Four revolutionsin mathematics and their schooling implications
CHRISORMELL

Summary

The author argues that a big shake-up in our ideas about mathematics istaking place at the present time. We can
distinguish four different recent revolutionsin the way we think about, and conceptualize, mathematics. Itisan
upheaval of unprecedented proportions. Thefallout islikely to continue for anumber of years. When we add to the
four mathematical revolutions the big changes which have taken place in our thinki ng about psychology, schooling
and society during the last few decades, the size of the task facing us---in trying to 'tune’ mathematics schooling
accurately to current conditions and current knowledge--- becomes apparent.

Let's begin by looking a the four revolutions within mathemétics that are either dready happening or are
about to happen.

The computer revolution Firg, thereisthe computer revolution, which began in the 1950s, and has
continued through the lagt five decades. It has happened in a deeply mathsphobic socid environment. In
the 1960s, after the computer first became both powerful and rdiable, the computer industry felt thet it
hed to digance itsdf a dl cogts from a percaived 'no hope mathematica culture. Nothing which has
happened since then has led it to change its mind, so its attitudes towards the computer-meathemetics
gulf have effectivey st in concrete.

Theword was. "mathematics and computers are entirdly different worlds', "you don't have to know any
mathematics to use a computer™.

Theissue hereis aout how mathematicsis publicly perceived. The point was obvious, but the
computer indugtry fdt it had to distance itsdlf from mathemdtics.

Can anything be done about the Stuation? Isn't the computer industry now so dominant thet nothing
could ever dent its preferred way of gpeeking and thinking? Many ordinary people perceive clearly that
they and those about them have no leverage of any kind to dter this anti mathematica bias. Buit |
uggest that we, as mathemdicians, can hardly hgppily accept this fait accompli. To build an anti-
mathematica biasinto the very way we talk about computers was dways a shameless piece of culturd
domination. Of course it made alot of sensein 1960 for the computer indudtry to steer well dear of any
public assodiation with methematics. But the computer isredly only amedium for running automeated
mathematics. | believe that we need to wake up and ingst in schools that it isthis: and thet both
computing and maths are to be regarded by dl sengble people as parts of 'greater mathematics.

Let'sfaceit, what it takes to achieve gpectacular new computer goplicationsisakind of mathematica
thinking, or at least akind of thinking very dosdy rdaed to mathematica thinking. To pretend thet the
heart of the computer cultureis a celebration of hardwareis therefore a socid nonsense. Anyone with
reel knowledge knowsthis, yet the nonsense persists.

Mathematics is now very much the poor relaion to the computer fraternity, not a Big Brother of
towering higtoric intellectud detus, asit wasin 1960. (The computer revolution, in effect, has now seen
off 'higoric intdlectud gaus. The world has become increasingly anti-intelectud, largdy asaresult of
the dedine in mathematics ganding.)

The computer industry can now afford to be magnanimous in rdaion to mathematics adiscipline on
whichit s, in the end, dependent. For mathematics teaching in schools must in the
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end provide the mental foundations for dl those who work with computers.

Of coursethe ariva of the computer revolution has had ahuge substantive, operating effect on
meathematics too. The computer has naturadly developed a 1001 ways to handle number-based
representations in streams, trickles, bites and bundles. By its sheer existence this opening-up of amyriad
new branches of numerica and quas-dassicad number-based mathematics has tended to upstege the
abgract high mathematica culture which dominated mathematicsin 1960.

Thearriva of computer-driven dgeras haantt redly dtered the picture, because it was a symbioss
between the new number- based representations and the needs of business which creeted the flavour of
the last quarter century ---the reviva of capitaliam, the new shamedess materidism and the ocdusion of
abgtract mathematica culture.

Mog scientists now work with and through computers. They have largdy thrown off thelr previous
dependence on abstruse mathematical know-how ---for which they used to have to go cgp-inthand to
their loca pure methematicians. Of course they dill consult the mathematicians from time to time, but
they (the scientists) are much more mathematically emandipated by their computer skills than thair
predecessors of forty years ago.

One can argue that the abgtract triumphaist 'high methematica culture of 1960 never properly
recovered from the collgpse of ‘New Math for Schoals in the early 1970s. The fact that ‘New Mah'
amply wouldn't "go" in schools came (for them) as an awful shock, acdamitous bolt from the blue. |
suspect that many today il don't redlly know what went wrong.

The same people---i.e. the mathematica establishment--- tend to be degping Platonists. Many of them,
I'm &fraid, have hardly noticed that much of mathematics thunder (credit for initisting potent
aoplications) has been stolen by the computer industry. The computer industry has implied that the
meagic displayed in such gpplications liesin its machines. It has been very tardy in admitting that the
meagic nearly aways depends on the skillful use of mathematical concepts and thinking. To describe
goplications of mathematics to the red world as ‘computer gpplications is like describing the Bible asa
'papyrus application’ or a Beethoven symphony as an "orchestra gpplication’.

The net result of this misdescription is, however, quite serious It isthat the socid role of mathematics--
-as perceived by the media, paliticians, etc.--- isgreetly diminished. It isseen asadry, arcane,
redusive, sub-gpeddism within programming; itsaf only a sub-department of computing. This gives
meathematics, as viewed from the school dassroom, amuch lessingpiring image than it ought to enjoy.

The modelling revolution This arrived in the 1960s on the back, one has to say, of the computer
revolution. It enables us to gpply mathematics to the world in a more satisfying, in-depth way than the
hit-and- run gpplications of yesteryear. It isdso, incidentaly, when donewdl, amore commercidly
ussful way.

Ingtead of judt ‘gpplying’ a given formulato a given Stuation by subdituting numbersinto aformula, itis
now possible to 'discuss the Stuation in asudaned fashion via the 'mathematical modd' of the Stuation.

In the era of unaided paper-and-pendl mathematics moddling was an intrindcaly difficult aspiration: it
wasthe arriva of copious computing power which made it an atainable aspiration.
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Unfortunately the modelling revolution's impact on schools was largdly hi-jacked in the early 1980s by
newly converted Thatcherite goplied mathematicians who prodiaimed thet it turned the useful
commercid agpplication of mathematics to the red world into the main purposive reason for pursuing
meaths in schools and universties. Mathematics, they dlaimed, had a newly acquired potency to "make
things hgppen” in the red world.

(It isconvenient to cdl thisthe'practicdist’ view of school mathematics)

Y es, but to throw the main emphads onto this new operationd potency was hardly satisfactory asa
'View of the essence of mathematics. It led to the introduction of near- contradictory notions such as
‘practicd mathematics sessonsin schools. (Insofar asthey were ‘practicd’ they weren't ‘'mathematicd’,
and insofar asthey were 'mathematicd’ they weren't ‘practicd’.) How anyone thought that mathematics,
the heartland of pure theory, could be adequatdly explained as a'practicd’ subject, chiefly judtified by its
utilitarian gpplications, remains amydery. It was like saying that the essence of balet, a mute artform,
liesinits storylines: or like saying that the centrd ideain cooking isthe preparation of drinkd

Thispracticdig Thatcherite interpretation of the moddling revolution came to exert a huge influence on
the maths curriculum in schools in the UK and some other countries for afew years through the
Cockceroft Report, SMP 11-16 and the Nationd Curriculum. It isnow a paradigm in sad decline, but its
declineis, | think, being widdly misunderstiood. A lot of commentators seem to think that its dedine tells
usthat "gpplication led maths doesn't work well in the cdlassroom”.

What doesn't work well in the dassroom isanarrow, gritty, commercidly oriented verson of the
moddling view of mathematics. "Making things happen with maths' turns maths, in effect, into alow-key
conjuring trick. (Low key, because what is'made to hgppen' is often rather ordinary.) But maths not
only isn't aconjuring trick: its chief and degpest vaue liesin the menta trangparency and disciplined
imagination which it evokes ---the very things which the conjuring trick approach plays down.

So isthere a better way of looking a the modeling revolution? Yes, thelogicd condusion of the
modelling revolution is the 'Peircean interpretation’ of maths, which seesits (maths) principd raison
dére asits projective applicability. This condgs of moddling humanly, sodaly and technicaly
interesting (innovetive) idess for the future. They are essentidly hypotheses to the effect that a proposed
gadget of some kind might deliver what we want. Peirce said "Matheméticsis the science of hypothess'
thus hitting the nail firmly on the head. Unfortunately he didn't develop this interpretation of methematics
aufficiently to grab scholarly atention.

The centrd point of projective moddling istoilluminate the overdl predictable implications of
interesting (promising) new gadgets in science and deve opment. The work amounts to fascinating
‘thought gpplication', not band actua gpplication.

This pergpective in teaching maths was origindly developed in the 1970s by the Mathematics
Applicable project, which | was fortunate enough to lead. It worked extremely well: so much so that
the number of students taking the course continued to grow year on year until the London Examination
Board summarily announced thet it was discontinuing the examinaion.

The reason why the Peircean approach works extremey well in the classroom is easy to Sate. By
focussing on mathematics as a hypothesis-exploring device, oneis adleto tieits sudy to intriguing idees
with great imaginative goped to the youthful mind. It is very motivationd. It is not a case of sugaring the

253



pill, but of finding exactly the right conditionsin which the pill's naturdl sweetness can be gppreciated
and shown off.

Thereisawide culturd gulf between the Thaicherite and Peircean versons of mathematical moddling in
schools. The former prides itsdf on getting things to hgppen, epecidly in gritty contexts: things with an
evident cash or hard-nosed practicd vaue. Thelatter is more interested in the magic produced by
illuminating interesting practicd posshilities (and incidentdly impossihilities). The former pinsitsfaith on
'getting answers. The latter on the individud'simproved mentd vison and the satifaction thisbringsin
itswake.

Thelogicd ggp between the two perspectives, however, is quite thin. To closethe ggp dl thet is
required is aredisation of the dectricaly moativating effect on sudents of innovation targeted
mathemetics. In my opinion the gap is chiefly areault of an idiosyncratic ‘indudtrid’ point of view held by
afew leading practicaigs They can't seethat their mental perspectives were formed by working in
hard- nosed and deeply mathgphobic environments, and thet these attitudes so painfully acquired area
huge barrier to finding the kind of maths which goes with a swing in the dassroom.

| wrate abook in 1997 sysematicaly explaining the basis of the 'Peircean Interpretation’, giving lots of
tried- and-tested examples, and extolling the advantages of the Peircean gpproachin schoals.

But the new emphasis on Paircean illuminative applications has emerged into a doubly hodtile
environment. It isflatly opposed on the one hand by disinguished degping Platonids in the mathematicd
hierarchy who desperately want to think thet the emphass of the last two decades on gpplications has
al been abad dream, and that now a lagt it is over ---discredited by its dire effectsin schools. On the
other hand, it is opposed by obstinate defenders of the failing Status quo - - - Thetcherites who are not
interested in illuminative moddling for its own sake (with its greet educationd potentia) but only
interested in trying to get punchy dgorithms, answers and results 'across to sudents.

The congtructivist revolution Thisisanew mode of thinking about the ontologica status of
mathematics. Someleery, radicd’, 'post-modern’ verdons of condructiviam do little to recommend it
(condructivism) to scrupulous commentators. Congructiviam of thiskind seemsto be daiming thet
mathematics was congtructed for dubious hidden socid, psychologicd and other arbitrary reasons. This
naturdly infuriates anyone who is strongly subject-dedicated, because it impliesthat akind of subversve
dross has crept into their reasoning.

In my opinion the outline daim that mathematics is a human atifact which was progressvely
‘congtructed is, however, smply aplain reading of the higtorica record. The important question is not
whether mathematics was "‘congtructed' (of course it was) but why it was condructed in the way it was.
In my opinion thereasons for the ‘congtruction’ were chiefly (a) to find modd s which would faithfully
reflect physica phenomena (which had been previoudy discovered by careful, patient inquiry), (b) to
lve chdlenging logicd problems thrown up within mathemeticsitsdlf, and (c) to modd potentia
developmentsin building, cand congtruction, military methodology, indudtry, etc. Theingnuation of
hidden sodd vaues behind mathemdticsisjud that ---aningnuation. Any actud example, once brought
out into the light of day, generdly turns out to be ether amistake, or se more commonly an honest
atempt to achieve explicit ams under heading (c) aove.

Here, too, thereis adigtinction to be drawn between an acceptable and unacceptable verson of the
revolution.
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Thereisanew lean, but very uncompromising, verson of condructivism which | have outlined in four
monographs during the last decade. It is'quiasi- platonic' because it has the operationd effect of retaining
most of the working assumptions used by honest practitioners, but it also has the important Sde-effect
of drying out the quagmire in the foundations - - - something which has been zapping confidence in the
ubject's rationdity since 1901. (The year Bertrand Russdll discovered his famous paradox, which
however neither he nor anyone else was ever able to explain stisfactorily.)

The new quad- platonic congructivism dams that mathematica objects are 'honorific exigents created
and secured by socid convention. They are basad in the last andlyss on ‘taly conglomerates onto which
we impose a st of judgments. For example the fraction %4 can be regarded as shorthand for //\\
When we origindly set up something like this we decided to tregt the tally conglomerate /////N\W\ as
being equivdent to the taly conglomerate //A\\\, even though they are, of course, quite different
conglomerates.

By thinking of mathematicsin these terms we can encompass the most bizarre, abstruse reaches of
modern abstract theory aswdl as arithmetic and its derivative dasscd dgera Technicdly itisan
‘object-centred' formalism. However when we spesk about the symbol conglomerates we naturdly use
meaningful ordinary language, as when we say that it is"true" that the square root of 169 is 13. (This U-
turnsalot of nonsense associated with formalid atitudes in metamathematics)

The contradictions of sdf-referentia set theory can be explained as examples of contradictions of a
fundamentaly new serial kind. (Classca contradictions are then re-described as'pardld
contradictions.) For example, when the Liar says ™l am lying” (p), what heis saying impliesthat pis
fase, which tdlsusthet p istrue, which tdlsusthet p isfdse, which tdlsusthat pistrue.. etc. ad inf. If
we assume thet the current interpretation of ‘what p istdling us supercedes previous interpretations, a
no stage does a'contradiction’ literaly occur. However, over time, the Satement clearly in some sense
‘contradicts itself'. Thisiswhet | cal a'serid’ or ‘dynamic’ contradiction.

There are thus great advantages in adopting the new pergpective, but in generd progressin
dissaminating this new lean verson of the congtructivist revolution has been very dow. Redicd
cordgructivigs are againg the satus quo a dl cods this, in effect, isther defining characteridic. The
quas- platonic verson of congructiviam looks (to them) to be too close to Platonism for comfort.
Actudly it isnt, because it leads us, among other things, to rgect dl trandfinite sets beyond aeph one. It
a0 leads usto the idea of showdown sequences, aform of active process, which can't be represented
by any present or future mathematica structure.

But mog radicds are not redly tuned to the problem of the foundations: they are much more bothered
by what they see asthe 'no hope officid culture of Platonist mathematicsin schools. So one can hardly
expect them to notice these departures from the officid story, nor to see the immense benefits of
draining the quagmire.

Conventiond opinion in the foundations of mathemetics, on the other hand, seemsto be unable to tear
itself away from its blind adherence to the platonic norms of yesteryear. It can't see the lucidity implicitin
the new paradigm because it is dinging for deer life, like a cragfast rock dimber, to what it thinksit
knows.

Mondimathics The generd epigemologicad problem of formulating a replacement for Descartes
research programme for science has led recently to arevolutionary new post- Cartesian research
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programme. The key to thisis thet we can now use the condructivig point of view to judtify the
congruction of anew trans-mathematica discipline much doser to the basic needs of both physcsand
biology than ordinary mathematics.

‘Mondimathics is the new trans-mathematica discipline. It is based on the same principles as
mathematics, but applied fundamentally to ‘randomly active sequences rather than inert tallies.

Technicdly it is'an inquiry into relationshi ps between randomly active sequences. This doesn't sound
very exdting, but it has atrump card compared with ordinary mathematics: it gives us active modes
with which to match the phenomenawe find in the rel world. It has, asit were, alife of its own.

Thisisagreater earthquake potentidly than the previous three, snce it removes ordinary dassca and
modern mathematics from their epitemologicaly privileged perches. The shear positivity and hope
behind the new mondimathic research programme is, however, likdy eventudly to make abig difference
to schooling. Its main effect should be to disarm the tendency to sdf-robatification which is sadly now
dominant in many areas of commerce and indugtry. Sdf-robatification is dso badly affecting the schoals,
where it leads towards ever more pressure for behaviourigtic training. So sdlf-robotification, unopposed,
islikdly to kill a'genuine education’. The new pos-Cartesian episemology atacksit at its root, which
may be identified as Cartesan triumphdisam in sdence

Summary of the revolutions The computer revolution camefird. It led to huge changesin the way
mathematicsis predominantly done ‘out there. Among the changesit introduced was the possibility of
doing applications synopticdly, i.e by adopting a'modeling' gpproach. The arriva of 21001 new
methods in computer- based mathemetics, and the creetivity opened up by the availability of
mathematical programming languages, led commentators gradualy to emphasise the central importance
of construction in mathematics. Thisin itsturn hasfindly led to an unexpected new congruction: anew
trans-mathematica science (mondimeathics) whose specification is designed precisdly to avoid the
woodenness and rigidity (datic timeessness) of dassica mathematics.

Pogt-revolutionary mathematics in schools We remarked a the beginning that in addition to these
changesin our thinking about mathemétics, there have been profound changes too in psychology,
education and sodid thinking generaly.

In psychology aone ahogt of changes have occurred, with the virtud disgppearance of Smple
behaviorism and the rise of ‘cognitive stience based loosdly on a computer andogy to the human brain.

The practicd working 'psychology’ of pupilsin schools has been greetly affected by the partid collapse
of dl kinds of socid and treditiona authority. Thisisasocid change of momentous proportions.

In this new lowauthority, postmodern environment the only strong source of educationd vaues and
educationd driveisthelocd parentd condituency of aschoal. They caningg on thekind of strong
vaues and dedication needed in thair dassrooms. It would be impossible under modern conditionsto
get nationwide agreement for such convictions.

Education today iswiddy seen as an active process, in which we should be encouraging younggers to
build ther skills and initiative avareness. in which we should be congtantly chdlenging the pupil to show
what he or she can do. (And in contexts recognisably meaningful to both her/him and to us as
teachers)
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The generd effect of these changes seemsto be to make dl traditiona methods of teaching maths more
difficult to operate than before. Children today are used to amuch richer cognitive environment than
their predecessors of haf acentury ago. Thereislessemphasisin society & dl levels on ‘purity’ of
formulation. When it istried it is got nowadays, epecidly in low pregtige surroundings, to be mistaken
for threadbare formulation.

Thisisamessure of the materidism of the present age.

Children today are more 'uppity' than ever before. They look at the adults around them and see ajaded,
mentally burnt out picture. They won't just listen to meths being taught ‘from authority'. They need to
explorefor themsdvesin mathemétics, but crucidly they need to do thisin what are, for them,
thoroughly meaningful contexts.

Recent changesin psychology, education and socid amsal point towards the necessity of using arich
application-based, discussve regime of some sort in methematics teaching in schools. To carry the
grestest overdl meaning it will have to be amoddling approach. Within the modelling gpproach, though,
the Serility of anarrow Thatcherite (practicdist) perspective will have to be overcome. We need the
kind of fascinating, dlear, lucid, innovative mathematical scenarios which are the halmark of a Peircean
goproach to teeching, learning and enjoying mathematics.

Y ou can read about the Peircean interpretation of mathemetics and the new quasi-platonic
condructiviam by joining the MAG. (P.O. Box 16916, London SE3 7WS, UK: joining fee £3)

Y ou can read about the new post- Cartesan epistemol ogy and Mondimethics by visting:
http://ourworld.compuserve.com/homepages/chrisormel|

Addresses for corresponderce: chrisormdl@compuserve.com
Chrigopher Ormel, MAG, 3 Inglesde Grove, London SE3 7PH, UK
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