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INTRODUCTION
The internationa literature on the problems concerning the teaching/learning of dgebra underlines
the crigs of traditionad teaching. Many dudies highlight the main cognitive obstacles that the
traditiond teaching of arithmetic - which mostly focuses on the results of caculus processes than on
its relational and structurd aspects (Kieran 1990, 1992), pose to the development of algebraic
thought. Other studies emphasize the difficulties occurring in the forma encoding of problem texts
(MacGregor 1991, Bednarz & Janvier 1996) and, a a more advanced level, the management and
control of the agebraic language from a logical point of view (Bloedy-Vinner 1995). Some other
studies emphasize the lack of awareness in the procedura-structural shift (Sfard 1991, 1994) and
of flexibility and co-ordination between the various pieces of knowledge that with time overlap
(Drouhard & Sackur 1997). More recent studies (Y erushamy 1997, Kieran 1998) underline that
the use of interactive graphicd visudization software invites arevison of today's teaching path.
With this theoretical basis, according to the mode of development of agebraic thought by Arzarello
et al. (1992), we have darted an experimental project for innovation on the approach to agebraic
thought in middle school.2 This project, which is gill going on, ams a a gradud and aware
approach to the agebraic objects through processes of mathematization. The project has two levels
of intervention: on (and with) the teachers and the pupils. In order to understand the characteristics
of our studies, it is important to know that they are framed in the 25-year-old Itdian tradition of the
so-caled nuclei of didactic research, which operate in severd Itaian universities with the voluntary
and joint co-operation of university researchers and school teachers. Many of these teachers have
been following the nuclei's activities for years aready; some of them are today acknowledged as
researchers, too, s0 that they now have achieved the double professona nature of teacher-
researcher (TR). They are indeed careful, highly motivated teachers, who are ready to get involved
with full awarenesss.

As we sad, the project concerns a compound process in which the following aspects are

considered:

- the teachers initid bdiefs, their development of new attitudes and conceptions towards the
approach to dgebra and its feedback onto the culturd and methodologica choices for the
classroom-activities,

- the interaction between research director and teachers on the joint planning of the classroom
interventions and the congtruction of questions to test suitable hypotheses of research;

- thejoint study (director and teachers) of the pupils behaviour and the quditive andysis of their
productions,

- thefeedback asto classroom innovation and teacher's beliefs.

Novety eements which don't gppear in the studies we have quoted are the complexity of the

process on one hand, and on the other the consideration of pieces of knowledge which are seldom

gudied in the literature about this level of schooling, such as: proof in arithmetical ream, relaiona
aspects and of dructura andogy in various numerical ambits, the ordered field of the rationd
numbers, the concept of function.

Work carried out within the 40% and 60% projects of the MURST.

2 |h the past three years the project was spread to primary school with the revisiting of the teaching of
arithmetic in apre-algebraic light (see Navarra1999).

3 For more details on the state of art of the Italian research and in particular on the role of the teacher-
researcher, see Arzarello (1999) or aso Malara (1998).



In this paper, after giving aquick overview of the project, we concentrate on:

- someresults of experimented activities with hints on the pupils behaviour;

- some questions concerning the way we carry on the research and the role of the teachersin these
gtuations,

- hints on more genera problems.

OVERVIEW OF THE PROJECT

The project started in 1994, after two years of intensive reading and discussion on the problems of
teaching/learning agebra carried out in sudy seminars with the teechers.

The need for degp study had become clear to us while we were working on a previous research
project on "problems’ (Maara 1993). In those times, the teachers were sceptica about studying
dgebraic verbd problems. They believed that it is impossible to dedl with any meaningful problem
of this kind in middle school, because the pupils are not accustomed to solving methods such as
equations and linear systems. Many teachers even had their own conception of algebra which
unfortunately was reductive and distorted?.

Because we believed that it was necessary to give a new conceptud foundation and clearnessin this
field, ance the dgebraic language is so important overal, we decided to concentrate on algebra with
a wide project for didactic innovation. We wanted to make the teachers approach agebra as a
language (not only in its syntactical aspects, but dso in trandation and in productiorn/communication
of thought) and to promote an early use of letters in their classes. Letters should be used to codify
relaions on one hand, and to formulate properties in generd terms on the other. All this should be
carried out through and for the study of problems, either within or out of mathematics, or even of
demondtrative kind.

Thanks to the critical andyss of many studies of those years® the teachers of our group gradudly
became aware of the need of a deep renewa of the usud didactic praxis and started wishing to test
themselves with experimenta researches on the topic.

So we planned an experimenta project for the three years of middle schoolé, with the precise
intention of monitoring the same dlass during the three years of school” and of doing specific gudies
with other classes in the meantime.

The core of the project was to give a naive gpproach to the agebraic language, focusing on the
control of the meaning of the writings, which are creeted by the need of codifying or generdizing
relations among eements belonging to the given problem sStuaions on one hand, and on the
comparison of writings that derive from different but equivaent ways of codifying such relaions on
the other. In this gpproach, the properties of the arithmetical operations guided usin setting the laws
of syntactic transformation, which were the god of a difficult and dow collective activity. The core
elements in our planning for the activities were: i) the early use of |letters and the highlighting of the
link between dgebraic and naturd language, with particular importance to the meanings and roles of
some of the latter's linguigic eements, such as terms, sgns, symbols and conventions, ether in
trandation activities from one language to the other or on dhifting from the arithmeticd to the
agebraic redm; i) the progressve acquisition of the symbolic language seen as a culturd fact, in

4 It must be underlined that most of the people who teach mathematics at this school level actually have never
done specific studies on mathematics or professional training.

5 Welimt ourselves to quote those by Bell (1987), Filloy and Rojano (1989), Kieran (1990, 1992), Kuchemann
(1981), Sfard (1991), and the articles on the theme appeared in the proceedings of PME. It must be underlined
that the critical study of research literature continued along the actual realization of the project.

6 On the three-year articulation of the experimental activities, see Malara & Gherpelli (1996) or Maara &
|aderosa (1999a).

7 1t must be considered that usually in Italy the same teacher works over the three years of middle school with
the same class. The class we have observed worked with the TR L. Gherpelli.



andogy to what hgppens in the learning of any other language, interlacing the study of syntax with
trandation and thought production.

Methodologicaly speaking, our teachers dways work congtructively, stimulating and orchestrating
the pupils intentions, promoting group reflection on what is gradudly carried out until knowledge is
eventualy inditutiondized. .

ENACTING THE PROJECT

We recdl here briefly and in chronological order some studies that we have carried out in middle
school, concerning: argumentation and proof in arithmetic, the solution of agebraic problems, some
problems on the intermingling between dgebra and arithmetic. We have not got room to report on
other studies on the gpproach to the concept of function in its various (verba, numericd, graphicd,
algebraic) aspects (see laderosa & Malara 1999)

Argumentation and proof in arithmetic
This firs study concerned the andlysis of the pupils behaviour and productions in front of inquiry
problems such as those reported in Table 1. We started with these questions in first grades. In these
gtuations, the pupils must not only find out properties and regularities, but adso discuss
hypotheticdly, find out counter-examples and substantiate their opinions.
With these questions the pupils gradualy understand the role of counterexamples in confuting the
presumed truth of a statement and, consequently, that numerica checks - even if many - are not
enough to declare the truth of a statement, because general argumentation is necessary.
In this phase we paid attention to the pupils use of |etters and on their role in the argumentation and
we checked their spontaneous codifying of properties and relations, which are later discussed in
class. You can find degp andyses of protocols on the difficulties and potentidities expressed by the
pupils, aswell as on the globa resultsin the classes, in Gherpdli & Madara (1994). At this point, the
pupils postive attitude and the results obtained persuaded the teachers that they have found avery
productive study field, which made them wish to continue the inquiry with the passage from
argumentation to proof.
We started the gpproach to proof with the use of the algebraic code aready in the second grades
with: & proofs congtructed collectively (pupils and teacher); b) proofs "guided” by the teacher
(who indicates the various steps and shows the way they should face the thing to achieve the god)8;
C) proofs that the pupils produce by themselves. We are not going to linger on this sudy here; for
the analysis of the pupils productions and the globa results of the innovetion in the classes, see
Mdara & Gherpdli (1996); for hints on the interaction between teachers and university researchers
in the development of the research and in particular on the evaluation discussons on the protocols
as to the research itsdlf, see Mdara & laderosa (1999a). Still, we would like to underline thet the
extremely postive result we obtained at the end of this school cycle conssts of the teachers
awareness of what 'to prove means and of the role that the algebraic language playsin arithmetic.

The solution of algebraic problems

Our second study, intermingled with the previous one, concerned algebraic verba problems. As
well known, this sudy garts traditionaly after the introduction of a linear equation in one unknown
and, since the pupils are so young, the problems that are normaly used can be solved dso intuitively
and/or resorting to the right graphica representations. This way of working, as underlined aso by
Bernardz & Janvier (1996), does not dlow them to appreciate the goodness of the agebraic
method. Our choice was to suggest the study of algebraic verba problems at two or more unknown
quantities, even complex ones, before the formd introduction of equations. This would firgt of dl

8 the moment in which the teacher acts as a model is very important because the pupils can understand what
they must really do and produce.



judtify, in front of the pupils, the opportunity of studying them as amathematical object, according to
the historica path aswdll asto our syllabuses, and morein generd it would educate to the "principle
of economy”, typica of mathematics, which privileges the study of the representative schemes of a
plurdity of stuations.

Table 1

Examples of inquiry activitiesin arithmetical realm

Discuss the following information on natural numbers saying why they are true or false to you.
Isit truethat:

The sum of two even numbersisdivisible by 4?

If the product of two numbersis even (odd), each of the two factorsis even (odd)?

A number divisible by 3, i.e. of the 3n kind, is always odd?

The square of any even number isdivisible by 4?

All numbersdivisible by 3 are also divisible by 9?

If 3 dividestwo natural nurrbers, it divides also their sum or their difference?

The product of two even numbersisdivisible by 7?

There are values of n so that 5n+3 is: divisible by 5, divisible by 3, divisible by 2?

The sum of two numbersthat divided by 5 have remainder 1 is again a number that divided by 5 gives
remainder 1?

10. The sum of four natural successive numbersisalways even?

©COoNo~wWNPE

In such hypotheses we wanted to study the pupils behaviour as to: i) the forma trandation of the
relations expressed by the verba text; ii) the transformation and the eaboration of the rdations in
order to get to the resolutory equation;iii)the naive study of equations for the determination of the
unknown quantities and the solution of the problem.

The problems we gave to the pupils, some of which you can see in Table 2, usudly have a
schemtic text that requires - except in some cases - arather easy formd trandation. The number of
unknown quantities ranges from two to four whereas the relations are mainly additive, multiplicative,
or both.

The didactic steps that we developed with the pupils focuses on the control of the plurdity of

representations possible for the same relaion, which is achieved by asking the pupils intermediate
questions that induce them to ponder on the equdlitiesinduced by the given relation. For example, if
we consider the relation "segment AB is bigger than segment CD by 4 (cm)" we ask the pupils
the following questions. 1. Which of the two segments is the major one (and which is the minor
one) ?; 2. Once you chose the major one (the minor one), write down how you obtain the
other one; 3. Once you chose the major one, write down the difference between the two;

and we induce the smultaneous control of the following writings CD = AB - 4; AB=CD +4;
AB - CD =4.

This way the pupils get used to representing in many ways a relation between two quantities and
then choosing the more convenient one according to the problem examined. The solving method
suggested is by subdtitution; it is presented as "the game of the exchange’, that should be applied
one or more times until they obtain an equation with only one unknown quantity, which must be
solved. This equation, in the problems we consider, can be reduced, thanks to the properties of
arithmetic operations, to the structure ax+b=c, with a, b and ¢ as natura or rationa numbers.

The difficulties, beside the number of unknown quantities and the kind of relation, concern: i) the
trandation of reations into terms of equdities and their transformations; ii) the choice of the
unknown quantity through which the other can be expressed; iii) the management of the resolutory
equation. A detailed report of this study can be found in Maara (1999).

In generd, we can say that the impact of this activity in the dasses is quite strong, both for the
involvement and the reaults achieved. Almost dl the pupils redize that they are in front of a generd

method for solving this kind of problem, based on trandating into formulas the information contained
in the texts and then eaborating the formulas they obtained. The fact that they face the solution of
agebraic problems without any ingructions into the syntax of the dgebraic language makes the
pupils give wrong syntactic transformations mainly due to the lack of control over the meanings of



the writings obtained; thiskind of problems gives areason to study syntactic questions in themselves
and independently from the context, concentrating the attention on the arithmetical properties. This
agpect of the problem is quite interesting both for the pupils, who eventudly understand why they
study literal calculus and how important it is, and for the teachers who redlize how vitd it isto talk to
the pupils in order to negotiate the meanings of ample agebraic expressons, usudly taken for
granted.

Table?2

Algebraic verbal problemsat two or more unknowns donein seventh grades
1. Consider the triangle ABC, lying on the side AB , about which you have the following information: the

perimeter measures 60 cm; side BC is bigger then side AC by 5 cm; side AB isbigger than side AC by
10 cm. Calculate the length of its sides. Can the triangle be right angled? If yes, what would be the right angle
and which the hypotenuse?

2. Determine the two numbers such that the larger one exceeds by 50 three times the smaller one, and the sum
of thetwo is110.

3. There are 224 animals, cats and dogs, in a courtyard. The number of the cats is 6 times the number of the
dogs. Calculate how many cats and how many dogs there are in the courtyard.

4. Massimo goes to a pizzeria. He gets a pizza, a dessert and a coke and spends 8300 £. The dessert cost 1500 £
less than the pizza. The pizza cost 400 £ more than twice the coke. Calculate how much were the pizza, the
dessert and the coke each cost.

5. The perimeter of arectangular trapezium is 96 cm. The length of the larger baseis 20 cm more than the smaller
one. The difference between the length of the larger base and of oblique side is 13 cm. The difference
between the measure of the oblique side and of the height is 10 cm. Calculate the lengths of the two bases,
the height and of length of the oblique side.

Syntactic and structural aspects

This sudy was developed, in pardld with the previous ones, in the class tutored by R. laderosa, a
teacher-researcher with a refined mathematica background, who more than the other teachers was
sengtive to the transversa questions underlying modern agebra. It examines a series of syntactic
problems that arise ether on shifting from the various numerica ambits or within the same ambit
because of the predominance of the additive mode over the multiplicative one. One leitmotiv was
to congtantly compare the operations of addition and multiplication, in order to force the pupils
attention not only towards the analogies but dso towards the differences between the two. One of
our research hypotheses was, in fact, that this very comparison could avoid improper tranfers or
mixtures of properties from one structure to the other, which aways give vent to the severa and
persstent errorstestified in literature (see for ingtance Fishbein & Barach, 1993 or Fishbein 1994).
On this basis, we enacted an experimentation with second- and third-grade classes which focused
on a series of tests (some of which are reported in Table 3) explicitly conceived to force a
comparison between the two gructures. These tests ask the pupils to transcribe and elaborate
arithmetic or algebraic expressions by operating an andogica transfer from the additive structure to
the multiplicative one (usudly in naturd numbers) and vice versa, in a context with many operations
and in Stuations of digtraction, which requires a good control between the additive-multiplicative
notation and the multiplicative- exponentia one.

The am was to investigate on the pupils ability to see the structure of some expressions and modify
it by analogy. In Maara & laderosa (1988) we report a sample of their productions, which show
that dmost haf of the pupils keep a good control of both notations. As we had foreseen, they have
difficulties n dedling with powers and some of the wesker pupils Smply try to explan powers as
products. In particular, the pupils identify quite well the (direct and inverse) digtinction between
addition and multiplication, but in the meantime they cannot control the operation of power,
especidly in the passage from the multiplicative-exponential notation to additive- multiplicative one.
A posteriori, these tests dlow the teachers to detect which level of conceptudization the pupils
have achieved about arithmetica operations and their properties and about the characterization of
the two dructures, which can be hardly imagined when such tests are conceived and administered.



Table3

Comparison between additive ambit and multiplicative ambit

Seventh grade.
1) Calculate, by using as much as possible the properties of powers:
a) 3BxF+33+ 32; b) 5x2+52; Q) (2x3%)2+(2+3?)x2
2 Transform the following writings by substituting to any addition sign a multiplication sign, and to

any multiplication sign the power:

a 2x3+5+7x2® ‘) 2x5)x7+2® 0 6+2)x4® .
3) Transform the following writings by substituting to any multiplication sign an addition sign, and to
any power amultiplication sign:

a 8x5x2 ® b 3x223® 0 6x9x2® ;d)(52x2)x3 ®
4) Look at the following writing and decide for each of them whether it istrue or false:
3 2x5+3x4=5x2+4x3 ; b) 25x 3% =52 x 43
Look again at @) and b). Isit possible to go from one to the other like in the previous exercises?

Eight grade.

5) Calculate, by using as much as possible the properties of powers:
a) Bx2+23+22 aSx+ad+al
b) (2x3)? + (%) (ab)? +(@3)?
Q) (2x3?) + (22 x 52 (ab?) + (a2)2

However, it must be underlined that this study, which was quite appreciated in research contexts?,
gave vent to contrasting reactions among the teachers, some of which consider such approach to be
too sophigticated and advanced for this school level.

The inter connection between (algebraic) fractions and rational numbers

This study moves from some discussions we had in our group about the possibilities our project
could give to the anadyss of rationd numbers in middle school, with the intention of creating
continuity with upper secondary schoal.

There ae some epigemologica divergencies between the modern, dructurd vison that
concentrates in middle school on the introduction of the various numerical ambits, rational numbers
in particular, and the old, consolidated teaching tradition that dedls with fractions from a merely
operative point of view, without even getting to the concept of rational number as class of equivaent
fractions. In this tradition, the gpproach to the operaions ams a determining ther result for
particular couples of fractions and it dmost never arrives a explaining its laws of correspondencein
generd. The comparison of fractions, moreover, is usualy carried out passng from the decimd
representation of the quotient between numerator and denominator (which of course is often
approximated), and the pupils are never asked to see how a fraction varies as its numerator and/or
denominator variest? This procedure, unfortunately, doesn't dlow us to move to the comparison of
fractions in generd terms, nor does it dlow the conceptudization of how a generic fraction varies
when itsterms vary.

Our study is based on the hypothesis that an early gpproach to the use of Ietters dlows ws to face
elementary questions about fractions from a genera point of view, so that the pupils can develop
highly flexible, effective and transparent conceptuad modes as to: rational numbers, order and the
operations among rational numbersin generd terms.

One specific am is to induce the anadlyss of the meanings that different representations of the
numerator and/or denominator of Smple numerica or algebraic fractions convey, so asto avoid - or
a leadt limit - stereotyped behaviour or classca errors on transforming them. From a conceptual
point of view, we want to bring the pupils to the awareness of: i) how to recognize equivaent

9 We are talking about the Working Group on algebra at PME 22 (1998, Stellenbosch, South Africa) and the
European Conference Cerme 1 (Osnabruck, 1998)

10 Thereisan interesting study on the topic by Lopez-Redl (1998).



fractions!1; ii) how to compare fractions without resorting to the decima representetion; iii) the
reasons that are a the bads of the generd definitions of addition and multiplication (through
questions such as their being independent from the representing fractions, the embedding of natura
numbers into the nornegative rationd numbers); iv) the cdculus smplifications produced by
reducing a fraction to the minima terms and, specificdly for addition, by resorting to the minimum
common divisor of the denominators, v) the existence of opposite and reciproca for each rationa
number different from zero (and through these concepts up to the operations of difference and
divison); vi) of Archimedean but incomplete nature of the order sructure and of the laws of
monatony.
The experimenta work started this year and the research turned out to be very delicate and subtle.
The topics we have dready faced concern the four points we mentioned; some of the activities
connected are reported in Table 4, some others look at the problem of defining in genera terms the
operations and their legitimacy as to the corresponding ones in natural numbers. For more details
on this research, see Maara (1999a); as to the results, some are ill to be analyzed!?, yet we may
say that the teachers acknowledged that this new way of looking a rationa numbers is very
productl ve. In particular they underline that:
using letters alows metacognitive teaching on the properties and agorithms of the operations,
- besde dlowing the pupils to distinguish the number from its representation, working on the
multiple representations of a number in the ambit of naturd numbersis very important
because, here too, it makes them easily accept equivaent fractions as different representations of
the same rationa number.
- paying attention to the structura aspects alows an easy approach to two aspects which,
didacticaly spesking, are rather delicate: a)widening the concept of number; b)widening the
numerica ambit.

Despite the open problems, the very podtive result heightens the teachers awareness on two
important points: 8) the usud didactic of rationa numbers is reductive both from a cultura point of
view and asto the pupils skills; b) paying attention to the structura aspects adlows the pupils to face
by themsealves important problems such as the congtruction of the arithmetical operationsin anew
and wider numerica ambit.

Table4

Examples of the activities given

Seventh and Eight grade
1. Build fractions equivalent to the give ones, according to the indications expressed by the scheme (7 ® )

15 .
1B 100 33a  18%
25 14 14 2xax5

2. For each couple of fractionsin brackets, decide which is smaller, and explain why:

115 13 119 11 1235 115y
117710P "1 36'24b ' 1 352'176 b

-

Eight grade
3. We ask you to build equivalent fractions for each of the following fractions; find out whether there are any

difficult cases and why they are difficult:
5 2X11 p 3 5+4 a+b

7 50 k' 12 11 2

11 At most, the pupils manage to conceptualize how to pass from one fraction to an equivalent one, but they
can't say in general when two fractions are equivalent. This happens also in higher school levels.

12 Then more problematic results, which must be analyzed, concern the comparison of rational numbers.




4. Following the strategy you prefer, compare each couple of fractions and explain which is the smaller one
13,55 111 175 j2a 3ay

126 124'36p 117 22

Seventh and Eight grade

5. Replace the letters with the numerical values that make the following equalities true:
k+1_, 8 4_ 12 15_ k k4 _ 52 c_6

4 “k+1 5 k+2'18 k+1'3 m 6'3°d 21

THE TEACHERS' ROLE AND CONTRIBUTIONSIN THE RESEARCH

The teachers contribution to the developing of the project is remarkable and manifold. Once the
hypotheses are made clear and the guiddines for classroom intervention are agreed on the specific
godls, they often create autonomoudy the tests they want to give to the pupils. Before actualy doing
such tests, we dways discuss them within the group in order to assess thelr potentidity and

difficulties in advance; on this occasion, the director of the research can point out the aspects
lacking in the tests and suggest how they could be refined, or he/she can smply approve ad
gopreciate their quaity. For example, the tests created by L. Gherpelli for the enhancement of

argumentation in arithmetic (reported in Mdara & Gherpdli 1996) and some about rationa
numbers, reported in table 4, have been appreciated for their quality and effectiveness. Moreover,
the questions in Table 3, concerning the generation of expresson, darting from the given ones, by
andogicd trander from the additive-multiplicative notation to multiplicative-exponentia one and
vice-versa, were created by R. laderosa and, as we said, obtained different reactions among the
teachers. Some agppreciated them mainly as research tools, other teachers thought they were
pointless, since they were by no means remarkable to the pupils eyes and they were optiona within
agenerd didactic frame for the development of agebraic thought?3.

In generd, however, mogt of the tests for the experimentation are sdected from among a group of
proposals coming from the various members of the team after a careful analysis of the possihilities
and difficulties that they could give the pupils. This happened, for example, with the tests concerning
the approach to proof: we discussed the difficulties in the syntactic eaboration of the expressions
creeted as trandation of the hypotheses and in the interpretation of their transformation to achieve
the thesis, or with algebraic problems.

We pad particular atention to the formulation of the text in the tests, giving the utmost importance
to the immediateness of communication rather than to linguistic perfection. Sometimes these texts
are formulated (or re-formulated) by using the children's dang or particular class-codes. Youll find
examples for thisin questions 1 and 5 of Table 3, where the teacher uses the word "caculate’: this
verb isimproper for the kind of performance she wanted to promote (which however had dready
been explained ordly to the pupils) but, in her opinion, it is somehow neutrd whereas more
gppropriate terms could cause some difficultyl4. Smilarly, in Table 4 the teacher uses an unusua

graphical code, which she specifically created in order to let the pupils work smultaneoudy on the
amplification of fractions and on the generation of equivaent fractions, because she wanted to put
together two activities that are usualy experienced as separate.

The team discusses and sdlects dso the problems suggested by the director of the research, and
when they are accepted their texts are often revised so that, as we said, the pupils find them easier.
Sometimes their proposals are refused, because they seem too advanced; this happened, for

example, with the congruction of the concept of rationad number. On that occasion the director

13 The teacher's opinions are so different because each of them has a different cultural background and
therefore they have different conception for each topic examined. This shows how real the cultural debate
within the group is and how each participant is fully autonomousin his’/her role.

14 The group discussed and criticized this word, but the teacher preferred to keep it owing to the reasons we've
said.




underlined the convenience of characterizing the classes of equivaent fractions by doing with the
pupils the proof of the following statement starting from particular cases "if the fraction c/d is
equivaent to the reduced fraction a/b, then ¢/d can be obtained from ab by multiplying its terms
by asame naturd number different from zero"1>. The teachers rgect this proposal because they find
it difficult even in the particular cases, dthough the concepts are smple and the pupils have

experience in usng letters and in using the principle of subdtitution. Nevertheless, our experience
says that with time the teachers reconsdered the proposds formerly rgected and eventudly
experimented with them.

Moreover, we must consder the important role the teachers play in developing the classroom
discussons (dtarting discussions, for congtruction, for baance and/or inditutiondization), in
understanding each pupil's persondity and assessng their contributions in the collective activities,

aso with reference to their character. On leading such work, the teachers manage to play the
double le of participant and observer (Eisenhart 1988), even if in some cases, as reported in

Gauti & laderosa (1999), they can meet various difficulties. Still, they are precious when we
evauate the pupils protocols, because they know who made them and in which atmosphere, which
goes beyond the director's analyss. There is an interesting example on the different points of view
from which a protocol can be assessed, which states the importance of joint assessment, in Mdara
& laderosa (19994).

Another thing that should not be neglected is their contribution at the beginning, when we consider
and identify specific research problems and we formulate the hypotheses to be verified etc., but
most of dl their work at the end, when it comes to writing down importart parts of research

reports.

Bedde the postive aspects, however, we would like to consder dso the limits they put on the
developing of the project. As underlined in Mdara & laderosa (1999a), once the guidelines for the
redization of the project are decided, the actud carrying out of the research presents crucia
difficulties among which, besde those concerning organization, there are: the cultura background of
the teachers (some of them had a degree in maths, some in other scientific disciplines), their opinions
on didactic matters (teaching tradition, trendsin programming the lessons, different importance given
to the various activities, etc.), persond preferences and, what is more important, the different ways
of seeing their own role (more as ateacher, more as a researcher or something in between).

Moreover, ther autonomy often makes them neglect the common planning of the guiddines for
discusson, the recording of the discussions (they prefer to witness them through their diaries, which
are usualy based on their memory rather than on origind recordings); they refuse to have a sllent
observer (disturbing and inhibiting); they forget to make ajoint analysis of the protocols (snce there
are 0 many, they usudly pre-sdect them and offer only prototypes for the andysis in the group).
All these questions eventudly influence both the choice and sharing of the activities which are the
object of experimentation and the ways of carrying out the research itsdf (for more details see
Malara& laderosa 1999a or Malara 1999h)

15 The demonstrative steps that should be devel oped with the pupils are:

Step 1: start from a particular fraction, for example 3/7, suppose that 3/7=c/d and prove, in collective activity,
that necessarily 3d=7c. What you must use hereisthat: i) if 3isdivisor of the product 7c, sinceit isn't divisor
of 7, it must be divisor of c; ii) itis possible to express ¢ as 3 by some other number and, giving a name to
this number, say g, we have ¢=3q; iii) by substituting in the equality 3d=7c we obtain 3d=7x3q and by
cancellation d=7q.

Step 2. Generalize the result by substituting 3/7 with any reduced fraction a/b along the reasoning we have
just done.



FINAL CONSIDERATIONS

Though thisis avery generd overview, it probably gives an idea of what we have done so far and
of how complex it isto carry out research for innovation by working thisway, typica in many Itdian
research groups, that we can cdl it the "Italian modd™ of research for innovation.

Firg of al, this way of developing research requires a long time for confrontation of the parts
involved and cannot be done without cultural and didactic mediation with the teachers (we must not
forget that, beside being managed persondly by the teachers, the objects of our researches belong
to a specific program in school that must go hand in hand with a more generd framing concerning
the teaching of dl the areas of the discipline and take into account the didactical times). Moreover,
we often find ourselves working "without protection”, snce the object of our study is the teachers
and pupils behaviour in front of innovation, which sometimes requires that we go back to the
studies we have aready done in order to highlight and refine some aspects that had remained in the
shade or unsolved.

From a more generd point of view, owing to the way they are carried out and to dl the variables
involved, these researches cannot be reproduced in the classical sense. They are prototypes useful

to give new visons and new directions to most of the teachers and they are interesting for those who
need a different, more gppropriate approach to certain topics, but their usefulness is related to the
ability of the teachersin evauating and gppreciating the questions in play and, as underlined by Zan
(1999), it concerns a very delicate aspect: the question of the teacher training and her/his culture.
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