the 
confirmation of the parallelism of certain sides. As they discovered characteristics of a given 
quadrilateral we discussed about how quadrilaterals could be grouped. Classification was not the 
goal itself, but a reflective process. Caroline and Victor observed that the trapezoids do not need 
angles and sides of the same measure and that the parallels remain always parallel. It is worth 
bringing here Patrick’s answer on the condition of existence of a trapeze from the action of stirring: 
No matter what I do, the parallels of the trapeze never cease to exist. Chart 1 summarizes and 
illustrates some of these students’ reflections and written justifications. Answers were grouped to 
show responses regarding sides, angles and parallel lines. 
 
Chart 1: Example of justifications 
 
Justifications based on properties 
explained in the activity sheets 

Justifications oriented by the handling on APP (with researcher’ 
underlines) 

All its sides are equals Moving on the sides of the rhombus it changes into other figures, 
for example triangle and square 

The opposite angles always have 
the same measure 

I noticed that the measurements move as the shape moves and 
also the values are equal on opposite sides 
The angles increase and decrease as I pull the dots in and out 
Always when we move the shape it has 2 equal sides and 2 
parallel sides 

The parallel lines always remain 
on totally different sides 

No matter what I do, the parallels of the trapeze never cease to 
exist. 
Whatever form we are going to move the parallels always remain 
parallel. 
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Chart 1 is interesting to highlight the type of justification given from APP handling and to show that 
students were thinking with this device and did not only pay attention in responses that appeared on 
the sheet of activities. Although these two types of justification (sheet and APP) are cognitively 
intertwined, the second one shows the autonomy and students enriching their geometric discourse. It 
also points out that this type of classroom-based intervention gives the students the freedom to think 
and take their conclusions in constant interaction with heir own bodies, with the device, with 
colleagues and with the teacher.  
 
5. Final Remarks 

In this article we illustrate and analyse some student justifications given by quadrilateral tasks in 
FreeGeo APP. We present some possible responses. They are answers or properties that the 
students conjecture about the quadrilaterals they are exploring. Our study is based on instruction 
that breaks with memorization of names and formulas, and the sole usage of static geometric 
shapes. From the tasks and the different interactions established (subject-APP, subject-subject) the 
students were handling their constructions and observing regularities according to each figure.  
The device, as a physical extension of their body, crossed their mathematical discoveries. Actions 
such as moving, dragging, pulling and augmenting constitute other ways of producing meaning and 
they must compose quadrilaterals repertoire when MDGEwT comes into play. These actions are 
essentially embodied and synchronous (Ng, 2016). Handling in FreeGeo also contributed to the 
visualization, since its constructions are not static, which facilitates the exploration of varied forms, 
without losing the geometric characteristics of the construction (Dalcín and Molfino 2012).  
In quadrilaterals setting we deal at least with one pair of parallel lines. Using static shapes (with 
pencil and paper, for instance) this geometric condition is given as a fact and analysis is often 
based on sides, angles and diagonals. In our experiment students were paying attention to 
parallelism throughout the proposed tasks. When teaching quadrilaterals, it is important to consider 
conceptualization, classification, nomination and understanding properties as interrelated 
processes, and all of them are enhanced by visualization. 
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Mathematics education and connections with culture 

In this working group connections with culture were taken in a broad sense, encompassing a variety 
of ways of connecting mathematics with out-of-school contexts. One of the questions that was the 
basis for our sessions was how, or if, it is possible to understand peoples’ lives from an 
ethnomathematical perspective. Another question concerned how school mathematics may take into 
account the culture developed by young people in their everyday lives. Another basis was the 
question of how to take advantage of cultural aspects to enrich the teaching and learning of 
mathematics and the question of how we can create hybrid spaces linking school-mathematics to 
mathematics situated in cultural, everyday contexts. Finally, an overarching question concerned 
what it may mean to develop a critical approach to mathematics and culture in an increasingly 
complex world. 
During the sessions we had presentations of papers but also short presentations of workshops and 
posters that “belonged” to the theme of the WG. Each session contained possibilities to pose 
questions directly after presentations. Each session also had allocated time for collective discussions 
in which we both talked in small groups and in the whole WG. The engagement in the above 
mentioned questions was very present, and our topics evolved during the week. Each session started 
with a summary of the previous session’s discussions, and we were already from the beginning 
building a foundation for the presentation in plenum the last day. This was done through 
discussions, but also in a shared google document in which all participants could add reflections. 
The theme of the first session was Knowledge & culture: Mathematics as a cultural product. All 
three presentations involved the perspective of ethnomathematics, but in different ways. 
Stathopoulou and Appelbaum problematized the perspective per se, when asking if 
ethnomathematics can save itself from its colonial past. The authors pointed to a possible future, 
aiming to link school-mathematics to mathematics situated in cultural, everyday contexts, while 
adding to the pursuit of social justice. Ribeiro, Palhares and Salinas adopted notions from 
ethnomathematics when investigating the mathematical structure inherent in various elements that 
constitute folk dances of Northern Portugal and Galicia. Connections to the teaching and learning in 
mathematics classrooms were also made. These authors also presented a workshop, on the similar 
theme, which was to take place later during the conference. 
The second session had the overarching theme Assets and pitfalls of the cultural approach. Amit 
and Qouder addressed the previous discussion on ethnomathematics. They demonstrated what can 
be gained when carrying out an ethnomathematical study together with Bedouin people, and doing 
analysis on embroideries. The findings were to be adopted in mathematics teaching in the future. 
The subsequent paper by Kyriakopoulos and Chronopoulou adopted Bishop’s six pan-cultural 
activities in order to respond to a real community’s problem with young Roma students. The 
problem was part of the students’ neighborhood and the process made it relevant to discuss 
mathematical ideas. In a poster, the same authors presented another, and connected, project, where 
symmetry was used for development of culturally meaningful mathematics with Roma students. 
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Drivet presented a workshop in which the work would be on Odysseyan mathematics, with the 
question of whether Homer was a mathematician. The final presentation of the session, by 
Appelbaum and Stathopoulou, was a theoretical paper in which culture as a notion was challenged. 
The authors state that a “cultural turn” in mathematics education is valuable, yet it carries with it 
some problematic assumptions about institutions, people, knowledges, and expertise.  
The theme of the third session was Mathematics as a human activity: The various facets of 
mathematical knowledge. Boistrup and Lindberg presented a theoretical paper, discussing 
connections between mathematics and vocational content, as well as between theory and practice. 
In the presentation, examples of joint teaching between mathematics teachers and vocational 
teachers was presented. The context in the next presentation was in elementary school. Here 
Aguirre, Anhalt, Turner, Foote and McDuffie presented teaching where children were engaged in 
various ways with modeling tasks. It was analysed how students draw upon their experiences and 
funds of knowledge in the mathematical modeling process, and how teachers support these 
connections. The final presentation this session was Guillemette. In the paper, examples were 
presented on how to really incorporate mathematical examples from the history of mathematics into 
the teaching, and what affordances these may hold.  
The theme of the fourth session was Meaning making and identity in mathematics: Taking out-of-
school suggestions into account. Bini and Robutti presented a paper, where internet memes, part of 
young people’s lives, were analysed, aiming to show that everyday-life to school-life connection 
can be initiated by taking something representative of young people, and to bring it into the school 
environment. Finally, Kafoussi, Moutsios-Rentzos and Chaviaris presented a project where they 
focused on the links between the students’ mathematical identity formation and direct parental 
involvement in primary schools in Greece. 
When bringing all discussions together, the group identified topics that were discussed across 
sessions. One topic was to make children the experts. One example is the paper with the Roma 
children, who know the problems to be solved, such as having no good path to walk to school. In 
another paper the students know about how adults work and can use this to advise a committee 
making objects for a festival, they describe their parents’ work with them at home, etc. Another 
topic was how boundaries may be distracting. There were papers that concerned boundaries 
between theory and practice, such as between mathematics and vocational education, and between 
so called cultures. Instead of boundaries, in the WG we found methods of boundary crossing in 
different contexts. A third topic was the roles that agents in research may take. These may be roles 
of teachers in research, such as in action research et cetera. It may also be the roles of students in 
education and in research, and the roles of researchers. Some of our discussions concerned what 
stances that we take in relation to agents’ roles. Overall, many of us agreed on that we must 
consider that there are many, many understandings of culture and mathematics and, although we 
may think we can simply define what we mean and then move on, our work is not neutral or 
objective, and it has significant, political implications. 

Enseignement des mathématiques et connexions avec la culture 

Dans ce groupe de travail, les liensavec la culture ont été pris au sens large, englobant une variété 
de façons de relier les mathématiques aux contextes extrascolaires. L’une des questions qui a 
constitué la base de nos sessions était de savoir comment, ou si, il est possible de comprendre la vie 
des gens à partir d’une perspective ethnomathématique. Une autre question concernait la manière 
dont les mathématiques scolaires pouvaient prendre en compte la culture développée par les jeunes 
dans leur vie quotidienne. Une autre base était la question de savoir comment tirer parti des aspects 
culturels pour enrichir l'enseignement et l'apprentissage des mathématiques et la question de savoir 
comment créer des espaces hybrides reliant les mathématiques scolairesaux mathématiques situées 
dans des contextes culturels et quotidiens. Enfin, une question primordiale concernait ce que cela 
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pouvait signifier de développer une approche critique des mathématiques et de la culture dans un 
monde de plus en plus complexe. 
Au cours des sessions, nous avons eu des présentations d'articles mais aussi de courtes présentations 
d'ateliers et de posters qui «appartenaient» au thème du GT. Chaque session comportait des 
possibilités de poser des questions directement après les présentations. Chaque session avait 
également alloué du temps pour des discussions collectives au cours desquelles nous avons discuté 
en petits groupes et dans l'ensemble du GT. L'engagement dans les questions mentionnées ci-dessus 
était très présent et nos sujets ont évolué au cours de la semaine. Chaque session a commencé par 
un résumé des discussions des sessions précédentes, et dès le début nous étions déjà en train de 
construire les bases de la présentation en plénière du dernier jour. Cela a été fait à travers des 
discussions, mais aussi dans un document google partagé dans lequel tous les participants pouvaient 
ajouter des réflexions. 
Le thème de la première session était Connaissances et culture: les mathématiques en tant que 
produit culturel. Les trois présentations ont abordé la perspective de l'ethnomathématique, mais de 
différentes manières. Stathopoulou et Appelbaum ont problématisé la perspective en soi, en se 
demandant si l'ethnomathématique peut se sauver de son passé colonial. Les auteurs ont évoqué un 
avenir possible, visant à lier les mathématiques de l'école aux mathématiques situées dans des 
contextes culturels et quotidiens, tout en contribuant à la poursuite de la justice sociale. Ribeiro, 
Palhares et Salinas ont adopté des notions d'ethnomathématique lorsqu'ils ont étudié la structure 
mathématique inhérente à divers éléments qui constituent les danses folkloriques du nord du 
Portugal et de la Galice. Des liens ont également été établis avec l'enseignement et l'apprentissage 
dans les classes de mathématiques. Ces auteurs ont également présenté un atelier, sur le même 
thème, qui devait avoir lieu plus tard pendant la conférence. 
La deuxième session avait pour thème général « Atouts et ièges de l'approche culturelle ». Amit et 
Qouder ont abordé la discussion précédente sur l'ethnomathématique. Ils ont démontré ce qui peut 
être gagné en réalisant une étude ethnomathématique avec les Bédouins et en analysant 
lesbroderies. Les résultats de cette étude devaient être adoptés dans l'enseignement des 
mathématiques à l'avenir. Le document suivant de Kyriakopoulos et Chronopoulou a adopté les six 
activités de Bishop afin de répondre à un véritable problème de communauté avec de jeunes 
étudiants roms. Le problème faisait partie du voisinage des élèves et le processus a rendu pertinent 
le débat sur les idées mathématiques. Dans une affiche, les mêmes auteurs ont présenté un autre 
projet, connecté, dans lequel la symétrie a été utilisée pour le développement de mathématiques 
culturellement significatives avec les élèves roms. Drivet a présenté un atelier, dans lequel le travail 
serait sur les mathématiques odysséennes, avec la question de savoir si Homer était un 
mathématicien. La présentation finale de la session, Appelbaum et Stathopoulou, était un document 
théorique dans lequel la culture en tant que notion était remise en question. Les auteurs affirment 
qu'un «tournant culturel» dans l'enseignement des mathématiques est précieux, mais qu'il comporte 
certaines hypothèses problématiques concernant les institutions, les personnes, les connaissances et 
l'expertise. 
Le thème de la troisième session était « Les mathématiques en tant qu'activité humaine : les 
différentes facettes des connaissances mathématiques ». Boistrup et Lindberg ont présenté un article 
théorique, discutant des liens entre les mathématiques et le contenu professionnel, ainsi qu'entre la 
théorie et la pratique. Dans la présentation, des exemples d'enseignement conjoint des enseignants 
de mathématiques et des enseignants professionnels ont été présentés. Le contexte de la prochaine 
présentation était à l'école primaire. Ici Aguirre, Anhalt, Turner, Foote et McDuffie ont présenté un 
enseignement où les enfants étaient engagés de diverses manières dans des tâches de modélisation. 
Il a été analysé comment les élèves utilisent leurs expériences et leurs connaissances dans le 
processus de modélisation mathématique, et comment les enseignants soutiennent ces connexions. 
La dernière présentation de cette session était Guillemette. Dans le document, des exemples ont été 
présentés sur la façon d'incorporer réellement des exemples mathématiques de l'histoire des 
mathématiques dans l'enseignement, et sur les avantages que cela peut offrir. 
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Le thème de la quatrième session était « Faire du sens et identité en mathématiques: la prise en 
compte les suggestions extrascolaires ». Bini et Robutti ont présenté un article dans laquelle les 
mèmes Internet, qui font partie de la vie des jeunes, ont été analysés. L’objectif était de montrer que 
le lien entre la vie quotidienne à l'éet la vie scolaire peut être initiée en prenant quelque chose de 
représentatif des jeunes et de l'introduire dans l'environnement scolaire. Enfin, Kafoussi, Moutsios-
Rentzos et Chaviaris ont présenté un projet où ils se sont concentrés sur les liens entre la formation 
de l'identité mathématique des élèves et la participation directe des parents dans les écoles primaires 
en Grèce. 
En rassemblanttoutes les discussions, le groupe a identifié les sujets qui ont été discutés entre les 
sessions. Un des sujets était de faire des enfants des experts. Un exemple en est le journal avec les 
enfants roms, qui connaissent les problèmes à résoudre, tels qu’un mauvais chemin pour se rendre à 
l’école. Dans un autre article, les élèves savent comment les adultes travaillent et peuvent utiliser 
cela pour conseiller un comité qui fabrique des objets pour un festival, ils décrivent le travail de 
leurs parents avec eux à la maison, etc. Un autre sujet a été abordé, à savoir comment les limites 
peuvent être distrayantes. Il y avait des articles qui concernaient les frontières entre la théorie et la 
pratique, comme entre les mathématiques et l'enseignement professionnel, et entre les soi-disant 
cultures. Au lieu des frontières, dans le GT, nous avons trouvé des méthodes permettant de 
franchirdes frontières dans différents contextes. Un troisième sujet concernait les rôles que peuvent 
jouer les agents de recherche. Il peut s'agir de rôles d'enseignants dans la recherche, comme dans la 
recherche-action, etc. Je peux aussi être des rôles d'étudiants dans l’éducation et en recherche, et des 
rôles de chercheurs. Certaines de nos discussions ont porté sur les positions que nous adoptons par 
rapport aux rôles des agents. Dans l'ensemble, beaucoup d'entre nous ont convenu que nous devons 
considérer qu'il existe de très nombreuses compréhensions de la culture et des mathématiques et, 
bien que nous puissions penser que nous pouvons simplement définir ce que nous voulons dire et 
ensuite passer à autre chose, notre travail n'est ni neutre ni objectif, et il a des implications 
politiques importantes. 
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Abstrait. L'ethnomathématique est une approche fortement liée à un passé 
colonialiste. Ici, nous discute comment on pourrait sortir de ce passé et 
explorer de pratiques nouvelles - liées a des questions particulières- et 
conditionnées par la coexistence et la réciprocité fonctionnelle entre 
l'ethnomathématique et éducation aux mathématiques. Une telle proposition 
semble répondre aux questions d’une société ouverte à tous qui lie de manière 
égale tous les individus, quelle que soit leur origine. Enfin, nous présente l’idée 
d’un projet européen (horizon 2020), lié a la problématique susmentionné, qui 
aborde, entre autres, le problème de la reconnaissance et de l’acceptation des 
jeunes Roma, qu'ils soient à risque ou non, à travers des pratiques dialogiques 
(méthodologies de communication critiques) et la remise en question des 
frontières symboliques entre les deux communautés.  

Abstract: Ethnomathematics is an approach strongly linked to a colonialist 
past. Here, we discuss how we could move from this past and explore new 
practices - related to particular issues - and conditioned by the coexistence and 
functional reciprocity between ethnomathematics and mathematics education. 
Such a proposal seems to answer the questions of a society open to all that 
binds all individuals equally, regardless of their origin. Furthermore this 
perspective of ethnomathematics offers a posture for addressing broaden social 
issues. As an example we present the idea of a European project (horizon 
2020), which addresses, among other things, the problem of the recognition 
and acceptance of young Roma, whether they are at risk or no, through 
dialogical practices (critical communication methodologies), while challenge 
the symbolic boundaries between the two communities. 

As an introduction 
In this paper, mostly theoretical, we firstly discuss how both the term ‘ethno’ and ‘mathematics’ are 
strongly connected with the western tradition and thus constitute a kind of restriction for 
implementing the rhetoric of ethnomathematics. Seeing ethnomathematics not only as a proposal 
for (mathematics) education but also as a way for addressing broader problems of our societies, we 
explore ways of overcoming the above restrictions. In this framework, among others, we explore 
the meaning of a revised version of ethnomathematics in an increasingly complex world, the 
possibilities to understand people’s lives from a cultural perspective and how this perspective of 
ethnomathematics can enrich mathematics teaching - learning in and out of school, as well as their 
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connections.   

In the second part we briefly discuss an ongoing European project we are involved in. Considering 
ethnomathematics as a posture that guides our actions regarding education and society—
intrinsically interconnected—we also briefly present the idea of this project. The project with the 
title “CoSpIRom” (Common Spaces for the Integration of Roma) meets main objectives of 
ethnomathematics such as dignity and recognition are. The need for this project was dictated by our 
experience in working separately on Roma children education (Stathopoulou, 2015) and their 
community of origin aiming to their empowerment and to their inclusion within the broader society. 
The development of common spaces —spaces that allow room for both parts to share their 
perspectives and desires— of Roma and non Roma like: young Roma and police officers, young 
Roma prisoners and perspective teachers, seems to address both Roma empowerment and broader 
society’s awareness. 

Aim and main idea of the reported study 
Ethnomathematics has two ‘problems’: the ethno and the mathematics. Ethno is a colonialist 
conception of culture as distinguishing groups of people; people that were created as a kind of 
spectacle by whom had the power to study and categorize them. Its legacy has been to perpetuate 
and maintain institutional, political, and economic structures of inequality. On the other hand, 
Mathematics is presented as a set of practices that grew within Western European cultural traditions, 
spread through applications and schooling practices across the world, eventually claiming universal 
status. Its legacy has been to perpetuate the epistemicide of other knowledge and practice traditions 
related to number, quantity, shape, form, design, play, location, and so on, while obliterating 
alternative epistemologies of other extended components of mathematical thinking and living. But, 
as Santos (2015) notices, other people outside Western European framework develop their own 
knowledge that is excluded from the academic debate, because we follow an epistemological 
paradigm based on the idea that human knowledge is identical to western scientific knowledge, as 
developed after the 17th century.  

Similarly, Gutiérrez (2017), using the term mathematx, stresses the need to acknowledge the 
multiplicity of knowledge that is produced by different people, noticing that knowledge is partial 
and each offers us a different angle and understanding on the world in a framework of reciprocity, 
stressing that “The concept of reciprocity draws upon complementarity in recognizing that different 
knowledges contribute something others do not” (p. 15).  

Reflecting on the above perceptions about what mathematics—and in general—knowledge is, we 
explore a broader conception of ethnomathematics as the pursuit of dignity and reconciliation 
(Stathopoulou & Appelbaum, 2016) that moves ethnomathematics away from the use of Western 
mathematical categories that ‘see mathematics’ in non-Western traditions—through a western 
viewpoint—toward schooling and other educational practices that use mathematical tools in the 
interests of social justice. So adopting an ethnomathematical approach compatible with this 
perspective we explore a positive implementation of ethnomathematics to the direction of inclusive 
societies through dialogical methodologies. 

Methodology 
This theoretical inquiry—that results in the application of a research project—uses five questions to 
explore ways in which ethnomathematics in schools can save itself from its tendency to maintain its 
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colonialist origins, and find solace in the pursuit of social justice:  

• Is it possible to understand peoples’ lives from a cultural perspective? 

• How can school mathematics take into account the culture developed by young people in 

their everyday lives?  

• How to take advantage of cultural aspects to enrich the teaching and learning of 

mathematics?  

• How can we create hybrid spaces linking school-mathematics to mathematics situated in 

cultural, everyday contexts? 

• What does it mean to develop a critical approach to mathematics and culture in an 

increasingly complex world? 

Is it possible to understand peoples’ lives from a cultural perspective? 
Approaches to mathematics education via culture establish forms of reality and common sense 
through the application of distinctions, often without any clear attention to these distinctions. In this 
way, these approaches create implicit —sometimes-explicit— assumptions, and construct 
dichotomies that are used as if they are fundamental principles of reality. Examples of such 
dichotomies include in-school and out-of-school learning, formal and informal education, teaching 
and learning, mathematics and culture, student or teacher identity and mathematics, and so on. 
Educational practices constantly re-establish dichotomies as truth. If we attempt to make school 
mathematics more meaningful and relevant to some students in the classroom by noting that they 
are members of a non-mainstream subculture, we are reducing the uniqueness of each individual to 
a set of stereotypical assumptions from a generic caricature of this subculture1. In other words, each 
learner is determined to some extent by the cultural contexts that are part of their life; yet, as 
individuals, learners have a repertoire of behaviors and ways of making meaning out of experience 
that are specific to them.  

How can school mathematics be understood by expanding the young people cultural experience to 
include notion as: knowledge, power, identity?  
Very often, by focusing only on cultural issues—ignoring political issues—and specifically on a 
particular culture that we don't just describe but construct and interpret, lots of important options of 
people’s reality are lost or discharged. One approach to avoiding a direct application of culture as a 
concept is to focus more specifically on knowledge, power, and identity. Rochelle Gutiérrez (2013), 
for example, describes three ways that this can be done by analyzing social discourses, 
understanding of mathematics education in all of its social and cultural forms, but also working in 
such a way that contributes directly to the transformation of mathematics education to privilege 
more socially justice practices. The first of her examples is critical mathematics education, which 
intentionally ascribes a critical competency to students and teachers. The second, growing out of the 
                                                
1 This procedure like that it is a kind of a de-personalization processes of them. Their depersonalization very 

often appears as the only choice for communicating with mainstream population. For example Roma 
students in personal narrations have shared their experience of they way they could exist in public space: 
they only could be visible as members of their community and not as an individual/ person 
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North American context where social justice studies often obscure a direct reference to racial 
inequality, is the combination of “critical race theory” and “Latcrit theory,” which privilege the 
voices of scholars of color and the experiences of students and teachers, and which work against 
popular discourses that suggest such experiences are subjective, illegitimate, or biased. Critical race 
theory and Latcrit theory use counternarratives and storytelling to make experiences of 
marginalized subcultures clear; the stories capture uniqueness as overcoming racial inequality 
instead of as cultural difference (Leonard & Martin, 2013; Téllez, Moschkovich, & Civil, 2011). 
Despite the fact that there have not been many publications using critical race theory or Latcrit 
theories in mathematics education, it seems that they provide adequate responses to the above issues 
as Gutiérrez (2013) claims. 

Gutiérrez clusters researchers and theorists who attend to discourses as an entry into many of these 
issues “poststructural,” her third example of the sociopolitical turn. In such approaches to 
mathematics education, learners, teachers, and researchers are both results of and producers of 
discourses. Because discourses are inherently social, political, historical, and connected with the 
construction of meaning, these approaches share much with those ways of thinking about 
mathematics education that are connected to a concern with culture. In this subfield, however, 
meaning, reasoning, knowledge, action, learning, and so on, are products of discourses, not 
characteristics of culture, and are also constantly renegotiated in social and cultural contexts, 
finding their meaning in the outcomes of actions and interactions moment by moment (see, e.g., 
Appelbaum, 1995, 2008; Walshaw, 2007). In other words, meanings that people make of themselves 
and their world are forever being created in and through interactions with others, in larger social 
and political contexts, with discourses that are themselves renewed and modified through these 
experiences and events. Discourses are sometimes confused with paradigms, since they connote 
taken-for-granted ways of interacting and operating, and because they are part of what comes to be 
expected and experienced as “normal.” The importance of understanding discourses in this way is 
that they produce common sense “truths”: rather than reflecting some clear sense of reality, they 
structure reality for people – that is, what is projected as absolute truth, as ‘reality’, is merely a 
‘construction’ of reality. 

How to take advantage of cultural aspects to enrich the teaching and learning of mathematics?  
As an example of how attention to discourse can address what might otherwise be considered a 
“cultural” issue, we can consider Gutiérrez’s example of specified algorithms being required in a 
school curriculum. When learners are asked to “show their work,” this practice can lead to 
immigrant students discounting the knowledge of their parents who have learned mathematics in 
other countries (or, more generally, in other communities or other cultural contexts even if those 
“foreign” algorithms are correct. Of course, we might go even further with our analysis: Such 
practices define some algorithms and forms of knowledge not only as correct, but as foreign, 
despite the fact that their very presence in the community belies their exoticism and demonstrates 
their presence in the multicultural society. In this latter sense, culture has become a tool of 
ignorance, whether it is perpetuating a lack of personal awareness or disguising knowledge. 

It is not so much that culture is a tool of ignorance or a discourse of colonialism, but rather that we 
want our uses of culture, acculturation, enculturation, and so on, within the ethnomathematics 
program, to be outside of the colonialist/anti-colonialist/neo-colonialist/post-colonial paradigm. We 
propose that ethnomathematics pursue recognition and dignity in opposition to dispossession. There 
is a need for self-critique as a component of ethnomathematical practice, so that: (a) research and 
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educational practices contribute directly to the dignity and recognition of all people in and out of a 
local community, so that (b) any possibility of dispossession correlating with the enacted 
ethnomathematics of that community, however remote from the community under scrutiny, calls the 
practices into question due to ethical, social justice failure. For example, if a local school 
mathematics curriculum marginalizes indigenous (or other out of mainstream) people on another 
continent, then such a curriculum should be unacceptable. To take another example, it is often the 
case that official policy declares that it knows better than the families of certain children what these 
children should or should not learn (Butler, Ng-A-Fook, Vaudrin-Charette and McFadden, 2015); 
this is an educational model called by Battiste (1998, p. 17) “cognitive imperialism”. This 
perception about knowledge is dictated by a Eurocentric spirit and the conceit of knowing what is 
good and universally appropriate; that the ideas and ideals are so familiar they need not be 
questioned, and that all questions can be posed and resolved within it.  The children and their 
families are on the periphery of the curriculum and in the case that indigenous (or other local) 
cultures are included, this happens in a simplistic and tokenistic ways (Battiste, 1998). The students 
are called to be adapted to a system that usually doesn’t care about who they are and what they need 
from school. This discontinuity has as result cultural conflicts as well as cognitive ones and so the 
schooling process becomes an acculturation process, mostly for students that come from 
marginalized and unprivileged populations. 

What does it mean to develop a revised version of EM in an increasingly complex world? How can 
we create hybrid spaces linking school-mathematics to mathematics situated in cultural, everyday 
contexts? 
Ethnomathematics has consistently confronted cognitive imperialism from its inception, by 
problematizing Western definitions of mathematics and knowledge, and by placing mathematical 
activity in shifting and fluid locations. Santos (2015, p. 42) uses the term ‘cognitive justice’ to 
describe the need of challenging the dominant Eurocentric knowledge and to demarginalise 
Indigenous and other local knowledge. Similarly Aikenhead and Le Grange have explored ways of 
bridging different cultures and different kind of knowledge like Western knowledge and Indigenous 
knowledge (Aikenhead & Mitchell, 2011) creating new knowledge spaces, ‘third’ spaces (Le 
Grange 2004, 2007).  Aikenhead and Mitchell (2011) suggest that Indigenous students can learn 
Eurocentric science in a way that doesn't result to the assimilation to the other culture losing their 
own one and they speak about culturally response (p. 142). They provide the example of some 
Elders in Canada’s Mi’kmaw Nation refer to as ‘two-eyed seeing’. In this case they exploit both 
systems depending on what better works in each situation as well as what it is considered personally 
appropriate (Le Grange & Aikenhead, 2017).  

As D’Ambrosio noted, ethnomathematics should become a key component of school curricula “in 
order to demystify a form of knowledge (mathematics)” (2009, p. 33). The location in which this 
takes place makes a difference in terms of how and why ethnomathematics and mathematics in 
school can and should recognize students and the variety of their communities. In the settler 
contexts of former colonies, one can center the mathematics and ethnomathematics curricula on the 
land, once populated primarily by members of certain communities who have subsequently suffered 
generations of colonialism (Butler et. al., 2015). In other contexts, immigration and refugee 
migration patterns following in the aftermath of colonialism have led to different historically 
established forms of hierarchy and privilege related to the land. Still other sites have featured 
creolized cultures as controlling land and status. And yet others identify through nomadic 
communities that relationship to the land is dynamic and complex. It might be appropriate, 
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nevertheless, in each case, to bring together elders of various communities to discuss varieties of 
ways that school can be the site of dignity for all. If ethnomathematics are called forth in these 
projects of community construction, it would be important, following our ruminations here, to shift 
the discourse from one of culture as determining difference toward one of discourse constructing 
dignity and recognition through reconciliation. 

What we are advocating is a subtle yet important attention to nuance, always aware of the 
dangerous history of ethnomathematics as grounded in the two Western concepts of culture and 
mathematics, and thus always needing to be cautious in how we may inadvertently perpetuate the 
colonial legacy that these terms and seemingly neutral concepts carry. For example, we urge the 
program of ethnomathematics to maintain a central commitment to dignity, as promoted, for 
example, by D’Ambrosio and Beatriz D’Ambrosio in their 2013 article, “The Role of 
Ethnomathematics in Curricular Leadership in Mathematics Education.” Yet we would like to tweak 
the notion of “restoring cultural dignity” to become reconciling dignity of each person, since 
cultures are not static colonialist categories that define people; from a post-colonial perspective, 
cultures are clusters of commonalities across groups of people that we can label after the fact. 
Similarly, we join with D’Ambrosio (1999, p. 50) and Lal (2014. p. 48) in calling for the program 
of ethnomathematics to pursue peace in its various possibilities. However, we would like to tweak 
the common assumptions that people make about mathematics as “the most universal mode of 
thought,” (D’Ambrosio and Silva D’Ambrosio, 2013, p. 20), or that “it does [teaches us] that every 
problem has a solution” (Lal, 2014, p. 47). As we have noted above, it is only a Western ideology of 
mathematics that claims universality of mathematics and/or Western mathematics. And surely a 
more nuanced understanding of mathematics would accept that mathematics does not claim every 
problem can be solved: some problems have been shown to be unsolvable, some questions in 
mathematics lead to paradoxes and ambiguity, other problems can never be solved within lifetimes 
or generations, rendering them unsolvable for all practical purposes, and so on. While we embrace 
dignity, we are a bit anxious about declaring “survival with dignity … the most universal problem 
facing humanity” (D’Ambrosio and Silva D’Ambrosio, 2013, p. 20), and wonder if dignity is the 
goal of a linear solution, or whether dignity, recognition and reconciliation are a related cluster of 
goals and practices that may be the focus in any given moment. To paraphrase a well-rehearsed 
statement from the Quaker tradition, “there is no way to peace; peace is the way.” Likewise, there is 
no “way” to peace, dignity, recognition, or reconciliation; these terms are both dreams and 
practices, both hopes and methods. 

Considering ethnomathematics mostly a stance that not only affects our practice regarding 
mathematics education but also inform our actions aiming to social justice we discuss here our 
experience of an ongoing European project [HORIZON, 2020,  REC-RDIS-DISC-AG-2017] 
“CoSpIRom2 (Common Spaces for the Integration of Roma)”. The spirit of CoSpIRom is to create 
common spaces of equal participation aiming to both empowerment of Roma and to challenge the 
stereotypes of the surrounding society. The ultimate goal is to challenge the symbolic boundaries 
among communities and to contribute to a society that has space for everyone. Dialogic practices 
(e.g. Critical Communicative Methodology, CCM) are exploited since in this framework the 

                                                

2  Funded by the European Union’s Rights, Equality and Citizenship Programme (2014-2020). 
The content of this paper represents the views of the authors only and is their sole responsibility. The 
European Commission does not accept any responsibility for use that may be made of the information it 
contains. 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 439 

researchers have the obligation to bring existing scientific knowledge –knowledge of interventions 
and institutions that work or do not work in given contexts – into dialogue with the experiences of 
the community. Using the technic of focus group (in the framework of CCM) young Roma and 
young Roma prisoners had the opportunity to provide their perspective about education, the 
problems they face at school as out of mainstream students and to express their suggestion for the 
improvement of the situation. Their everyday experience regarding their encounters with the non-
Roma, is a daily experience of otherness and entrapment in the boundaries of out-of-group, as they 
are defined by non-Roma. It is more than obvious how this situation affects their attitude to school 
while in the same time often they have no support by families since “they don't know what school 
is”; school is a structure out of their community’s norm and never takes into consideration their 
background and don't equally embrace them. It seemed that school as any other public space is 
perceived as a space of constant exposure to the "stereotype threat", they have to make the constant 
effort of not verifying "that",  the one the non Roma usually identify them. Failure to meet basic 
recognition needs prevent them to build a coherent self-consciousness3. 

As an example of the common spaces we provide here, briefly, this of young Roma students in 
prison and prospective teachers. Prospective teachers developed activities for mathematics and 
language literacy taking into consideration the background and the interests of the young Roma as 
they emerged through the research on the spot (focus group interview). During about 10 didactical 
interventions they developed together—amongst others—mathematics knowledge in a framework 
of equal participation that gave to both groups the opportunity to better understand each other. 
Using drama in education techniques for implementing the literacy activities created conditions of 
experimental learning and a real interaction between the different groups: young Roma prisoners 
and prospective teachers. Young Roma offenders experienced the recognition and the acceptance—
an expression of empowerment—while prospective teachers increased their awareness of 
marginalized groups. This experience challenged the stereotypes of Roma with which prospective 
teachers had developed before contacted them. Some characteristics comments of them regarding 
Roma and the way they perceived them before and after their interaction: “my perceptions of the 
Roma and the prisoners were abolished”, “my perception of the Roma people has changed a lot; I 
realized that they have skills that maybe they hadn’t had the opportunity to show before. They 
responded in that way because we introduced it in a different way [he speaks about the way a 
bottom up curriculum was developed]”, “ the young Roma have strong knowledge but they need 
someone to show them the way to exploit this knowledge”. This experience works on the direction 
of challenging coloniality’s practices like the construction of dichotomies as white-not white, 
civilized-not civilized enough, setting whiteness and white subjectivity as superior and normal 
(Wynter, 2003), 

Anticipated Conclusions 
As mathematics educators explore the potential of ethnomathematics to positively improve 
mathematics education, we can now see that reconciliation can be carried out in terms of the 
hybridity of youth who live in and out of multiple and evolving cultures, and thus create in their 
lives an unfolding and transformative “interculture” (Appelbaum, 1995).  The CoSpIRom project 
with Roma youth places the students in a position of experts about their own experiences, which 
make it possible to implement a “bottom-up” curriculum, encouraging teachers to exploit students’ 
knowledge for mathematics and language teaching. Roma students, due to their familiarity, were 
                                                
3 For exploring more dimensions and actions of the project: http://cospirom.sed.uth.gr. 
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willingly involved, and gained “voice” in the classroom. During the negotiation of particular 
activities, the Romani students significantly modify the learning process and the forms of classroom 
interaction among teachers and among their peers. It seems that the association of extracurricular 
activities, compatible with an ethnomathematical perspective, in conjunction with the strategic 
support of every communicative resource available (e.g. mixing of languages and other types of 
semiotic resources as the design, music etc.), creates a hybrid learning space that supports the 
students’ involvement in the learning process. On the one hand, “accepting and validating” what 
students consider as their 'own' improves their self-image and supports the renegotiation of their 
identity as equal participants in classroom interaction. On the other hand, these experiences would 
be more suitably described as forms of recognition grounded in the dignity of the youth, who lead 
processes of reconciliation, and thereby create new hybrid forms of identity that traveled in and out 
of their Romani families, Greek neighborhood, school classrooms, and beyond. 

Our attempts to respond to the situation at hand – legacies of centuries of privilege and power, 
cultural authority and school-based deligitimation practices –address both community and 
classroom. The knowledge we acquire through fieldwork in the community clarifies how and why 
inequalities are constructed through discursive practices, so that the inclusion of Romani student’s 
and other marginalized inclusion is more a surface rhetoric rather than a social transformation; more 
importantly, however, we claim that we chanced upon such transformative opportunities mainly 
because our “methods” and “goals” were one and the same: dignity, recognition and reconciliation. 
Colonial discourse might name the methods continuous and egalitarian dialogue with the members 
of the community, and further name the project as one of co-existence. Nevertheless, what resonates 
more fully with the project for us, given our long-standing identification with the ethnomathematics 
program, is the opportunity for Romani youth to demonstrate dignity by expressing their own 
‘voices’, and the ways that these youth of renegotiated symbolic boundaries—more strong than the 
geographical ones—within the broader community, i.e., the ways that these youth led processes of 
reconciliation. There is a significant difference in orientations: giving voice responds to 
dispossession from a position of morality, whereas processes of reconciliation are grounded in 
practices of capability (Pinxtin, 2016, p.158). The ethnomathematical perspective, together with the 
exploitation of funds of knowledge, informed our practices/interventions in the schools, whereas the 
ethnomathematical program was enacted in our broader project by youth who led the processes of 
dignity, recognition, and reconciliation. One might also say that ethnomathematics gave the floor to 
critical voices, to other minority voices, and to different voices in mathematics education (François, 
K., & Van Bendegem, 2007). However, we find it more generative for the program 
Ethnomathematics to consider how the pursuit of dignity, recognition and reconciliation are forms 
of “forgiveness” –not in the common sense notion of acceptance, but rather in Hannah Arendt’s 
framework of maintaining awareness of violations and dispossession while refusing to allow these 
violations and dispossession to affect our present or future (Arendt, 1963/2013; Biesta, 2013; Knott, 
2011). These reflections lead us to invite others to frame their own contributions to the program 
Ethnomathematics as embracing dignity and recognition through forms of refusal that enact 
forgiveness. 
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Résumé. Nous discuterons ici du rôle et du potentiel de l’histoire des mathématiques dans le 
contexte de la formation des enseignants du secondaire. Plus spécifiquement, il sera question 
des objectifs et des modalités de mise en œuvre autour de la lecture de textes historiques. À 
partir d’exemples précis issus de notre pratique en tant que formateur, une attention 
particulière sera donnée aux choix des textes et aux modalités de lectures déployées. Ces 
choix et modalités de lectures s’articulent à des fondements pédagogiques et didactiques qui 
seront explicités. Ces articulations mettent en évidence des difficultés ou questionnements 
théoriques et pratiques importants, lesquelles seront discutées en termes de perspectives de 
recherche. 

Abstract. In this paper, we will discuss the role and potential of the history of mathematics 
in the context of secondary teachers’ education. This will include objectives and 
implementation modalities concerning the reading of historical texts in this context. From 
specific examples taken from our practice as a trainer, particular attention will be given to 
the choice of the texts and the reading modalities deployed. These choices and methods of 
reading are articulated with pedagogical and didactic foundations that will be explained. 
These articulations highlight important theoretical and practical difficulties or questions, 
which will be discussed in terms of research perspectives  

MSC : Histoire des mathématiques (01) – éducation mathématique (97). 

 

On ne peut connaitre personne sinon par l’amitié.  
Augustin d’Hippone 

1. L’histoire des mathématiques et l’enseignement-apprentissage des mathématiques 

Depuis plusieurs décennies, de nombreux chercheurs et enseignants ont discuté du rôle et du 
potentiel de l’histoire des mathématiques dans l’enseignement-apprentissage des mathématiques. Il 
a aussi été question des modalités de mise en relief, d’introduction ou d’utilisation de l’histoire en 
salle de classe. La formation et l’établissement pérenne de nombreux groupes et organisations de 
recherche font foi de l’important engouement pour le sujet, et ce, depuis plusieurs décennies (pour 
une brève introduction au champ de recherche, voir Barbin et al. (2019)). 
Cela dit, le champ de recherche semble aujourd’hui essoufflé quant à la production et au design 
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d’activités d’apprentissage, de situations problèmes ou de séquences d’enseignement. Les activités 
des chercheurs du milieu se déplacent dorénavant vers la recherche en termes de fondements 
didactiques et pédagogiques à partir desquels il serait possible de mieux penser le rôle de l’histoire 
des mathématiques dans l’enseignement-apprentissage des mathématiques (Kjeldsen, 2012). À ce 
titre, les travaux de Barbin (1997, 2006) situés dans la tradition de l’épistémologique historique 
française, ceux de Fried (2001, 2007) qui présente une posture humaniste, ceux de Jankvist (2009, 
2010) en prise davantage pragmatique sont de vibrants exemples de cette recherche de fondements. 
Récemment, nos travaux de recherche ont montré comment l’étude de l’histoire, par la lecture de 
textes historiques issus de différentes époques et cultures, peut contribuer positivement à la 
formation des enseignants en développant chez les étudiants un regard empathique sur les 
apprenants et une valorisation des raisonnements marginaux en classe de mathématiques 
(Guillemette, 2017, 2018).  
Nous tâcherons ici de décrire ces activités de lectures de textes historiques qui sont mises en œuvre 
dans le cadre d’un cours d’histoire des mathématiques que nous offrons aux futurs enseignants de 
mathématiques au Québec. Une attention sera donnée aux choix des textes et aux modalités de 
lectures déployées, ainsi qu’aux objectifs et assises pédagogiques et didactiques qui guident ces 
activités de formation. Nous tâcherons alors de mettre en évidence les difficultés pratiques, c’est-à-
dire celles qui sont vécues en salle de classe de formation à l’enseignement, mais aussi les 
difficultés d’ordre théorique et conceptuel qui émergent dans l’analyse et l’appréciation en termes 
de recherche d’une telle démarche. Nous terminerons par une discussion sur des perspectives de 
recherche qui sont issues de nos travaux dans ce contexte de formation.  

2. La lecture de texte historique pour la formation à l’enseignement : contexte et mise en 
œuvre 

Notre cours d’histoire des mathématiques est offert lors de la dernière et quatrième année d’une 
formation enseignement des mathématiques au secondaire à l’Université du Québec à Montréal. Il 
est normalement dispensé au sein du département de mathématiques et accueille autant les futurs 
enseignants du secondaire (environ 2/3) que les étudiants en mathématiques fondamentales ou 
appliquées (environ 1/3). 
Le cours a pour objectifs principaux (1) d’amener les étudiants à percevoir et à traiter les 
mathématiques dans leur dimension historique, (2) d’effectuer un survol de l’histoire des 
mathématiques en Occident avec le souci de situer leurs développements dans leurs relations avec 
d’autres cultures et civilisations et (3) d’explorer différentes conceptions et pratiques des 
mathématiques à travers l’interprétation et l’analyse d’artefacts et de textes historiques.  
Chacune des séances de cours a été partagée en deux parties d’environ 75 minutes. La première 
partie portait sur l’évolution des mathématiques au fil des âges avec le souci de créer des liens entre 
le développement de la discipline et l’histoire des hommes, des cultures et des sociétés. Elle prend 
généralement la forme d’exposés magistraux, d’exploration de documents audiovisuels et 
d’échanges en groupe. La seconde partie de chaque cours est l’occasion pour les étudiants de se 
livrer à des activités de lecture de textes historiques. Elles portent sur les écrits de mathématiciens 
associés aux différentes époques qui sont abordées lors de la première partie de chaque cours. Ces 
activités de lecture comportent une phase de lecture individuelle ou en petit groupe et une phase de 
plénière. Voici les textes généralement abordés lors du cours : 

- Mésopotamie : Tables de multiplications et d’inverses (tablettes scolaires HS 217, HS 232 et 
Ist Ni 374), tiré de Proust (2007), 

- Égypte antique : Papyrus de Rhind, problème 24, tiré de Chase (1906/1986), 
- Grèce hellénique : Euclide, Éléments, proposition 14, livre 2, tiré de Vitrac (1990), 
- Grèce hellénistique : Archimède de Syracuse, La méthode relative aux théorèmes 
mécaniques : la quadrature de la parabole, tiré de Ver Eycke (1966), 
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- Monde gréco-romain : Diophante d’Alexandrie, les Arithmétiques, proposition 16 du livre 1 
et propositions 8 et 9 du livre 2, tiré de Ver Eycke (1926), 

- Empires arabo-musulmans : Al-Khwarizmi, Le livre abrégé sur le calcul par la restauration 
et la comparaison, résolution d’équation du second degré de type 4 et 5, tiré de Djebbar 
(2005), 

- Bas Moyen-Âge et renaissance européenne : Nicolas Chuquet, Tripartys en sciences des 
nombres, problème 166, tiré de L’Huillier (1979), 

- Grand siècle (17e) Pierre de Fermat, Méthode pour la recherche du minimum et du 
maximum, problèmes 1 à 5, tiré de IREM-Histoire des mathématiques (1999), 

- Modernité (18e et 19e siècle) et contemporanéité : Richard Dedekind, La continuité et les 
nombres irrationnels (extraits), tiré de Chouchan (2018). 

Les activités de lecture de textes sont menées en articulant constamment deux pôles : un pôle que 
l’on pourrait qualifier de « traductif » qui vise essentiellement à extirper et à travailler les 
mathématiques que convoquaient les textes et un second plus « interprétatif » qui vise à mieux 
comprendre l’auteur en lui réservant un accueil qui ne le déracine pas de son contexte 
sociohistorique et culturel. Ces modalités de lecture de textes historiques ont été discutées par Fried 
(2001, 2007) qui les nomment respectivement diachronique et synchronique en se référant à De 
Saussure.  
Bien entendu, cet accueil nécessite une vision riche de l’époque dont est tiré le texte. D’ailleurs, 
cette nécessité d’un fort ancrage dans l’époque étudiée est affirmée couramment dans la littérature 
(voir Jankvist, 2009). Dans le contexte de l’étude, cet ancrage a été assuré par la première partie du 
cours qui fournit les repères historiques et culturels importants et donne accès à une certaine 
« ambiance intellectuelle » de l’époque. Ces deux pôles concernant la lecture des textes sont rendus 
explicites avec les étudiants. 
Les textes, que nous présenterons dans cette communication, sont choisis d’abord pour leur 
disponibilité. C’est-à-dire pour la disponibilité de traduction de bonne qualité. Ils sont retenus aussi 
par rapport à leur représentativité quant aux époques desquelles ils sont issus, afin d’initier une 
lecture à la fois synchronique et diachronique du texte. Le niveau de difficulté de lecture est aussi 
important. À ce sujet, plusieurs aspects sont pris en compte : organisation, longueur, vocabulaire, 
théorèmes sous-jacents, etc.), ainsi que leur niveau de difficulté mathématique. Comme le cours 
vise un survol de l’histoire des mathématiques en Occident, les textes choisis s’ancrent 
essentiellement dans l’histoire de la pensée Occidentale. Cela dit, plusieurs incursions dans 
l’histoire des mathématiques d’autres civilisations sont prévues et pensées en termes de circulation. 
Il a été question lors de la présentation au groupe de travail des difficultés que les étudiants sont 
susceptibles de rencontrer. Plusieurs participants étaient surpris des activités proposées et 
imaginaient difficilement faire de même avec leurs étudiants en formation à l’enseignement des 
mathématiques. Nous avons précisé que nous ne présentions que des extraits des textes choisis à nos 
étudiants. Ces extraits (une page ou deux) sont courts et ciblent un objet ou un problème précis. 

2.1. Un exemple autour des mathématiques mésopotamiennes 

Afin de mettre en évidence cette démarche de manière concrète, nous développerons maintenant un 
exemple autour des tablettes mésopotamiennes analysées lors de ce cours. Comment mentionné 
plus haut, nous tâchons d’articuler constamment avec la classe des futurs enseignants une lecture à 
la fois diachronique et synchronique des sources présentées. Or, il est important de pouvoir ancrer 
fortement les textes ou artefacts historiques dans leur contexte historique, scientifique et culturel. 
Dans le cas de la civilisation mésopotamienne, nous consacrons près de 90 minutes à l’introduction 
de repères historique et culturel relatifs à celle-ci.  
Dans un premier temps, de nombreux éléments historiques et culturels distinctifs sont mis en relief 
tels que : des repères chronologiques, des repères géographiques, différents peuples et cités, 
organisations politiques, évènements politiques importants, extraits de code de loi (code 
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d’Hammourabi), langues parlées et écrites (sumériens, akkadiens et araméens), éléments de la vie et 
spirituelles (divinités principales, démons protecteurs), éléments de cosmologie, éléments de 
littératures (épopées, poèmes, récit bibliques). Ces éléments qui sous-tendent notre exploration de la 
civilisation mésopotamienne sont alimentés par de nombreuses images et photos permettant 
d’apprécier nombre de détails et d’idiosyncrasies, toujours dans l’objectif de mettre en évidence une 
certaine « ambiance » culturelle, spirituelle ou intellectuelle. Plusieurs extraits de poèmes et de 
récits (notamment l’épopée de Gilgamesh) sont lus et discutés en classe. 
Dans un second temps, nous procédons à une exploration plus ciblée des mathématiques de 
l’époque en mettant en relief les développements saillants, mais aussi le statut de l’activité 
mathématique, les praticiens et leurs objectifs, les supports matériels pour la pratique (tablette et 
calame), ainsi que les lieux de pratique, de découverte d’enseignement ou de conservation. Il est 
notamment question des écoles de scribes, des calculs et observations astronomiques, des unités de 
mesure (danna et us en particuliers), de triplets pythagoriciens, de résolutions d’équations du 1er et 
du second degré, ainsi que la numération et l’arithmétique (système sexagésimal, tables des 
inverses, table avec multiplication et division (entendue comme multiplication par l’inverse)). 
Pour l’exploration de la numération et de l’arithmétique mésopotamiennes, les tablettes scolaires 
HS 217, HS 232 et Ist Ni 374, toutes tirés des travaux de Christine Proust (2007), sont présentées et 
analysées en grand groupe4. 
Une première tablette est présentée au groupe, et ce, avant toutes considérations sur la numération 
mésopotamienne. Nous mentionnons simplement qu’elle a été trouvée dans une école du quartier 
des scribes de la cité de Nippur : 
 

 
Figure 1. Table du 9 (tirée de Proust, 2007) 

Une forme d’enquête est donc amorcée à partir de cette tablette. Rapidement, les étudiants relèvent 
habituellement une forme de régularité et pose l’hypothèse qu’il s’agit d’une table de multiplication. 
En effet, en se concentrant d’abord sur le recto de la tablette et en parcourant naturellement de haut 
en bas la colonne de gauche, il est possible de facilement observer une récurrence entre les 
symboles d’une ligne à l’autre et l’on peut conclure facile qu’il s’agit de la suite des nombres 
entiers. En effet, un premier symbole en forme de clou ( ), tracé à la verticale, désigne 
                                                
4 Exceptionnellement pour cette partie du cours, comme il s’agit d’une des toutes premières activités de 

lectures, l’exploration de ces artefacts historiques est effectuée en grand groupe. La plupart du temps, 
l’exploration se fait en petits groupes d’abord et à partir d’une discussion plénière ensuite.  
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sensiblement une unité. Le symbole est doublement marqué pour signifier le deux, triplement pour 
signifier le trois, etc. Il en va ainsi jusqu’au nombre neuf qui est associé à trois rangées de trois 
clous verticaux. Vient ensuite un nouveau symbole ( ) (plus tard appelé chevron) que l’on doit 
forcément associer à 10. Par addition de la valeur associée à chaque symbole, on peut apercevoir le 
11 constitué d’un chevron et d’un clou à sa droite. La colonne de gauche se termine avec le 14 
formé d’un chevron et de quatre clous. On constate ensuite aisément que les multiples de neuf 
apparaissent dans la colonne de droite. 
Vient ensuite 56 qui correspond bien au produit de neuf et six. C’est au prochain produit que de 
nouvelles significations doivent être mises au jour. En effet, le produit de neuf et sept donne 63. Au 
lieu de retrouver six chevrons et trois clous, nous observons d’abord un clou isolé et ensuite une 
rangée de trois clous. Il nous faut donc admettre que ce premier clou doit valoir six chevrons, donc 
une soixantaine. Dans la même veine, on retrouve un clou suivi d’un chevron, lequel est 
accompagné de deux clous, pour désigner 72, le produit de neuf et sept. La chose se confirme tout 
le long de la colonne et on retrouve tout en bas le produit de neuf et 14 qui donne 126, soit deux 
clous valant chacun 60 unités et six clous pour six unités. On peut noter un vide indiquant 
possiblement l’absence de chevrons ou encore simplement une différence entre la valeur des clous 
de gauche et de droite.  
Quant au verso de la tablette, le même schéma semble se reproduire avec cette fois le produit par 
neuf de 15, 16, 17, 18, 19, 20, 30, 40 et 50. La toute dernière ligne correspond au début de la 
prochaine tablette, pratique courante chez les scribes, une stratégie pour garder en ordre les 
tablettes. Cependant, une petite irrégularité pointe à partir du produit de 9 par 20. En effet, nous 
devrions nous attendre à trois clous à la position des soixantaines, mais ces trois clous sont 
complètement à droite, à la position jusqu’à maintenant réservée aux unités. Il semble donc difficile 
de savoir, hors du contexte de la table de multiplication, si l’avant-dernier symbole de la colonne de 
droite signifie le nombre trois ou le nombre 180. Il nous est alors possible de mettre en évidence 
avec le groupe l’aspect positionnel et flottant de la numération mésopotamienne. 
Après ces quelques remarques établies conjointement avec le groupe, nous présentons 
habituellement cette série de trois tablettes : 

 

 
Figure 2. Tables des inverses (tirée de Proust, 2007) 
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Pour cette seconde lecture, nous traduisons les tablettes pour en faciliter l’exploration. Encore une 
fois, ces trois tablettes sont présentées sans aucune considération préalable sur l’arithmétique 
mésopotamienne. Il est possible ici de remarquer une récurrence en observant que le produit des 
nombres sur une même ligne donne toujours 60. Nous pouvons lire dans la colonne de droite 
l’inverse de chaque nombre de la colonne de gauche. Nous pouvons remarquer que les nombres 
peuvent représenter des puissances tout autant positives que négatives de 60. 
De plus, on remarque qu’il semble manquer plusieurs quotients à cette table, tels que 7, 11, 13, 14, 
17, etc. ? Nous tâchons de remarquer avec le groupe que le rationnel 1/7 par exemple n’est pas un 
nombre au développement décimal fini en base 60. Nous remarquons aussi qu’il est possible 
d’exprimer l’inverse d’un nombre seulement si ce dernier comporte strictement, dans sa 
décomposition en facteurs premiers, des puissances de deux, trois ou cinq. Nous avons donc affaire 
à deux types de nombres, les nombres inversibles, dits « réguliers », et ceux qui ne le sont pas. 
L’usage de ces tablettes est ensuite discuté (mémorisation et opérations arithmétiques élémentaires 
telles que la division).  
Une autre tablette est ensuite explorée :  

 

 
Figure 3. Le carré de 455 (tirée de Proust, 2007) 

 
Encore une fois, la tablette est présentée dans l’objectif de mettre les étudiants dans une démarche 
d’enquête, en laissant le groupe lui-même interpréter le texte. Une discussion est alors amenée à 
propos de la rareté des tablettes qui contiennent des démarches explicites de résolutions (possibilités 
d’instruments de calcul), de l’absence de preuve, de théorème ou de définition, de l’aspect 
« heuristique » ou procédural des mathématiques mésopotamiennes ou encore de l’absence de figure 
telle que celle du mathématicien. Une réflexion est suggérée quant au déploiement, au potentiel et 
aux manières d’être-en-mathématiques qu’une telle activité mathématique suppose. 
Lorsque le temps nous le permet, d’autres tablettes sont parfois présentées, comme celle contenant 
des tables métrologiques qui permettaient de transformer les différentes mesures en nombres 
sexagésimaux positionnels. Ces listes permettaient d’introduire la numération sexagésimale 
positionnelle dans les écoles de scribes. Une discussion est alors amorcée entre les nombres servant 
à désigner des quantités et les nombres servant au calcul en tant que tel, deux types de nombres 
séparés, mais reliés par des règles précises. 
L’articulation ici entre lecture diachronique et synchronique est importante pour notre démarche 
pédagogique et est relevée constamment dans nos enseignements. Nous rendons explicite avec les 
étudiants le besoin de ne pas simplement « traduire » ou restituer en langage mathématique 
modernes le contenu de ces tablettes. À chaque fois, nous tâchons de développer une lecture en 
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synchronie avec les usages et la culture de l’époque. Une stratégie particulière que nous adoptons 
pour les tablettes mésopotamiennes est de rappeler le fait qu’il s’agit d’une tablette d’argile. Qu’un 
tel support implique nécessairement un certain type d’usage, de circulation ou de conservation. Il 
s’agit de mettre en évidence le fait que ce sont des outils scolaires. En d’autres termes, afin d’éviter 
une traduction « violente » (concept que nous développerons plus loin) ou une lecture anhistorique 
de ces tablettes, nous tâchons constamment d’évoquer la matérialité même de l’objet, afin de mettre 
en évidence le contexte et la culture ambiante. Des questions sont alors adressées au groupe autant 
en lien avec l’auteur du texte, les objectifs du texte ou encore le lieu où le texte a été découvert, 
qu’avec les mathématiques que le texte apparait convoquer. 

3. Approche, objectifs et retombées possibles pour la classe de mathématiques 

Dans ce contexte, nos travaux de recherche (Guillemette, 2017, 2018) suggèrent que la lecture de 
texte historique implique le déploiement d’une empathie envers l’auteur. Cette empathie permet une 
rencontre avec des manières inédites d’être-en-mathématiques (Radford, 2011) et met en évidence 
le caractère situé et culturel de l’activité mathématique. Cette expérience de l’empathie se veut 
importante dans la mesure où elle pourrait se déployer aussi dans les futures classes des étudiants, 
mais cette fois-ci envers les élèves (Guillemette, 2017, 2018). Dans cette perspective, nous 
souhaitons encourager une lecture diachronique des textes chez les futurs enseignants en amenant 
ceux-ci à ne pas déraciner l’auteur de son contexte mathématique, historique et culturel. L’idée est 
d’amener les étudiants à se dépayser épistémologiquement et culturellement (Barbin, 1997, 2006).  
Ce dépaysement mènerait à une compréhension davantage culturelle des mathématiques en invitant 
à une réflexion historico-anthropologique sur l’activité mathématique et à un repositionnement de la 
discipline comme « activité humaine ». Autrement dit, il s’agirait surtout ici de porter un regard 
critique sur l’aspect social des mathématiques, de mieux comprendre les mécanismes historico-
culturels de leur production et de mieux comprendre que les savoirs mathématiques ne sont pas 
neutres idéologiquement et qu’ils s’insèrent dans une problématique éthique pour laquelle il nous 
faut développer notre sensibilité.  

3.1. Une approche historico-culturelle de la didactique des mathématiques 

Notre approche s’ancre dans une perspective historico culturelle de la didactique des mathématiques 
(Radford, 2011, 2013, Roth & Radford, 2011). Dans cette section, nous tâcherons d’exposer 
succinctement cette approche, tout en explicitant comment elle s’articule avec nos pratiques de 
formation autour de la lecture de texte historique5.  
D’abord, la classe est ici pensée comme le lieu de la rencontre entre le sujet et l’objet de savoir et 
l’objectivation qui permet cette rencontre est un processus éminemment social.  Cela dit, cette 
dimension sociale ne peut être réduite à un marché de la connaissance où le savoir est transmis, 
partagé ou négocié dans une optique pragmatique de satisfaction personnelle, de jeu entre 
adversaires où chacun s’investit dans l’espoir d’obtenir une plus-value, dans le repli de la sphère 
privée. A contrario, la socialité du processus d’apprentissage signifie la formation et la 
transformation de la conscience, qui est justement (con)science, c’est-à-dire « savoir en commun » 
ou « savoir-avec-d’autres » (Radford, 2011, p. 12). On s’éloigne ici de la conception d’un sujet 
autorégulé et autoéquilibrant, dont la perméabilité se règle aux détours de logiques internes, et à 
travers laquelle le sujet serait doté des capacités de réfléchir à l’instar d’un scientifique ou d’un 
enquêteur méticuleux. La sociabilité des élèves est ici pensée autrement.  

                                                
5 Pour un exposé plus élaboré sur l’approche historico-culturelle et comment celle-ci permet penser le rôle et 

le potentiel de l’histoire des mathématiques dans l’enseignement-apprentissage des mathématiques, voir 
Guillemette, 2015. 
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À travers la thématique de l’altérité développée par Bakhtine et Levinas, notre point de vue insiste 
sur le fait qu’une relation proprement éthique à l’autre, ainsi que l’acceptation d’une véritable 
responsabilité personnelle, impliquent la présence d’une conscience aimante et l’absence d’un 
regard réifiant et intéressé. La contemplation abstraite et à distance du monde supplante notre 
participation active et incarnée au monde sous un horizon commun de valeur et de sens. Arraché au 
contexte interactif qui met en relation le Moi, l’Autre et le Monde, le sujet succombe au solipsisme. 
Dans cette mouvance, comme le dit Bakhtine, il « perd pied, devient vide, arrogant, dégénère et 
meurt » (Bakhtine, 1978/1997, p. 40). Ainsi, un élève qui est capable d’utiliser les outils 
mathématiques pour résoudre les problèmes proposés, dans la classe ou ailleurs, sans comprendre 
ou s’intéresser aux solutions des autres ou aider ceux-ci à comprendre la sienne, n’est pas à mi-
chemin de ce qu’on peut appeler réussite de l’apprentissage (Radford, 2011).  
C’est pourquoi nous nous écartons d’une conception instrumentale de la classe de mathématiques 
empruntée au mouvement d’efficacité industrielle et d’une conception bancaire du savoir (voir 
Freire, 1974). L’activité de classe comme forme de vie ne peut donc pas être perçue comme un 
contrôle de variables dans l’optique d’une optimisation de ressources cognitives et matérielles. 
Cette perspective offre plutôt « des manières d’être et de connaitre selon la façon dont les élèves 
s’engagent en groupe dans leur quête du savoir culturel visé » (Radford, 2011, p. 15). 
Inspirée par la psychologie sociale vigotskienne, l’approche historico-culturelle accorde une place 
importante aux artefacts culturels (objets, instruments, productions littéraires et scientifiques, etc.) 
et à l’interaction sociale dans l’enseignement-apprentissage. Elle souligne que la classe de 
mathématiques ne peut être perçue comme un espace neutre et fermé, car les modes d’activité 
(objectifs, actions, opérations) qui y prennent place sont médiatisés par les objets, l’histoire et la 
culture. En effet, cette approche insiste sur le fait que l’activité mathématique est imprégnée de 
valeurs scientifiques, esthétiques et éthiques dont la mise au jour est consubstantielle de 
l’apprentissage même (Radford, 2011, 2018). L’apprentissage des mathématiques est ainsi compris 
comme un processus social de prise de conscience graduelle d’un savoir historico-culturellement 
médiatisé à travers lequel la conscience des individus est formée et transformée.  
En clair, notre point de vue postule et théorise l’idée qu’apprendre les mathématiques ne se résume 
pas à simplement résoudre des problèmes, ni à maitriser un langage formel, mais que cela implique 
immanquablement la reconnaissance, avec les apprenants, des dimensions historiques, culturelles, 
sociales et éthiques de l’activité mathématique. 

3.3. Objectifs de formation et retombées pour la classe de mathématiques 

Notre perspective met ainsi en évidence que le sens particulier attribué aux objets mathématiques 
est circonscrit aux limites de notre propre expérience. Cette limite ne peut être franchie que par la 
rencontre avec une forme étrangère de compréhension, car « le sens ne s’approfondit véritablement 
que par la rencontre et le contact avec un autre sens, une culture étrangère. Il s’engage alors une 
forme de dialogue qui surmonte la fermeture et la partialité » (Bakhtine, 1986, cité dans Radford et 
al., 2007, p. 108, traduction libre). Dans cette perspective, l’histoire des mathématiques se veut un 
endroit où il est possible de surmonter la particularité de notre propre compréhension des objets 
mathématiques limitée à nos expériences personnelles. Elle « fournit les instruments de dialogues 
avec d’autres compréhensions […] avec celles de ceux qui nous ont précédés » (Radford et al., 
2007, p. 109, traduction libre). L’histoire apparait ici comme la toile de fond ou le lieu rendant 
possibles l’introspection, la confrontation et la réflexion critique autour de ses propres conceptions 
et connaissances. Or, notons que le regard est ici porté non pas sur un individu rencontrant des 
possibilités d’émancipation personnelles, dans un mouvement plus ou moins appuyé 
d’autosuffisance et d’autoréférence, mais vers la possibilité pour les apprenants de découvrir de 
nouvelles manières d’être-en-mathématiques, d’ouvrir, avec les autres, l’espace des possibles de 
l’activité mathématique. En effet, la classe de mathématique est ici perçue comme un espace 
communautaire, politique et éthique, ouvert à la nouveauté et à la subversion (Radford, 2006, 2008, 
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2011).  
Plus spécifiquement, quant à notre démarche de formation, nous croyons que la rencontre avec 
l’histoire des mathématiques, telle que nous le proposons, peut offrir des expériences particulières 
de l’altérité en mathématique aux futurs enseignants. En effet, les manières de penser et d’agir en 
mathématiques se multiplient au contact de l’histoire des mathématiques. Ces éléments qui 
divergent de la culture ambiante invitent à l’introspection et à la prise de conscience de ses ancrages 
épistémologiques et historiques. 
Ainsi, l’objectif n’est donc pas de fournir aux futurs enseignants des outils didactiques ou 
pédagogiques concernant la dimension historique et culturelle des mathématiques, outils qui 
seraient réfléchis et préparés dans l’optique d’une éventuelle « transposition » en classe du 
secondaire. Nous serions intéressés de savoir comment les enseignants reprennent certains éléments 
d’histoire pour leur pratique, mais nos activités de formation ne vont aucunement dans ce sens. 
Notre objectif est plutôt de mettre en évidence le caractère situé de l’activité mathématique et d’en 
révéler les dimensions culturelles, sociales, esthétiques et éthiques. Pour ce faire, il nous apparait 
crucial de faire vivre une expérience de l’altérité aux étudiants et de les amener à déployer une 
empathie envers les mathématiciens des différentes époques. À ce titre, nos analyses (Guillemette, 
2017, 2018) suggèrent que cette empathie est importante puisqu’elle est susceptible de se déployer 
aussi dans les futures classes des étudiants, mais cette fois-ci envers les élèves. Ici se trouvent les 
retombées envisagées pour la classe. Enfin, il est possible de croire que cette mise en évidence des 
dimensions historiques, culturelles, sociales, esthétiques et éthiques des mathématiques dans le 
cadre de cette formation transparaitra dans les manières d’être de ces futurs enseignants. Elle pourra 
possiblement transparaitre, de manière implicite, à travers le choix et l’élaboration de situation 
d’apprentissage pour leurs élèves, à travers les manières de présenter les mathématiques en tant que 
discipline scientifique ou à travers des gestes ou des remarques qui relèvent l’historicité ou le 
caractère situé de l’activité mathématique. 
Quant à notre démarche, les participants du groupe de travail ont mis en évidence son aspect 
subversif. Il a été souligné et discuté que l’histoire peut être une source, comme nous le proposons, 
d’émancipation, mais aussi d’aliénation. C’est-à-dire qu’une certaine manière de faire de l’histoire 
peut contribuer à la cristallisation d’images paternalistes, à l’établissement de figures dominantes, 
pouvant stigmatiser l’imaginaire des apprenants à plusieurs égards. Notre démarche cherche à 
renverser une telle perspective non pas en présentant les visages classiques de l’histoire dans leur 
toute-puissance, mais dans leur aspect fragile et débutant. 

4. Difficultés et perspectives de recherche 

L’idée est donc d’amener les futurs enseignants à faire l’expérience de l’altérité à travers l’histoire 
pour mieux mettre en évidence le caractère situé de l’activité mathématique. Pour ce faire, nous 
encourageons une lecture diachronique des textes historiques avec les étudiants en cherchant à ne 
pas déraciner l’auteur de son contexte mathématique, historique et culturel.  
Ailleurs, nous avons souligné et décrit les difficultés d’une telle entreprise (Guillemette, 2016). 
Concrètement, les futurs enseignants ont une tendance forte à déployer une lecture synchronique et 
semblent avoir naturellement propension à traduire et à restituer les propos de l’auteur en langage 
moderne, et celui-ci est difficilement considéré dans son contexte. Son style ou ses particularités 
sont peu remarqués et discutés. Les mathématiciens se voient alors dépossédés de leur singularité, 
ils se trouvent très souvent traduits, résumés et réifiés. En somme, nous remarquons une certaine 
« violence » de la synchronisation envers l’auteur (Guillemette, 2017, 2018). 
Nous remarquons aussi l’aspect paradoxal de notre démarche. D’une part, il nous semble nécessaire 
de choisir des textes qui puissent être suffisamment éloignés des perspectives et des manières de 
faire modernes pour que puisse se déployer cette empathie envers les auteurs, pour qu’il y ait une 
certaine expérience de l’altérité en mathématiques. D’autre part, il faut tout autant que les textes 
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soient accessibles, c’est-à-dire pas entièrement étrangers à la culture actuelle, ou, du moins, que la 
culture mathématique des étudiants soit en mesure de décoder et de fournir des interprétations 
satisfaisantes pour faire sens d’une démarche d’un point de vue mathématique. C’est pourquoi le 
travail associé au choix des textes nous apparait crucial dans un tel contexte. 
Mais qu’en est-il véritablement de ce dépaysement ? Il est présenté ici comme associé à une lecture 
synchronique des textes historiques, comment faut-il l’entendre ? Il semble que le texte doit être 
choisi pour son accessibilité, mais en même temps pour son étrangeté, dans le sens où il est 
susceptible de dépayser. Il nous semble ici impossible d’échapper à la dialectique entre le passé et le 
présent, entre le Même et l’Autre. Henri-Irénée Marrou6 écrit à ce sujet que « l’histoire est le 
résultat de l’effort, en un sens créateur, par lequel l’historien établit ce rapport entre le passé qu’il 
évoque et le présent qui est le sien » (1954, p. 55). Il s’agirait donc d’établir un rapport, un pont, un 
dialogue entre des manières de faire et d’être en mathématiques. Nous retrouvons ici, au fond, la 
grande question de l’herméneutique. 
Mais ce paradoxe et ces difficultés ne sont-ils qu’apparents ? Notre perspective saussurienne nous 
incite à encourager une lecture dite « diachronique », mais est-il possible de penser autrement les 
difficultés des étudiants à maintenir un rapport empathique avec les auteurs ? Nous avons développé 
ailleurs une perspective dialogique bakhtinienne sur l’histoire des mathématiques dans 
l’enseignement-apprentissage des mathématiques (Guillemette, sous presse). Cette approche est 
prometteuse, mais reste maintenant à mieux comprendre les difficultés des futurs enseignants à 
travers ce prisme complexe de la critique dialogique, à travers lequel les notions de synchronie et de 
diachronie, issues des approches formelles de la linguistique, deviennent ineptes. Enfin, dans la 
pratique, demeure l’objectif crucial de penser, avec les futurs enseignants de mathématiques, 
l’histoire et l’épistémologie de leur discipline. 
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Abstract. Internet memes are hilarious virtual objects widely created and shared by 
young people in social media, with the purpose of gaining social endorsement by 
showing wittiness. Mathematical Internet memes are a mathematically themed 
variation of memes that stemmed spontaneously on the Internet. In this study we test 
these as means to engage students, connecting school mathematics to young people 
everyday culture. We present here a teaching experiment carried out in a 10th-grade 
class group, who created mathematical memes on a given subject and reacted to 
similarly-themed memes produced by the authors. We describe this exchange as an 
example of boundary crossing, involving two communities – students and teachers - 
that fruitfully traded knowledge across the increasingly permeable boundary between 
young people popular culture and institutional scholastic culture. 

Résumé. Les memes d’Internet sont des objets virtuels hilarants largement créés et 
partagés par les jeunes dans les médias sociaux, dans le but d’obtenir un soutien social 
en montrant de l’esprit. Les memes mathématiques d’Internet sont une variante 
mathématique de memes issus spontanément dans l'Internet. Dans cette étude, nous les 
testons comme moyen d'impliquer les étudiants, en reliant les mathématiques scolaires 
à la culture quotidienne des jeunes. Nous présentons ici une expérience pédagogique 
réalisée dans un groupe d'élèves de 10e année, qui a créé des memes mathématiques 
sur un sujet donné et réagi à des memes sur un sujet pareil produits par les auteurs. 
Nous décrivons cet échange comme un exemple de boundary crossing, impliquant 
deux communautés - des étudiants et des enseignants - qui ont échangé des 
connaissances de manière fructueuse à travers la frontière de plus en plus perméable 
entre la culture populaire des jeunes et la culture scolaire institutionnelle. 

Keywords: Internet memes; popular culture; virtual artefact; boundary object; 
boundary crossing 

Introduction 
Successful connections are established when the exchange takes place in both directions. Thus, to 
build effective links between school and real life, moving mathematics out of school and plunging it 
into reality (as in real-world problems), is only half of the answer. To search for the bond in the 
opposite direction, we think that a first step is taken by looking into what young people 
acknowledge as their real world. We may end up surprised realising that a significant part of teens 
“real life” is, in fact, virtual. 

According to two recent surveys on American teens’ familiarity and experiences with technology 
and social media, conducted in the Spring and Autumn of 2018 by the Pew Research Center, “fully 
95% of teens have access to a smartphone, and 45% say they are online 'almost constantly” (Figure 
1a) and “majorities of teens say social media helps peers talk to a diverse group of people, support 
causes” (Figure 1b). Interviewed teens (ages 13-17) declared that social media had a positive impact 
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on their lives “because a lot of things created or made can spread joy.” (boy, age 17), “[social 
media] allow us to communicate freely and see what everyone else is doing. [It] gives us a voice 
that can reach many people.” (boy, age 15) and “it has given many kids my age an outlet to express 
their opinions and emotions, and connect with people who feel the same way.” (girl, age 15). (Pew 
Research Centre, Spring 2018 Survey)  

   
Figure 1a 1b: Pew Research Center findings about teens social media use. 

Our aim is to show that the sought-after everyday life to school life connection can be initiated by 
taking something representative of young people’s digital habitat and plunging it into the school 
environment. With their 100 million web occurrences (source: Instagram, Sep 2019), Internet 
memes could be the right digital artefact to establish this connection. 

Memes are humorous virtual objects, widely created and shared by young people in social media, 
with the purpose of showing wittiness to gain social endorsement. According to Shifman (2014, 
p.15), memes “reflect deep social and cultural structures” and “epitomize the very essence of the so-
called Web 2.0 era”. What makes us think they might be our missing link is that, besides being 
funny and relatable, they have already been spontaneously used to share mathematics knowledge. In 
fact, social media abounds with mathematically themed groups acting as communities of practice, 
where knowledge is shared in a process of collective learning (Wenger, 1998). 
In Figure 2a we see an example of a mathematical meme shared within the Italian Facebook Group 
“L’Agorà del Superuovo”, paired with the explanation of its mathematical content made by the 
author himself (2b) and a mathematically improved version suggested by another user (2c).  
 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 457 

 
Figure 2a 2b 2c: Mathematics knowledge sharing on social media. 

Meanings of Internet Memes 

Like jazz variations of classic standards, memes change and evolve in the hands of network users, 
who personalize and reinterpret them to create humorous snippets, while preserving their 
recognisability. 
They are densely layered objects: to unpack their message, in a previous study we have identified a 
triple-s construct of the partial meanings necessary to grasp the full meaning of a meme (Bini & 
Robutti, 2019). 
 

     
Figure 3a 3b 3c: Partial meanings of internet memes. 

1. The first partial meaning is structural, and lies in its being a meme, namely to have a specific 
and shared structure and graphics (font, colour, text position, Figure 3a). 

2. The second partial meaning is social, and lies in the shared conventions of viral images, 
compositional setups and syntaxes. (Figure 3b, in How to use memes from the website 
9gag.com]). 

3. The third partial meaning is specialised, and lies in images, symbols or text referring to a 
specific topicin our case mathematical, to be framed within a “sphere of practice”, adhering to a 
common set of rules, where “mathematical meanings are constructed” (Kilpatrick et al., 2005, 
p.10). [Figure 3c, from the website www.quickmeme.com]. 

Although in an informal, pop-culture based way, creating a meme on a specific topic implies 
finding the right match between humour and subject knowledge. For this reason, we believe that 
memes have some interesting educational potential, that remains almost unexplored to the present 
day. In fact, besides our previous works (Bini & Robutti, 2019), only a limited number of studies 
about memes can be found in general education research (Knobel & Lankshear, 2007, Romero & 
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Bobkina, 2017, Wells, 2018) and in mathematics education research (Benoit, 2018). 

Theoretical Framework 

Making connections it's all about crossing boundaries, therefore we framed our study within the 
theoretical frameworks of boundary objects (Star & Griesemer, 1989, Star, 2010) and boundary 
crossing (Akkerman and Bakker, 2011). We interpret mathematical memes as boundary objects at 
the same time “both plastic enough to adapt to local needs [...], yet robust enough to maintain a 
common identity across sites” (Star & Griesemer, 1989, p. 393). They are “artefacts doing the 
crossing by fulfilling a bridging function” between social media and school mathematics, whose 
“intersections of cultural practices open up third spaces that allow negotiation of meaning and 
hybridity” that “carry potential for learning” (Akkerman & Bakker, 2011, pp.133-135). Akkerman 
and Bakker identified four learning mechanisms activated by interacting with boundary objects: 
identification, coordination, reflection, and transformation. 
Following a recent study applying the boundary crossing framework in mathematics education, we 
focused on the learning mechanism of transformation, the one that “more than the other learning 
mechanisms, [...] leads to profound changes in practices” (Robutti et al, expected publication date 
November 2019, p.3). In particular, we looked for some of the steps Akkerman and Bakker 
unfolded transformation into: confrontation (taking place when different communities, encountering 
at the boundary, compare their practices on the boundary object), hybridization, (when a new hybrid 
object emerges from the involved actors’ collaboration), and crystallization, (when the new object 
stabilizes as part of the counterparts’ acknowledged practices). 
The research questions we address in this work can be summarized as follows:  
• RQ1 Which characterizations identify a boundary object in this context?  
• RQ2 Which learning mechanisms emerges from our observations?  
• RQ3 How can school mathematics take into account the culture developed by young people in 

their everyday lives? 

Methodology 

The example we present was collected during a teaching experiment conducted with a 10th-grade 
class group, the first author was present and collaborating with the teacher throughout the activity. 
After completing the topic of linear systems, students in pairs created memes and recorded 
connected explanatory videos on that theme in a 3h school-based activity aimed at reviewing and 
systematizing knowledge on the subject. In the following 2h class, they discussed their memes and 
reacted to similarly themed ones produced by the first author, in a memetic variation of Arzarello’s 
semiotic game (Arzarello et al., 2009). 
Collected data include memes and videos made by the students, videotapes of the creative processes 
of two selected couples, memes created by the authors, videotaping of the following discussion, and 
entry and feedback questionnaires. The chosen example is taken from the second part of the 
experiment (the class discussion), where we think that the interaction between the students’ and 
teachers’ communities is more evident. 

Data and discussion 

In the passage analysed in Table 1, the whole group is involved in a collective discussion, 
orchestrated by the teacher (indicated with T in the excerpt). The discussion focused on the meme in 
Figure 4, created by the first author (indicated with R in the excerpt). 

Using the previously described triple-s construct, we identify the meme partial meanings as follows: 

• Structural meaning: image macro consisting of an image with superimposed top and bottom text 
in the typical white Impact font 
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• Social meaning: the Kermit drinking tea image is conventionally used to make fun at awkward 
situations [source: Know Your Meme https://knowyourmeme.com ] 

• Specialized meaning: modelling phone price plans as linear equations, using linear systems as 
tools for comparing plans  

The topic for this meme was chosen among those that were not touched by students’ in their meme 
creation activity but was considered worthy of recalling by both researcher and teacher.  

  
Figure 4a 4b: The meme discussed in Table 1 and a close-up of the inserted cartesian diagram  

In the following table we illustrate the connection between excerpts from the group discussion, 
partial meanings of the meme and Akkerman and Bakker boundary learning mechanisms. All 
quotations refer to Akkerman and Bakker cited 2011 study on Boundary crossing and boundary 
objects. 

Table 1. Classgroup discussion. 

Utterings Remarks 

S1 It's one of those that did not make me laugh 
T Why didn’t it make you laugh? 
S1 I do not understand the connection between the image and the 
meme 
T What does the image tell us? The image is the one you have 
chosen too 
S1 Oh yes but my meme was more beautiful [laughter] 
T What does the image tell us? 
S1 It conveys serenity, but I do not understand why: what does it 
have to do with the telephone operator? 
T Maybe it is not the correct image 
S2 Maybe it's not really the correct image related to what it wants 
to express 
R Maybe 

The structural meaning is 
naturally acknowledged, the 
discussion starts on the social 
meaning, the robust element 
that is crossing the boundary. 
 
Confrontation as “a disruption 
in the current flow of work” (p. 
147). 

S3 Yes, it is the correct image […] because phone rates are 
equations, if you put them on GeoGebra, you can find them 
immediately when one is cheaper than the other and it's easy and 
you do not have to lose time thinking 
S4 And so it's easy 
T And when does one become cheaper than the other? 
S3 Before the intersection the blue is cheaper and after the other 
is cheaper 
S5 We also did some exercises 
R Do you remember having solved similar problems? [all 

The focus shifts to the 
specialized meaning, the 
adapted element: students look 
for it in connection with the 
social meaning   
 
Hybridization: “ingredients 
from different contexts are 
combined into something new” 
(p. 148) 
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students nod] […] 
T Perhaps you do not see my satisfied expression… how did we 
solve this? 
S5 We draw the lines and then we found that when one line was 
below the other is cheaper than when it was above 

We interpret this meme as an example of a boundary object between the communities of students 
and teachers, initiating the dialogic learning process analysed in Table 1. 
We think that is also worth pointing out that in the opening confrontation episode about the social 
meaning, only two students are in dialogue with the teacher and the researcher. Once the 
hybridization takes over and the social and specialized meanings act synergically, students who had 
remained silent up to that moment intervene with appropriate mathematical arguments, and finally 
the whole class group acknowledges the mathematical fact that was the primary goal. 

Looking at the whole process, we see how, through Akkerman and Bakker’s dialogic steps, the 
different partial meanings complement each other, generating the full meaning that finalizes the 
boundary crossing and enthuses learning. Sometime after this teaching experiment, we received the 
following message from the teacher: ‘Today we solved a physics problem about uniformly 
accelerated motion and we ended up with a system... when I asked if we were on the right path, the 
answer was: sure "two equations, two unknowns", mimicking the meme...’. This suggests that a sort 
of crystallization as “means of developing new routines or procedures that embody what has been 
created or learned” (p. 148) has taken place within the two communities. 

Conclusion 

We think that this example provides important insights into the potentialities of memes as new 
learning objects, aimed at enriching the teaching and learning of mathematics taking cultural 
aspects into account. Incorporating memes into didactic practice requires “a shift in our thinking 
about education” to embrace a “new culture of learning [that] allows us to recognize, harness, and 
institutionalize” these unconventional resources (Thomas & Seely Brown, 2011, p. 7). We believe 
this is an important issue for future research, and that memes might be powerful means to create 
hybrid learning spaces at the boundary between school mathematics and young people’s everyday 
lives. 
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Abstract. Mathematical modeling is a high-leverage topic that invites students to analyze 
real-world situations using a cyclical process emphasizing sense-making, assumption-
building, formulation, analysis, and generalization. While, mathematical modeling has a 
well-established research base in secondary and undergraduate education there is growing 
research showing that mathematical modeling can be effectively done with elementary grade 
students. Furthermore, research related to culturally responsive mathematics education has 
shown that teachers can design lessons that build on children’s multiple mathematical 
knowledge bases including their mathematical thinking, lived experiences, and cultural funds 
of knowledge to help students understand how mathematics matters and is meaningful. 
Through qualitative analysis of two video-taped elementary mathematical modeling lessons, 
we investigate two main research questions at the intersection of mathematical modeling and 
culturally responsive mathematics teaching in the elementary grades: 1) How do students 
draw upon their multiple mathematical knowledge bases as they engage in the mathematical 
modeling process? and 2) How do teachers support these connections as students engage in 
modeling activities? Two findings emerge from our analysis: (a) in both lessons, students 
drew upon understandings and experiences, from family and community to make sense of 
task situation and for their final model; and (b) teachers played a pivotal role in connecting 
children’s multiple mathematical funds of knowledge with unique features of modeling such 
as assumption building which in turn supported students in creating and communicating 
about their model. Implications for research and practice are discussed.  
 
Résumé: La modélisation mathématique est un sujet à fort impact qui invite les étudiants à 
analyser des situations du monde réel en utilisant un processus cyclique mettant l'accent sur 
la création de sens, la construction d'hypothèses, la formulation, l'analyse et la généralisation. 
Si la modélisation mathématique dispose d'une base de recherche bien établie dans 
l'enseignement secondaire et universitaire de premier cycle, des recherches de plus en plus 
nombreuses montrent que la modélisation mathématique peut être réalisée efficacement avec 
des élèves du primaire. En outre, les recherches relatives à l'enseignement des 
mathématiques adapté à la culture ont montré que les enseignants peuvent concevoir des 
leçons qui s'appuient sur les multiples bases de connaissances mathématiques des enfants, y 
compris leur réflexion mathématique, leurs expériences vécues et leurs fonds de 
connaissances culturelles pour aider les élèves à comprendre l'importance et la signification 
des mathématiques. Grâce à une analyse qualitative de deux leçons de modélisation 
mathématique enregistrées sur vidéo au niveau élémentaire, nous étudions deux questions de 
recherche principales à l'intersection de la modélisation mathématique et de l'enseignement 
des mathématiques adapté à la culture dans les classes élémentaires : 1) Comment les élèves 
puisent-ils dans leurs multiples bases de connaissances mathématiques lorsqu'ils s'engagent 
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dans le processus de modélisation mathématique ? et 2) Comment les enseignants 
soutiennent-ils ces liens lorsque les élèves s'engagent dans des activités de modélisation ? 
Deux conclusions ressortent de notre analyse : a) dans les deux leçons, les élèves ont fait 
appel à des connaissances et à des expériences, issues de la famille et de la communauté, 
pour donner un sens à la situation proposée et pour leur modèle final ; et b) les enseignants 
ont joué un rôle essentiel en reliant les multiples fonds de connaissances mathématiques des 
enfants aux caractéristiques de la modélisation telles que la construction d'hypothèses qui, à 
leur tour, ont aidé les élèves à créer et à communiquer sur leur modèle. Les implications pour 
la recherche et la pratique sont discutées. 

 
 
Journal Identifiers 
elementary education, mathematical modeling, children’s mathematical thinking, cultural funds of 
knowledge 
 
 
1.  Introduction 
Mathematical modeling is a high-leverage topic that invites students to consider real-world 
contexts, as well as real-world solutions (Aguirre et al, 2019). Students engage in a cyclical process 
of: (a) analyzing situations; (b) constructing models that represent the situation, based on 
information and assumptions; (c) using models to perform operations and reason about results; (d) 
validating or revising models; and (e) reporting conclusions (Anhalt, Cortez & Been Bennett, 2018; 
CCSSM, 2010; Lesh & Doerr, 2003). Unlike typical textbook problems that are often closed using 
contrived contexts and marked by a single solution, mathematical modeling tasks are open with the 
student identifying quantities and their relationships that may be grounded in their lived experiences 
and reflect multiple and equally valid solutions to the problem (Anhalt, 2014; Greer, 1997; 
Verschaffel, De Corte & Borghart, 1997).  
 
Although mathematical modeling has a well-established research base in secondary and 
undergraduate education (Doerr & Tripp, 1999; Gainsburg, 2006), there is growing research 
showing that mathematical modeling can be done with elementary grade students (GAIMME, 
2016), including students with limited prior experience with modeling (Chan, 2009; Carlson, 
Wickstrom, Burroughs & Fulton, 2018; English, 2006; Suh, Matson, Seshaiyar, 2017), as well as 
students from a diverse range of mathematical and cultural backgrounds (Turner, Gutiérrez, Simic-
Muller & Díez-Palomar, 2009).  

2.  Related Research 
This analysis is informed by two areas of research: Culturally responsive approaches to teaching 
mathematics and mathematical modeling. First, research suggests that culturally responsive, 
community-based approaches to teaching mathematics have added benefits, particularly for students 
from underrepresented groups (Aguirre & Zavala, 2013; Civil, 2007; Ladson-Billings, 2009; Lipka 
et al., 2005; Turner et al., 2012). Grounding mathematics in meaningful contexts that connect to 
students’ experiences can enhance student engagement and learning, and encourage students to 
draw upon situational knowledge and real-world considerations. Research has shown that teachers 
can design tasks that build on children’s mathematical thinking and their cultural funds of 
knowledge or what can be called children’s multiple mathematical knowledge bases (MMKB) 
(Aguirre et al, 2013; Turner et al, 2014; Turner et al, 2012). Moreover, these connections help 
students understand how mathematics matters in personal and socially meaningful contexts (Anhalt, 
Cortez & Smith, 2017). We build on this prior research to investigate culturally responsive 
approaches that support mathematical modeling with elementary students.  

 
Second, there is a robust research base in mathematical modeling at the secondary and 
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undergraduate level (Doerr & Tripp, 1999; Gainsburg, 2006). Less is known about how children 
experience mathematical modeling in elementary classrooms. This may be due to under-emphasis 
in elementary teacher preparation and professional development or limited availability of rich 
modeling tasks in elementary mathematics curricula (Burkhardt, 2006; GAIMME report, 2016). 
However, research in early mathematical modeling experiences has shown that mathematical 
modeling is accessible to young children and strengthens quantitative reasoning, critical thinking, 
and student engagement, especially if the task is linked to familiar contexts. For example, in a grade 
3 modeling task about a farmer who grew beans, English & Watters (2006) found that children 
identified specific quantities related to growing conditions and could communicate those ideas in a 
letter to the farmer giving their recommendations to grow crops now and in the future using their 
model. In another example, Suh and colleagues (2016) engaged elementary students in a task about 
planning day-long trip with their families that included considering many factors such as distance, 
time, and budget constraints along with meal and destination information. Notably, the children 
verified their models with family members often resulting in revision and refinement. These are 
important instances that demonstrate positive impacts on children’s learning and engagement with 
mathematical modeling.  

 
In our work, we collaborated with elementary teachers to develop modeling lessons that built on 
children’s MMKB (Turner et al, 2012). In this analysis we focus on two main research questions: 1) 
How do students draw upon their MMKB as they engage in the mathematical modeling process? 2) 
How do teachers support these connections as students engage in modeling activities?   

 
3.   Study Context & Methods 
As part of the broader project, approximately 30 elementary teachers from two different states 
participated in 30-hour summer institutes focused on teaching mathematical modeling in grades 3-5. 
During the institutes, teachers engaged in modeling tasks developed by the research team, explored 
key phases of mathematical modeling, and discussed critical features of meaningful, relevant tasks.  
During the academic year, teachers met on a monthly basis to plan, discuss, and reflect on modeling 
tasks enacted in their classrooms.  
 
In this qualitative analysis we focus on two focal modeling lessons enacted in two classrooms 
within the same public school, one in grade 3 and the other in grade 5. The two classrooms reflect 
the general demographics of the school with 30% Latinx, 19% White, 15% African American, 14% 
two or more races, 9% Asian, 3% Native Hawaiian/Pacific Islander, 1% American Indian/Alaskan 
Native. Both classrooms included students with various backgrounds and confidence levels as 
reported by teachers.    
3.1  Data Sources 
Data sources included video-recorded observations of mathematics lessons, audio-taped teacher 
reflections on lesson enactments during a subsequent teacher study group, student work, and other 
lesson artifacts (e.g., images of board work). The two lessons analyzed in this study ranged in 
length from 1.5 to 2 hours. When video-recording, we followed the teacher to capture instructional 
decisions and moves. Videos were selectively transcribed with a focus on pivotal teacher questions 
and prompts, and examples of students’ thinking and experiences while engaged with the modeling 
task.  
3.2  Data Analysis and Analytical Framework  
Through multiple and iterative cycles of analysis, we developed preliminary categories based on 
themes identified in the literature related to modeling competencies (Maaβ, 2006), connecting to 
students’ experiences and funds of knowledge (Anhalt, Staats, Cortez & Civil, 2018), and 
mathematical thinking including strategies (e.g. decomposition). Through iterative cycles of 
analysis we also developed emerging themes generated from our data. These included: teacher 
moves to elicit and/or connect to students’ experiences (e.g. “I want you to think about your own 
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parents”;” what situations with your family, friends, siblings were you involved”; ways students’ 
experiences/knowledge connected with each phase of the modeling cycle (e.g. “let’s say they are 
only going to work 4 hours”); mathematized statements of experience (e.g. “it depends”), ways that 
connections to students’ experiences supported sense-making (e.g. “so we need to assume number 
of workers”; “did you pay the same amount?”). We engaged in iterative cycles of sorting data under 
these categories and writing analytic memos to identify and refine themes (Miles, Huberman, & 
Saldaña, 2013). To achieve interpretive convergence, multiple researchers developed and reviewed 
the memos. While viewing the data through the lens of the phases of the modeling cycle, we 
generated a narrative compilation (Creswell, 2013) of preliminary findings across the two lessons.  
3.3  Focal Modeling Lessons  
We analyzed two lessons that incorporated mathematical modeling tasks, Cascarones (eggs with 
confetti) implemented in a grade 3 class near the end of the year and Abuelo’s Birthday 
implemented in grade 5 in the beginning of the year, and  Both tasks are considered a “claim task” 
requiring students to investigate the validity of a claim made in the task. See Appendix for text of 
both tasks. 
3.3.1 Cascarones (Eggs with Confetti). This task was generated from a news article (Garcia, 2017) 
about a cultural tradition celebrated around the world during the Christian holiday of Easter creating 
decorative eggs with confetti inside. The article was about a group of people who made eggs for a 
celebration. Organizers claimed they made over 50,000 cascarones in one year.  The task asks the 
children to investigate whether the claim could be true.  
3.3.2  Abuelo’s birthday. This task adapted from Aguirre and Zavala (2013), presented a realistic 
scenario about four grandchildren who want to share the cost of a birthday gift for their grandfather. 
Using information about each grandchild and a dispute about whether one grandchild’s idea to split 
the cost was fair, students evaluate the claim about fairness and are asked to help the grandchildren 
make a good decision by generating a “fair” plan for sharing the costs, and explain how their plan 
could be used in similar situations.  
 
4.  Findings 
There are two main findings from our analysis. First, in both lessons, students drew upon 
understandings and experiences, from family and community to make sense of the task situation 
and for their final model. Second, teachers played a pivotal role in connecting children’s MMKB 
with unique features of modeling such as assumption building to support students in creating and 
communicating about their model.  
 
4.1  Students connect to MMKB to make sense of modeling tasks  
4.1.1  Connections to family work practices in cascarones task. In addition to identifying how 
many workers might be needed for this situation and how many eggs could be produced in a day, 
the Grade 3 teacher (Ms. W) prompted students to think about their own family’s work situation, “I 
want you to think about your own parents… how many days does your family usually work?” This 
simple prompt supported students to offer information about days of week worked, seasonal work, 
and day/night shift work that might lead to constructing an assumption about how many hours each 
person worked to make the cascarones. 

S1: It also depends on how many hours they're going to work. Like if they only work, let's say 
that they're only going to work for like 4 hours. That means they probably are going to get 
like 1000 done. Maybe even 50. Like, it depends on how many hours they work in a day. 

Ms.W: Okay. So we need to know how many days a week, how many hours in the day. Yes. S6 
S1: And will they work at night time. 
S6: So, um, this is one thing for how long is their work week. Cause my dad actually works 

during the summer. So do, like, do they work during the summer? 
Ms. W: Are they only working like seasonally, like right up to right before Easter or something? 

Like a big cram session of making eggs? S3. 
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S3: It also depends on if it has a night shift or day shift. 
Ms.W: Yes it could depend on night shift or day shift. 
S: Or maybe they're working for 24 hours? They don't close? 

What is important to note is that when students make qualified statements such as “it depends” to 
offer additional situations to consider when reasoning about assumptions for their models, these 
statements are grounded in their own family’s experiences and open up the concept of variability. 
For example, when the student states “it depends on how many hours they work in a day” the 
student has already identified an important quantity (x number of hours) that is relevant to the work 
of making cascarones. This statement is also edging toward a unit rate such as hours per day. Other 
students build on this contribution by connecting to specific time shifts or working conditions that 
may also be relevant to how many cascarones get made by the committee.  
4.1.2  Connections to Family Practices of Sharing Costs in Abuelo’s Birthday Task. During the 
launch of the Abuelo’s birthday task, Mr. H began by narrating a personal story about eating out at a 
restaurant with a friend, and determining a fair way to split the cost. 

Mr. H: This happened to me last night actually. I went out to dinner with a friend, and then we 
ordered all this food, and we had to think about how we were going to pay. … Is it fair that 
one person pays for all of it? I make more than my friend, so should I pay for all of it, 
because I make more? 

Students: No! 
Mr. H: She ordered more, so she should pay for all the things that she got, and I pay for my 

things?  [Students call out both Yes! And No!] 
Mr. H: So I want you guys to think, what situations with your family, friends or siblings, have 

you been involved in where you had to share costs for something?  … Can you talk about 
that for a minute?  

Mr. H’s story provided different conditions that may affect what is considered splitting costs fairly. 
He opened up possibilities such as contributing based on income. He invited students to discuss in 
small groups about their experiences sharing costs and issues of fairness. Below is an example of a 
student sharing her story with the whole class about splitting costs with her brother to buy a video 
game console (Xbox©). 

S: We were trying to get an Xbox that we were trying to save up for but he wanted to get a 
separate game and I wanted to get a different game. So our mom told us to figure it out for 
ourselves.  

Mr. H: How did you figure it out then?  
S: He said how about we both buy the Xbox this year and next year or later we will get a game. 

Because our cousins gave us different games to play on the Xbox and that is why we got it. 
So next year we can get new games. 

 Mr. H: Did you put in the same amount for the Xbox? 
 S: It was, the Xbox was like $400 and we’ve been saving up for a little bit.  So he saved up 

$200, and plus [we also needed] tax, so I offered since I had 20 extra dollars I offered to put 
in $220 for the tax. 

The teacher’s invitation to share their family stories elicited opportunities for students to connect to 
their multiple mathematical knowledge bases which surfaced mathematical concepts related to fair 
sharing (division) and family budgetary practices such as splitting costs, saving money, and 
considering sales tax on items. In this case, the student demonstrated ways she and her sibling split 
costs fairly both paying $200, while adding that there was an issue of paying sales tax on the item. 
This student was willing to contribute more money because she had saved $20 extra. Her statements 
show connections to family practices and ways in which she and her brother solved dilemmas when 
faced with a situation of sharing costs. The two stories offered by the teacher and the student 
provide examples based on experiences that could be used to generate assumptions related to the 
upcoming modeling task which was a  scenario involving splitting costs.   
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4.2  Teachers Connecting MMKB with Unique Features of the Modeling Cycle.  
The second finding shows that teachers intentionally elicited students’ MMKB to help children 
identify and refine assumptions throughout the modeling process.  
4.2.1 Cascarones: Opening up spaces for generating assumptions to create a model. In the Grade 
3 Cascarones task, the teacher reviewed with the class that an assumption is “our best guess.”  Ms. 
W then reworded students quick numeric guesses (e.g. about number of workers or eggs made per 
day) to assumption-based statements without specific numbers so that students could reason about 
and quantify these assumptions in their own models.  

S6: We need to assume that there at least has to be, at least has to be probably over 100 people 
Ms. W: 100 workers? 100 people on the committee? So we need to assume the number of 

workers. S6 says at least 100, but I'm just going to say number of workers because some of 
you might have a different number you think we might need. So we need to assume how 
many people on the committee. How many people are working. Good. What else, S15? 

S15: Um, I think it's possible because, um, because they probably make, ah. They probably 
make like, uh, 1000 a day. So I think that you can do that... 

Ms. W: So you're going to assume they're going to make a certain amount a day. So, number of 
eggs made each day. Okay. Again, I'm not going to put a solid number down cause I'm going 
to let you work on that with your group. What else? What other assumptions do we need to 
make? What do we need to know? 

By reframing quick numeric guesses to assumption-based statements (number of workers, number 
of people on the committee, number of eggs), Ms. W opened up a space for making assumptions 
that focused students on the fact that an important quantity would need to be considered when 
creating their model.   
4.2.2  Abuelo’s Birthday: Pressing for clarification of assumptions and decisions in model. In the 
case of Mr. H, he pushed students to justify specific quantities that appeared in their models. The 
justifications helped clarify decisions made that directly affected important quantities. For example, 
in the short exchange below, a team is explaining their model to the whole class. They raise an issue 
presented in the problem that they had to make a decision on:  

S2: And a thing we had to think about is that Alex he made $15-$20. We went by $20 instead 
of $15. 

Mr. H.: Oh. Ok. A lot of people were confused by the $15-$20. Why did you guys pick the 20 
dollars?  

S1: Because it’s easier 
S2/S3/S4/S5: yeah. 
S4: It’s an even number 
S5: Even number 

In this case, the task demanded a decision to be made by presenting a range of weekly income Alex 
makes ($15-$20). When the teacher pressed for why the group decided on $20, they offered a 
mathematical reason. They connected to their previous math knowledge of making friendly or 
easier numbers to operate with. Twenty is “easier” and an “even number.” The mathematical 
justification clarified why the number representing Alex’s income is present in their model. While 
the rationale did not connect to a family experience, it did reflect a mathematical experience or 
strategy students were familiar with and felt helped them create a viable solution (e.g. choosing to 
work with a friendlier or easier number). 

5.  Discussion  
Across the two lessons, we found that students’ explicitly connected to their lived experiences and 
understandings while engaged in the modeling process. Students leveraged their experiences and 
MMKB to make sense of the situation, to identify important quantities and relationships, and to 
make assumptions during the modeling process. We saw evidence of students connecting to their 
family’s budget practices (saving money, paying sales tax), and to relationships and working 
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conditions (working in the summer, day/night shift) when making sense of the mathematical 
modeling tasks. Furthermore, students used conditional statements such as “it depends” to introduce 
other quantitative reasoning paths that might impact important assumptions, quantities, and 
variability (“It depends on how many hours they work in a day.”). Students also connected to 
previous mathematical knowledge to help them create and operate on their model. Students made 
intentional choices about the accessibility of numbers (e.g. easier numbers, even numbers) they 
decided to use in their model. This finding demonstrates that a child’s MMKB is an important 
resource that can be used to help them engage the modeling cycle. 
 
In addition, we found that teachers were pivotal in supporting students to connect to their MMKB, 
particularly at strategic times during the modeling process. Both teachers invited students to 
consider their own family experiences when introducing the modeling task. For example, in the 
Cascarones task, instead of taking all quantities students offered (many connected to their family’s 
working experiences) or telling students their numeric guesses were right or wrong, Ms. W affirmed 
their numerical contributions while recasting their statements as important quantities they need to 
assume while solving the task (e.g. “we need to assume the number of workers”; “ you’re going to 
assume they're going to make a certain amount a day”). This recasting into assumption-based 
language connects to a unique feature of mathematical modeling (assumption-building) that helps 
students understand that their solutions (or models) may be different depending on the decisions 
they make. In the Abuelo’s Birthday task, Mr. H also offered support in helping students make 
important decisions that might impact their models. His own scenario of sharing costs for a meal 
provided different possible factors for what fairness might look like in this situation. He also created 
space for students to voice their own family stories about similar sharing situations. Then during the 
discussion he pushed students to clarify their decisions. Through this clarification, students revealed 
aspects of their MMKB impacting specific decisions that were reflected in their models.  
 
Students’ reliance on their own experiences and sense making highlights the potential of relevant 
mathematical modeling lessons to support students’ empowerment as mathematical learners, as well 
as their real-world reasoning (Bahmaei, 2011). We also saw evidence of students and teachers 
connecting to children’s lived experiences as part of recognizing and making explicit assumptions – 
a key component to mathematical modeling thinking (Anhalt, Cortez, & Aguirre, in preparation). 
Perhaps the salience of student experiences reflected the relevancy of the tasks. A well-chosen 
context supports students in developing “informal, highly context-specific models and solving 
strategies,” (Doorman & Gravemeijer, 2009). Consistent with other research that has noted the 
positive impact of honoring students’ ideas and cultural funds of knowledge (Ladson-Billings, 
2009; Civil 2007), we found that students responded to teachers’ invitations with interest, and that 
these discussions provided opportunities for students to consider and respond to the perspectives of 
others.  

6.  Implications and Conclusion 
Our findings have important implications for mathematics modeling instruction and research. Given 
the salience of children’s MMKB in the modeling process, teachers should explicitly elicit students’ 
experiences and perspectives, and position these experiences as resources to support meaningful 
engagement in mathematical modeling. A detailed analysis of how specific teacher moves support 
connections to students’ experiences during modeling lessons would be a productive focus for 
future research. 
 
Furthermore, we anticipate that engaging in mathematical modeling may improve student success 
with problem solving more generally, both in classroom contexts and on standardized measures. 
That is, as students develop the quantitative reasoning skills that engaging with mathematical 
modeling requires, these skills may translate to engaging more effectively with other problem-
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solving tasks. To this end, we are currently examining project made and standardized assessments to 
ascertain whether and the extent to which mathematical modeling supports more general 
understandings and competencies related to problem solving and quantitative reasoning.  
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Appendix 
ABUELO’S BIRTHDAY 
It is Señor Aguirre’s 70th Birthday.  Four of his grandchildren want to buy him a gift. They found a 
photo printer on sale for $119.99. They want to buy him the printer to print family photos. 
● Alex, a 9th grader, earns between $15 and $20 each week from babysitting jobs. 
● Sam, a 6th grader, earns $10 each week taking care of a neighbor’s pets. 
● Elena, a 4th grader, earns about $5 each week doing odd jobs for an aunt. 
● Jaden, a 1st grader, has no weekly job but has saved $8 in her piggy bank 
One of the grandchildren says that they should split the cost of the printer among them and each pay 
the same amount. Another grandchild says that it is not fair and they should each pay different 
amounts. Help the children make a plan to share costs in a fair way to buy the gift. Your plan should 
work in other situations where family members want to share costs fairly. 
(Adapted from Aguirre and Zavala, 2013) 
 
CASCARONES 
The members of La Fiesta committee say they can make over 50,000 Cascarones (eggs with 
confetti) in one year. Is this possible? 
What do you need to know? 
What assumptions do you need to make? 
(Adapted from Garcia, 2017) 
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Abstract. Aiming to make mathematics meaningful for young Roma students in a Greek 
school (located in the outskirts of Athens) we are developing an alternative curriculum in the 
framework of a Ph.D dissertation. In this paper one of these activities is presented. It 
concerns an authentic situation of students’ community of origin in which Roma students 
were really engaged to respond to a problem that that they face very often. Drawing on this 
problem, the researcher created for the students the opportunity to deal with the six 
mathematical activities (Bishop, 1988), since these are culturally eimbedded and  as such 
come from meaningful situations. 
 
Abstrait. Dans le but de donner un sens aux mathématiques pour les jeunes étudiants roms 
dans une école grecque (située dans la banlieue d’Athènes), nous développons un 
programme alternatif dans le cadre d’une thèse de doctorat. Dans cet article, une de ces 
activités est présentée. Il s’agit d’une situation authentique de la communauté d’origine des 
étudiants, dans laquelle les étudiants roms étaient réellement engagés pour répondre à un 
problème qu’ils rencontraient très souvent. S'appuyant sur ce problème, le chercheur a créé 
pour les étudiants l'opportunité de traiter les six activités mathématiques (Bishop, 1988), car 
celles-ci sont intrinsèquement culturelles et proviennent donc de situations significatives. 

 
97A40 

 
Introduction 

The dichotomy between “every day” and “school” mathematics has been considered as problematic 
(Appelbaum, 1995; Moschkovich, 2007). Some scholars (Gutiérrez, 2002; Gutstein, 2006) suggest 
alternative curricula that are developing based on students’ funds of knowledge challenging this 
dichotomy. Instead of focusing on what students do not know it is suggested to build on what 
students know. Namely, the interest is turned to take advantage of the knowledge that learners bring 
with them to school from their home and community environments (Civil, 2007; Gorgorió & 
Planas, 2001; D’Ambrosio, 2006; Howley et al., 2013).  
Theories of funds of knowledge (González et al., 2005) refer to the knowledge and experiences that 
exist in everyday contexts, and that could be extended, and built upon in schools and other 
educational settings. This perspective dictates that teachers, curriculum developers, and researchers 
engage in collaborative action research in multicultural contexts if they are to adequately know 
about and eventually work with the funds of knowledge that learners bring to educational 
encounters (Appelbaum & Stathopoulou, 2015; Diéz-Palomar, 2012).  
In this paper, aligned with the above perspective we discuss the experience of inserting a 
community problem— in students’ neighbourhood—that was worth exploiting for discussing 
mathematics ideas. We present the design and the implementation of this project firstly, and then we 
discuss our results in dialogue with the relevant literacy. 
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Methodological issues 

The conceptual framework of the research is that of qualitative research. Action research was 
exploited in several cycles -here it is presented just one- depicted in designing, reflecting, 
redesigning etc. while ethnographical techniques were used for selecting the pragmatological 
material. The objective of the research was to explore how useful could be the use of an authentic 
activity for mathematics learning for the Roma students. The main research question examines if it 
is possible, drawing on an authentic situation and incorporating all the six mathematics activities, to 
positively affect Roma students’ mathematics learning. The research took place during late February 
2019 in the 23rd primary school of Acharnai (Acharnai is a region nineteen kilometres far from the 
centre of Athens, the capital of Greece). It was realised with a group of ten 2nd grade Roma students 
 
Research design and implementation 

According to the official curriculum, the main aim of this module is to get students familiar with the 
concept of meter as a unit for measuring length. Students need to get acquainted with the length 
corresponding to both one meter and a half, to compare length measurement results and to measure 
lengths using the meter tape. The way of teaching these concepts as proposed by the official 
curriculum is abstract and fails to develop a connection with Roma children’s reality7. The tasks of 
the textbook belong to the realm of semi-reality; they have no experiential character, and they 
promote neither the students’ ability to respond to a real-life situation using mathematics, nor the 
effective transition to the scientific school knowledge.  
A series of activities are designed to respond to the specific cultural and educational needs of Roma 
students. The source for designing these activities is a real-life problem faced by Roma students in 
their daily lives. 
Concerning locating, Roma students were asked to identify the shorter route from their 
neighbourhood to school. They indicate as shorter the perimetrical route instead of the direct route. 
The students, since they had to respond to a real problem, a problem of their experience, took into 
consideration the whole context: the stream is an obstacle for the safe transition to school on foot. 
Thus, what appears as a false mathematical estimation of distance it is right in the real life context. 
Students draw a paper a yellow line to indicate the straight and the perimetrical way to reach school. 
The exact distance in meters, as well as the map of the region, is presented through the Google 
Earth software.  
Then a video was presented https://www.youtube.com/watch?v=0ikAet4o9Ng in order both to make 
children understand that bridge construction would be a solution for their problem and to provide 
instructions relevant to bridge construction.  
Taking advantage of this activity, then the teaching was expanded to include counting and 
measuring experience, while again students exploited culturally acquired knowledge. The students 
used for measuring the length of the classroom their feet, and they found several results, a notice 
that led students to be ready to move from arbitrary units to the formal measurement’s units.  
Moreover, students are asked to consider why they prefer to walk on the electricity pylon  instead of 
walking down the stream. Students find as reasons for this practice the water and the harmful 
objects found in the stream while they do not realise that the straight distance of the pylon is shorter 
than the slope.  
Then students were asked to measure the current distance on the worksheet in a straight line and on 
a slope using modelling clay. After comparing the modelling clay’s lengths, they realise that another 
                                                
7 The Roma camp is separated from the school by a water stream, which makes their access difficult 
especially when it rains. This is a tremendous difficulty that students have to face because they are forced to 
walk enormously during the winter without having the necessary clothing while at the same time on the way 
to school from the road the students and their parents are confronted with the control of the police. So the 
task for students was to reflect on the route they follow to reach the school. The individual measurements 
will highlight the need for bridge construction. 

School 
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reason why they prefer to walk over the electricity pylon is that it provides the shortest way (photo 
1). Moreover, they get familiar with the use of the ruler. 
Concerning designing students use modelling clay to represent the stream and both ways to cross it. 
In particular, they use the green thin modelling clay to show the way through the river bed and the 
coloured one to show the way through the bridge they will construct (photo 2). In any case, it is 
noticed that the focus of the conversation has been transferred to how they will cross the stream 
while they have abandoned their original beliefs about the perimetrical road.  

 

 
 
Concerning playing, students play the game ‘I am moving 1-5 steps to get to the top of the other’. 
While initially, students believe that the more they move, the better will be to get to the top of the 
other, after a couple of rounds they realize that “I have to observe not only the size of my tread but 
also of that of the other” and “the trick is to pick a few steps at the beginning so that the other does 
not catch you”. 
Concerning explaining, the photos below (3-5) are included to show the way students represent 
relationships between phenomena and provide evidence of logical thinking and reasoning.  

 

 
 
Discussion    
A curricular experience that was shared with a class or Roma students has been discussed. The 
exploration of an in situ problem that students face very often inspired them to link new knowledge 
to everyday life making this experience a successful teaching/learning one. What deserves to be 
discussed is the need of the teacher to know the framework and the everyday experience of students 
in order to both understand them and build on their knowledge.  
Drawing on this experience teacher/researcher had the opportunity to incorporate the six 
mathematical activities, according to Bishop (1988) in this meaningful context. The students 
developed mathematics notions and techniques (e.g. measurement, units of measurement etc.) and 
managed to respond actively to the realisation of the course, using mathematics as the vocabulary 
for their intuition.  So, mathematics was connected with real-world stories, and it was a powerful 

Photo 11 
Photo 18: Students 
propose to measure the 
perimetrical distance to 
confirm that it is larger 
than the straight line thus 
introducing typical way of 
measurement in the real 
context.  

Photo 11 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 476 

means to express the community's experience. This experience encourages us to rethink and 
reconceptualise curriculum in a way that challenges the dichotomy of formal-informal mathematics 
and contribute to achieving deep understanding as a result of this bridging.  
Trying to make the most of existing course books resources (Roberts & Povee, 2014), it is hard to 
design lessons that tap into the mathematics as means to advancing the democratic, civic and 
participative notions of a sociological approach in education (Azevedo et al., 2019). Such 
approaches could potentially enable Roma students to create a sense of themselves as social and 
historical beings and to engage the world in democratic and transformative ways. 
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Abstract. In this paper we discuss connections between two teaching contents in 
Swedish upper secondary school programs in vocational education; mathematics and 
vocational content. Simultaneously, we challenge a dichotomous understanding of 
theory and practice, while paying an interest in connections between the two. We have 
adopted the framework of praxeology by Chevallard. Through analysis of empirical 
examples, we illuminate how, for example, theoretical aspects may derive from both 
mathematics and vocational content, challenging mathematics as mainly theoretical 
and vocations as only practical. 

Résumé. Dans cet article, nous discutons des liens entre deux contenus 
d'enseignement dans les programmes d'enseignement secondaire supérieur suédois 
dans l'enseignement professionnel; contenu mathématique et professionnel. 
Simultanément, nous contestons une compréhension dichotomique de la théorie et de 
la pratique, tout en portant un intérêt aux liens entre les deux. Nous avons adopté le 
cadre de praxéologie de Chevallard. En analysant des exemples empiriques, nous 
montrons comment, par exemple, les aspects théoriques peuvent découler à la fois du 
contenu mathématique et professionnel, remettant en question les mathématiques 
comme étant principalement théoriques et les vocations comme étant uniquement 
pratiques. 

 

Keywords. Praxeology, mathematics, vocational education 

Theory and practice in different areas of content 
In this theoretical paper, one interest concerns interfaces between two areas of teaching in Swedish 
upper secondary school. These content areas occur in programs of vocational education; 
mathematics and vocational content. In this text we focus on two vocational areas, styling (in this 
paper makeup styling) and construction work. We discuss how interfaces between mathematics and 
vocational teaching content can be viewed. Our second, and simultaneous, interest concerns 
connections between theory and practice.  
We want to challenge a dichotomous conception, where theory is viewed as something very 
different from practice. We also accept that theoretical work is developed, maintained and changes 
over time in human practices (see e.g., Moxey, 1994). For example, theoretical concepts may work 
as tools within the practice of research. In that sense, theories may be viewed as providing practical 
conditions for the work of the researcher. Similarly, in work that may seem to be mainly practical, 
such as the building of violins, there are overarching ideas that frame how a violin is made. For 
instance, the ideas of how the violin should be shaped are somewhat different between Italian and 
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German traditions. Such overarching ideas may be viewed as theories for the making of violins.  
In order to discuss theory and practice in relation to mathematics and vocational content, we adopt 
the framework of praxeology by Chevallard (2006).   

Literature on mathematics and vocational content 
In this paper we view mathematics as a human activity, where people throughout history, often in 
retrospect, have denoted some practices as mathematical (Bishop 1988; FitzSimons, 2002). As 
described by Boistrup and Gustafsson (2014) and FitzSimons (2002), for example, it is quite 
common that school mathematics is taken as the given frame of reference for mathematics in 
vocational contexts, with the view that mathematics represents the theoretical aspects in a practical 
vocation. In this paper we challenge such a one-way conception.  
Studies with relevance for a more nuanced understanding of mathematics in relation to vocational 
content appear in different disciplines, such as mathematics education, critical mathematics 
education, adult education, and workplace studies. They often concern the role of mathematics in 
students’ intended vocations (e.g., Bakker & FitzSimons, 2014), as well as professions (e.g., Frejd 
& Bergsten, 2016). In studies with relevance for an understanding of mathematics in relation to 
authentic vocational content, this relation has for example been discussed in terms of modelling 
(Coben & Weeks, 2016, Wake, 2015), and recontextualisation (FitzSimons & Boistrup, 2017; 
Keogh et al., 2016). In this paper, our assumption is that both mathematics and vocational contents 
may hold theoretical and practical aspects.  

Praxis and logos: Ways of understanding practices 
Praxeology (Chevallard, 2006), which is constituted by praxis and logos (see below), offers us a 
framework for discussing practical and theoretical aspects in the interfaces between mathematics 
and vocational content.  
Praxis (know-how) concerns tasks (assignments that need to be carried out) and techniques 
(procedures with which the task can be carried out). Logos (know-why) concerns technologies (why 
a procedure works in the way it does) and theories (overarching structures on a general level). 
These “four Ts” (tasks, techniques, technologies, and theory) are possible to analytically apply to 
different practices, in our case mathematics and vocational content. The four Ts are strongly 
interrelated where, for example, a technology often takes the form of theoretically based 
explanations of why a certain technique works when solving a particular task.  
In the following we discuss one task connected to the work of a construction worker, and one 
connected to the work of a makeup stylist. We then discuss theoretical and practical aspects, while 
drawing on praxeology.  

The praxeology of excavating soil 
As part of the preparation of a construction work, such as building a house, a common task is the 
excavation of soil. In figure 1, students are using a small excavator to dig out soil.  
Let us now assume that a construction worker is planning a project, where one part is to decide how 
many trucks are needed to remove the soil after an excavation. In order to do this, the worker needs 
to know how much soil there will be for the trucks to remove. When analysing this activity, we look 
for praxis (task and technique) and logos (technology and theory) from both mathematics and 
construction work. Hereby we can discuss both practical and theoretical aspects, where we take 
praxis to reflect practical aspects and logos to reflect theoretical aspects. 
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Figure 1. Excavation of soil in a project within vocational education. 

 
First we conclude that finding out how much soil for trucks to remove after an excavation is an 
authentic task for a construction worker in a responsible position. Let us say that the shape of the 
volume to be excavated has the form of a cuboid. Then it would be useful to use a technique from 
mathematics and adopt the formula for calculating the volume of a cuboid. However, taking into 
account the real construction work overarching structures, we need to adjust the formula with 
regards to the soil. The fact is that all soil expands when one digs in it. Moreover, the factor with 
which it expands differs between kinds of soil. We regard this as part of a theory from construction 
work, which concerns why and how soil expands when one digs it up, how different kinds of soil 
are composed, and how this affects the expansion. In this calculation this “soil factor” needs to be 
included in the mathematical formula, affecting the technique used. In order to understand why this 
technique (the formula for the volume times the factor of the soil) works, we then need to draw on 
technologies from vocational content and from mathematics. For the vocational content, the 
technology draws on theoretical knowing about soil composition, which explains why the soil factor 
works. For the mathematical content, the technology draws on theoretical knowing about the 
concept of volume, which explains why the formula works.  
In this example, we could identify logos aspects from both mathematical and vocational content, in 
the form of theories and technologies. Similarly, we could identify praxis aspects from mathematics 
and construction work, mainly in the form of techniques. The task was mostly derived from 
authentic construction work. 

The praxeology of symmetry in facial makeup 
This example derives from an ongoing action research project. In this project the mathematics 
teacher collaborates with teachers from the crafts program, part of Swedish upper secondary school. 
One of the orientations within the crafts program is styling. The styling teacher (Divo Racheed) and 
mathematics teacher (Matilda Edström) taught collaboratively in a sub-project on symmetry. In 
figure 2, part of a student’s work is shown.  
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Figure 2. A student’s work on symmetry. 

 
In the work of makeup styling, a common activity is to create an impression of symmetry in a 
person’s face. This is done through procedures where the stylist adds shadow to or lightens up parts 
of the face. It also concerns, for example, changing the shape of eye-brows. This way, the task in 
this common project was part of a vocational activity. However, in this educational and 
collaborative project, the mathematics teacher also introduced symmetry as a mathematical concept, 
and mathematical sub-tasks were then added. Such a sub-task is visible in figure 2, where a student, 
within the context of styling, is exploring what symmetry may be about in relation to a face. Here 
we mainly analyse the praxeology for the task of creating symmetry through makeup. 
In this example, we regard the idea of facial symmetry as part of a theory within styling: Research 
has revealed more than once that most people find symmetrical faces more pleasant than others. 
This can of course be challenged in the sense of too much focus on appearance in society today. It 
can also be said that not always is a symmetrical face that a person wants. Nevertheless, facial 
symmetry, or non-symmetry, is part of the overarching structures of styling. An overarching aspect, 
a theory, within styling was also the knowing of what kind of effects shadowing creates, for 
example. With the attention to mathematics in the project, the teachers also drew on the 
mathematical theory of symmetry, where the students learned about what signifies, in mathematical 
terms, as symmetry, and what different kinds of symmetry there are. The techniques the students 
adopted were very much based within the vocational content area, putting on makeup in different 
ways so that a non-symmetrical face looked more symmetrical. The technologies consisted to a high 
extent of explanations where the styling teacher drew on the aforementioned styling theories in 
order to explain why the techniques worked. In this particular project the styling teacher also drew 
on mathematical theories, such as being clearer about how to use triangles on certain parts of the 
face in order to achieve the effect of symmetry, which affected the styling techniques. 
In this example we were able to identify logos aspects, in the form of theories from both 
mathematics and vocational content. The technologies were mainly drawn from the vocational 
content, but also drew on both vocational and mathematical theory. The praxis (styling techniques) 
was mainly from the vocational content, but sometimes with a stronger “touch” of mathematics than 
usual. 

Conclusion 
In this paper we have illuminated, through empirical examples and the adoption of praxeology by 
Chevallard, how a dichotomous understanding of theory and practice is not fruitful if we want to 
understand mathematics in connection to vocational activities. Rather, as we have argued, in most, 
if not in all, practices it is possible to identify both theoretical and practical aspects. Furthermore, 
the bodies of knowledge in the two vocations on the one hand, and in school mathematics on the 
other, represent different institutionalised practices which, according to Chevallard (2007), need to 
be mutually recognised, in order to become linked. 
We have also disputed a common idea in the literature, that the primary way to understand 
mathematics in relation to work is to see mathematics as being transferred into the vocational 
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context, and being adopted there as a theoretical tool. Our hope is also that this paper may serve as 
the basis for a methodology where theory and practice in relation to mathematics and vocational 
content can be investigated in depth. 
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Abstrait. Cette contribution théorique  n théorique met en garde de manière précieuse 
qu’un «tournant de la culture» dans l’enseignement des mathématiques est précieux, 
mais qu’il comporte également des hypothèses problématiques concernant les 
institutions, les personnes, les connaissances et l’expertise. 

Abstract. This theoretical paper is a cautionary warning that a “cultural turn ” in 
mathematics education is valuable yet carries with it some problematic assumptions 
about institutions, people, knowledges, and expertise. Ways of avoiding the negative 
consequences are discussed/ explored. 

Aim and main idea of the reported study 
Taking into consideration the role of culture as an analytical tool for understanding 
mathematics/mathematics learning we discuss the need of being careful of its use. We put the lens 
into the ways in which mathematics learning becomes part of the effort to build a culture that 
creates the ideological and structural conditions necessary for the awareness of people and the 
development of discourses that better depict issues of oppression, exploitation and exclusion. 

In this sense, we flip the direction of mutual influence, and focus on those ways that mathematics 
learning becomes part of efforts to construct a culture that creates ideological and structural 
conditions necessary for the development of an informed public, and new discourses for thinking 
through the processes of oppression, exploitation and exclusion. 

It has become routine to tentatively suggest that people should no longer be willing to think of 
mathematics and mathematics education as far removed from culture, politics, and controversy. 
There is a long tradition of such scholarship; indicatively, Zaslavsky, 1973; D’Ambrosio, 1985; 
Pinxten, et al., 1987; Bishop, 1988; Appelbaum, 1995. Increasing attention to the effects of 
globalization, international economic and cultural proliferation, and a surge of migration and 
immigration leading to ever-diverse communities, has buttressed interest in cultural contexts of 
education in general, and mathematics education in multicultural communities in particular leading 
Lerman (2000) to insert the term “social turn” at the turn of the century. Yet, after at least forty 
years of scholarship, research and practice in mathematics education rarely moves beyond a surface 
suggestion that culture might be relevant to explore the nuances and complexities of mathematics 
and mathematics education as culturally constructed, embedded in cultural contexts, or as a 
component of socio-political institutions of power and authority. 
A brief flirtation with multicultural methods in the 1980s and 1990s led to many suggestions for 
classroom activities that connect mathematics to: games and practices from non-Western cultures 
(see, e.g., Zaslavsky, 1998;, Lipka, et al., 2007); non-standard calculation procedures and 
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algorithms (Stathopoulou & Kalabasis, 2002; Moreira & Pires, 2012)., 2003; Berlin, 2000); 
multiple representations of mathematical concepts (Favilli, 2007; Gerdes, 1988, 1992), and to a 
cultural pride linked to mathematics (Appelbaum, 1995; Gutstein, 2003). There has been a recent 
effort in this century to develop school mathematics activities and projects that take advantage of 
the funds of knowledge that students bring to school from home and community cultures (see, e.g., 
Gerdes, 1988; Civil & Kahn, 2001).  
However, there remains a limited focus on using social practices from “other,” non-mainstream 
cultures to lure learners into an understanding of traditional mathematics content (Bazin & Tamez, 
2002). Few culturally-sensitive curricular practices that work with the culturally specific knowledge 
that learners bring to school support these learners taking what is enhanced or refined in school 
back into home cultures. Even the more politically sensitive approaches to mathematics teaching 
and learning (Frankenstein, 1990) assume the mathematics to be politically neutral, however 
politicized its applications. And few research projects, curriculum development efforts, or cross-
cultural collaborations in mathematics education take seriously the notion that potentially confusing 
and complex multiplicities of cultures and identities are manifest in what might be taken on first 
glance to be a single, monolithic “culture” in contemporary, post-colonial, creolized “inter-cultural” 
contexts (Appelbaum, 1995, 2008; Valero & Stentof, 2010; Swanson & Appelbaum, 2013). 

As recently as 2007, Norma Presmeg wrote that mathematics education had “experienced a major 
revolution in perceptions,” so that “mathematics, long considered value- and culture-free, is indeed 
a cultural product, and hence that the role of culture –with all its complexities and contestations— is 
an important aspect of mathematics education” (Presmeg, 2007, p. 435). As late as the revised 
edition of Against Common Sense, Kevin Kumashiro, 2009, p. 111) could write, “More than any 
discipline, math is considered by many people to be the least influenced by social factors, and, 
therefore, to be the most bias-free of all subjects being taught and learned in school. People have 
told me that race might matter when treating students of color differently in a math classroom, but 
race has little, if anything, to do with adding and subtracting numbers”. How has it come about that 
he needs to write this as late in history as 2009? Virtually the same comments can be found in most 
of the references already cited in this paragraph, from at least as long ago as the 1970s. 
It is time to take stock of mathematics education and culture, in order to understand the range of 
working definitions that are commonly muddled and confused in professional and public discourse. 
It is perhaps time also to consider alternatives to “culture” as a central concept in mathematics 
education. Approaches to mathematics education and culture take different forms depending on how 
one conceives of both of them.  

Methodology  
One can imagine a three-dimensional set of axes with categories along each of these dimensions, so 
that the combinations of presumptions about each of these terms and the practices they represent 
come together in any given research project or reflection on mathematics education to create a 
common-sense “reality” that is made “real” by this work. If we take a look at only two of these at a 
time (given the limitations of a text-based presentation summary here this is the easiest way to 
represent such interactions, but also, it is useful to isolate the interactions taken two dimensions at a 
time to introduce this idea of complex interactions), we can visualize subsets of the larger 
taxonomy. (See Chart in Appendix, from Appelbaum & Stathopoulou 2015) 

We share the chart, not to establish an exhaustive taxonomy, but to communicate the variety of 
assumptions that a typical research project, curriculum design or development effort carries with it 
as common sense. In order to study and understand issues of culture and mathematics 
learning/teaching, one needs to consider various lenses from mathematics education, educational 
anthropology, sociology, sociolinguistics, and critical theory, and so on. In general, the questions in 
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this paper assume that knowledge is related to experience in inhabited social and cultural worlds, 
and that knowledge passes through social and cultural systems and institutions through norms, 
values, conventions, and practices. At the same time, those socializing norms, values, conventions, 
and practices pass through structures of reality and ideology associated with knowledge. 
Knowledge and culture cannot be extricated from each other, and neither one should be conceived 
as a context for the other.  
Approaches to mathematics education and culture establish forms of reality and common sense 
through the application of distinctions, often without any clear attention to these distinctions. In this 
way, these approaches create implicit —sometimes explicit— assumptions about dichotomies such 
as in-school and out-of-school learning, formal and informal education, teaching and learning, 
mathematics and culture, student or teacher identity and mathematics, and so on. For example, if we 
carry out a project or teach a school mathematics lesson trying to make it more meaningful and 
relevant to some students in the classroom by noting that they are members of a non-mainstream 
subculture, we are reducing the uniqueness of each individual to a set of stereotypical assumptions 
from a generic caricature of this subculture. Each individual may or may not fit this set of 
assumptions. Indeed, most of the learners in this situation are members of multiple subcultures at 
the same time, and are in any given moment having experiences that resonate with cultural habits 
and dispositions from more than one of these subcultures.  
We want to use categories based on cultural distinctions to analyze situations, because this seems 
like the only reasonable, common sense way for us to make sense of the setting and the people in it. 
Yet, as soon as we use these distinctions, we are already aware of the variations within any given 
group that seem more extreme than differences between groups. And as soon as we try to take into 
account the variations within any given group, we are already aware of the ways in which these 
variations are inadequate to capture the variations within any one individual within that group. That 
is, borders between categories are permeable, so that, to keep this simple, say, a Catholic, Latina girl 
in a Chicago classroom may or may not be having an experience consistent with what her teacher 
might expect of a learner recently relocated from New Jersey with her Cuban-American, Jewish 
father, working in a small group with her Chicano best friend and a recent immigrant from Albania. 
In other words, each learner is determined to some extent by the cultural contexts that are part of 
their life; yet, as individuals, learners have a repertoire of behaviors and ways of making meaning 
out of experience that are specific to them. 

It is increasingly challenging to exploit all resources available in the interests of mathematics 
learners, given the myriad of types of resources and locations of these resources; at the same time, 
conflicts exist in most discussions of education broadly conceived about the role of mathematics in 
the lives of children and adults — both in the present and in their futures, in terms of both 
individual and societal needs. These conflicts and associated confusions regarding the role(s) of 
mathematics are made more complex by the expectations for mathematics and mathematics 
learning, more or less culturally determined, that meet each other in educational encounters. Here 
we try briefly to address these issues through the variety of cultural approaches to mathematics 
education pedagogy and research that have become significant in the field, including: mathematics 
as a culture; funds of knowledge pedagogies; ethnomathematical critiques and approaches to 
teaching and learning; popular culture studies; public pedagogies; and critical mathematics 
education. These are not separate, analytic categories, but mutually informing strands of interwoven 
discourse.  
Given space restrictions endemic to a conference paper, and the important interrelations of those 
newly significant approaches in the field of mathematics education, we do not address here every 
conceivable aspect of “culture,” nor do we focus on characteristics or components of culture such as 
language and organizational climate, which deserve attention elsewhere. We also limit our 
discussion to mathematics learning, saving culture and mathematics teaching for another 
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comprehensive synthesis. 

Anticipated Conclusions 
There was a time not long ago when “culture” was adopted as a tool by mathematics educators for 
improving the efficiency and efficacy of school mathematics pedagogy. “On the other hand,” write 
Rosa and Orey (2011, p. 7), “the learning of mathematics has always been associated with the 
schooling process, that is, it was thought that mathematical concepts and skills were acquired only 
if individuals went to school.” This is an example of how school mathematics and culture mutually 
buttress common sense about mathematics and mathematics learning. What does it mean to “learn” 
mathematics? The answer to this question circles back to what people have “learned,” which, in 
many cultures, is only related to school experiences, despite tangled webs of mathematical 
experiences and personal transformations in multiple sites of formal and informal education, 
everyday life, and public pedagogical encounters. School mathematics continues in many instances 
to be a process of appropriating techniques and skills. When this circles back upon what might be 
identified culturally as “mathematical,” many experiences that could be otherwise defined as 
mathematical learning are overlooked, dismissed, or ridiculed. 
When “culture” is added to the collection of analytic tools for comprehending mathematics 
learning, we will emphasize in this presentation that learners cannot be defined in terms of “a” 
culture, but rather that we are always referring to multiple, overlapping, and potentially conflicting 
subcultures. At the same time, “learning” cannot be isolated from culture, since learning both 
defines and is defined by the multiplicity of cultures to which we refer in the plural. Although many 
researchers have been interested in connecting culture and mathematics learning, as is evident in the 
persistence of such dichotomies as formal-informal learning, school-extracurricular learning, 
academic-non-academic learning, and so on, these distinctions have not been sufficient to address 
the facilitation of learning, especially learning by members of minority and marginalized groups. 
We suggest that it is useful to avoid the dichotomies when referring to knowledge and learning. 
Knowledge is everywhere created and transformed in every moment; there is a complex web of 
meanings and interpretations among people and within learners, which, ironically, in turn, is itself 
part of a complex web of meanings and interpretations. “Culture” does not give answers to 
problems of mathematics education; issues of power, authority, and policy need to be included in 
any attempt to understand culture and mathematics learning. Unless these and other issues of post-
colonial inter-cultures are centered in our analyses, we run the risk of limiting ourselves to naïve yet 
symbolically violent versions of assimilation and acculturation to the dominant culture, such as in 
those found contemporary efforts to integrate culturally different children into a mainstream school 
culture.  

A culture of questioning (Giroux, 2011) might be culled from those aspects of critical 
multiculturalism, diversity education, ethnomathematics, critical race theory, Latcrit theories, and 
the emerging interest in public pedagogies (Sandlin, Schultz, B& Burdick, 2009). In these efforts, 
mathematics educators collaborate to together be part of the creation of new institutions and public 
pedagogies that promote a culture of deliberation grounded in challenging oppression, exploitation, 
and exclusion. In this sense, we flip the direction of mutual influence, and focus on those ways that 
mathematics learning becomes part of efforts to construct a culture that creates ideological and 
structural conditions necessary for the development of an informed public, and new discourses for 
thinking through the processes of oppression, exploitation and exclusion. 
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Appendix: Chart of Notions of Culture (Appelbaum & Stathopoulou 2015) 

 

Culture 

is …à  

 

Mathematics 

is … 

â  

Distinct & 

independent 

of 

mathematics 

A context in 

which 

mathematics 

occurs 

 

A web of webs 

of meaning and 

interpretation 

Impossible to 

separate 

from power 

and inequity 

Also a tool 

and form of 

economic 

power and 

authority  

A set of 

methods for 

formulating 

and solving 

problems 

Mathematics -- 

a tools and 

knowledge 

essential for 

everyday life 

and economic 

success in a 

global 

marketplace  

Mathematics 

--  tools and 

knowledge 

developed in 

a particular 

culture, 

specific to 

the culture 

Mathematics -- 

practices 

through which 

people 

understand their 

reality by 

defining and 

solving 

problems 

Mathematics -

- tools and 

knowledge 

characteristic 

of unequal 

power 

relationships. 

School 

mathematics: 

pipeline to 

education 

and careers 

associated 

with power 

and authority 

A universal, 

global 

language 

Mathematics 

bridges nations 

and 

subcultures, 

facilitating 

communication 

and progress 

Mathematical 

concepts are 

common 

across all 

cultures 

Mathematics 

helps people 

communicate 

across cultures 

by sharing a 

common 

language  

Mathematics 

can be used to 

enact 

increasingly 

more or less 

equitable 

social systems 

Advanced 

knowledge 

of 

mathematics 

enables some 

to wield 

power over 

others 

Itself a 

“culture” as 

People “learn” 

mathematics 

School 

mathematics 

School 

mathematics is 

Mathematics 

is associated 

Those with 

mathematical 
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a  collection 

of social 

practices 

when educators 

support 

transitions 

among 

everyday life 

and school 

mathematics 

is a 

collection of 

enculturation 

practices 

an entry into 

worlds of 

aesthetics, logic, 

and wonder, and 

a key to the 

great ideas of 

humanity. 

with 

intelligence, 

rationality, 

and privilege. 

skills are 

valuable to 

those in 

power 

Varying 

social 

practices that 

differ across 

and within 

social and 

cultural 

contexts 

Mathematics 

educators will 

be more 

successful if 

they make 

connections 

between home 

cultures and 

the culture of 

school 

mathematics 

In different 

cultures, we 

find different 

mathematical 

needs, and 

different 

ways of 

developing 

mathematical 

knowledge 

There are many 

unique ways of 

“mathematizing” 

one’s world 

Valued forms 

of 

mathematical 

skills and 

concepts are 

those forms of 

mathematics 

associated 

with dominant 

cultural 

groups 

Mathematics 

curricula 

celebrating 

indigenous 

or folk 

traditions 

explicitly 

challenge  

political 

status 
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Abstract. This oral communication is based on an ethnomathematical study on folk dances. 
This study aims to analyse the mathematical structure inherent in various elements that 
constitute folk dances of Northern Portugal and Galicia, specifically choreography, 
accessories, and music (Ribas, 1983). It also aims to construct mathematical tasks related to 
the ethnomathematical study carried out, linking school-mathematics to mathematics situated 
in cultural contexts as folk dances. In the oral communication, we intend to present some of 
the results of this investigation in ethnomathematics. Several ideas and mathematical 
contents were already identified in the cultural aspects of the folk dances studied, which we 
intend to use for teaching mathematics in the classroom.  

Résumé : Cette communication orale est fondée sur une étude éthno-mathématique des 
danses folkloriques. Cette étude vise à analyser la structure mathématique inhérente aux 
divers éléments qui constituent les danses folkloriques du nord du Portugal et de la Galice, 
en particulier la chorégraphie, les accessoires et la musique (Ribas, 1983). Elle vise 
également à construire des tâches mathématiques liées à l'étude ethno-mathématique réalisée, 
en reliant les mathématiques scolaires aux mathématiques situées dans des contextes 
culturels comme les danses folkloriques. Dans la communication orale, nous avons 
l'intention de présenter certains des résultats de cette recherche en ethno-mathématique. 
Plusieurs idées et contenus mathématiques ont déjà été identifiés dans les aspects culturels 
des danses folkloriques étudiées, que nous avons l'intention d'utiliser pour l'enseignement 
des mathématiques en classe. 

1. Introduction 

Mathematical activity is a cultural activity (Gerdes, 2007) and mathematical knowledge should be 
understood as a knowledge that all cultures produce (Bishop, 1988). D’Ambrósio (2002) called 
'ethnomathematics' to the mathematics practiced by various cultural groups, which are identified by 
common objectives and traditions. Bishop (1986, 1988) determined the existence of six universal 
basic activities (counting, locating, measuring, designing, playing, and explaining) by which 
mathematics have developed in different cultures and which have contributed to multiple significant 
ideas that integrate current mathematics. According to Barton (2009), the ethnomathematical study 
of mathematical practices of particular communities makes us aware of new ideas, concepts and 
processes that should not be seen as trivial or simple, and may even contribute to new mathematics, 
capable of enriching the mathematical field.  
In today's multicultural society, it is essential to develop a conception of mathematical education 
that shows sensitiveness to social factors, and as a knowledge built on social processes (Moreira, 
2008). Ethnomathematics allows educational approaches based on culturally relevant pedagogies 
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(Rosa & Gavarrete, 2016, p. 26). According to Rosa and Orey (2006), the establishment of cultural 
connections is a fundamental aspect in the development of new teaching-learning strategies, 
because it allows students to realize that mathematics is a significant part of their own cultural 
identity.  
These are directions we pursue with our study on folk dances of Northern Portugal and Galicia.  

2. Research Problem 

The investigation in ethnomathematics we are developing aims to analyse the mathematical 
structure inherent in various elements that constitute folk dances of Northern Portugal and Galicia, 
specifically choreography, accessories, and music (Ribas, 1983). Concerning choreography, we 
intend to represent and describe the movements that dancers perform during dances, as well as the 
system through which they determine their location and thus organize themselves. Regarding 
accessories, we expect to identify symmetries that the dancers’ costumes admit. About music, we 
pretend to recognize repetitive phrases in the musical pieces that accompanies folk dances. This 
investigation also aims to construct mathematical tasks related to the ethnomathematical study 
carried out, linking school-mathematics to mathematics situated in cultural contexts as folk dances. 

3. Methodology 

As we intend to study three elements that constitute folk dances, this is a study with ethnographic 
characteristics, because it is a descriptive study of the culture of a community or of some of its 
fundamental aspects (Baztán, 1995), which are, in this case, folk dances. Ethnography attempts to 
describe the culture or certain aspects of it (Bogdan & Biklen, 1994). Data collection has been 
carried out in a natural environment through several methods and complemented by information 
obtained through direct contact of the researcher with this environment (Bogdan & Biklen, 1994). 
We studied the dance repertoire of folk groups from two cities of Northern Portugal: Braga (Grupo 
Folclórico de Vila Verde) and Vila Real (Rancho Folclórico da Casa do Povo de Vilarandelo), and 
from two cities of Galicia: Santiago de Compostela (Agrupación Folclórica Cantigas e Agarimos) 
and Ourense (Asociación Rebulir Cultura Tradicional).  
Concerning choreography, video equipment has been used to film under different perspectives the 
movements that dancers perform on the floor throughout the folk dances. From the video 
recordings, data has been transcribed (Johnson & Christensen, 2000), and we made diagrams and 
numerical schemes representing the successive positions that the dancers or the pairs of dancers 
occupy during dances. Still in relation to choreography, interviews will be used to collect 
descriptive data in the language of the subjects (Bogdan & Biklen, 1994) on the system through 
which dancers determine their location and thus organize themselves.  
Regarding accessories, photographic equipment has been used to photograph and catalog the 
costumes used by dancers in order to identify figure symmetries (Washburn & Crowe, 1988; Crowe, 
2004). 
About music, we collected scores to recognize repetitive phrases in the pieces of music that 
accompany folk dances. According to Garland and Kahn (1995), to achieve cohesion, sequences of 
tones restate again and again in a piece of music, in variations of course, and the musical 
transformations that bring transformed restatements are closely related to the four basic geometric 
transformations. As so, we intend to find out this particular application of geometric transformations 
to music in folk songs. 
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4. Results 

4.1  Choreography 

Concerning choreography, different types of choreography were identified in folk dances of folk 
groups from Northern Portugal and Galicia, based on dispositions that, although dancers may not 
remain fixed through the dance, are those to which they end up returning.  
In circumference choreography type (figure 1), dancers are arranged in a circumference and their 
movements are made in this circumference, although sometimes they occupy the area of the circle. 
In parallel rectilinear axes choreography type (figure 2), dancers are disposed in two parallel rows 
and despite their movements they essentially maintain this arrangement. 
In perpendicular rectilinear axes choreography type (figure 3), one or two groups of four pairs are 
in a cross shaped disposition considering two perpendicular imaginary lines across every two pairs 
facing each other. This configuration becomes even more visible when, in each group, two of the 
pairs facing each other advance towards each other and then the other two pairs repeat it. So, the 
execution of these kind of movements is repeated twice, either by one of the two pairs facing each 
other (one of the axes), or by the other (the other axis, perpendicular to the previous one).  
In mixed choreography type, dancers combine at least two of the above choreography types. Figure 
4 demonstrate the combination of parallel rectilinear axes and circumference choreography types in 
the same folk dance. This alternation between types of choreography is repeated multiple times 
during the dance. 
Still in relation to choreography, diagrams and numerical schemes were elaborated to represent the 
successive positions that the dancers or the pairs of dancers occupy during dances. 

 

 
Figure 1 - Circumference choreography type (Grupo Folclórico de Vila Verde, 2008). 

 

 
Figure 2 - Parallel rectilinear axes choreography type (GFVV, 2008). 
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Figure 3 - Perpendicular rectilinear axes choreography type (GFVV, 2008). 

 

 
Figure 4 - Mixed choreography type. 

 

4.2  Accessories 

Regarding accessories, it was found that, in general, the costumes used by dancers show vertical re-
flection symmetry (Washburn & Crowe, 1988; Crowe, 2004). However, there are some exceptions.  
The asymmetric (often intentional) ornamentation of some of the elements that make up the 
costumes breaks their symmetry, when perceived only from a static point of view. For example, the 
boyfriend's handkerchief placed on the right side of a female costume of the folk group from Braga 
(figure 5). Another example is the threads of the band placed on the waist that hang from the left 
side of a male costume of the folk group from Santiago de Compostela (figure 6). Both elements 
break the symmetry of vertical reflection that the costumes globally present.  

 

 
Figure 5 - Exception to the symmetry of vertical reflection: the boyfriend's handkerchief (GFVV, 

2008). 
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Figure 6 - Exception to the symmetry of vertical reflection: the threads of the band placed on the 

waist. 

4.3  Music 

About music, distinct musical applications of geometric transformations were identified in the 
scores of music that accompanies folk dances. 
Repetition is the simplest musical application of translation, in which a certain sequence of notes 
appears intact at another location in time (Garland & Kahn, 1995). Repetition can be found, for 
example, in “Vira Velho de Vila Verde”, one folk song of the group from Braga (figure 7), and also 
in “Muiñeira de Folgoso”, one folk song of the group from Santiago de Compostela. (figure 8). 
Transposition is a more sophisticated application of translation, which involves the movement of an 
exact sequence of notes to another location on the scale (Garland & Kahn, 1995). Transposition 
occurs, for example, in “Chula da Ribeira”, one folk song of the group from Braga (figure 9), and 
also in “Jota de Folgoso”, one folk song of the group from Santiago de Compostela. (figure 10). In 
both examples, the copied sequence is transposed downward.  

 

 

Figure 7 - Repetition in “Vira Velho de Vila Verde” folk song. 
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Figure 8 - Repetition in “Muiñeira de Folgoso” folk song. 
 

 
Figure 9 - Transposition in “Chula da Ribeira” folk song. 

 
Figure 10 - Transposition in “Jota de Folgoso” folk song. 

5. Final considerations 

This study in ethnomathematics aims, on one hand, to analyze three elements that constitute folk 
dances of Northern Portugal and Galicia, specifically choreography, accessories, and music. On the 
other hand, it aims to construct mathematical tasks related to the ethnomathematical study carried 
out. 
According to Gerdes (2007), ethnomathematics is the research area that studies the multifaceted 
relationships and interconnections between mathematical ideas and other cultural elements. In 
accordance to this approach, the beginning of the study of choreography, accessories, and music of 
folk dances allowed us to identify several mathematical contents emerging from this cultural 
practice. In this paper, we have already shown some examples of the results obtained with this 
ethnomathematical research.  
Concerning choreography, different types of choreography were identified in folk dances of groups 
from Northern Portugal and Galicia. The notion of circumference, center of circumference and 
circle, as well as the parallelism and perpendicularity of lines in the plane, associated with the 
different types of choreography found, appear as the mathematical contents emerging from the 
cultural practice under research. Still in relation to choreography, diagrams and numerical schemes 
were elaborated to represent the entire sequence of changes of positions that occurs in a dance, 
starting from the initial position of the dancers. 
Regarding accessories, the mathematical ideas emerged are mainly related to the notion of 
symmetry, in particular, symmetry of vertical reflection. In fact, almost all of the costumes of the 
folk groups under investigation show vertical reflection symmetry (Washburn & Crowe, 1988; 
Crowe, 2004), although there are some elements that break this isometry. 
About music, distinct musical applications of geometric transformations emerged in the scores of 
the songs that accompany the folk dances of the groups, such as repetition and transposition. Both 
are musical applications of translation. 
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Our goal now is to advance to the second objective of the research, which is to use these 
mathematical contents, emerged from the choreography, accessories, and music of folk dances, to 
build tasks for the students. It pretends to take advantage of cultural practices, such as folk dances, 
to enrich teaching and learning of mathematics. As claimed by Rosa and Gavarrete (2016), 
“Ethnomathematical approaches are intended to make school mathematics more relevant and 
meaningful to students in order to increase the overall quality of education and assert more 
culturally relevant views of mathematics” (p. 26). 
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Abstract. In this paper, we focused on the links between the students’ mathematical identity 
formation and direct parental involvement in primary schools in Greece. More specifically, 
we investigated qualitative characteristics of students’ mathematics homework through their 
teachers’ worksheets as well as aspects of the students’ perceived parental collaboration at 
home. According to our results the parents could be led to shape traditional points of view 
about school mathematics education through homework in which their children want to be 
engaged.  

Résumé. Dans cet article, nous avons mis l’accent sur les liens entre la formation de 
l’identité mathématique des élèves et la participation directe des parents à l’école primaire en 
Grèce. Plus spécifiquement, nous avons étudié les caractéristiques qualitatives des devoirs de 
mathématiques des élèves par le biais des feuilles de calcul de leurs enseignants, ainsi que 
certains aspects de la collaboration parentale perçue des élèves à la maison. Selon nos 
résultats, les parents pourraient être amenés à façonner les points de vue traditionnels sur 
l’enseignement des mathématiques à l’école par le biais de devoirs auxquels leurs enfants 
voudraient participer. 

1. Theoretical background 

The relationship between mathematics education and the broader socio-cultural environment is 
related to the socio-cultural approaches to mathematics education and is in line with the attempt to 
gain a deeper understanding of the identified variation of students’ mathematics learning. Within 
this perspective, various studies have highlighted the links between the parents’ involvement and 
their children’s mathematical experience in primary education (Abreu, Cline, & Shamsi, 2002; Cao, 
Bishop, & Forgasz, 2006; Crafter, 2012; Hyde, Else-Quest, Alibali, Knuth, & Romberg, 2006; 
Knapp, Landers, Liang, & Jefferson, 2017). According to Cao et al. (2006), parental involvement 
may be conceptualised as being direct (the parents’ engagement with the student’s mathematics 
homework and other family mathematical related activities) or indirect (including the parents’ 
expectations regarding the students’ mathematical attainment, their attitudes towards mathematics 
and their encouragement of their children). Concerning direct parental involvement, the quality of 
the collaboration between parents and children (rather than the mere amount of the time spent), as 
well as the quality of the homework has been found to determine the effectiveness of parental 
involvement on the students’ mathematical learning (Pezdek, Berry, & Renno, 2002; Hyde et al., 
2006; Kafoussi, 2006). Moreover, the broader socio-cultural environment of a country, as well as 
the specific cultural characteristics of the families seem to affect parental involvement (e.g. Abreu et 
al., 2002; Cao, et al., 2006; Crafter, 2012; Martin, 2006). 
Furthermore, in a previous project conducted with primary school students in Greece (Moutsios-
Rentzos, Chaviaris, & Kafoussi, 2015), we found that the perceived parental involvement 
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qualitatively differs between the mother and the father, with the children’s perception of their 
mother as being good at maths to be situated mainly with her helping with difficult mathematics 
problems at home, while their perception of the father as being good at maths had broader positive 
links with a wider range of mathematical practices. It should be clarified that in Greece, homework 
is an important part of mathematics primary school education and the Greek parents appear to spend 
more time with their children for mathematics at home, when compared with the time spent on 
other courses (Kafoussi, 2005).  
The notion of identity has been widely discussed in mathematics education research over the past 
two decades (e.g. Abreu & Cline, 2003; Darragh, 2016; Graven & Heyd–Metzuyanim, 2019; 
Radovic, Black, Williams, & Salas, 2018; Sfard & Prusak, 2005; Wenger, 1998). It can be used as a 
tool for investigating learning as a culturally shaped activity and is mentioned as the “missing link” 
in the “complex dialectic between learning and its sociocultural context” (Sfard & Prusak , 2005, p. 
15) . In our research, we agree with Martin’s (2007) conceptualisation of mathematical identity as:   

“the dispositions and deeply held beliefs that individuals develop about their ability 
to participate and perform effectively in mathematical contexts and to use mathematics 
to change the conditions of their lives. A mathematics identity encompasses a person’s 
self-understandings and how they are seen by others in the context of doing mathematics” 
(Martin, 2007, p. 150).  

Mathematical identity is constructed through the individuals’ participation in different communities 
of practice, including the school classroom, the family context and the broader community. These 
communities of practice - because of their organization, their habits and conventions- provide the 
participants different levels of engagement and thus support in diverse ways the construction of 
identities (Nasir & Hand, 2008). 
In this study, we focussed on the links between parents-children interactions at home and the 
construction of their children’s mathematical identity in primary schools in Greece. We 
concentrated on direct parental involvement, trying to synthesize two aspects:  

� the quality of mathematics homework that teachers give to their students,  
� the students’ perceived need for help from their parents in mathematics at home. 

2. The qualitative characteristics of the teacher-designed mathematics homework 

In order to identify qualitative characteristics of the Greek students’ homework, we conducted a 
case study to analyse the worksheets that the teachers gave to their students as mathematics 
homework. The teachers’ worksheets constitute a common form of everyday and important school-
family communication in Greece, as they consist of tasks chosen by the teachers and are not 
included in the students’ school mathematics textbooks. The worksheets were constructed by the 
teachers and the tasks come from resources that the teachers usually employ, including commercial 
mathematics books, websites etc. They are affected by the teachers’ expectations about their 
students’ attainment after their teaching in the classroom and we posit that they also shape to a 
certain extent the parents’ perceptions about the nature of school mathematics and the purposes of 
their teaching – although they are not officially activities for parent-child cooperation.The study 
took place during a whole school year (2007-2008) in a first grade of a primary school in Athens (3 
teachers and 75 students participated). We analysed 108 worksheets, which included 348 tasks 
given by the teachers, according to their context and the required answer type (Li, 2000). On 
average, the students were provided a worksheet-based homework every other mathematics lesson 
(Chaviaris & Kafoussi, 2009). 
The results may be summarised as follows: 
a) The vast majority of the tasks (87.3%) did not have a context, thus “communicating” the 
perception to the parents that mathematics learning is predominantly realised in non-realistic 
situations.  
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b) No mathematical task had such a wording which would encourage the students to find more 
than one solution. The way the tasks were constructed would rather effectively “communicate” to 
the parents the perception that a mathematical problem has only one solution.  
c) All the tasks included in the worksheets asked only for the answer itself, with no explicit 
requirement of the justification of that answer, thus communicating to the parents that the most 
important thing in a mathematical activity is the (right) result and not the way the child thinks 
and the processes of producing this result. 
d) With respect to the types of mathematical expression that the teachers asked from the students 
to write down as a solution, our analysis revealed that they were mainly drawings (39%; drawing 
of lines, geometrical figures etc.) and numbers (38%).  
e) Most worksheets (88%) were not accompanied with a heading, which would describe the 
mathematical topic of the tasks or their purpose, thus reinforcing the perception of homework as 
practice. 

These findings showed that, through the teachers’ worksheets, there is a risk that the parents could 
be led to shape traditional points of view about school mathematics education. Furthermore, it 
should be noted that, although the school mathematics textbooks contain a variety of tasks that 
allow for the development of students’ mathematical thinking, the teachers chose tasks for their 
students’ homework that could be classified as being stereotypical. The students’ homework 
contained reproduction tasks that required mostly the recall and the application of routine 
procedures (Wijaya, van den Heuvel-Panhuizen, & Doorman, 2015). 

3. Investigating the students’ perceived parental collaboration at home 

Mathematical identity relates to how one participant presents oneself to others and position oneself 
among the others through his/her choices and perceptions and how the others position him/her in a 
community (Turner, Dominguez, Maldonado, & Empson, 2013; Wagner & Herbel-Eisenmann, 
2009). Abreu and Cline (2003) posited that the students’ mathematical identity incorporates three 
complementary positioning processes: a) identifying the other, b) being identified, and c) self-
identification. “Identifying the other” concerns individual’s understanding of social identities of 
others, “being identified” concerns individual’s understanding of identities extended to themselves 
by others, and “self-identification” refers to the internalized and individual level of identity. This tri-
focussed model of Abreu and Cline helped us to investigate the students’ positioning about their 
parental involvement in mathematics. 
In this paper, we report the “child-parent collaboration at home” aspect of a broader study 
investigating the students’ perceived parental influences on their mathematical identity (including 
attainment, child-parent collaboration for homework, nature of mathematics, attitudes, values and 
self-confidence). Drawing upon the findings of our previous study that revealed qualitative 
differences of the perceived parental involvement between the mother and the father, we 
conceptualised the student’s parents as a dual “other” to include the distinction of their mother and 
their father.  
The study was conducted in May 2015 through structured interviews (each lasted about 30 minutes) 
with a class of 15 students (8 boys and 7 girls) attending the 6th grade (12 years old) of a primary 
school in Athens. The school was a “mainly of dominant ethnicity” primary school (around 85% 
students of Greek origin) in Athens, Greece and it was selected as representing the majority of the 
schools in Greece and hence as being typical of the interaction of the Greek school with the Greek 
family. The choice of students of the 6th grade was based on the fact that it is the last grade of the 
primary school in Greece before high junior. The children were interviewed in their school by their 
teacher and each interview was audio-recorded.  
We focused on the students’ positioning and their respective resources in relation to their need for 
help from their parents with mathematics homework, including the following questions (in line with 
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Abreu & Cline, 2003):  
a) Self-identification; Do you believe that you need help from your parents at home in 
mathematics? What makes you believe that?,  
b) Being identified by the other; Does your mother/father believe that you need her/his help at 
home in mathematics? What makes you believe that?,  
c) Identifying the other; Do you believe that your mother’/father’s help is what you need in 
mathematics? What makes you believe that?.  

The analysis contrasted two groups of students: those who identified themselves as being “good at 
maths” (Group A; NA=7) and those who identified themselves as being “average at maths” (Group 
B; NB=8). This contrast was expected to reveal qualitatively different positionings and resources 
concerning the localised aspects of their mathematics life. 
 

Table 1. Students’ positioning about the need for their parents’ help in mathematics. 

 
 Being 

identified 
[M] 

Being 
identified 
[F] 

Self-identification Identifying 
the other 
[M] 

Identifying 
the other 
[F] 

            Group Α   
yes 0 2* 3 4 4** 
sometimes 2 3 1 1  
no 5 1 3 2 1 
   Group Β   
yes 5 2 1 6 6** 
sometimes 0  6 1  
no 3 5 1 1  
*Two single-parent families were included in the study, **one student didn’t answer 

 
Most of the students (11 students; see Table 1) and especially the students of Group B declared that 
they need their parents’ collaboration in their homework at mathematics (self-identification). 
However, there were differences between the two groups about how the students were being 
identified by their parents. The “good at mathematics” students believed that according to their 
mothers they don’t need help, but according to their fathers they need help about mathematics at 
home. In contrast, the “average at mathematics” students believed that according to their mothers 
they need help, but according to their fathers they don’t need help. According to our results, the 
students of group A seem to agree with their fathers and the students of group B with their mothers. 
This finding is interesting as we have also found that the perceived parental involvement 
qualitatively differs between the mother and the father about mathematics (Moutsios-Rentzos et al., 
2015). Furthermore, the majority of the students seemed to appreciate the effectiveness of their 
mothers’ and fathers’ help. 
Concerning the students’ resources about the need for help from their parents (self-identification), 
both groups drew upon: 

Ø their perceived attainment: “No, because I understand it [mathematics], I don’t have any 
problem”, (GroupA_Stud1), “Yes, because I believe that I am an average student” 
(GroupB_Stud7), 

Ø their difficulties in dealing with school tasks: “When I have difficulties with something” 
(GroupA_Stud5), “It depends on the topic that we have to solve, for example if it concerns 
equations” (GroupB_Stud2), as well as  

Ø their behavior at school: “Sometimes I miss some things from the blackboard and I don’t 
remember them” (GroupB_Stud13).  

Concerning their resources about what their parents believe for them (being identified by their 
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parents), the students mainly mentioned:  
Ø their parents’ expectations: “No, he [father] believes that I can solve them [problems]on my 

own, if I concentrate”, GroupB_Stud2),  
Ø their interaction with them: “Yes, she gives me exercises and she sees that I need help” 

(GroupB_Stud14), as well as  
Ø their parents’ abilities: “My mum doesn’t know a lot about mathematics” (GroupB_Stud7).  
Finally, the students declared satisfaction with their parents’ help, due to their explanations 

when they didn’t understand a mathematical issue (“When I don’t understand a problem, he 
explains it to me and I solve it”, GroupA_Stud12). However, there were sometimes qualitative 
differences between the comments of the two groups. For the Group A direct parental involvement 
was connected only with positive experiences: “Yes, because my mum understands me better and 
she explains it in a better and funny way” (GroupA_Stud6); “We solve the problem together (he 
means with his father)” (GroupA_Stud11).The students of Group B expressed conflicting opinions 
about their parents’ help: “No, because if I do a mistake, she tells me that it's wrong and write it like 
that” (GroupB_Stud15),“Sometimes yes, if I explain to her what we said in the lesson, her help is 
good. But sometimes that I need a little help, she puts other exercises, and other exercises ... and I 
become nervous” (GroupB_Stud14).  

4. Concluding remarks 

According to our results, the parental influences on the construction of the students’ mathematical 
identity at home is interwoven with their interaction with their parents. Based on Martin’s (2007) 
conceptualisation of mathematical identity, the students declared that they need their parents’ 
collaboration in their mathematics homework and they expressed positive dispositions when they 
collaborated with their parents at home in an environment of confidence. On the other hand, the 
analysis of the teachers’ worksheets that constitute the students’ homework and by extension the 
tasks of the students’ collaboration with their parents seem to lead their parents to shape traditional 
points of view about school mathematics education.  
If the parents’ collaboration with their children is crucial in their mathematical identity formation, 
then it is hypothesized that students’ homework could be a fruitful tool towards the reform of 
mathematics education, if it is based on recent  recommendations about it and takes into account the 
characteristics of students’ socio-cultural family contexts (NCTM, 2000). The teachers’ proposed 
mathematical tasks for homework could be directly linked to the daily life of the family (family 
activities such as food preparation, shopping, toys, etc.) and they could use a variety of educational 
materials (tangible or technological), in order to facilitate he engagement and the interest of the 
parents and their children, through a meaningful for them activity. In addition, the proposed 
activities could be perceived by parents not as a type of school-only tasks and they could be 
extended to include mathematical games and problems that are not similar to those in the classroom 
(Hepworth-Berger, 2004; Kafoussi, 2006). 
Students’ homework could help to reshape the parental engagement, as well as to re-define the 
relationship of the family with the school about the teaching and learning of mathematics. 
Following this, it is argued that the teachers’ training should acknowledge and incorporate in the 
everyday teaching practices the importance of the teachers-parents immediate and mediated 
communication about mathematics. Until now there has been limited focus on how parents might 
collaborate with teachers to build more empowered mathematics identities for their children across 
students’ home and school learning contexts. 
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Odyssey Mathematics: was Homer a mathematician? 
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Abstract: The Odyssey is considered, together with the Iliad, one of the masterpieces of the 
ancient epic. At a careful reading you can find several references that can stimulate 
mathematical reasoning. The Odyssey is an epic poem divided into 24 books but only a few 
books will be considered in the text. Part of the text of the poem contains the reference to the 
mathematical theme. In the workshop, participants will be able to compare themselves with 
some of the solutions proposed, especially if they are capable of using GeoGebra. 

Résumé : L'Odyssée est considérée, avec l'Iliade, comme l'un des chefs-d'œuvre de l'épopée 
antique. Lors d'une lecture attentive, vous pouvez trouver plusieurs références qui peuvent 
stimuler le raisonnement mathématique. L'Odyssée est un poème épique divisé en 24 livres 
mais seuls quelques livres seront considérés dans le texte. Une partie du texte du poème 
contient la référence au thème mathématique. Au cours de l'atelier, les participants pourront 
se comparer à certaines des solutions proposées, surtout s'ils sont capables d'utiliser 
GeoGebra. 

 
The ancients attributed the Iliad and the Odyssey (along with other poems) to a poet named Homer, 
a figure perhaps actually lived or, more probably, legendary. 
The poem Odyssey consists of three major core themes: 
• The Telemachia (books I-IV): four books dedicated to the son of Odysseus, Telemachus. 
• Journeys (books V -XII): narrate the sinking of Odysseus following the fury of Poseidon at the 
Phaeacians and his stay on the island. 
• The Return (books XIII - XXIV): here are treated the return of Odysseus to Ithaca and his revenge 
against the Suitors, 
 
The text has different interpretations, but none takes into consideration the fact that history can be 
used as a pretext for doing mathematics. 
In high schools the work is addressed by Italian and Greek Literature teachers but could serve as an 
interdisciplinary bridge with Mathematics. 
Searching in the poem it is possible to find numerous mathematical ideas that can escape a purely 
historical-literary reading. 
Aim and main idea of the study is the link between mathematics and culture. The methodology is 
the laboratory method as it integrates the theoretical aspects with the practical ones. 
 
In the Odyssey it is possible to identify some books in which it is possible to imagine a 
mathematical reference, for the workshop five possible work proposals have been prepared. The 
project can be interpreted on two different levels: the first is the encounter between literature and 
mathematics, the second is the use of a useful tool to visualize and solve problems. 
The workshop is divided into three parts: the first part briefly presents the references and the 
consequent proposals, the second part includes the work on the proposed cards (an example is 
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shown in the appendix), and finally follows the simulations carried out with GeoGebra. 
Referring to commonly adopted mathematical terminology, we can speak of algebra, functions, 
probability, trigonometry and so on. 
 
Book 1 
fools, they killed and feasted on the cattle of Lord Hêlios, the Sun 
 

In the first book, the hungry companions of Ulysses eat the oxen of the sun and are therefore 
punished. The "problem" posed by Homer concerned 7 herds of cows and 7 flocks of sheep, with 
fifty beasts each. The arithmetic proposed by Homer was trivial and reached a meager number of 
700 heads. 
Much more interesting is the version attributed to Archimedes. Gotthold Ephraim Lessing (1729-
1881), an exponent of German Illuminism, discovered in 1773 the following text: 
"Friend, if you participate in wisdom, calculate, using diligence, what was the number of the oxen 
of the sun that grazed in the plains of the Sicilian Trinacria, divided into four groups of different 
colors: one as white as milk, the second in black bright, the third tawny and the fourth mottled. In 
each group there were bulls in quantity, divided according to the following proportion: 
1) White bulls = tawny bulls + (1/2 + 1/3) of black bulls. 
2) Black bulls = tawny bulls + (1/4 + 1/5) of mottled bulls. 
3) Mottled bulls = tawny bulls + (1/6 + 1/7) of white bulls. 
4) White cows = (1/3 + 1/4) of all black cattle. 
5) Black cows = (1/4 + 1/5) of all mottled cattle. 
6) Mottled cows = (1/5 + 1/6) of all tawny cattle. 
7) Tawny cows = (1/6 + 1/7) of all white cattle. 
Friend, if you really say how many were the cattle of the Sun, what was the number of well-fed 
bulls and how many were the cows of each color, no one will say that you are ignorant or 
inexperienced about numbers; yet you will not be numbered among the wise yet. " 
The general solution was found in 1880 by A. Amthor. He proved that it was about 7.76 * 10206.544 

cattle. 
Here we will limit ourselves to determining the minimum solution of the first part of the problem. 
Place a = White bulls, b = Black bulls, c = Mottled bulls, d= Tawny bulls, e = White cows, f = 
Black cows, g = Mottled cows, h = Tawny cows, we get a system of equations: 
 

 
 
The system has endless solutions, to determine a  whole solution, it is necessary to assign a value to 
h, if this value is set to 5,439,213 (minimum common multiple of the denominators) the solution is 
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obtained: 
a = 10,366,482; b = 7,460,514; c = 7,358,060; d = 4,149,387; e = 7,206,360; f = 4,893,246; g = 
3,515,820. 
Adding these values, we reach the total of 50,389,082 cattle. Indubitably a large herd! 

To obtain this solution, GeoGebra can also be used in CAS mode. Once the system has been set, 
the MCM of the denominators is determined and the desired values are found by substitution 
(Figure 1) . 
 

 
Figure 1. GeoGebra solution 
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Book 8 
One made it shoot up under the shadowing clouds as he leaned backward; bounding high in air the 
other cut its flight far off the ground — and neither missed a step as the ball soared. 
 
In the story Odysseus, collected on the beach by Nausicaa, the daughter of the king of the 
Phaeacians, attends the games held in his honor. The story describes a game with the ball between 
Laodamante and Halios. We could think of some kind of ante-litteram volleyball/handleball. 
The ball, launched upwards from a height of x0 m above the ground, is hit by the hand of the 
Scratcher at the instant t in which, reached a height of x1 m from the ground, has assumed zero 
speed. What is the initial speed of the ball lifter? We know that: t = v0 / g with g = 9.8 gravity 
acceleration. Therefore, if we replace the previous relation to the equation of motion s = v0 ⋅t-1/2 
⋅g⋅t2, we obtain . 
To make the solution dynamic, you can use the GeoGebra sliders so we can change the parameters 
and determine how the speed changes (Figure 2) . 
 

 
Figure 2. Speed determination 
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Book 9 
The blind thing in his doubled fury broke a hilltop in his hands and heaved it after us. Ahead of our 
black prow it struck and sank whelmed in a spuming geyser 
 
In the ninth book Polyphemus, blinded, tries to kill Ulysses by throwing large boulders on the ship. 
A typical, somewhat dramatic, example of the application of probability. 
Suppose we represent the marine space as a Cartesian coordinate system, Polyphemus is in the 
coordinates (0;0). The boat of Odysseus can be placed, quite randomly, in any of the coordinate 
points (x; y) with x and y between 1 and 6. The blind cyclops throws 3 boulders that can fall into 
one of the points on the grid where the boat can be found. What is the probability of Polyphemus 
hitting the king of Ithaca? What if there are 2 or 3 ships? 
Let's start from the solution of the simplest problem: what is the probability that launching a 
boulder Polyphemus will hit the ship of Ulysses? 
Obviously the probability will be equal to 1/36, but we can also formulate the problem in a different 
way by asking ourselves what is the probability of not hitting the ship and then calculating the 
opposite probability, that is: 

1 − (3536)
1	

 
As you can easily verify the two values are equal. 
The second version, however, is simpler for later calculations. For example, if the boulders are 2, 
the formula becomes 

1 − (3536)
2	  

If there are two ships and three boulders, we can write: 

1 − (3436)
3	

 
In general, we can say that, indicating with N the ships and M the boulders, you will have: 

1 − (36 − &36 )( 	
 

Another way to deal with the problem is to simulate the event a fairly large number of times. 
The simulation can be done with GeoGebra assuming a grid in which are placed randomly both the 
ship and the boulders launched by Polyphemus (Figure 3) . 
 

 
Figure 3. GeoGebra simulation 
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Book 12 
Scylla, where she yaps abominably, a newborn whelp’s cry, though she is huge and monstrous. God 
or man, no one could look on her in joy. 
 
Book twelve contains the story of the encounter with Scylla, a horrible monster placed on a cliff. 
The problem can be extended to many other situations, for example the vision of a painting in a 
museum. 
Is there an optimal point where Scylla offers Odysseus' eyes with the widest possible angle? 
We call a the height of the rock on which Scylla is located and b the height of the monster. 
α is the amplitude of the angle formed by the half-lines that originate from the eyes of Ulysses and 
the extremes of the rock; β is the amplitude of the angle formed by the half-lines that originate from 
the eyes of Ulysses and reach the base of the rock and the head of Scylla. 
At what distance d should Ulysses be positioned to see Scylla under the angle � = (� - �) of 
maximum width? 
In other words, it is a question of maximizing the function f (d). 

!"# %(') = *+ , = *+(- − /) = *+ - − *+ /
1 − *+ - ∙ *+ / =

" + 3
' − "

'
1 + (" + 3)

' ∙ "
'

= 3
' + " ∙ (" + 3)

'
	

 
 
The maximum of this function, by applying the derivation rules, is 

! = #$($ + ')	  
The best point is where the eyes are on the circumference passing through the head and feet of 
Scylla. 
In this case we can appreciate the use of GeoGebra for the ease with which we can draw segments 
and calculate angles  (Figure 4). 
 

 
Figure 4. Initial position 
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Book 21 
Now flashed arrow from twanging bow clean as a whistle through every socket ring, and grazed not 
one, to thud with heavy brazen head beyond. 
 
In a more modern English one could read: The arrow flew from the bow straight through all the 
holes (of all the axes) and didn't touch any of them. Its tip made out of bronze, hit the ground hard 
on the other side of the axes. 
In the book twenty-one Homer tells how Ulysses tends his bow and passes the arrow in the rings of 
twelve axes. 
The problem is reduced to determining how much the arrow can deviate from its straight path 
without touching any ring, in other words what is the maximum tolerable angle α. The distinctive 
parameters of the problem are the radius r of the rings and the distance d between the arc and the 
last axe. From here we can determine arctan(r/d) and therefore the value in degrees of the angle α.  
The problem does not present any particular difficulties since it is a question of making simple 
calculations using r = 0,1 m and d = 20 m, for example. 
With these data it results that the margin of error is very small as the angle is only 0.286 degrees. 
The speed with which Ulysses shoots the arrow is just over 68 km / h and the dart takes about a 
second to complete the route (Figure 5) . 

 
Figure 5. Det ermi nati on of  �, V and t 

 
With GeoGebra you can display the angle that leads to the maximum permissible error  (Figure 6). 
 

 
 

Figure 6. Maximum error angle 
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Appendix 

1 Fools! who dared to travel the sacred  
In the sun Hyperïon white oxen 

 
Homer's "problem" concerned 7 herds of cows and 7 flocks of sheep, each with 50 beasts. The 
arithmetic proposed by Homer was trivial and reached a small number of 700 heads. 
Much more interesting is the version attributed to Archimedes. Gotthold Ephraim Lessing (1729-
1881) writes: 
1) White bulls = brown bulls + (1/2 + 1/3) black bulls. 
2) Black bulls = brown bulls + (1/4 + 1/5) of mottled bulls. 
3) Spotted bulls = brown bulls + (1/6 + 1/7) of white bulls. 
4) White cows = (1/3 + 1/4) of all black cattle. 
5) Black cows = (1/4 + 1/5) of all skimmed bovine animals. 
6) Skived cows = (1/5 + 1/6) of all brown cattle. 
7. Brown Swiss cows = (1/6 + 1/7) of all white cattle. 
Suppose a = white bulls, b = black bulls, c = mottled bulls, d = brown bulls, e = white cows, f = 
black cows, g = mottled cows, h = brown cows. 
 
Working proposal: 
1) Set the mathematical model (easy): 
 
 
 
 
 
 
 
 
 
 
 
2) Define the methodological problems related to the solution of the model (less easy):  
 
 
 
 
 
 
 
 
3) Solve the model with the help of GeoGebra (more or less easy). 
View CAS 
write the equations 
Solve ({$1..$7}) 
MCM({denominators}) 
h=MCM 
Resolve({$1..$7,$10}) 
Sum (values a..h) 
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Abstract. Lesson Study (LS) is a collaborative methodology for teachers’ professional 
development (TPD) rooted in Japan. In LS, a group of teachers and experts collaborates to 
the detailed planning of a one-hour lesson. The difference between LS and other 
methodologies is the collaborative foundation of the experience, there is no evaluation on the 
performance of a single member of the group. We believe that, in the Italian context, LS can 
be an appropriate tool to answer in an efficient way the Ministry’s demands for a 
“mandatory, permanent and strategic” TPD and for the “establishment of adequate networks 
for professional collaboration”, while maintaining the focus on teachers’ needs. Discussing, 
observing and reflecting on your own and others’ practices can help in re-thinking your own 
professionalism while relating to a community of peers. In the workshop we will work on 
one of the main tools in LS, the Lesson Plan, and discuss how the encounter of such a 
foreign tool can lead to self-reflection on one’s own practices.  

Abstract. Le Lesson Study (LS) est une méthodologie collaborative pour le développement 
professionnel des enseignants, enracinée en Japon. Dans la méthodologie LS, un groupe 
d'enseignants et d'experts collabore à la planification détaillée d'une leçon d'une heure. La 
différence entre la LS et les autres méthodologies est la base collaborative de l'expérience, il 
n'y a pas d'évaluation sur la performance d'un seul membre du groupe. Nous croyons que, 
dans le contexte italien, la LS pourrait être un outil approprié pour répondre de manière 
efficace aux demandes du Ministère pour une développement professionnel des enseignants 
"obligatoire, permanente et stratégique" et pour "l'établissement de réseaux adéquats de 
collaboration professionnelle", tout en maintenant une focalisation sur les besoins des 
enseignants. Discuter, observer et réfléchir sur ses propres pratiques et sur celles des autres 
peut aider à repenser sonpropre professionnalisme tout en établissant des relations avec une 
communauté de pairs. Au cours de cet atelier, nous travaillerons sur l'un des principaux 
outils du LS, le Lesson Plan, et discuterons de la façon dont la rencontre d'un tel outil 
étranger peut mener à une réflexion personnelle sur ses propres pratiques. 

1. Lesson Study 

Lesson Study (LS) is a collaborative methodology for teachers’ professional development (TPD) 
rooted in Japan. Since 1999, researchers in TPD and didactics from all over the world have started 
studying the methodology (Huang & Shimizu, 2016), and since 2003 the Asia-Pacific Economic 
Cooperation (APEC) has been following its international diffusion. Catherine Lewis, vice-president 
of WALS, has had an essential role in the world-wide diffusion of LS (Bartolini Bussi & Ramploud, 
2018). 
In a LS, a group of at least three teachers (which we will call Lesson Study Group; it can include 
one or more student teachers or university experts) collaborates to the detailed planning of a one-
hour lesson, to be taught in one of the teachers’ classroom observed by the other teachers, and 
discussed by the group. The difference between LS and other methodologies is the collaborative 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 520 

foundation of the experience, which leads to the establishment of a sense of diffused responsibility 
between the members of the group. Moreover, the observation of the lesson indicates LS as a form 
of action-research. There is no evaluation on the performance of a single member of the group: the 
focus is on the lesson and the students, not on teachers’ individual ability. 
The National strategies for Teachers’ Professional Development document of the Italian Ministry of 
Public Education, covering the three-year period 2016 – 2019, stresses the importance of addressing 
issues such as: teachers’ isolation in managing pupils’ learning; connecting work and professional 
development; difficulties in applying in a real-classroom context the didactic innovations proposed 
by universities. We believe that LS can support the researchers’ and teachers’ communities in 
answering the Ministry’s demands for a “mandatory, permanent and strategic” TPD and for the 
“establishment of adequate networks for professional collaboration”, while maintaining the TPD 
focus on teachers’ needs. Discussing, observing and reflecting on your own and others’ practices 
can help in re-thinking your own professionalism while relating to a community of peers. The 
encounter with others, from this point of view, is one’s self-rediscovery (Mellone, Ramploud, Di 
Paola, & Martignone, 2018). 

2. Italian Lesson Study: ideas from Turin 

As shown from the literature review (Fernandez & Yoshida, 2004; Minisola, 2016; Robutti, et al., 
2016), LS is generally a three-step cycle aimed at creating a virtuous process in which teachers can 
grow continuously (Ramploud & Munarini Frenesi, 2015). In its (cultural) transposition to Western 
cultures – particularly the Italian one – these steps can be defined the “essentials” of LS: 
establishment of long-term learning goals and lesson planning, implementation and observation of 
the research lesson, discussion on the lesson. These steps can be repeated, like a life cycle in which 
each lesson is the foundation for subsequent growth. In the Italian context, the time expected for 
each step is: at least 2 hours for goals establishing, 2 hours for lesson planning, 1 hour for the 
lesson, 2 to 4 hours for the discussion. The overall commitment for teachers is predicted in 7 to 10 
hours. 
Initial findings mandate to clarify that, in LS, a lesson is a specific moment in the classroom routine 
(i.e. the mathematics lesson in class 3B held from 9 to 10 a.m. on February the 3rd, 2019). The 
group of lessons dedicated to a specific topic (i.e. continued fractions) is called teaching unit. 
The existence of a LS-Group is tied to that of the observed lesson. Even so, the same group of 
people can participate in more study cycle and establish a stable-over-time community of practice. 
The aim is to build and institutionalize a collaborative methodology, which can sustain teachers in 
both their job and professional development, focusing on the new multicultural context we all are 
living in. 
The tentative structure of Lesson Study in the Italian context is: 
Definition of long-term educational objectives: LS is a form of action-research, in which teachers 
collaborate to improve their professionalism in accordance to the context in which they work. The 
reasons to engage in LS might stem from different teachers’ needs: i.e., difficulties in confronting 
with certain mathematical topics, improving strategies to involve students, experimenting new 
didactical methodologies. A research question is formulated by the group in accordance to these 
needs, and exploring the possible answers is the objective of the LS. Moreover, Italian secondary 
school teachers have autonomy on defining the educational plan, referring to Indicazioni Nazionali 
– the national curriculum by Ministry of Education – containing knowledge and competences 
related to the specific kind of school. Moreover, each school has its Piano Triennale dell’Offerta 
Formativa or PTOF (“three-year plan of the educational offer”), in which more specific educational 
objectives are described. Thus, in the first phase of LS in Italy, the teachers choose a teaching unit 
and the related long-term learning objectives, in accordance to Indicazioni Nazionali and PTOF: 
these objectives should be relevant to the whole group (i.e. because they are difficult to attain) to 
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promote engagement, and related to the research question(s). One (or two) demonstrating teachers 
should be chosen, to develop a lesson aimed at a specific context, and to investigate the answer to 
specific (and yet shared by the group) needs. 
Lesson Planning: The demonstrating teacher(s) prepares – on his/her own or working with 
colleagues – a draft of the Lesson Plan, describing: the class context (such as the general level of 
knowledge and competencies, or the presence of students with special educational needs: the Italian 
school is inclusive, meaning that in Italy there are no special schools for students with learning 
difficulties, physical disabilities or behavioural problems); the teaching unit in which the lesson is 
inscribed; a proposal for the 1-hour lesson in accordance – as much as possible – to the class’ 
didactic contract. The tentative Lesson Plan is given to the whole LS-Group before the planning 
meeting, in which the group discusses the details and decides: the phases of the lesson, the time to 
allocate for each phase, the teacher’s requests to students, how the teacher should react to some 
students’ expected reactions, what are the educational aim of each phase, which classroom grouping 
strategies to apply. The plan is carefully fitted on both the classroom’s pupils and the demonstrating 
teacher’s disposition. The group proposes ideas, techniques, strategies, but ultimately it is the 
demonstrating teachers’ choice what to implement and what is not doable in his/her classroom. 
Observational focuses are established in accordance to the initial aims and to the group’s decisions 
in planning the lesson: i.e. the group might decide to focus on the efficacy of artefacts proposed by 
the teacher to the class, of the grouping strategies, of the problem structure, etc. The group may 
decide to use a table to guide the observation using some learning descriptors, and/or to focus on 
some students considered representative of the classroom situation. In this phase, appointing a 
secretary to record the discussion, and a moderator to the discussion, is useful in terms of time 
management. 
Lesson implementation and observation: The teacher and the observers enter into the classroom to 
teach and observe the prepared lesson. A series of preliminary encounters might be necessary to get 
students accustomed to the presence of other people. The observers are silent and should not 
influence the class’ practice. The presence of all the members of the LS-Group is not necessary, but 
a video record of the lesson is recommended. 
Discussion: LS methodology is focused on the efficacy of the prepared lesson in accordance to the 
established objectives, not on the ability of the individual teacher. Before the discussion meeting, 
the whole LS-Group (including the teacher) has shared and studied the observers’ reports and 
possible videos. The discussion is opened by the teacher, who shares his/her impressions and 
observations on what occurred in the classroom. The whole group discusses how to fix what did not 
work, improve what did, reflect on how to deal with (and consider the possibility of) the 
unexpected: it is not possible to plan for every instance that may occur. Missing something is a 
“mistake” of the whole group, even if the teacher in charge of the lesson was the one who had to 
respond to the unexpected event(s). As different teachers make different kind of expertise available 
for the group, this is the opportunity for both the demonstrating teacher and the whole group to 
learn how to manage unexpected situations or improve non-optimal behaviours, absorbing new 
ideas from others’ experience. This discussion may or may not result in a new “improved” Lesson 
Plan, which can be taught by the same or another teacher in a different classroom, bringing about a 
new study cycle. As in the planning phase, choosing a secretary and a moderator is advised. 
 
3. Plan for the workshop 
The workshop will be organised in the following steps: 

1. A 10 minutes introduction on Lesson Study and the Lesson Plan 
2. The participants will be divided in small groups of 3-4 persons each. The groups should 

be organised as much as possible according to nationality and school level. Each group 
will have about 10 minutes to decide, possibly according to the participants’ training 
needs, which activity they will work on among the proposed ones (differentiated by 
school level). 
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3. 60 minutes will be dedicated to the lesson planning, using the empty Lesson Plan form 
provided. Each group is asked to keep track of the encountered difficulties, whether they 
are educational, planning-related, organizational, and also relationship-related difficulties. 
Since the proposed Lesson Plan structure is adequate to the Italian context, the focus will 
be especially on those related to the different cultural context the participants are used to. 

4. A 10 minutes meta-discussion on the activity: what are the most striking differences 
between this planning methodology and those used in the participants’ usual contexts? 
Are there any analogies? Does the encounter with the Lesson Plan, a tool coming from a 
different cultural and institutional context, bring a reflection on the participants’ own 
practices? 

4. The Workshop 

The workshop lasted 70’ and the tentative times were adjusted accordingly: 7’ for the introduction, 
8’ for deciding the teaching material, 45’ for lesson planning, 10’ for the discussion. 17 people 
attended the workshop, from a number of nationalities, ages and professional backgrounds. In 
particular, 7 of them were university students and declared no teaching experience. Audio recording 
the session was not possible due to GDPR limitations; the presenters noted arguments and 
comments on a notebook. 
During step 1, material on Lesson Study was presented to the attendants. The presentation focused 
on Lesson Study in relation with the Japanese context, analysed the similarities with the Italian 
context, and the peculiarities of the latter (i.e.: both contexts focus on the pupils and design 
educational plans in terms of long-term goals; Japanese teachers mainly work inside schools, Italian 
ones mainly work at home; Italian school is inclusive, Japanese school is not). A possible adaptation 
of LS in the Italian context was proposed, and a copy of an empty Lesson Plan (cfr. Appendix) was 
distributed to each participant. An overview of the proposed structure for the Lesson Plan was 
discussed, and the participants were proposed the task of the workshop for step 2. The groups 
resulting by the participants self-organisations were more numerous than expected and 
heterogeneous, differently from what asked by the presenters. Rearranging them was deemed not 
necessary. In the case that some of the participants needed support in planning for a lesson, two 
teaching activities were proposed on different mathematical topics: Heron’s problem and its 
generalization for high school, exploration on non-planar surfaces for middle school. 
At the beginning of step 3, the participants were asked to work and discuss within their groups, and 
three questions were presented to guide the work: (1) What are the most striking differences 
between this planning methodology and those used in the participants’ usual contexts? (2) Are there 
any analogies? (3) Does the encounter with the Lesson Plan, a tool coming from a different cultural 
and institutional context, bring a reflection on the participants’ own practices? About one third of 
the participants continued working on the teaching activities; after other 10’ the presenter decided to 
ask to concentrate on the provided Lesson Plan, as it was the focus of the workshop. 
By the beginning of the whole-group discussion (step 4), no one had compiled a Lesson Plan: when 
asked for a reason, a participant commented “analysing and discussing the Lesson Plan is more 
interesting, as we didn’t have enough time to study the material”, at which the others agreed. Three 
participants expressed curiosity about the structure of the lesson proposed in the Lesson Plan, and 
the presenters explained that it was inspired to Calvani (2014) and Bartolini Bussi et al. (2017). 
Participants from France and Spain noted that the philosophy of the Lesson Plan is not far from the 
work teachers usually do in their context. In Spain, for example, “our teachers do this kind of work 
for each lesson, and lesson plans are uploaded online for families and others to be consulted”; 
others from Holland and Switzerland explained that detailed lesson planning is usually mandatory 
for pre-service teachers during their training but not for in-service ones, and it is usually kept as 
internal documentation for the school. Two participants from Poland commented that “[detailed 
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lesson planning] is unusual for both prospective and in-service [teachers], especially with all the 
details proposed in this Lesson Plan”. Spain followed that “estimating the time for each phase, we 
don’t do that” and suggested a modification in the table to highlight this characteristic of the 
proposed Lesson Plan. 
All the participants agreed that specifying the “educational intentionality” for each phase was “the 
real peculiarity of this document”. When asked for clarification, one young participant from Poland 
explained: “I believe that this is very important when doing pre-service training. It makes you aware 
that everything you do in classroom is relevant for your students”. A participant from Belgium 
agreed: “it is something you tend to forget even when you are an experienced teacher, so it would 
be nice to have a reminder every now and then. It makes you aware”. The participant from France 
concluded: “detailed lesson planning is very difficult no matter the subject, but I believe that in 
Mathematics it is especially important: Mathematics gives students critical thinking, develops their 
cognitive abilities, is the basis for their scientific approach. We all need to be very careful when we 
teach it, we are shaping the future… and we need all the help we can get”. 

5. Discussion 

Designing a detailed lesson plan is no easy task, as proven by the fact that no participant produced a 
complete Lesson Plan, not even those accustomed to detailed documentational work. Furthermore, 
the task of planning and compiling the plan for a lesson depends on the documentational work that 
may vary from context to context, for cultural and institutional reasons. 
The proposed Lesson Plan is the result of the reflection on the Italian culture, institutional context, 
usual practices. It embeds Italian institutional peculiarities, such as the different stance on 
educational objectives: namely, long-term objectives are presented in the National Guidelines, 
whereas lesson objectives are decided by each teacher individually. A Lesson Plan fitted to a certain 
context is not immediately effective: its conscious use requires familiarity with the mathematical 
knowledge, curriculum, teaching traditions, institutional context. 
In this sense, we might say that the workshop evolved unexpectedly. The focus shifted from the 
analysis of Lesson Plan’s specific steps to its general issue as a design tool in a school. This new 
focus nourished the participants’ confrontation. The self-organized heterogeneity enriched the 
discussion, albeit some realism got lost in the transition (namely, no Lesson Plan was compiled), 
and answered to the needs of the participants. 
In conclusion, preparing and studying a detailed plan for an effective Mathematics lesson is 
perceived both like a challenge and a necessity. Discussing and sharing educational experiences, 
provided they happen within customary practices of designing and programming, might sustain to 
collaboratively overcome the perceived challenges of teachers' professionalism. To achieve this, it is 
necessary that researchers in mathematics education deepen their studies of interaction with 
teachers in order to improve the collaboration with them in concrete teaching activities. 

Appendix 

In this appendix, the empty Lesson Plan used in the workshop is presented. Please note that this is a 
condensed version. The printed version provides enough space to write. This version of the Lesson 
Plan is inspired by Bartolini Bussi et al. (2017) and Fernandez & Yoshida (2004). 
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Abstract. This workshop presents a work developed in 2019 within the ResCo group of 
IREM (Institute for Research on the Teaching of Mathematics) of Montpellier around the 
teaching and learning of mathematical modelling. The ResCo group aims to promote 
teaching and learning modelling in mathematics class and to rely on collaboration between 
classes to bring students into a modelling activity and make them understand the challenges 
of modelling. For this, the ResCo group designs problem statements and proposes specific 
working methods that we will present. We will build on the problem proposed in 2019, “The 
windows”, to illustrate our remarks. 

Résumé : Cet atelier présente un travail développé en 2019 au sein du groupe ResCo de 
l'IREM (Institut de Recherche sur l'Enseignement des Mathématiques) de Montpellier autour 
de l'enseignement et l'apprentissage de la modélisation mathématique. Le groupe ResCo a 
pour objectifs de favoriser l’enseignement et l’apprentissage la modélisation en classe de 
mathématiques et de s’appuyer sur les collaborations entre classes pour faire entrer les élèves 
dans une activité de modélisation et leur faire saisir les enjeux de la modélisation. Pour cela, 
le groupe ResCo conçoit des énoncés de problèmes et propose des modalités de travail 
spécifiques que nous allons présenter. Nous nous appuierons sur le problème proposé en 
2019, « Les vitres », pour illustrer nos propos. 

1. Introduction 

Cet atelier présente un travail développé en 2019 au sein du groupe ResCo de l'IREM (Institut de 
Recherche sur l'Enseignement des Mathématiques) de Montpellier autour de l'enseignement et 
l'apprentissage de la modélisation mathématique. Le groupe ResCo a pour objectifs de favoriser 
l’enseignement et l’apprentissage la modélisation en classe de mathématiques et de s’appuyer sur 
les collaborations entre classes pour faire entrer les élèves dans une activité de modélisation et leur 
faire saisir les enjeux de la modélisation. Pour cela, le groupe ResCo conçoit des énoncés de 
problèmes et propose des modalités de travail spécifiques que nous allons présenter. Nous nous 
appuierons sur le problème proposé en 2019, « Les vitres », pour illustrer nos propos. 

Présentation du groupe ResCo et du dispositif ResCo 

Le groupe ResCo (Résolution Collaborative de problèmes) est constitué d'enseignants-chercheurs et 
d’enseignants du secondaire. C’est un groupe de travail de l'IREM de Montpellier. Il participe à la 
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formation continue des enseignants de mathématiques. Chaque année, le groupe ResCo élabore un 
énoncé, appelé « fiction réaliste », en vue de travailler la modélisation mathématique à partir de 
situations posées hors du champ des mathématiques. 
Depuis 2013, les fictions réalistes proposées par ResCo se caractérisent par quatre critères (Ray, 
2013) : 

• Une situation a priori non mathématique. 
• Un contexte fictif mais réaliste. 
• La nécessité d’une phase de modélisation pour une prise en charge efficace de la situation. 
• La phase de modélisation peut renvoyer à plusieurs problèmes mathématiques selon les 

choix qui sont faits. 
En lien avec le travail de thèse de Yvain-Prébiski (2018) et l’évolution des fictions réalistes 
proposées, le groupe ResCo a identifié deux critères qui caractérisent ce qui a été qualifié de 
Fictions Réalistes Adaptées d’une Problématique Professionnelle de Modélisation (FRAPPM dans 
la suite) : 
« La fiction réaliste est conçue comme une adaptation d'une problématique de modélisation issue 
des pratiques scientifiques professionnelles. 
Les variables didactiques (Brousseau, 1998) de la fiction réaliste sont choisies de manière à 
favoriser l'entrée dans la mathématisation » (Yvain & Modeste, 2018).  

Le dispositif ResCo 

Le dispositif ResCo s'organise de la façon suivante (ResCo, 2014) : 
1. Une fiction réaliste élaborée par le groupe ResCo. 
2. Plusieurs dizaines de classes, de la sixième (grade 6) à la terminale (grade 12) (Lycées 

général et professionnel) engagées. 
3. Une recherche qui se déroule sur 5 semaines (à raison d’une séance/semaine) selon un 

calendrier fixé par ResCo. 
4. Une plateforme : un forum en ligne, lieu d’échanges des travaux de recherche entre classes 

(sous la responsabilité de l’enseignant). 
5. Des groupes de 3 classes de niveaux proches qui vont échanger tout au long du processus de 
résolution collaborative. 

La recherche collaborative du problème se déroule selon les phases suivantes : 
– 1ère semaine - recherche et envoi des questions : 
Chaque classe prend connaissance de l’énoncé du problème. Les élèves rédigent des questions pour 
débuter la résolution. En fin de séance, une mise en commun est effectuée, puis les questions de la 
classe sont envoyées aux autres classes du groupe. 
– 2ème semaine - recherche sur les questions des autres classes et envoi de réponses : 
Les élèves répondent aux questions des autres classes. Les élèves les plus avancés dans la résolution 
peuvent émettre les premières conjectures. En fin de séance, les réponses et réflexions sont 
envoyées aux autres classes du groupe. 
– 3ème semaine - découverte des réponses 
Les élèves découvrent les réponses des autres classes, débattent éventuellement de ces réponses. 
Entre la deuxième et la troisième semaine, sur la base des questions et réponses déposées sur le 
forum, le groupe ResCo conçoit une « fiction réaliste relancée ». Elle est adressée à l’ensemble des 
classes, afin de fixer des choix de modélisation pour permettre la poursuite de la collaboration dans 
la résolution d’un problème mathématique commun. 
Poursuite de la recherche avec la fiction réaliste relancée. 
Les élèves découvrent la fiction réaliste relancée et poursuivent leurs recherches sur le problème 
mathématisé. Les professeurs sont invités à faire prendre conscience aux élèves de la nécessité de 
faire des choix dans une activité de modélisation mathématique. 
– 4ème semaine - poursuite de la recherche : 
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Les élèves poursuivent la recherche initiée. Les enseignants sont invités à partager les recherches de 
leurs élèves sur le forum. 
– 5ème semaine - clôture de la recherche : 
Le groupe ResCo, sur la base des productions déposées sur le forum, élabore et fournit des 
documents permettant à l’enseignant de clore l’activité. À l’aide de ces documents, le professeur 
organise un débat scientifique, alimenté par les recherches de sa classe, et celles des autres classes. 

2. Présentation de la FRAPPM 2019 

La FRAPPM 2019, intitulée « les vitres », que nous présenterons en détail lors de l’atelier est 
élaborée comme une adaptation d'une problématique de découpe optimale de plaque de verre dans 
le contexte de la fabrication industrielle de vitres. 
L’énoncé est le suivant : 

Une entreprise découpe des vitres rectangulaires de 4 dimensions différentes 
(210 cm x 215 cm ; 100 cm x 215 cm ; 100 cm x 125 cm ; 60 cm x 215 cm). 
Ces vitres sont découpées dans des grandes plaques rectangulaires de verre de 
600 cm x 320 cm. L’entreprise cherche une méthode pour réaliser les découpes selon les 
commandes en limitant les chutes. 
Pour aider l'entreprise, pouvez-vous proposer une méthode qui réalise les découpes et 
minimise les pertes? 

Critères pris en compte dans la conception de la FRAPPM puis de la version relancée 

La FRAPPM « les vitres » respecte les caractéristiques énoncées précédemment d’une fiction 
réaliste : 

• La situation est a priori non mathématique : il s’agit d’un problème industriel. 
• Le contexte est fictif mais réaliste : il est inspiré d’un problème industriel réel (adaptation 

d'une problématique de modélisation issue des pratiques professionnelles - « calepinage ») 
qui a été légèrement adapté pour supprimer certains éléments de contextes tout en 
conservant la nécessité de modélisation. 

• En effet, il reste nécessaire d’entrer dans une phase de modélisation pour une prise en charge 
efficace de la situation, en faisant des choix concernant, par exemple, les éléments de 
contexte pris en compte, la nature des découpes, le sens de « minimiser les pertes » (fonction 
d’optimisation), ou le fonctionnement des commandes. 

• La phase de modélisation peut renvoyer à plusieurs problèmes mathématiques selon les 
choix faits. 

Notre objectif étant l’entrée des élèves dans une activité de modélisation mathématique à partir d’un 
problème non-mathématisé, nous nous focalisons sur les enjeux de mathématisation sans chercher à 
identifier les disciplines (scolaires ou académiques) mises en jeu dans le système à modéliser. 
Cependant, la communication associée à cette atelier (Modeste et Yvain-Prébiski) donne cependant 
des éléments de réflexion à ce sujet. 
Nous présenterons dans l’atelier, les choix de variables didactiques retenues, afin de favoriser le 
travail de mathématisation en classe. 
Sur la base de l’analyse a priori des mathématisations possibles, et de la richesse des problèmes 
mathématiques qu’elles engendrent, le groupe ResCo analyse les questions et réponses produites 
par les classes engagées et propose une fiction réaliste relancée qui tient compte de plusieurs 
critères : 

• Le problème mathématisé est accessible, au moins en partie, à tous les niveaux scolaires 
impliqués 
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• Les choix de mathématisation effectués conservent une cohérence avec les choix proposés 
par les classes et ne dénature pas le problème initial. 

• Le problème mathématisé permet un travail de recherche mathématique consistant. 

Organisation pratique de l'atelier 

Dans l'atelier, nous avons fait vivre aux participants le dispositif ResCo en accéléré sur la base de la 
FRAPPM 2019 « les vitres » (analyse de l’énoncé de la fiction réaliste, phase de questions-
réponses, analyse de la fiction réaliste relancée). 
Dans un second temps, nous avons proposé aux participants d’étudier des productions d’élèves 
issues des différentes phases du dispositif. L’analyse de des productions a permis ensuite d’étayer 
nos propos. 
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Abstract. This workshop is based on an ethnomathematical study on folk dances. This study 
aims to analyse the mathematical structure inherent in various elements that constitute folk 
dances of Northern Portugal and Galicia, specifically choreography, music and accessories 
(Ribas, 1983). It also aims to construct mathematical tasks related to the ethnomathematical 
study carried out, linking school-mathematics to mathematics situated in cultural contexts as 
folk dances. In the workshop, we intend to particularly the method we used for mathematical 
modelling of choreography, invite participants to learn, apply and experiment the method, 
and then discuss some of our ideas to apply it in mathematics education classes.  

Résumé : Cet atelier est fondé sur une étude ethnomathématique sur les danses folkloriques. 
Cette étude vise à analyser la structure mathématique inhérente aux divers éléments qui 
constituent les danses folkloriques du nord du Portugal et de la Galice, en particulier la 
chorégraphie, la musique et les accessoires (Ribas, 1983). Elle vise également à construire 
des tâches mathématiques liées à l'étude ethnomathématique réalisée, en reliant les 
mathématiques scolaires aux mathématiques contextualisées dans des contextes culturels 
comme les danses folkloriques. Dans l'atelier, nous avons mis l'accent sur la méthode que 
nous avons utilisée pour la modélisation mathématique de la chorégraphie, et nous invitons 
les participants à apprendre, appliquer et expérimenter cette méthode, puis de discuter de 
certaines de nos idées pour les appliquer dans les cours de mathématiques. 

1. Introduction 

Mathematical activity is a cultural activity (Gerdes, 2007) and mathematical knowledge should be 
understood as a knowledge that all cultures produce (Bishop, 1988). D’Ambrósio (2002) called 
'ethnomathematics' to the mathematics practiced by various cultural groups, which are identified by 
common objectives and traditions. Bishop (1986, 1988) determined the existence of six universal 
basic activities (counting, locating, measuring, designing, playing, and explaining) by which 
mathematics has developed in different cultures and which have contributed to multiple significant 
ideas that integrate current mathematics. According to Barton (2009), the ethnomathematical study 
of mathematical practices of particular communities makes us aware of new ideas, concepts and 
processes that should not be seen as trivial or simple, and may even contribute to new mathematics, 
capable of enriching the mathematical field.  
In today's multicultural society, it is essential to develop a conception of mathematical education 
that shows it sensitive to social factors, and as a knowledge built on social processes (Moreira, 
2008). Ethnomathematics allows educational approaches based on culturally relevant pedagogies 
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(Rosa & Gavarrete, 2016, p. 26). According to Rosa and Orey (2006), the establishment of cultural 
connections is a fundamental aspect in the development of new teaching-learning strategies, 
because it allows students to realize that mathematics is a significant part of their own cultural 
identity.  
These are directions we pursue with our study on folk dances of Northern Portugal and Galicia.  

2. Research Problem 

The investigation in ethnomathematics we are developing aims to analyse the mathematical 
structure inherent in various elements that constitute folk dances of Northern Portugal and Galicia, 
specifically choreography, accessories, and music (Ribas, 1983). Concerning choreography, we 
intend to represent and describe the movements that dancers perform during dances, as well as the 
system through which they determine their location and thus organize themselves. Regarding 
accessories, we expect to identify symmetries that the dancers’ costumes admit. About music, we 
pretend to recognize repetitive phrases in the musical pieces that accompanies folk dances. This 
investigation also aims to construct mathematical tasks related to the ethnomathematical study 
carried out, linking school-mathematics to mathematics situated in cultural contexts as folk dances. 

3. Methodology 

As we intend to study three elements that constitute folk dances, this is a study with ethnographic 
characteristics, because it is a descriptive study of the culture of a community or of some of its 
fundamental aspects (Baztán, 1995), which are, in this case, folk dances. Ethnography attempts to 
describe the culture or certain aspects of it (Bogdan & Biklen, 1994). Data collection has been 
carried out in a natural environment through several methods and complemented by information 
obtained through direct contact of the researcher with this environment (Bogdan & Biklen, 1994). 
We studied the dance repertoire of folk groups from two cities of Northern Portugal: Braga (Grupo 
Folclórico de Vila Verde) and Vila Real (Rancho Folclórico da Casa do Povo de Vilarandelo), and 
from two cities of Galicia: Santiago de Compostela (Agrupación Folclórica Cantigas e Agarimos) 
and Ourense (Asociación Rebulir Cultura Tradicional).  
Concerning choreography, video equipment has been used to film under different perspectives the 
movements that dancers perform on the floor throughout the folk dances. From the video 
recordings, data has been transcribed (Johnson & Christensen, 2000), and we made diagrams and 
numerical schemes representing the successive positions that the dancers or the pairs of dancers 
occupy during dances. Still in relation to choreography, interviews will be used to collect 
descriptive data in the language of the subjects (Bogdan & Biklen, 1994) on the system through 
which dancers determine their location and thus organize themselves. 

4. Choreography 

4.1  Diagrams 

To characterize the dynamic process inherent to the choreography, we made diagrams, considering 
the number of dancers or pairs, the arrangement they assume at the beginning of the dance, and the 
changes of positions that occur between them.  
In the diagrams, the vertices represent the positions of the dancers or the pairs (when the pairs dance 
together all the time) and they are indicated with capital letter. The directional arcs represent the 
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movements of the dancers in relation to the previous positions, disregarding the movements that do 
not include alteration of the relative positions. This means that, for example, dancers’ rotational 
movements that the dancers or pairs make around themselves are not assumed in the diagrams. 
Each movement of the dancers is represented in a diagram. Therefore, the diagrams show how the 
choreography is performed, based on the initial position of the dancers and the sequence of changes 
of positions that occurs. 
As an example, the analysis of the folk dance “Chula da Ribeiro”, one folk song of the group from 
Braga, is shown in figure 1. The diagrams represent the sequence of movements that six pairs of 
dancers (A, B, C, D, and E) do during the dance, starting from their initial positions. Note that the 
directional arcs that represent the movements of the pair A are marked with a darker color, because 
if the readers want to focus their attention only on the changes of positions made by one pair, it 
becomes easier to follow their movements. The other pairs make the same movements. 
 

 

 
Figure 1 - Diagrams of the analysis of the dance “Chula da Ribeira”. 

 
As another example, the analysis of the folk dance “Regadinho”, another folk song of the group 
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from Braga, is shown in figure 2. Now, the diagrams represent the sequence of movements that 
fourteen dancers (A1, A2, B1, B2, C1, C2, D1, D2, E1, E2, F1, F2, G1, and G2) do during the dance, 
starting from their initial positions. 
 

 

 

 
Figure 2 - Diagrams of the analysis of the dance “Regadinho”. 

 

4.2  Numerical Schemes 

Supported on the diagrams of the analysis of folk dances, we then made numerical schemes. For 
this purpose, we gave a number to each position of the dancers or the pairs on the initial 
configuration of the dances (first diagram of dance analysis). Accordingly, the location of pair A 
(see figure 1) or dancer A1 (see figure 2) corresponds to position number 1, the location of pair B 
(see figure 1) or dancer B2 (see figure 2) corresponds to position number 2, and so on, following an 
alphabetical order.  
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For the circumference choreography type, in which dancers are arranged in a circumference and 
their movements are made in this circumference, although sometimes they occupy the area of the 
circle, we will always use this convention to number the dancers or pairs. 
For better understanding, figure 3 shows the position numbers (right side image) assigned to the 
dancers on the initial configuration of the dance “Chula da Ribeira” (left side image) and figure 4 
shows the position numbers (right side image) assigned to the dancers on the initial configuration of 
the dance “Regadinho”.  

 

         
Figure 3 - Numbered positions of the dancers on the initial configuration of the dance “Chula da 

Ribeira”. 
 

 
Figure 4 - Numbered positions of the dancers on the initial configuration of the dance 

“Regadinho”. 

 

 

Based on the position numbers assigned to the dancers on the initial configuration of the folk 
dances’ analysis, the dancers’ changes of positions already represented in the diagrams are now 
described in a numerical scheme.  
For each diagram, a row of the numerical scheme is filled, giving the pair A, B, C, D, … or dancer 
A1, A2, B1, B2, C1, C2, … the appropriate position’ number (1, 2, 3, 4, 5, 6, …). This method repeats 
for all diagrams of the dance analysis. 
Figure 5 shows the numerical scheme corresponding to the diagrams of the analysis of the folk 
dance “Chula da Ribeira” and then figure 6 shows the numerical scheme corresponding to the 
diagrams of the analysis of the folk dance “Regadinho”. 
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Figure 5 - Numerical scheme of the dance “Chula da Ribeira”. 

 

 
Figure 6 - Numerical scheme of the dance “Regadinho”. 
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5.  The Workshop 

The workshop began with a brief presentation of the ethnomathematics research we are developing. 
Then we focused on the results obtained in the study of choreography. We have described and 
notated folk dances in terms of dancers’ changes of positions, making diagrams and numerical 
schemes, which represent the entire sequence of changes of positions that occurs in a dance. As so, 
we shown how we used the choreography modelling method described in the previous section in 
one particular folk dance (“Regadinho”).  
After this explanatory section, participants were invited to apply the same method in another folk 
dance (“Chula da Ribeira”).  
Our goal was to provide a space for the exchange of ideas, experiences and even cultures, in order 
to take advantage of cultural practices such as folk dancing to enrich the teaching and learning of 
mathematics.  
During the workshop, participants understood the method and were able to apply it to the other folk 
dance. In the discussion, several suggestions were made. One of them, perhaps the more relevant, 
was to count the tempos when the dancers did not exchange positions with each other, which could 
possibly lead to other regularities. The fact that the method only approached position changes, thus 
isolating one component of the dance, motivated some discussion about the purpose of the method. 
Dance is not just the exchanges of positions. Of course not. Who analyzes the schemes does not 
learn that dance either. Is it useful for choreographers to have the schemes? Is it an aid? What is the 
purpose of the method if it does not fully portray the dance? These were questions raised, which we 
reflected on. Regarding the pedagogical potentialities, it was agreed that there are several ways to 
work on mathematical content through the analysis of the choreography, although no concrete ideas 
have been suggested. 
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Abstract. Having in consideration that science and mathematics can be articulated through children’s 
literature, this study, focused on future preschool educators, aims describe how future preschool 
educators’ use children's literature to create mathematical and science tasks and to analyze how future 
educators mobilize pedagogical content knowledge to build those learning tasks. Future educators, 
divided into groups, were asked to select a book from a list provided to them and to designed science 
and mathematics task. Results suggest that they had difficulties in designing the tasks and that many 
of them were closed-ended and based on behaviorist theories of education. However, there were some 
exceptions.  
 
Résumé : En tenant compte du fait que les sciences et les mathématiques peuvent être articulées par le 
biais de la littérature pour enfants, cette étude, dirigée vers les futurs éducateurs préscolaires, vise à 
décrire comment ces derniers utilisent la littérature pour enfants pour créer des tâches mathématiques 
et scientifiques et à analyser comment les futurs éducateurs mobilisent les connaissances en matière 
de contenu pédagogique pour construire ces tâches. Les futurs éducateurs, divisés en groupes, ont été 
invités à choisir un livre dans une liste qui leur avait été fournie et à concevoir des tâches en sciences 
et en mathématiques. Les résultats suggèrent qu'ils ont eu des difficultés à concevoir les tâches et que 
beaucoup d'entre elles restaient sur des théories behavioristes de l'éducation. Cependant, il y a eu 
quelques exceptions ! 

1. Introduction 

Since an early age, children often employ mathematics and science in their everyday life (e.g. to 
appreciate the main geometric forms in nature and their advantages for animals or to build a paper 
kite). Current theoretical perspectives on teaching and learning, namely constructivism, suggest that 
learning is more effective when children’s personal life experiences, interests and knowledge are 
taken in consideration. These perspectives are reflected in the Portuguese curriculum for preschool 
education (Ministério da Educação, 2016), which highlights the importance of designing learning 
tasks that connect different areas of knowledge, e.g. mathematics and science. Rather than 
approaching them in isolation, as knowledge in “drawers”. These orientations pose pressure on 
preschool educators’ training because educators often draw on their own early learning experiences 
(often based on traditional perspectives) to engage children with mathematics and science (Brand & 
Wilkins, 2007; Zacharos et al., 2007). Furthermore, these educators often do not have a strong 
subject content knowledge in science and mathematics: many of them perceive mathematics as 
arithmetic operations and shapes (Copley, 2004), and science as collection of facts, models, 
principles to be known by heart (Van Driel et al., 2001). Conversely to mathematics and science, 
preservice preschool educators often feel confident to develop children’s questioning, creativity, 
communication skills through language-oriented activities, namely reading (Copley, 2004). 
One way forward in encouraging mathematics and science connections is to take advantage of pre-
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service preschool educators’ self-confidence in language-oriented activities, for example, through 
children’s literature books. From a very early age, and even before being at the kindergarten, 
children contact with children’s literature. This is because it is essential not only to learn new 
vocabulary but also to have access to different perspectives about the world. Furthermore, research 
has shown that children's literature can contribute to develop mathematical and science thinking, 
and to break the logic of compartmentalized knowledge (Flevares & Schiff, 2014). Supporting pre-
service preschool educators’ integration of mathematics and science through children’s literatures 
requires developing their ability to select, to deconstruct and to reconstruct the literary text. Indeed, 
mathematics and/or science are sometimes implicit in children’s literature books, the language used 
is not the specific language of mathematics and science, and their aim is not to educate children’s in 
mathematics and science. Hence, because they are not teaching resources, the mathematical and 
scientific ideas may be presented without taking in consideration the necessary prerequisites to 
understand them. For example, the authors may state that in space all the distances are huge without 
a scale of comparison.  
Given the potentiality children’s literature has to connect mathematics and science, and the 
preschool educators’ positive attitudes towards reading tasks, it seems important to offer future 
preschool teachers the opportunity to design learning science and mathematics tasks based on these 
books, and to reflect on their potentialities and limitations.  

 2. Aims 

Having in consideration that mathematics and science education can be integrated through 
literature, this study aims to: 
- describe how future preschool educators’ use children's literature to create mathematical and 
science tasks. 
- Analyze how future educators mobilize pedagogical content knowledge to build those 
learning tasks. 

 3. Methodology  

The sample is composed by 19 future preschool educators, enrolled in the first year of a master 
degree on preschool educators, in Portugal. They all hold a bachelor in basic education, in which 
they were exposed to a broad approach to several sciences and mathematics, alongside other 
subjects (such as history or pedagogy of childhood) and an initiation to the professional practice. 
Only after completing the master course in pre-school education do these future preschool 
educators become professionalized. Hence, their experiences as preschool educators are low.  

The study was developed in “Didactics of Mathematics and Science” course, which is a 
compulsory curricular unit within the master degree in pre-school education. In the second week 
of the course, future preschool educators were divided in five groups and were asked to select a 
children’s book from a list provided to them. Once the book was selected (Table 1) they were 
invited to create a science and mathematics tasks based on it. In this assignment, future educators 
were required to mobilize accepted pedagogical content knowledge to develop the tasks. They 
were asked to deliver the assignment two weeks after the end of the curricular unit, which was 15 
weeks long. The corpus of analysis is composed by the tasks designed by the groups for the 
selected book. To each selected book a code was attributed which is a letter from A to F. Only in 
the book “the giant turnip”, mathematical ideas (i.e. counting) are explicitly provided. Data was 
content analyzed by creating a posteriori categories (Bardin, 2014).  
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Table 1. Synopsis of the selected books 

 
Book 
 
 

Synopsis of  

A – A story of 
fingers, by L. 
Ducla Soares  

The popular names of fingers are provided and their names 
reinforced by using amusing sentences about them.   

B - The giant 
turnip, by  N. 
Sharkey 

A turnip grows so large that only one person cannot pull it up. 
Several animals are successively recruited to pull the turnip up 
collaboratively. However, it is only when a mouse joins the group 
that the turnip is pulled up.   

C – Box, by M. 
Flyte 

Four children find some toys in cardboard boxes, they play with them 
for a while. But, the children then turned their attention to the boxes 
themselves. They decided to use their creativity to build, e.g. castles, 
dinosaurs, or space ships.   

D - What is 
there?, by I. 
Martins & M. 
Matoso 

The book uncovers what is inside several everyday objects, namely 
fridge, the mothers’ purse, and so on. 

E - I’ll love you 
forever, by O. 
Hart 

Polar Bear and Cub explore the Arctic habitat, as the seasons change. 
The characteristics of each season are then explored. Polar Bear 
reassures Cub that no matter changes in nature the loving bond 
between them will never be broken. 

4. Results 

An analysis of the designed tasks shows that the most of the science tasks are, to some extent, 
related to the theme of the book (Table 2) However, they are rarely used to deconstruct the story 
covered in them. Indeed, the science tasks are often designed to extend the story. For example, in 
book E (“I’ll love you forever”), the designed tasks either make use of the illustrations to develop a 
parallel narrative (e.g. that answer the question “why do bears do not get cold?”) or extend the book 
story (e.g. the book finishes with the mother bear telling the cub that: “you can have your own 
adventure”. A task is designed to project a boat that can take the cub to a trip). Concerning the 
mathematics tasks, they are also, in majority, related to the theme of the book but they are never 
used to deconstruct the story. Some tasks are constructed to extend the story. For example, in book 
E, following the construction of a boat (science task), a task is proposed to decorate the boat using 
patterns. Another example is the creation of an itinerary (inspired in the bear’s journey) where 
concepts related with spacial orientation are developed.  

 
Table 2. The relation between the designed tasks in mathematics and science and the books’ 

stories 
 

 
Tasks 

A 
(n=6) 

B 
(n=5) 

C 
(n=4) 

D 
(n=4) 

E 
(n=7) 
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in 
 

NR R NR R NR R NR R NR R 

Mathe
matics 
 

2 1 2 -  3 2  - 4 

Scienc
e 

2 1 - 3 - 1 _ 2 - 3 

L – Related; NR – not related 

 
Furthermore, the designed tasks in mathematics and science and often not related. In the majority 

of the proposals, future educators designed science tasks, followed by mathematics tasks. There are, 
however, some few exceptions. That is the case of the tasks designed for the book D (Box). The 
tasks designed extend the story by asking children: “which purpose would you give to the boxes”. 
Supposing that children would say a castle, the future teachers would then encourage children to 
explore the unit “forces and levers” to design and to build a gate, catapult, mechanism to pull water 
from a well etc. Once the “castle” is built, children are asked to” choose a view and draw it”. Then 
they will change their drawings and guess the colleagues view. This task will explore the “spatial 
location” and help children develop the “language of space”.  

Accepted pedagogical content knowledge is not always employed to design the science tasks 
(Table 3). They are often close ended, without children’s participation in the design of the task. For 
example, in the book D “What is there?”, there is an image of the content of a fridge. The science’s 
tasks involve: 1) asking children to infer whether or not certain food is in their fridge, 2) discussing 
healthy food, and 3) analyzing to what extent the food in their fridge is healthy. Some science tasks 
for other books (e.g. book E) have in consideration the children’s misconceptions and are designed 
to support children explore them (e.g.  which material could be used by the cub to build a boat?). 
Rarely are tasks based on a project based approach. Only the science tasks for the book “castle” 
encourage children to think about which artefacts they would like to include in their castle and to 
build them. As far as mathematics is concerned the majority of the tasks proposed are routine, 
closed tasks, not challenging. For example, in book B, children are asked to select and order, by 
size, some turnips. One can find some relatively open but easy tasks (exploration tasks, Ponte, 
2005) for book E. In fact, children are asked to decorate a boat using patterns or to measure the 
mother bear and her cub, using the cover image. None of the tasks involves Problem solving. 

 

Table 3. The nature of the relevant tasks  

 
                         Nature A B C D E 

 
Mathematics 

 
Exercise 
 
 

 
√ 

 
√ 

 
√ 

 
√ 

 

 Problem 
solving 
 

     

 Exploratio
n tasks 

  √  √ 
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Science Close-
ended 

√ √  √ √ 

 Exploring 
misconcep
tions 

    √ 

 Project-
based 
learning 

  √   

5. Discussion  

The results suggest that articulating science and mathematics through literature is a difficult task for 
future educators. One of the difficulties may result from the fact that the selected books do not often 
approach mathematics and science explicitly. Hence, it seems important in future pedagogical 
methods course to discuss the potentialities of literature books to articulate science and 
mathematics. One way forward might be to explore literature books (e.g. biographies of scientists 
and mathematicians) in which mathematics and science are explicitly included as part of the 
message. 
The designed tasks, overall, also show that the future educators do not articulate science and 
mathematics tasks, which suggests that they perceive science areas as compartmentalized 
knowledge (Flevares & Schiff, 2014). In spite of being introduced to accepted educational theories, 
namely constructivism, future educators seem to have behaviorist models deeply rooted. Indeed, 
most of the science tasks are close-ended. This fact is not a surprise as it is well known that future 
educators tend to educate as they were taught.  

6. Final considerations 

Future educators need to become aware and value the potential connections between literature, 
mathematics and science, instead of considering them as unrelated areas of knowledge. Because 
educators tend to educate as they were taught, it seems important to increase the articulation 
between mathematics and science within the didactics methods course. For future research work, it 
seems also important to evaluate the scientific accuracy of the designed tasks in mathematics and in 
science.  
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Résumé : Dans cet article, je présenterai le sens que la création de connexions de toutes 
sortes apporte à l’enseignement des mathématiques en secondaire, l'utilité d'intégrer la 
pratique des liens dans la formation des enseignants sur la base de mon expérience 
personnelle, et j'analyserai plusieurs expériences vécues de pratiques connectées. Les liens 
peuvent exister aussi bien dans la notion enseignée qu’enrichir la notion, ou enrichir la 
culture générale. Par exemple, la réalisation collective d’une mosaïque de l’Alhambra avec 
ses liens entre la géométrie pure et vectorielle et les arts, la technique et notre histoire et 
notre patrimoine culturel commun, ou un travail d’observation, de collecte de données et 
d’analyse statistique concernant l’activité de ruches connectées, en partenariat avec une 
municipalité, une maison de la nature, une union de l'apiculture et une école d'ingénieurs, en 
lien avec les questions environnementales comme l’implantation de ruches en milieu urbain. 
D'autres expériences seront présentées. Ces expériences sont toutes vécues en classe de 
lycée, avec des élèves âgés de 15 à 18 ans. Elles montrent comment nous pouvons faire de 
notre enseignement des mathématiques un vecteur de paix, de rencontres, de cohabitation, de 
réussites et d’enseignement sur des questions cruciales de notre époque, telles que le 
développement durable. Elles montrent que l’établissement de liens entre les multiples 
facettes d’une même notion conduit à sa compréhension d’un simple point de vue 
mathématique, mais aussi à la compréhension du monde dans lequel nous vivons, ainsi qu’à 
la compréhension des acteurs de ce monde, qu'ils soient scientifiques ou non.  

Abstract: In this paper, I present the meaning that making connections of all kinds brings to 
secondary mathematics education, the usefulness of integrating the practice of connections 
into teacher education based on my personal experience, and I will analyze several real-life 
experiences of connected practices. Linkages can exist both in the notion being taught, 
enriching the notion, or the general knowledge. For example, the collective realization of a 
mosaic coming from the Alhambra with its links between pure and vector geometry and the 
arts, technology and our common history and cultural heritage, or a work of observation, 
data collection and statistical analysis regarding the activity of connected beehives, in 
partnership with a municipality, a house of nature, a beekeeping union and an engineering 
school, in connection with environmental issues such as the establishment of beehives in 
urban areas. Other experiences will be presented, all of which have been carried out in high 
school classes with students from 15 to 18 years old. They show how we can make our 
teaching of mathematics a vehicle for peace, encounters, cohabitation, success and teaching 
on crucial issues of our time, such as sustainable development. They show that making 
connections between the many facets of a concept leads to understanding it from a simple 
mathematical point of view, but also leads to the understanding of the world. 

Une double déconnexion dans l’enseignement classique 

Par nature, par leur construction, leur histoire, les mathématiques sont liées au vivant, le vivant 
est fait de connexions. Les mathématiques sont liées à la compréhension du monde, à son évolution 
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technologique, elles sont connectées à d'autres disciplines dans leur genèse et leur évolution. Au 
cours de leur scolarité, les élèves ont souvent eu de mauvaises expériences, l’apprentissage devient 
artificiel ou superficiel, et la volonté d’obtenir de bonnes notes dans cette discipline se fait parfois 
par n’importe quel moyen. « Cherches même pas à comprendre ! » « Je suis nul(le) en maths ! ». 
Ainsi nous vivons dans l’enseignement des mathématiques classique une double déconnexion, de 
l’élève avec le véritable apprentissage des mathématiques, et de l’apprentissage avec le réel. 
Comment donner à nos élèves tout simplement le plaisir de venir en cours de maths, quel que soit 
parcours.  

1. L’expérience des connexions dans la formation 

1 .1. L’expérience personnelle  

De formation mathématiques pures puis appliquées en analyse numérique et informatique, j’ai 
pratiqué dans l’industrie pétrolière en laboratoire de recherche. Ma première expérience 
professionnelle a consisté à créer un module informatique de représentation graphique de fonctions 
de 2 ou 3 variables afin de permettre la visualisation graphique des résultats numériques discrets et 
des données chiffrées fournies par des méthodes de discrétisation (éléments finis)1,  la seconde  
d’étudier la sédimentation dans des fluides non newtoniens ( modèle d’Ellis), en vue d’apporter un 
éclairage sur la manière dont devrait sédimenter le sable injecté dans une fracture de roche2.  
Nombreuses sont les connexions à établir :  entre les phénomènes se produisant en sous-sol, les 
interactions entre le fluide et la sphère modélisant le grain de sable qui sédimente, les équations de 
la sédimentation, les contraintes et forces extérieures, l’utilisation d’un langage informatique, la 
programmation, les matériels, les programmes scientifiques crachant leurs millions de données 
chiffrées illisibles à transformer sous forme de graphique facilement interprétable, la connexion du 
module développé aux programmes existant,  la récupération des fichiers de données, la 
programmation modulaire avec passage de paramètres entre les modules, la nature des paramètres 
(géométriques, logiques…), le test du programme sur des données existantes, et la conception d’un 
programme devant également fonctionner avec n’importe quelles données à l’avenir.  

Le travail d’équipe de scientifiques compte des spécialistes de la mécanique, la physique, de 
laboratoire, le projet est coordonné par plusieurs ingénieurs, au-delà des pratiques et langages 
différents, nous devions nous comprendre.  

 

1. 2. Les connexions dans la formation des enseignants 

Ces expériences ont permis de vivre la complexité de la nature, les liens entre mathématiques et 
monde organique, et travailler sur ces sujets permet d’établir, d’animer ou de faire vivre dans son 
propre cerveau les connexions permettant l’activité intellectuelle propre à solutionner ce genre de 
problèmes. Il me semble important pour la formation des enseignants en mathématiques d’avoir eu 
accès à au moins un domaine professionnel, d’avoir réalisé un programme informatique construit de 
divers modules dans un langage actuel de programmation, de connaître les enjeux de 
l’informatique. Il ne s’agit pas seulement de connaissances, mais de compréhension, de 
compétences, dont nous pensons qu’elles peuvent se transmettre au niveau de l’enseignement en 

                                                
1 Claire Chevrier, Programmation d’un Module informatique de représentation graphique des fonctions de 2 

ou 3 variables avec UNIRAS : PLOT - Dowell-Schlumnberger, 1983. 
2 Claire Chevrier, Sédimentation dans les fluides non newtoniens ( modèle d’Ellis) – Dowell-Schlumnberger 

Études et Fabrication - Laboratoire Analyse Numérique et calcul scientifique Université de Saint-
Étienne – Septembre 1984 
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lycée, et qui font partie des contenus officiels de l’enseignement des mathématiques en France au 
lycée.  

2. Réaliser des connexions dans l’enseignement au quotidien : des situations en classes de lycée 

Nous présenterons successivement le cas de connexions dans l’enseignement au quotidien, 
d’abord dans l’objet étudié, puis entre l’objet étudié et le réel, puis dans les façons d’apprendre, 
qu’il s’agisse de coopérations ou de solliciter divers outils numériques. 

 

2. 1. Les connexions existent dans l'objet étudié 

Enseigner la notion de nombre dérivé demande d’établir de multiples connexions qui ne sont pas 
forcément naturelles dans l’esprit d’un élève de lycée : l’écriture-même de la définition du nombre 
dérivé  comporte la fonction f, les notions d’antécédent, d’images, 

d’accroissement ou de variation, de taux de variation, enfin de limite, réunis dans un symbole 
comportant la fraction, le symbole limite, l’infiniment petit, et une égalité. Les théorèmes 
d’existence et d’unicité de solution d’une équation différentielle vérifiant une condition initiale, 
d’existence et d’unicité d’une primitive d’une fonction positive et continue sur un intervalle  et 
s’annulant en a, sont autant de notions demandant un effort de connexions mentales pas toujours 
aisées pour les élèves entre divers objets de natures différentes. L’enseignement de la théorie des 
graphes en spécialité aux élèves de sciences économiques et sociales consiste plus simplement à 
l’enseignement des connexions du monde réel modélisées par ces objets puissants et simples que 
sont les graphes.  

 

2. 2. Les connexions peuvent être faites entre l'objet étudié et le réel 

L’introduction du nombre dérivé en classe de techniciens dont le profil est peu scientifique 
peut se faire par les pentes des tangentes, avec en parallèle l’interprétation cinématique (figure 
1) :  la vitesse instantanée d’un véhicule se déplaçant de la ville A à la ville B et rencontrant 
un radar sur sa route sert à captiver l’attention, une fois indiqués le sens de chaque notation, 
en relation très concrète avec la route effectuée sur le terrain depuis chez soi. Ceci fait, le 
remplacement de chaque symbole pour arriver à la notation précédente du nombre dérivé 
devient alors un jeu d’enfant auquel se prêtent toujours des élèves, établissant les connexions 
entre les deux points de vue. 

 

 
 

Figure 1. Interprétation cinématique du nombre dérivé : vitesse instantanée (Dutarte et al., 
2012) 
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Les anecdotes au moment de la transmission d’une notion abstraite et complexe apportent aux 
savoirs mathématiques, philosophiques, historiques, captent l'attention, restent dans les mémoires, 
facilitent l'apprentissage de la notion, l'élève connecté à un vécu intervient, parle de lui, de ses 
connaissances, donne au groupe une réflexion. A titre d’exemples parmi d’autres, la légende de 
l’échiquier pour introduire les suites géométriques et la somme de ses termes (Buff), l’effet papillon 
pour illustrer le rôle des conditions initiales des équations différentielles (Pickover, 2018), la chute 
des dominos pour illustrer le raisonnement par récurrence (Wikipédia) sont des connexions avec le 
réel permettant de répondre aux questions des élèves dans l’instant mais aussi dans la durée.  

 

2. 3. Accepter le réseau connecté en classe, coopérer : des connexions dans la façon d'apprendre  

Les élèves ont intégré physiquement l'habitude d'être connectés, en réseau « Je lui explique », 
« il(elle) m'explique ». Placés en ilots ou en cercle pour la résolution de problèmes ou lors de 
séances de révisions, ou de présentation de travaux, l’enseignant étant facilitateur, les élèves sont 
actifs : ces structures collaboratives permettent des connexions dont l’intérêt pédagogique a 
précédemment fait l’objet d’un article : De la pyramide au cercle, les apports d’un enseignement 
collaboratif (Chevrier, 2018).  

 

2. 4. L'utilisation des outils numériques 

Les outils numériques permettent l’observation de résultats en statistiques grâce au tableur,  la 
découverte de fonctions nouvelles pour l’élève comme la fonction ln, la fonction exponentielle par 
interpolation de nuages grâce à Geogebra, l’acquisition de compétences scientifiques comme la 
modélisation de phénomènes  arithmétiques, géométriques, l’introduction du calcul intégral par les 
aires, de conjecturer la solution d’un problème géométrique, de visualiser les lois de probabilités, 
d’observer le rôle des coefficients d'un polynôme, d’observer en trigonométrie le lien entre cercle et 
fonctions, de résoudre graphiquement équations et inéquations. La pratique de langages de 
programmation comme Python en classes de lycée apprend à structurer, programmer, construire, 
créer des variables locales, globales, connecter divers blocs de programmation par passage de 
paramètres.  Ces pratiques sont non seulement des outils d’aide à l’enseignant pour la présentation 
d’une notion, mais des outils de découverte, de résolution, d’apprentissage des connexions et de la 
complexité du monde lorsque les élèves les manipulent. Dans l’exemple suivant, en classe de 
terminales, séries technologiques, nous étions à la recherche d’une échelle pour représenter 
correctement la magnitude M d’un séisme en fonction de l’énergie E (en joules) de divers séismes : 
le graphique obtenu avec une échelle classique ne permet pas de distinguer les abscisses d’énergies 

, l’utilisation d’une échelle logarithmique le permet (figure 2). Plus, 
l’observation de la grille obtenue et du nuage permet de mettre en évidence les propriétés d’une 
fonction vérifiant  , reste à montrer qu’elle vérifie 

 , et l’arrivée de la fonction ln et de ses propriétés prend son sens.  
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Figure 2. Tremblement de terre et recherche d’une fonction vérifiant  

 

On introduit de même la fonction exponentielle en modélisant avec Geogebra l’intensité du 
courant produit par un rayonnement de panneau photovoltaïque en fonction de la tension 
configurée, les valeurs des mesures sont fournies, l’élève cherche une fonction de la forme 

, en utilisant les curseurs de Geogebra pour ajuster les paramètres. Plus tard, 
familiarisé avec la fonction exponentielle, il sera capable de déterminer ces paramètres par la 
résolution d’équations.  

Tout le programme de ces séries technologiques peut être traité de cette manière (Dutarte et al., 
2012). 

Dans ce qui suit je développerai deux projets particulièrement riches de connexions menés dans 
le cadre de notre enseignement au lycée, sur le thème des mosaïques de l’Alhambra pour 
l’enseignement de la géométrie, puis celui des ruches connectées pour l’enseignement des 
statistiques.  

3. Les mosaïques de l'Alhambra et autres pavages  

Ici par la simple construction du motif de base d’une mosaïque de l’Alhambra, puis la recherche 
de la réalisation d’un pavage à partir d’une forme reproductible, on rappelle en lycée les 
configurations du plan (médiatrices, triangle équilatéral, cercle et arcs de cercle), les 
transformations du plan (symétries, rotation, translation), on introduit la notion de tangente à un 
cercle, celle de vecteurs, avec la définition, les opérations sur les vecteurs, leurs propriétés.  

 

Figure 3. Les différentes étapes du projet de reconstruction d’un pavage de l’Alhambra. 
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On revoit la notion d’algorithme et vérifie le bien-fondé de la rigueur et de la logique d’une 
construction. On établit des connexions avec les arts, les technologies, l'histoire des civilisations, les 
langues, l'architecture. La réalisation grandeur nature comme fresque dans un établissement 
scolaire, voire la modélisation en 3D par les élèves de prototypes ou pochoirs en vue d’un pavage 
amène vite à l’utilisation d’outils numériques (Geogebra, Solidworks) en connexions avec le cours 
de Sciences du numérique et technologies, ou du cours d’Arts appliqués. Une application 
permettant de visualiser les diverses étapes de la construction, ainsi que les éléments de géométrie 
cités, réalisée avec Geogebra, est téléchargeable sur les smartphones (Claire Chevrier, 2018). 

 
4. Les ruches connectées et les défis du monde 

En statistiques, "faire réfléchir les élèves de seconde sur des données réelles, synthétiser 
l'information, proposer des représentations pertinentes" est l’objet essentiel du programme de 
l’enseignement en classe de seconde. En coopération avec une maison de la Nature qui développe 
un projet d’étude de l'implantation de ruches en milieu urbain en partenariat avec un syndicat 
d’apiculteurs, une Ecole d’ingénieurs et la municipalité, nous suivons l'évolution de deux ruches 
connectées au site de la municipalité : comparer l'activité des ruches, en particulier en hiver, permet 
d’indiquer si elles sont en bonne santé, si l’apiculteur doit intervenir. Le projet permet de 
sensibiliser les élèves dont la conscience et les connaissances sont très variables sur la question de 
la préservation du vivant en général, des espèces animales en particulier. Nos élèves résidant en 
ville ignorent parfois totalement ces problématiques, la vie des insectes représentant bien souvent 
une gêne à son propre bien être individuel et immédiat. Maths et biologie de l’abeille, travaux de 
géométrie sur le maillage des alvéoles de la ruche, idées reçues et littérature, développement 
durable sont les connexions établies au cours de ce projet. 

Conclusion  

Cet enseignement a en partie pour effet de former à une vie responsable, mais aussi de permettre 
d’exprimer des inquiétudes légitimes. Par la pratique de connexions de toutes sortes, l’enseignement 
des mathématiques peut permettre à nos élèves de se situer eux-mêmes, se découvrir, s’orienter de 
manière enthousiaste, au milieu des connaissances reçues ou par rapport à leur réinvestissement 
dans le monde adulte, professionnel ou non, il peut faire écho à leurs préoccupations relatives aux 
défis mondiaux et environnementaux, au besoin de se connaître les uns les autres et de vivre 
ensemble, et les préparer au monde complexe qui est le leur. 
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Abstract. This work briefly presents a doctoral research which broadly aimed at developing 
strategies to apply the Mathematics teaching-learning-assessment methodology to teach 
Differential and Integral Calculus contents using problem solving during regular class hours. 
The research methodology was defined as a concurrent-embedded mixed method and the 
adopted data-collection strategy was the action-research practice design. The participating 
public were students enrolled in the Mathematics and Chemistry undergraduate programs, in 
the Santa Catarina State University. To develop the classes under the concept of teaching 
through problem solving, the researcher took the Problem-Solving Work and Study Group's 
activities script as a reference. The quantitative data (tests) analysis showed that the 
developed research had a statistically significant learning contribution for the Chemistry 
program students, while the qualitative data revealed an improvement in learning for both 
groups of students. 

Résumé. Cet article présente brièvement une recherche doctorale visant à développer des 
stratégies d'utilisation de la méthodologie d'enseignement, d'apprentissage et d'évaluation en 
mathématiques pour enseigner le contenu du calcul différentiel et intégral par la résolution 
de problèmes pendant les heures de cours. La méthodologie de recherche a été classée en 
tant que méthode mixte simultanée intégrée et la stratégie de collecte de données adoptée a 
été la conception de la recherche-action pratique. Le public participant était constitué des 
étudiants inscrits dans les classes des cours de licence en mathématiques et de licence en 
chimie (QUI) de l'Université d'État de Santa Catarina. Pour développer les cours sur la 
conception de l’enseignement par la résolution de problèmes, le chercheur s’est référé au 
scénario d’activités du groupe de travail et aux études sur la résolution de problèmes. 
L'analyse des données quantitatives (tests) a montré que la recherche développée apportait 
une contribution d'apprentissage statistiquement significative aux étudiants du programme de 
chimie, tandis que les données qualitatives révélaient une amélioration de l'apprentissage 
pour les deux groupes d'étudiants. 

Research Presentation 

Differential and Integral Calculus, or just Calculus, provides key elements for the development 
of concepts in the specific areas of Exact-Science-related programs and is a compulsory first-year 
curriculum component. Despite its importance, Calculus is usually associated with high failure and 
dropout rates. One of the reasons pointed out in the literature is related to the adopted teaching 
methodology (Pagani & Allevato, 2016; Rafael & Escher, 2015), which, in Brazil's Higher 
Education system, is mostly the traditional one (Serafim Filho, 2016). The teaching of calculus at 
the Santa Catarina State University - UDESC/Joinville is part of such context regarding both the 
methodological approach and the school failure. Thus, with the intent to improve the students' 
learning and to innovate her own teaching practice, the researching professor (first author) 
developed a doctoral research (advised by the co-authors) whose general goal was to develop 
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strategies to apply the mathematics teaching-learning-assessment methodology to teach Calculus 
contents through Problem-Solving (PS) during regular class hours. The question that guided the 
development of the research was how to apply the mathematics teaching-learning-assessment 
methodology to teach Differential and Integral Calculus contents through PS while still complying 
with the teaching plan. To answer such question, three other questions were considered: How can 
the PS methodology aid the learning of Calculus contents? What difficulties do students experience 
when performing activities using PS? What difficulties did the professor have when inserting the 
teaching-learning-assessment methodology through PS in Calculus classes and how to overcome 
them?  

The research developed to look for the answers was of a mixed method, as qualitative and 
quantitative data were available. According to Creswell and Plano Clark (2013), a mixed research 
yields a more detailed understanding of the problem. In this work, the analysis of qualitative and 
interpretative data predominated, and quantitative data was used to complement the qualitative 
analysis. As qualitative and quantitative data were collected in the same research phase and (more 
thoroughly) analyzed later, the concurrent-embedded design was the one to best suit this mixed-
method research (Creswell, 2009).  

Regarding data collection, in addition to participant observation, considering this was an action 
research, the researcher's log entries, the response protocols, the tests, the course's teaching plans, 
the Pedagogical-Political Projects of the undergraduate programs to which the research participants 
were enrolled, two surveys (one on PS methodology and another on problem formulation, herein 
considered as a PS natural extension), interviews and audio recordings were taken into account. In 
the development of the research, the dynamic geometry software GeoGebra and PowerPoint were 
used as technological resources that aided the development of the classes. 

To perform the quantitative data analysis, the pre-test and post-test student answers were 
converted to numerical data with the aid of a focused holistic scale (Charles, Lester & O'Daffer, 
1992) to enable a covariance analysis (ANCOVA) on the IBM SPSS Statistic 25 software. The scale 
is called holistic as it considers the solving process, and focused as it assigns a score according to 
the solving strategy. 

As the doctoral research was an action-research practice, once the professor was intervening in 
her own teaching practices with the intent to bring about improvements in students' learning, 
besides her own personal development (Bisquerra, 1989; Latorre, 2003; Sousa, 2009), the 
participating public were the students enrolled in the Calculus course taught by this researcher 
during the two semesters of 2016 and the first of 2017. During the two semesters of 2016, the 
researching professor had to learn in practice how to insert the problem-solving methodology as a 
methodological approach, as she was only acquainted with some of the theory by then. With that in 
mind, she chose to follow the third Problem Solving Work and Study Group (GTERP) activities 
script on how to conduct a class that aims to teach through problem solving (Allevato & Onuchic, 
2014), and adapted academic research activities and/or books, to later develop some of the 
activities. Namely, the ten activities recommended by the GTERP are: problem proposition, 
individual reading, joint reading, problem solving, blackboard record, plenary, consensus seeking, 
content formalization and new problem proposition. 

The actions and reflections of the practices developed in the two semesters of 2016 were 
fundamental for the researcher to develop her research and collect data for the thesis in the first 
semester of 2017. Thus, the participating public, whose data were analyzed, consisted of students 
from the undergraduate programs in Mathematics (MAT) and Chemistry (CHE). The research was 
applied to the two classes taught by the researcher to assess the acceptance and results in different 
groups, because Calculus is part of the second term for MAT, while, during the first term, the 
program has a Basic Mathematics course. Besides, the Mathematics and the Chemistry programs 
share the same syllabus with the Engineering program for this course. For those reasons, MAT is a 
heterogeneous group, both regarding the programs in which the students are enrolled and the 
knowledge on Calculus contents. On the other hand, CHE is essentially attended by first-term 
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students. Thus, although the literature recommends applying the problem-solving methodology to a 
public that is still new to the subject to be approached (Andrade & Onuchic, 2017), in the reality 
under which the research was performed, such recommendation could not be met, as repeat students 
were enrolled in freshman classes when other groups were full. 

During the official data-collection semester for the data analysis that would make up the thesis, 
19 activities were developed (Azevedo, 2019), guided by the problem-solving methodology. At 
least 30% of the course's workload was dedicated to such activities. Problem formulation activities 
were also considered in 2017 and approached in a discussion forum form (Azevedo, Figueiredo & 
Palhares, 2017). In order to understand the students' opinion regarding the activities developed in 
the classroom (problem solving) and during extra-class hours (problem formulation), 13 semi-
structured interviews were conducted, and two questionnaires were applied, one for each subject.  

Discussion and final considerations 

The answer to the first research question of how the problem-solving methodology can 
contribute to student learning was obtained from both a qualitative and a quantitative point of view. 
Evidence for the qualitative data interpretation of the groups in this research was taken from the 
answers to the questionnaires and the semi-structured interview. Such data-collection techniques 
allowed us to identify, regarding the students, the following positive contributions: active class 
participation; opportunity to use previous knowledge; development of studying autonomy; more 
dynamic classes; learning from mistakes; teamwork; closer student-professor relationship.  Such 
positive aspects agree with the benefits to students provided by the use of the PS methodology 
pointed out by Onuchic and Allevato (2011) based on the works of Allevato (2005), Van de Walle 
(2001) and others.3 

From a quantitative point of view, the statistical analysis applied to the test data allowed us to 
complement the qualitative analysis and was used as a means of evaluating whether the teaching-
learning-assessment methodology through PS improved the research participants' learning of 
Calculus contents. The covariance analysis revealed that this methodology resulted in statistically 
significant contributions to the learning of the CHE students. The difference in this group, if 
compared to the MAT, is that the Calculus course is in the first semester, which means that 29 out of 
34 students were new to the studied contents (5 were repeat students enrolled in a freshmen class). 
In the MAT group, only 8 of the 50 students were taking the course for the first time. The fact that 
the statistical analysis did not show significant contributions to the MAT students does not allow us 
to affirm that, for those students, learning through the PS methodology was better than through 
more traditional approaches. However, from the positive aspects pointed out in the previous 
paragraphs, we believe that, qualitatively, they students also benefited from the experience. 

The second research question aimed to identify the difficulties felt by the students when 
experiencing the use of the PS methodology in Calculus classes. The interviews and questionnaires 
allowed us to identify eight negative aspects listed by the students. Among them, we noticed 
difficulties pertaining the adaptation to the teaching methodology, since the Brazilian educational 
system is mostly traditional. With that in mind, the fact that they had trouble adapting to the team 
work is also understandable, since, in traditional teaching, students usually work individually. 
Another difficulty related to the conduction of a PS-oriented class, as pointed out by the students, 
was the fact that, to perform a classroom activity, there's a long gap between the activity discussion 
and the content formalization. In other words, we understand that the students did not like to be idle 
in class. This was the case with some teams because they performed the activities faster than others. 
As the researcher analyzed the data to write the thesis, she realized that she could have had those 
                                                
3 Van de Walle, J. A.  (2001). Teaching Through Problem Solving. In: Van de Walle, J. A. Elementary and 

Middle School Mathematics. New York: Longman, 2001. p.40-61. 
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students help the slower teams.  Other student difficulties were related to problem formulation, 
which was an extra-class activity: dissatisfaction with the number of proposed activities; too much 
time spent with problem formulation; difficulty in formulating the problems, and dissatisfaction 
with the virtual environment Moodle, as they considered it inappropriate for such activities. 

 
Regarding the difficulties experienced by the professor, which correspond to the third research 

question, five aspects are listed: the way to present the suggested activities; performing the 
“blackboard registry” step of the GTERP script; follow through the ten activities proposed by the 
GTERP script; manage time to meet institutional requirements; and get students engaged and make 
teams actually work in groups. The first problem was overcome with the reflection on the proposed 
activities and the use of the teaching experience to readjust the way of proposing them, so that the 
new students did not feel in disadvantage in relation to those already familiar with Calculus. The 
second one was overcome when the professor understood that she should always be very clear 
about the dynamic to be adopted in the class. The adaptation made to the GTERP script (to be 
explained in the next paragraph) to suit our reality contributed to overcoming the third and fourth 
difficulties. The last one was solved by performing several activities through the PS methodology, 
allowing both the professor and the students to familiarize with them. So, the groups more naturally 
interacted more. 

In this research, in many of the classes employing the problem-solving methodological approach, 
the ten steps from the GTERP script could not be finished, in which cases the dynamics consisted of 
concluding the first five steps on the first day of the activity. And, in the next class, the professor 
started by resuming the activity from a PowerPoint presentation with the intent to promote the 
socialization of the solutions proposed by the teams, to promote a collective discussion (“plenary” 
and “consensus seeking”) and, then, the content formalization and the proposition of new problems. 
To organize such presentation, the professor collected the answer protocols, scanned all the material 
and selected the various solving strategies. With that procedure, the “blackboard record” step was 
replaced by a "strategy sharing” of different solutions, previously selected by the professor. When 
presenting such solutions, the professor always requested respectful peer attitude and showed them 
as class answers, not as a specific group's solutions. However, the students who had come up with 
the presented solution often came forward spontaneously to provide insight into what the team 
thought while proposing it. The dynamics adopted by the professor was flexible. If the solution was 
long, for each answer presented, there was a discussion whether it was coherent and met the 
requirements. If the solution was short, several answers would be put forward for later discussion. 
In this way, the "plenary" and the "consensus-seeking" took place simultaneously. We understand 
that the adaptations made in the way to employ the activity script kept the essence of what teaching 
through problem solving means, as Onuchic and Allevato (2011) already noted that the PS approach 
for Mathematics classes is flexible. 

Finally, in face of our experience, we corroborate with Onuchic and Allevato (2011) on the fact 
that inserting the PS methodology in the classroom requires “(...) changes in attitude and posture [of 
both professor and students], which is not always easy to achieve” (p. 82) and, for such changes to 
bear good fruit, both agents involved in the teaching and learning process must be willing to leave 
their comfort zone. Furthermore, the professor needs to be persistent, because inserting a different 
methodology in the classroom requires a lot of dedication in the development of activities and a 
different attitude in the classroom, because students need to be given a “voice” and the time to build 
their knowledge from their conjectures and, thus, feel the pleasure of discovery when 'performing 
mathematics'.  
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Exploiting symmetry for culturally meaningful 
mathematics with Roma students 
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Abstract. This proposition for the forum of ideas is a poster which presents a culturally 
oriented approach to the concept of symmetry in with eleven grade 3 Roma students. During 
the research, students seek to identify symmetrical patterns in their everyday life, learn the 
art of communication as expressed by road signs patterns, and perceive the intercultural 
connections between mathematics and everyday life. Some specific cases are presented in 
the pragmatological material below. 
 
Abstrait. Cette proposition pour le forum d’idées est une affiche qui présente une approche 
culturelle du concept de symétrie avec onze élèves roms de 3e année. Au cours de la 
recherche, les étudiants cherchent à identifier des motifs symétriques dans leur vie 
quotidienne, à apprendre l’art de la communication tel qu’exprimé par les signes de 
signalisation routière et à percevoir les liens interculturels entre les mathématiques et la vie 
quotidienne. Certains cas spécifiques sont présentés dans le matériel pragmatologique ci-
dessous. 
 

97A40 
 
Description of the poster  
In primary school mathematics curriculum, symmetry is approached at all grades from the first to 
sixth grade. Symmetry is an integral part of geometry, nature and human construction and it is a 
worldwide mentioned mathematics activity. It creates patterns that help us organise the world 
around as conceptually. Symmetry overwhelms the world around us, but we often do not realise it. 
The implementation of symmetry is not only found in geometry but also architecture, the design of 
graphics, arts etc. 
As Lipka et al. (2019) notice, “Evident in human prehistory and across immense cultural variation 
in human activities, symmetry has been perceived and utilized as an integrative and guiding 
principle”. So, considering symmetry as an activity culturally rooted; an activity that has been 
observed in several expressions such as painting, basket weaving, clothing, pottery, religion, art, 
carpet and rugs, and architecture in Roma culture we tried to exploit it in our teaching Roma 
students.  
Explorations of symmetry with Roma students can provide a unique opportunity to teach students to 
look at the world around them and find commonalities through the lenses of symmetry. By teaching 
mathematics through patterns and symmetry, students may not only learn mathematics, but they 
may also understand that mathematics is a component of everyday life. It is vital to share numerous 
examples of symmetry occurring in multicultural settings with students, teaching them a 
mathematical concept while simultaneously teaching them to develop an appreciation for the many 
cultures present in the world (Rosa & Orey, 2018). 
Roma students rarely learn anything about their culture in schools. The dichotomy which exists 
between formal education in schools and traditional education of Roma students is located in the 
opposing structures, values and interests which are used to support and maintain social cohesion in 
two very different societies (Kennedy & Smith, 2018). Roma students are motivated to find 
information about the corresponding community in which mathematical ideas are met in traditional 
activities, and thus see the connection between culture, mathematics cognition, and real-life context 
(Stathopoulou, 2007) providing, thus, a powerful means to express the community’s experience. 
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Mathematics makes sense of the world and may become the vocabulary for students’ intuition. 
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Developing didactic-mathematical knowledge on 
proportionality in prospective elementary school 
teachers 

M. Burgos1, J. D. Godino2 and M. Rivas3 

1,2University of Granada, Spain 3University of Los Andes, Venezuela  
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Abstract. The aim of this paper is to describe a questionnaire for assessing some specific 
aspects of the didactic-mathematic knowledge of prospective primary school teachers on 
proportionality. These aspects include: (a) to solve proportionality problems with different 
methods, (b) to analyse the mathematical objects put at stake, (c) to assign the corresponding 
algebrization levels and (d) to recognize the difficulties that students may encounter with the 
mathematical activity carried out in each resolution. We also present the a priori analysis of 
a task that informs on the type of epistemic analysis that students are expected to perform. 

Résumé. L’objectif de cet article est de décrire un questionnaire permettant d’évaluer 
certains aspects spécifiques des connaissances didactiques-mathématiques des futurs 
enseignants du primaire sur la proportionnalité, tels que: (a) résoudre les problèmes de 
proportionnalité avec différentes méthodes, (b) analyser les objets mathématique mis en jeu, 
(c) d’affecter les niveaux d’algèbre correspondants et (d) de reconnaître les difficultés que 
l’élève peut rencontrer avec l’activité mathématique réalisée dans chaque résolution. Nous 
présentons également l’analyse a priori d’une tâche qui renseigne sur le type d’analyse 
épistémique que les élèves sont censés effectuer. 

Mathematics Subject Classification (MSC): 97D99 

1. Introduction 

Currently there exists an increasing interest in the international community of researchers in 
mathematics education on the study of the competences and mathematical knowledge for teaching 
that help to develop plans for mathematics teacher’s professional development. The research 
community accept that mathematics teachers should know and be able to perform the mathematical 
practices necessary to solve the problems that the curriculum proposes for the educational level in 
which they teach, and should know how to articulate them with the subsequent mathematics 
contents. Nevertheless, there is also a general agreement that such competence is not enough to 
achieve a suitable teaching. Teachers should have a specialized knowledge of the content itself, of 
the transformations that have to be applied to it in teaching and learning processes and of the 
psychological, sociological and pedagogical factors, among others, that condition these processes. 
In this sense, the need to design and implement training experiences that allow promoting the 
professional growth and developing the teachers’ knowledge and competences, is evident 
(Chapman, 2014; Ponte and Chapman, 2016; Sadler, 2013).  
The analysis of mathematic knowledge that is mobilized in order to solve problems is part of the 
professional competences of a mathematics teacher. They allow teachers to adjust the complexity of 
the task proposed to their students, understand the possible learning conflicts and to handle 
knowledge institutionalization. These knowledge and skills are an essential part of the epistemic 
and cognitive dimensions of the Didactic-Mathematical Knowledge and Competences Model 
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(DMKC) proposed by Godino, Giacomone, Batanero and Font (2017).   
Recent international researches in mathematics education have identified that pre-service teachers 
have difficulties in understanding and teaching some of the proportional reasoning components 
(Ben-Chaim, Keret and Ilany, 2012; Livy and Vale, 2011; Riley, 2010), such as to interpret the 
responses of primary education students when they solve proportionality tasks (Balderas, Block and 
Guerra, 2014). 
Frequently, teachers focus the attention on providing their students with an operational 
understanding sacrificing the development of a conceptual understanding (Riley, 2010).  
In this paper, we describe a questionnaire for assessing some specific aspects of the didactic-
mathematic knowledge of prospective primary school teachers on proportionality. We also present 
the a priori solution of a task that informs on the type of epistemic analysis that students are 
expected to perform. 

2. Theoretical framework 

A theoretical model of teachers’ mathematical knowledge (Pino-Fan, Assis & Castro, 2015) within 
the framework of the Onto-Semiotic Approach (OSA) to mathematical knowledge and instruction 
(Godino, Batanero & Font, 2007) has already been designed and it is known as the DMKC model. 
The DMKC model (Godino et al., 2017) articulates the categories of knowledge and didactic 
competences of the mathematics teacher. It consider that the teacher should have common 
mathematical knowledge regarding a certain educational level where he/she teaches, as well as 
having an expanded mathematical content knowledge that allows him/her to articulate the content 
with higher education levels.  Moreover, as some mathematical content is put at stake, it is clear that 
the teacher should have a didactic-mathematical or specialized knowledge of the different facets 
involved in the educational process (the epistemic, ecological, cognitive, affective, interactional and 
mediational facets). 
According to the DMKC model the prospective teachers should also be competent to address the 
basic didactic problems that are present in the teaching. In particular, teacher should be competent 
to determine the configurations of mathematical objects and processes involved in the practices that 
determine the intended meanings of the contents (Burgos, Beltrán-Pellicer, Giacomone & Godino, 
2018). To achieve a detailed analysis of the network of objects and processes involved in solving 
proportionality tasks, we rely on the distinction of different algebrization levels of mathematical 
practice (Godino, Aké, Gonzato & Wilhelmi, 2014): 

— Level 0 (arithmetic meaning): Operations with particular objects using natural, numerical, 
iconic, gestural languages are carried out.  

— Level 1 (proto-algebraic meaning, incipient algebrization level): Generic entities, properties 
of the algebraic structure of natural numbers and the equality as equivalence are used.   

— Level 2 (proto-algebraic meaning, intermediate algebrization level): Symbolic 
representations to refer the intensive objects involved (linked to the spatial, temporal and 
contextual information), and solving equations of the form !" = ±! are used (A, B, C ∈ R).  

— Level 3 (algebraic meaning): Symbols are used analytically, without referring to contextual 
information; operations with indeterminate quantities or variables are carried out; equations 
of the form !" ± ! = !" ± ! are solved (A, B, C, D ∈ R). 

 
Concerning with the solutions of proportionality tasks, proto-algebraic meaning is centred in the 
notions of rate and proportion: 

• The explicit recognition of the unit value in the reduction to unity procedure and the use of 
diagrammatic solutions can be qualified as proto-algebraic of level 1.  
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• Solution of a missing value problem, involves an unknown and the statement of an equation 
!" = !; the algebraic activity performed in this case is of level 2. 

 
Solutions based on the notion and properties of the linear function are considered of a consolidated 
algebrization level 3. 
From the perspective of the OSA and the DMKC model, the activity of epistemic and cognitive 
analysis, as well as the recognition of algebrization levels in mathematical problem-solving tasks, 
are considered as ways to develop that knowledge (Burgos et al., 2018, Godino et al., 2014, Rivas, 
Godino & Castro, 2012). 

3. The questionnaire 

First, it is important to identify whether prospective teachers correctly distinguish and solve inverse 
proportionality tasks. This is an aspect of expanded content knowledge, since it is not included in 
primary education. Secondly, it is intended to evaluate some aspects of didactic-mathematical 
knowledge in the epistemic and cognitive facets, such that: 

• The flexibility to solve a problem using different strategies (epistemic facet) 
• To identify algebraic reasoning levels (epistemic facet) 
• To recognize the difficulties that students may encounter (cognitive facet) 

 
The problem-situation proposed to the prospective teachers is based in the solution of the following 
inverse proportionality task: 

It is the graduation party at Gulls Institute. Seven students have been chosen to decorate the 
auditorium. They would need to work 21 hours to leave the room ready for the celebration. 
Unfortunately, before they could begin homework, four kids have become sick with chickenpox 
and have to stay home. How many hours will it take the remaining students to decorate the 
room? Describe and explain the strategy you have used to give your answer. 

For this situation, the prospective teachers were asked in the questionnaire to respond the following 
items: 

1. Solve the next problem by at least two different methods.  Use the strategies you know, 
considering the strategies you think your pupils would use to solve it. 
2. For each solution, list the practice sequence and complete the following table, by adding the 
necessary rows. 

Sequence of elementary practices needed to 
solve the task 

Referred objects (concepts, propositions, 
procedures, arguments, …) 

  
3. Describe what difficulties you can observe in the solution of the problem by using each 
strategy (for this, observe the practices, objects, and processes identified that can be potentially 
conflictive for the pupils). 
4. Assign algebraic reasoning levels to the different solutions given in the previous point to the 
task, taking into account the algebraic objects and processes previously identified.  

4. Expected solutions 

In this section, we include the onto-semiotic configurations corresponding to two expected solutions 
to this task. We identify their algebrization levels and the possible difficulties that primary school 
pupils might encounter in their resolution. This is the kind of analysis that future teachers are 
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expected to be able to perform. 

4.1  Epistemic configuration of an expected arithmetic solution 

Sequence of elementary practices needed to 
solve the task 

Referred objects (concepts, propositions, 
procedures, arguments, …) 

1. The amount of hours needed to decorate the 
auditorium is obtained by multiplying the 
number of hours that have been necessary, by 
the number of students that have been working 
together this time: 21×7 = 147. 

Concepts: amount of hours, amount of students, 
multiplication, proportionality 
Proposition: Decorating the auditorium requires 
147 hours of work. 
Procedure: Multiplication 
Arguments: It is assumed that all the students 
have been working in the same way for all the 
21 hours. 

2. If 4 students became sick, then 7 – 4 = 3 
students must to do all the work by themselves. 

Proposition: There are 3 students available to 
decorate the auditorium. 
Argument: based on arithmetic properties. 

3. Since decorating the auditorium requires 
147 hours, the 3 remaining students need to 
work simultaneously during 147 ÷ 3 = 49 
hours. 

Proposition: 3 students need to work for 49 
hours to decorate the auditorium. 
Arguments: It is assumed that all the students 
will work in the same way to decorate the 
auditorium. 

 
Having into account the practices and objects involved in this solution: 

− Pupils could find difficulties with the arithmetic calculus, determining the amount of total 
hours needed to decorate the auditorium and to identify the proportional relation between 
the number of students and the number of hours that each one need to work. 

− There are no concepts or properties of structural nature intervening in the practices (just 
arithmetic operations with natural numbers). The algebrization level is 0. 

 

4.2  Epistemic configuration of an expected (proto-algebraic) solution 

Sequence of elementary practices needed to 
solve the task 

Referred objects (concepts, propositions, 
procedures, arguments, …) 

1. The relation between the amount of hours 
and the amount of students needed to decorate 
the auditorium is of inverse proportionality. 
 

Concepts: amount of hours, amount of students, 
inverse proportionality 
Proposition: Statement of practice 1 
Arguments: It is assumed that all the students 
will work in the same way to decorate the 
auditorium.  

2. If 4 students became sick, then 7 – 4 = 3 
students must to do all the work by themselves. 
 

Proposition: There are 3 students available to 
decorate the auditorium. 
Argument: based on arithmetic properties. 

3. Let denote by x the quantity of hours that 
will be taken for the remaining students to 
decorate the auditorium.  Then 7 × 21 = 3×x. 
 

Concept: unknown 
Proposition: The product of the corresponding 
values of the amount of hours and the amount 
of students is constant. 
Argument: Relying in the properties of the 
inverse proportional relation 



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 569 

4. ! = !×!"
! = !"#

! = 49  
 

Procedure: solve for the unknown 
Argument: based on practice 3 and arithmetic 
properties 

5. Hence, the 3 remaining students need to 
work during 49 hours. 

Proposition: Statement of practice 5 
Argument: sequence of practices from 1 to 4 

Having into account the practices and objects involved in this solution: 
− Pupils could find difficulties recognizing the inverse proportional relation between the 

quantities of hours needed to decorate the room and students that will be work 
simultaneously to do it. 

− The solution of this missing value problem, involves an unknown and the statement of an 
equation !" = !. Hence, the algebrization level is 2. 

5. Conclusions 

Sowder, Armstrong, Lamon, Simon, Sowder & Thomson (1998) propose a set of recommendations 
for teachers’ education in the field of proportional reasoning. In particular, they consider that 
teachers should have a deep understanding of the conceptual components of proportional reasoning 
and its centrality in all mathematical thinking (p. 144). In this sense, we think that the type of 
analysis we presented in this paper should be an instrumental competence of the mathematics 
teacher. This activity of epistemic reflection aimed at achieving a deep understanding, not only of 
the conceptual components of proportional reasoning, but also the propositional and argumentative 
components (Burgos et al., 2018). It also enables prospective mathematics teacher to recognize the 
complexity of objects and meanings inherent to the mathematical activities, identify potential 
conflicts, and adapt the teaching to the students’ capabilities and learning objectives in order to 
promote activities aimed at the development of proportional reasoning from primary school 
onwards. Moreover, as showed by Ostermann, Leuders & Nucles (2017), formative interventions 
aimed at the analysis of task difficulties improved the prospective teachers’ ability of 
understanding the performance of their students, becoming aware of the different resolution 
strategies. 
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Résumé : Les jeux vidéo fournissent un certain nombre de problèmes mathématiques et 
logiques qui font naturellement partie de l'environnement du jeu. Je présente dans cet article 
une partie de ma recherche doctorale sur l'analyse des jeux en essayant de répondre aux 
questions de recherche : comment les étudiants en mathématiques perçoivent-ils et comment 
voient-ils la différence dans les mathématiques qu'ils rencontrent dans les jeux vidéo ?  
Qu'évaluent-ils en tant que mathématiques dans ces jeux ? 

Abstract: Video games provide a number of mathematical and logical problems that are a 
natural part of the game environment. I present in this paper a part of my doctoral research 
on game analysis trying to answer the research questions: how mathematics students 
perceive and how they see the difference in mathematics they encounter in video games?  
What do they evaluate as mathematics in these games? 

 
 “I have observed that children who are heavily involved with computer games often show an 
exceptional degree of sophistication in their ways of thinking and talking about learning.” (Papert, 
1998). Seymour Paper said these words 21 years ago. But I think these words are still fresh, and 
video games can still teach us a lot about learning.  
Modern learning theories in the current, rapidly changing and in an increasingly complex world 
emphasize that students need to learn to respond in new, unexpected situations. The school should 
teach students primarily to think creatively and critically. Mathematics in school should also do this. 
School math should prepare students to use math in their everyday life (OECD, 2019, Department 
for Education, 2014, Ministry of Education, 2005). However, on the contrary, it seems as if there is 
a certain gap between the usage of mathematics in schools and mathematics used in life (Lave, 
1988; Nunes, Schliemann & Carraher, 1993; Boeler, 1998; Hejný & Kuřina, 2015).  
School mathematics taught in a traditional way often means for many pupils only a set of methods 
that make no sense to them. Thus, lessons often develop only procedural skills and mathematical 
thinking remains unaffected. At the same time, the above studies have shown that if people are 
naturally exposed to mathematics, they are quite successful in solving mathematical problems. One 
of the ways to meet math naturally are video games. Devlin (2011) marked video games as a 
mathematic simulator. Video games provide a number of mathematical and logical problems that 
are a natural part of the game environment. We meet them spontaneously, they are part of the 
adventure. In video games, we need to think about quantity, make estimates, think about probability, 
use combinatorial considerations, think strategically, decipher ciphers, uncover and associate 
contexts, understand mechanisms... Everything we do in the game is done just when we need it, it 
makes sense to us when we do it. 
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Figure 1. Math across video game genres 

 
There are now several pieces of quantitative research, that confirm the correlation between playing 
video games and developing mathematical thinking. (Uttal et al., 2013; Suziedelyte, 2015; Posso, 
2016). I want to build on these findings in my research and explore how this is done using 
qualitative methods. I am also interested as students perceive themselves that they are in contact 
with math while playing. 
One part of my research will be games analysis. In the second part, I want to seek answers to the 
questions: “How students think when playing video games? How do they think when solving 
mathematical tasks with pencil-paper? How are these thoughts similar and how are they different?” 
and “How students perceive the link between video games and mathematics?” 
I will do a course for students, where they will play preselected video games. The course will be 
oriented on third-year students of high school. I will examine how students approach solving 
different situations in games and how they think in these situations. I will be observing students 
while they play the game. In moments when it will not be disturbing, I will ask them how they solve 
given problems. We will talk about the solution even when they are not playing. I also want to 
investigate whether they can use similar thinking to solve tasks assigned as a mathematical test. We 
will talk about their solving test tasks in the interview. 
Within the framework of research, I also made a survey (Čujdíková, 2019). The survey was carried 
out in the form of an online questionnaire and 108 students studying their third year at three high 
schools in Bratislava were involved. I was looking for how these students perceive mathematics and 
how often and what video games they play. 

 

 
Figure 2.  Do you think you are using math in video games? 

0 – not at all 
5 – yes, constantly 
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The questionnaire included a question for the students that play games "Do you think you are using 
math in video games?" with choice of answer on a scale of 0 to 5, with 0 meaning "not at all" and 5 
"yes, constantly" (Figure 2). Only 14 of the 65 students think they are not in contact with mathematics 
in video game at all. Those who think they encounter mathematics often when playing (they chose 
to answer 4 or 5) were 13. Interesting to find out was that up to 45% of these 13 have a negative 
relationship with mathematics on the basis of other questions. In the framework of further research, 
I would like to find out how these mathematics students perceive and how they see the difference in 
mathematics they encounter in video games, and what they have evaluated as mathematics in other 
questions. I want to seek volunteers for the course among the students involved in this survey.   
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Changing students approach to studying calculus  
 
 
Miriam Dagan**, Pavel Satianov* and Mina Teicher ** 

 
*Shamoon College of Engineering, **Bar-Ilan University, Israel 

Résumé. Dans la pratique de l'enseignement de l'analyse pour les élèves ingénieurs 
débutants, nous sommes confrontés à des difficultés liées à l'écart toujours croissant entre les 
exigences de la formation académique et les connaissances et compétences acquises par les 
élèves dans le secondaire. C'est pourquoi, à chaque cours, nous essayons de donner une 
nouvelle approche par des problèmes, inconnus de tous les étudiants, afin de susciter l'intérêt 
et de provoquer la surprise. Dans cet article, nous expliquons le modèle d'enseignement de 
l'analyse, fondé sur la théorie d'apprentissage constructiviste et nous donnons des exemples 
de certaines activités et du comportement des élèves confrontés à ces activités. 

Abstract. In the practice of teaching Calculus for novice engineering students in recent 
years, we face difficulties conditioned by the ever-increasing gap between the requirement of 
academic education and knowledge and skills acquired by students in high school. For that 
reason, in each lecture, we try to give a new material or a new approach to the earlier known 
problems, unfamiliar to anyone of students, to arouse interest and cause surprise from 
unexpected method. In this paper, we explain the model of teaching calculus, based on 
constructivist learning theory, we give examples of some activities, and the behaviour of 
students confronted to these activities. 

              In the practice of teaching Calculus for novice engineering students in recent years, we 
face difficulties conditioned by the ever-increasing gap between the requirement of academic 
education and knowledge and skills acquired by students in high school. A similar situation 
observed in many universities in the world and marked by numerous publications. It manifests itself 
first that students are not ready for independent thinking since used to prescription training, and 
having met the task, which was not solved before, do not understand how to approach it and give 
up, although they have all the necessary knowledge to solve this problem. Therefore, we see one of 
the most important aims in changing such attitude to the problems of the new type, unfamiliar 
earlier.  We try to develop a research approach in case of meeting new challenges and to form 
exploratory thinking skills of the students [1]. 
           The first and very important theme of Calculus course is "function and their graphs". 
Therefore the initial problem of the first homework of  this course is of a new  (for the students) 
type to solve which do not need special knowledge, yet not known to students. Here one of such 
problems: 
It is required to paint the wall of some building having the shape shown in the Figure 1.  

 
Figure 1 
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It need to describe the analytical dependence of the amount of paint on the height to which the wall 
is painted. Known that for painting a unit of area requires q liters of paint. 
          From year to year, we meet with the fact that most of students find it difficult to solve this 
problem and say: "We did not solve such problems earlier. How do you want that we solve it? Give 
us a similar example first and show what to do". It takes a lot of effort to explain that it is important 
to solve new problems and not just exercises, according to samples shown before. We appeal to 
students: "Try to solve the problem based on your own knowledge, and don't wait for someone else 
do it and then explain to you". For example, after teacher’s solution of painting the wall problem, 
student begins to understand that he had all necessary knowledge from high school, however did not 
make enough efforts to comprehend the task and solve it. Based on this and other similar problems 
we try to rebuild the attitude of students to study mathematics from see it as a series of routine tasks 
executed in accordance with previously studied algorithms, to appreciate it as school of discovery 
and start believing in the ability to solve problems by self,  based on existing knowledge. We also 
explain that each course exam will contain some new tasks requires independent thinking and that 
similar ones does not solved before.  
Another difficulty in teaching calculus is that students learned the basics of Calculus earlier in high 
school and are familiar with the notions of derivative and integral therefore many of students 
believe that it is enough a remembrance and repetition of the past knowledge. Thus, the academic 
rigor and consistency of lecturers does not impress them. As a result, we observe the passivity in 
perception of lecture material, if it set out in traditional academic way.  For that reason in each 
lecture, we try to give a new material or a new approach to the earlier known problems, unfamiliar 
to anyone of students, to arouse interest and cause surprise from unexpected method [2]. For 
example, we ask students how to find the slope of a straight line with segment shown in Figure 2 
without any calculation (which students are starting to offer). For many years of teaching, we have 
yet not met student familiar with a simple graphic method to slope finding, shown in Figure 2. 

 

 
Figure 2.                                  Figure 3.                                  Figure 4 

 
        Demonstration of such unfamiliar and unexpected approach always accompanied by 
admiration and even applause of students. Note that this method is very convenient for plotting 
graph of derivative of the function given by graph (Figures 3- 4). This method also avoids errors in 
finding slope as a tangent of angle between the given straight line and the independent variable axis, 
which is especially important in the case of graphs of physical or other real dependencies.      
       Teaching of theme "function investigation and sketching of their graphs" for engineering 
students usually presented as a sequence of analytical manipulations, based on notions of limits and 
derivatives and is mainly related to explicit  function and rectangular coordinate system. The same 
work is familiar to students from high school and they do not see interest and challenge in such 
tasks. We try to present function investigation as a research process in the implementation of which 
derivative is only one of the tools that not always help. In order to increase interest we give a 
novelty in this "old" theme and introduce students to the polar coordinate system. After an 
explanation of what is the Polar Coordinate System, we ask students to draw graph of the simple 
equation θ=r  based on the newly acquired knowledge. However, in almost all cases, students do 
not know how to start. After this, we compile with the students a table of values of the function 
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θ=r  in radian measure (Table 1): 
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Table 1 
 

        Plotting of these points at first is difficult for some students and we return to the definition of 
the coordinates of a point in polar coordinates. Discovery that the curve, described by such simple 
equation is a helix (Archimedes spiral) is always of great interest to students and was unpredictable 
for them from the beginning of the task. It is important to make the students feel that they can to 
initiate and develop independent thinking by themselves and this should be one of the main goals of 
their academic learning. We also teach students to active use of scientific calculators and computer 
applications for verifying the results and acquaintance with the opportunities and limitations of 
modern technology in solving of mathematics problems.    
         Our model of teaching calculus, based on constructivist learning theory, is from the very 
beginning of the course engage the students in the function investigation process on the current 
level of  knowledge, and to form the concepts, necessary for more advanced exploration, as the 
course development. Our goal not only to improve the understanding of the particular topic of the 
calculus course but also to integrate STEM knowledge and skills in the calculus teaching process. 
Therefore, we explain this theme not as function investigation only, but as a process of exploration 
thinking, necessary for all science, with active use of modern technology, actively using engineering 
examples. Our research study, conducted in many groups of engineering students, demonstrated 
enhancing of students understanding of the theme and all notions connected with it. Note that since 
our research approach, we observed increasing of cognitive attitude to study of Calculus and 
improving the student's exam results too.  As a matter in the beginning, our method faced with a 
negative attitude of teachers. Many of them thought that at first a student need to get the necessary 
tools otherwise the investigation would be incomplete. It took a lot of effort to convince them that at 
the beginning of the study of any phenomena it is never complete and in many cases requires the 
development of a special apparatus for more detailed investigation. There was also resistance from 
students who wanted first a clear computational algorithm for function investigation. However, at 
the end both teachers and students were convinced of the effectiveness of our approach and became 
its active supporters.   Note again that the essential features of our approach are in use of new 
problems, unpredictable and simple solution of previously known tasks and wide use of modern 
technology in the learning process.  
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Abstract. In this paper we describe some recurrent errors related to the work with sampling 
distributions, a topic which is compulsory in Spain for high school students. We additionally 
suggest how the sampling distribution for the mean and the range of samples taken from the 
binomial distribution, can be simulated using the software Fathom. Therefore, students can 
investigate these simulations with different values of the parameters for the binomial 
distribution and different sample sizes to understand properties of representativeness and 
variability of the sampling distribution and to discriminate the three types of distributions 
involved in sampling.  

Résumé. Dans cet article, nous décrivons certaines erreurs récurrentes liées au travail sur les 
distributions d'échantillonnage, un sujet obligatoire en Espagne pour les lycéens. Nous 
suggérons en outre comment simuler la distribution d'échantillonnage pour la moyenne et la 
gamme d'échantillons prélevés à partir de la distribution binomiale, à l'aide du logiciel 
Fathom. Les élèves peuvent donc étudier ces simulations avec différentes valeurs des 
paramètres de la distribution binomiale et différentes tailles d'échantillons pour comprendre 
les propriétés de représentativité et de variabilité de la distribution d'échantillonnage et pour 
distinguer les trois types de distributions impliqués dans l'échantillonnage. 

Subject classification numbers: 97D40, 97D70. 

1. Introduction 

Sampling is receiving increasing attention from statistics education research, given the relevance of 
sampling in simulation, which is the currently the recommended approach to improve the 
understanding of probability and statistical inference (Batanero & Borovcnik, 2016; Eichler & 
Vogel, 2014).  
In Spain, the curricular guidelines, as well as the university-entrance tests for social-science high-
school students (17-18-year-old), include sampling distributions. More specifically, according to the 
current guidelines (MECD, 2015), 14-15-year-old students are introduced to the notions of sample 
and population and to the relative frequency of an event and its convergence to its probability by 
using simulation or experiments. Moreover, in the second year of high school (17-18-year-olds), 
students learn the idea of sampling distribution and the difference between parameters and summary 
statistics. 
Despite these guidelines, which are indeed similar in other countries, previous research reports that 
students do not perceive the essential properties of sampling distributions, possibly because the 
concepts involved in sampling require the idea of conditional probability, which is difficult for 
many students (Harradine, Batanero, & Rossman, 2011). The aim of this paper is to describe some 
of these difficulties and to suggest some activities that may help students overcome them. 
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2. Common errors in working with sampling distributions 

The wide research on intuitive understanding of sampling started within the heuristics-and-biases 
programme by Kahneman and Tversky (as summarised in Kahneman, Slovic, & Tversky, 1982) 
where heuristics are conceived as unconscious actions guiding the resolution process of complex 
tasks. This research is summarized in Batanero and Borovcnik (2016). In particular, according to 
the representativeness, heuristic people consider just the similarity between the sample and the 
population in making a probabilistic judgment. An associated bias is the insensitivity to the sample 
size when judging the variability of the sample proportion. The recency heuristic gives a priority to 
the past sample results over the information on the population. In the gambler’s fallacy, the subject 
believes that the result of a random experiment will affect the probability of future events. Positive 
recency happens when the subject assumes that the upcoming results will reproduce the observed 
pattern, and negative recency when the expectation is that the future results will compensate the 
observed results. 
Harradine, Batanero, and Rossman (2011) suggest that students often confuse the three different 
types of distributions that intervene in sampling: a) the theoretical probability distribution that 
models the values of a random variable and depends on some parameter, such as the population 
proportion p in a binomial distribution; b) the distribution of sample collected from the population 
where we compute a statistical summary, e.g., the proportion of successes in the sample, which is 
used to estimate the population parameter p; c) the sampling distribution for the statistical summary 
(sample proportion in the example), that is, the probability distribution describing all possible 
values of the sample proportion in samples of the same size that are selected from the population.  
Shaughnessy, Ciancetta, and Canada (2004) also described a series of studies directed to explore 
students’ understanding of sampling variability. A prototypical task requires the students to predict 
the number of objects with specific properties when taking samples from a finite population and to 
explain their reasoning. A typical context is drawing from a container filled with 20 yellow, 50 red, 
and 40 blue candies. The students have to predict the number of red candies that will result in 5 
consecutive samples of 10 candies (with replacement). The authors describe the following types of 
reasoning: 
• Idiosyncratic students base their prediction of sample variability on irrelevant aspects of the 

task (e.g., preference, physical appearance, etc.). 
• Additive reasoning students tend to predict the samples taking only absolute frequencies into 
account. 

• Proportional reasoners use relative frequencies and connect proportions in the sample to 
proportions in the population; they tend to predict samples that mirror the proportion of 
colours in the container. 

• Distributional reasoning involves connecting centres and spread when making the predictions 
of sampling variability. In addition to reproducing the proportion, their arguments also reflect 
random variation. 

3. Using simulation to improve students’ reasoning 

A possible explanation for the above difficulties is the students’ lack of experience with the process 
of sampling. Traditionally, statistical courses are based on solving textbooks problems, whose main 
purpose is getting competence with computing probabilities using the normal distribution table or, 
at best, the calculator. With this method the three distributions involved in the process of sampling 
may not be discriminated by the students. 
A possibility to improve the teaching of sampling is asking the students first to solve a problem and 
later to simulate the situation using computer software. The interest of simulation in the teaching of 
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inference is highlighted, for example, by Eicher and Vogel (2014), and is supported today by the 
abundance of interactive resources on the Internet that allow to gain experience with repeated 
sampling and sampling distribution. Let’s consider, for example, Task 1 (Figure 1): 
 

Task 1. A parcel of 100 drawing pins is emptied out onto a table by a teacher. Some 
drawing pins landed “up” and some landed “down”. The results were as follows: 68 
landed up  and 32 landed down .  
The teacher then asked four students to repeat the experiment (with the same pack of 
drawing pins). Each student emptied the pack of 100 drawing pins and got some 
landing up and some landing down. In the following table, write one probable result for 
each student: 
 

Daniel Martin Diana Maria 
up: up: up: up: 
down: down: down: down: 

 

Figure 1. Example task. 

The mathematical model implicit in this situation is the binomial distribution with parameters n = 
100 (sample size) and p (population proportion for the event in which we are interested). Since p is 
unknown, we estimate it by the proportion  in a sample (which is an unbiased estimator of 
p with miminal variance; see Zacks, 2014). This sample was given in the text of Task 1. Since we 
ask for probable results, we expect that students will suggest values close to the distribution mean 
and then we can evaluate their perception of that mean. At the same time, the four values provided 
by each student will help us understand their perception of variability in sampling.  
The first step is asking each student to complete their four predictions in a table. Some examples of 
responses by students to this task are presented in Table 1. These students are in the last year of high 
school (17-18-year-old students) and afterwards were asked to justify their responses, in which we 
can see a variety of reasonings. Then, while student S2 takes into account the frequentist probability 
that a pin would land up, according to the data in the task, students S1 and S4 provide values that do 
not consider these data and instead assume that both events in the experiment are equiprobable. 
Student S3 on turn, produces results in all the range of possible values in the binomial distribution 
and do not consider that the big number of experiments (n=100) correspond to a small variability 
around the expected value. 
 

Table 1. Number of pins landing up in the predictions of some students. 
 

Student Daniel Martín Diana María 
S1 62 58 55 44 
S2 72 70 65 67 
S3 73 2 100 0 
S4 43 38 53 48 

 
 Once the responses by the different students have been discussed, the teacher (or the students 
themselves if there are available computers in the classroom) can simulate the situation using some 
software, for example, Fathom. With this software it is very easy to produce, for example, 5000 
simulations of the experiment consisting in taking four values at random from the binomial 
distribution B(100, .68). When looking to the graphs of the distribution of the mean for these four 
values in the 5000 simulations (Figure 2), students easily can observe that the expected value 
(mean) is 68 and students who assumed the events were equiprobable can correct their reasoning. 
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Moreover, it is possible to plot some lines marking the different percentiles that limit the 68% and 
95% central values in these distributions. The box plot also marks the median of the distribution 
(that coincides with the mean) and the lower and upper quartiles. In this way students can see that 
not all the values of the sample mean are equally likely, as the most probable values range around 
the theoretical expected value. 
 

 
Figure 2. Box plot and histogram for the mean of four values in the 

B(100, .68) 

 
The same conclusions may have been drawn theoretically, since the sample mean distributed as a 
normal distribution with expected value equal to the mean in the population (68) and standard 
deviation equal the standard deviation in the population divided by the square root of the number of 
experiments (10 in this case). Instead of working with the standard deviation which is more difficult 
to visualize, we can simulate the distribution of the range for the four values in the binomial 
distribution B(100, .68), which are represented in Figure 3 for 5000 simulations. This time the 
distribution is not symmetrical and only takes integer values. Again students can compare the most 
likely ranges in the simulated distribution of ranges with the ranges that resulted in their responses. 
The idea is making students observe that they attribute too much variability to the binomial 
distribution when the parameter n is big. 
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Figure 3. Box plot and  bar graph for the range of four values in the 
B(100, .68) 

 
Additi
onally
, 
stude
nts 
can 
invest
igate 
with 
differ
ent 
values 
of the 
parameters for the binomial distribution and different samples sizes to understand properties of 
representativeness and variability of the sampling distribution and to discriminate the three types of 
distributions involved in sampling. As we did in the sample, students can obtain the central intervals 
containing 68% and 95% of the sampling distributions and compare with their predictions of 
probable values in samples of the binomial distribution. Finally, the simulation of the sampling 
distribution for the mean will be compared with the approximate distributions given by the Central 
Limit Theorem so that students can better understand when and why the substitution of the 
theoretical sampling distribution by the normal approximation is correct. 

4. Final reflections 

Sampling is an abstract topic. This is due in part to the calculation of the confidence interval using 
just a sample of the population. But inferential reasoning involves imagining every possible sample 
of the same size that could be taken from the given population. It is important to provide 
experiences involving simulations, such as the one described in the paper, so that students can 
observe that different sample from the sample population correspond to different values of the 
statistics (like the mean and the range), but that not every value of these statistics are equally likely.  
Letting students observe the differences among the theoretical distribution (the binomial 
distribution in the example), the statistics in a particular sample (mean and range of the four values 
in the response of a student) and the sampling distribution of these statistics (the distribution of all 
the mean and ranges in 5000 different samples) would help them to clearly differentiate the three 
distributions implicit in the sampling. In this way they will become aware that the data distribution 
of the selected sample allows to make predictions about the probability distribution of the 
population. Nevertheless, the statistic of the available sample is only one element of the sample 
distribution of that statistic, which is the one that allows us to complete the margins of error and the 
related probabilities in the inferences about the parameter in the population. 
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Scientific calculator as a valued partner in teaching 
calculus 
 
Pavel Satianov and Miriam Dagan 

 
Shamoon College of Engineering, Israel  

          

Résumé : Dans cet article, nous discutons de quelques idées, que nous utilisons dans 
l'enseignement de l'analyse, liées à la façon d'intégrer la calculatrice dans le processus de 
développement de la pensée exploratoire et critique des étudiants. Nous donnons des 
exemples de tâches qui amènent les étudiants à mieux considérer l'utilisation des 
calculatrices dans le développement de leurs compétences en analyse. 

Abstract: In this paper we discuss some ideas, we use in teaching calculus course related to 
how integrate calculator in the process of developing exploratory and critical thinking of the 
students. We give example of tasks, which lead students to consider better the use of 
calculators in developing their calculus skills. 

        Despite near semi-century history of pocket electronic calculators and their widespread use in 
schools, colleges and universities, teachers have not yet agreed how best to use them.  Some of 
educators claim that calculators cause harm in mathematics learning, while others are indifferent to 
the problem, do not follow the development of the modern calculators. Many school teachers and 
university lecturers just ignore the possible benefits of calculator’s use in teaching mathematics or 
others fields of STEM [1]. In academic study, relatively small group of lecturers pay enough 
attention to the wide possibilities of scientific calculators, and not as a computational tool only, but 
also see their great abilities for enhances conceptual understanding of math notions and approaches, 
while developing research and critical thinking of the students. 
           Here we will discuss some ideas, we use in teaching calculus course related to how integrate 
calculator in the process of developing exploratory and critical thinking of the students.  Since most 
of our students work with fx-991ES PLUS CASIO calculator, which allowed for mid-term tests and 
final exams too, we have used this calculator in all our examples. Note that this device allowed also 
for high school final exams. Despite the great possibilities of this device, many students use it for 
simple calculations only, if the lecturers does not use it by themselves and does not demonstrate to 
students its capabilities and pleasant ways to work with it for fast and reliable calculations, as well 
as for checking and storing the results of computations. 
            As a result of a survey of lecturers in  our department, spent a few years ago, it turned out 
that most of them do not use this calculator in teaching process and some are even not familiar with 
this device and its opportunities in calculus (and other engineering disciplines) learning. To correct 
this situation we organized special seminars dedicated to the use of scientific calculator in the 
teaching process. We treat this calculator like interactive math dictionary and, as regard calculus 
course, as a powerful factory of obtaining values of elementary functions, and, more generally, as a 
convenient device of storing and processing numerical information. Such approach to calculator has 
changed the attitude of both students and teachers of our college toward use of scientific calculator, 
and not only in calculus course, but in other math courses and engineering disciplines too. It should 
be marked that the skillful use of calculator not only improve the student's exam results but enhance 
understanding of main notions of calculus course, as well as increase students' interest in studying 
it. 
           Here one of initial examples of skillful use of the scientific calculator mention above. We 
asked students to calculate the value of the following arithmetic expression: 
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22
019.2

019.2018.2
019.2018.2

019.2018.2
018.2018.2

+

×
−

+
+

 
 

           We see that although all students have mention above fx-991ES PLUS CASIO calculator, 
they do this task in a direct way, as it recorded, action for action. It looks like a routine calculation, 
required attention and numerous keystrokes calculator, and no more than that. Only in rare case, we 
met student, which was familiar with the nice algebraic options of the calculator, they have, before 
teacher's explanation. Then we invite students to enter the following algebraic expression in the 
calculator: 

22 BA
BA

BA
AAB

+
−

+
+

 
 

After that, we ask to press the key "CALC". What does the calculator? It asks the values: first A and 
then, after pressing the key "=", B and calculate the value of the entered algebraic expression. We 
offer students also evaluate the effectiveness such an algebraic approach by asking a question: 
"How much faster will the calculation by the algebraic expression than direct arithmetic 
calculation". At the beginning, most students do not understand how to evaluate it. In this case, 
there is data entry time. We ask students to evaluate this time both theoretically and practically, 
comparing two data entry methods. To clarify the task we ask the question: "What is an elementary 
action with a calculator?" The correct answer is: pressing any calculator key. How many clicks will 
it take to direct calculation the given above arithmetic expression? The answer is 571259 =+×  (45 
clicks to enter 9 numbers and 12 clicks for arithmetic operations including "=").  In addition, how 
many clicks are required to input an algebraic expression? The answer is 291029 =+×  (18 clicks 
to enter 9 letters and 10 clicks for arithmetic operations. In fact, after that, you will need to press the 
key "CALC" and twice key "=" and then to enter numbers 2.018 and 2.019 and to press key "=". 
There are ultimately 13 extra clicks. Therefore, in the end, computing in algebraic way will require 
42 clicks.  One may wonder, what is the significant advantage of the algebraic way? It is important 
to understand the major difference in the reliability of these two methods. Firstly, we immediately 
see whether the algebraic expression is spelled correctly, secondly, the possibility of error when 
entering two numbers is much less than when entering nine numbers, thirdly we can use this 
formula for any other numbers, fourthly, future engineers need a discussion on these issues for the 
development of research thinking. 
         As another example, we offer students the following task. We ask to calculate the sum: 

33333 25...4321 +++++  
 

We ask the students to do it on their calculators and the one, who will calculate first and correctly 
this sum will be encourage. As our experience shows, not many of students are familiar with the 
summation operator∑ , which is in this device. Therefore, in most cases, everyone start the 
calculation directly, as it written in the expression: term-by-term. Such a way takes time and efforts 
and the hidden meaning of the task is not clear to students. After that, we have a good opportunity 
to show students the strength and convenience of ∑  operator. By using ∑  the calculator gives 

an answer immediately: 105625
25

1

3 =∑
=x

X . And what about the sum:   

33333 1000...4321 +++++ ? 
            Now students see in amazement for the first time that the calculator does not give an answer 

immediately. And what about the sum:  ∑
=

10000

1

3

x

X ? It takes some minutes to calculate this enormous 
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sum! After that we ask students to calculate Ans  and instead of a cumbersome result 

∑
=

×=
10000

1

153 10500500025.2
x

X  they see the nice natural number 50005000. This is something that 

makes you think. Let's start thinking mathematically. 

May be we can find a formula for quickly computation of the sum∑
=

A

x

X
1

3 for any natural number A. 

Let us enter the expression∑
=

A

x

X
1

3 into the calculator and using "CALC" key start to sequentially 

calculate the sums and record the obtained results: 

287847654321   :7

21441654321   :6

1522554321   :5

101004321   :4

636321   :3

3921   :2

111   :1

3333333

333333

33333

3333

333

33

3

=→=++++++=

=→=+++++=

=→=++++=

=→=+++=

=→=++=

=→=+=

=→==

AnsA

AnsA

AnsA

AnsA

AnsA

AnsA

AnsA

 

We see that for each A the sum is an exact square and left to guess: the squares of which numbers. It 
is easy to see that they are the squares of the sums of the bases of the cubes numbers: 

( )
( )

( )
( )

( )
( )223333333

22333333

2233333

223333

22333

2233

23

7654321287654321   :7

654321 21654321   :6

543211554321   :5

4321104321   :4

3216321   :3

21321   :2

111   :1

++++++==++++++=

+++++==+++++=

++++==++++=

+++==+++=

++==++=

+==+=

===

A

A

A

A

A

A

A

. 

In addition, by using of knowing from the school course formula: 

2
)1(...4321 +

=+++++
AAA  

We finally get:  

( ) ( )
4
1)(AA

2
1)A(AA...21A...21

222
2333 +

=⎟
⎠

⎞
⎜
⎝

⎛ +
=+++=+++  

 
Now we can compete even with the Sigma Operator of calculator and leave it far behind calculating 

the sum 50005000100015000
2
100011000010000

1

3 =×=
×

=∑
=x

X  or even ∑
=

1000000

1

3

x

X .  

Rigorous proof of this formula, obtained by analyzing of particular results, can easily carried out by 
mathematical induction method.  
           We always see surprise and even admiration of students, when they see such unexpected 
possibilities of mathematical and engineering thinking by the process using of their scientific 
calculator. There were just some examples of arithmetic computation, but we demonstrate to 
students the skillful use of this calculator when studying each topic and each concept of Calculus 
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course. Therefore, this device becomes an integral part of the studies of Calculus and other 
mathematics courses we teach.  
           Note that we also encourage engineering students to investigate the calculator as a 
computation machine, for example we direct them to think about calculation speed of this device for 
those or other computation problems, and about the possible algorithms used by it in these 
calculations. Some examples of similar problems, we offer students, can be found in the article [2]. 
  
References 
 

[1]. Kissane B., Kemp M. (2013) “Calculators and the mathematics curriculum”. In W.-C. 
Yang, The place of calculators in mathematics education in developing countries. Journal of Science 
and Mathematics Education in Southeast Asia, 35(2), 102-118. 

[2]. Satianov P. (2015) Using Calculators in Teaching Calculus”. Mathematics Teaching 
Research Journal Online, vol. 7, N 4. 
 
 
 

  



“Quaderni	di	Ricerca	in	Didattica	(Mathematics)”,	Numero speciale n. 7, 2020	
G.R.I.M.	(Departimento	di	Matematica	e	Informatica,	University	of	Palermo,	Italy)	

	

 589 

Mathematics and Living together : Social Process 
and Didactic Principle 

Younés Aberkane 
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Abstract. Concerning preschool or primary classes are there any tools, disciplinary or 
pedagogical, to address the theme "Mathematics and living together" of CIEAEM 70 held in 
2018 in Algeria ? Can they be evaluated ?  To continue the work of CIEAEM 70, preservice 
teachers of primary school in training at Cergy-Pontoise University have decided to seek to 
address this issue. Some of these works that have been or are being carried out are presented 
here.  

Résumé. Concernant les classes maternelles ou élémentaires, y a-t-il des outils, 
disciplinaires ou pédagogiques, permettant de traiter le thème « Mathématiques et vivre 
ensemble » de la CIEAEM 70 tenue en 2018 en Algérie ? Peut-on les évaluer ?  Pour 
poursuivre les travaux de la CIEAEM 70, des professeurs des écoles en formation à 
l’Université de Cergy-Pontoise ont décidé de chercher à répondre à cette problématique. On 
présentera ici quelques uns de ces travaux réalisés ou en cours.  

 
Achievements and projects 2018-2020 : INSPE de Versailles, Université de Cergy-Pontoise 
 
 
CIEAEM 70 held in 2018 in Algeria whith collaboration of Ngo’s AISA International and Djanatu 
al Arif specialized in sustainable development, worked around four sub themes : Mathematics and 
Sustainable Education, Cross border Mathematics, Mathematics and Dialogue with other disciplines 
and between teachers and researchers, Rethinking History of Mathematics, (CIEAEM 2018). 

 
Research framework. Three types of framework  has been used  by preservice teachers : Master  
Thesis,  Reflexive Scientific Work , french acronyme is TSNR,  Multi-functionality / 
Interdisciplinarity Work ( EC 361 &EC 441 of the Master of « Teaching, Education and Training 
Occupations »).  
 
Some Tools for « Mathematics and living together ». In preschool and primary schools 8 tools 
were mainly used among others :  16th May International Day of Living Together ,  CAVQ Method, 
Mathematic Fairy Tales, Coded Fairy Tales, Cooperative Maths Games , joint realization of a 
Mathematical Fresco, use in the classroom of a maths books  issued of a foreign  country, and use of 
programmable robots.  
 
JIVEP, or 16th May International Day of Living Together in Peace,  created by the Resolution 
RES 72/130 of United Nations in 2017, is an important tool, each year, allowing projects to be part 
of a temporality defined from one year to the next and can give the project triple social, local, 
national and international visibility. It greatly encourages partnerships with  government institutions 
and Ngo’s. This special day was prepared by A.Pilet and E. Tognetti ( 2019) by a correspondence 
between her classes and a retirement home. A visit to the kindergarten and the retirement home has 
been organized to the delight of all the participants, children and adults. During the meeting the 
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youngest was 4 years old and the oldest 84. This was the first step  in a project that involves 
organizing mathematical games between a class and a retirement home as mathematical puzzles.  
The International Day of Living Together in Peace  has been also celebrated by meetings in the 
school around a Mathematical Game  specially created by F. Bohas (2018). 
 
The CAVQ method, or Circle of Awakening to Virtues and Qualities, works on well being and 
cooperation in the classroom by using the three virtues, Sincerity, Kindness, Humility. This highly 
effective group work method is a renewed and improved version of the Quality Circles used in 
companies, which allows, among other things, fluid and constructive problem-solving pooling as 
well as strengthening the cohesion of the class group for a better life together (Fig 1). C. Florentin's 
Master Thesis whose the theme   was the Circle Method, completed in 2012, is a tool that was used 
as from that date by many primary school teachers  (Florentin 2012; Dugenêt, 2013) or secondary 
level (Chevrier, 2018) in the management of the classroom as part of Living Together in Peace. C. 
Florentin effectively uses the Circle method to introduce Symmetry for 7 years old pupils. On the 
other hand, I used the CAVQ method at the University of Cergy-Pontoise for the mathematics 
courses given to preservice teachers and for the implementation of their projects in their classes. 
The CAVQ method allows to develop a collective intelligence. 

 
 

 

 
 

 
 

Fig 1 
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Mathematical Fairy Tales and Coded Fairy Tales allow pupils with difficulties a new approach to 
mathematics, freeing them from previously constructed prejudices. They also allow an 
interdisciplinary approach and work on living together, whether through a common construction of 
the story and/or because the story includes positive social values that shape it. For M.Niox-Château 
(2019), Maths Fairy Tales can promote mathematical learning and living in peace together. In the 
Coded Fairy Tales, as illustrated in (Fig 2) by 4 years old pupils of M.Nguyen in 2018, the 
characters are most often symbolized by geometric shapes and allow pupils to be given abstract 
skills as well as geometric knowledge from an early age. M. Niox-Château compares the 
experiments between a preschool class in which the children themselves will code the tale of 
"Goldilocks", while in primary class the pupils will solve "Mathematical  Enigmas " through 
different specially created tales. M. Niox-Château points out that "The two experiments made it 
possible to support the existing literature highlighting the positive emulation created by tales with 
children and the sustained interest they generate in the subject, but also invites us to ask ourselves 
the question of mathematical language as a possible mediator for collective work and living 
together » (Niox-Château, 2019). Coded Tales have also been written as part of inter-disciplinary 
work. In (Figure 3) the Wolf, coded as black triangle, try to enter in the house of the Three Little 
Pigs,  pink discs. The coding has been realized by 4 years old children.  Regarding « living 
together », the tale allows us to reflect on the notions of solidarity and mutual aid in the face of 
adversity: "Unity is strength!" (Leger-Szafir et al, 2018). From a mathematical point of view we can 
approach the first elements of the topological vocabulary as inside, outside, on top, and so on, and 
also an approach of the names of different geometric shapes and their recognition inside  complex 
figures. 
 

                                                       
                              Fig 2                                                                                     Fig 3 

Cooperative Games are also important tools both for mathematical learning, interdisciplinarity, 
and for a better life together in the classroom but also concern society when these games deal with 
common problems such as pollution and sustainable development. Cooperative games using 
mathematical concepts were used, by (Debusschère 2019 ; Bohas 2019), the question being : « Do 
they allow a better life together in the classroom ?  And how to evaluate that ? ». 
 
The use of mathematical textbooks from other countries allows an open mind, and to see the 
mathematical learning of certain concepts from a different point of view and highlights the 
universality of mathematics and its language. An experiment using a Russian Federation 
Mathematics Textbook in a French elementary class (7 years old students ) to introduce algebra, not 
on the curriculum in France at this class level, was successfully completed by M.Nguyen ( 2018). 
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Realization of Mathematical Frescoes allows the class to be mobilized for a project at visible and 
lasting results (Janiaux 2015). Here the children of the  preschool class have to study geometric 
compositions to reproduce them. The children must cooperate because everyone has to do part of 
the fresco and must share the space on the sheet with others. ( Fig 4) 
 

                           
                            
                                    Fig 4                                                                                     Fig 5 
 
Use of programmable robots by 3 or 4 years old children,  (Fig 5),  help them to become  
psychologically more « decentralized », to promote mutual aid and to acquire topological 
landmarks. (Radaody-Rakotondravao  2018). Simultaneously three differents lexical fields are 
studied. Lexical field in relation to topology: "above", "below", "beside", "inside", "outside" and so 
on ; lexical field in relation to time: "before", "after" ; lexical field in relation to robots: "advance", 
"rotate", "program" and so on. Concerning the Living Together  Radaody-Rakotondravao   studied  
the interactions between children,  the assistance they provided to each other.  
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