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1. INTRODUCTION
Hypotheticd reasoning in  mahematicad problem solving has been andysed in some
interesting works, which put in evidence for ingance the conditions for the production of this
type of reasoning or the different functions it may have during the process of problem solving.
This report has the objective of giving some suggestions in the direction of these research
themes aso making reference, in particular, to one of the quoted works (Ferrari P.L., 1992).
More precisdy, this contribution has the following ams
to specify some mathematica models proposed by students while tey are approaching two
proportional problems, before the subject ‘proportiondity’ is treated in class by the
teacher;
to show some examples of students hypotheticd reasoning which are present both in thelr
individud protocols and while they are discussng among themsdves with the god to
prove or to refute the modds proposed in class as solution drategies for the given
problematic Stuations,
to dres different functions of hypotheticad reasoning during the process of problem
solving, in agreement with some of the typologies described by Ferari (1992) and
developing them further.
The study is based on didactica experiences (carried out with 12-13 year old students) about
the congtruction of proportiona reasoning.
To dlow a better understanding of the core of this contribution, it is useful to sart by saying
something about the usud didactica trangpogdtion of the subject ‘proportiondity’ and the
innovative method adopted by our research group, which alowed the richness of students
argumentations (described in 3.) to come out.
In reference to the firgt of these points, it is wel known that the didactica transposition of the
subject ‘proportiondity’ (at the age of 12-13) happens in most cases without any discussion of
other different solution drategies (for indance additive draegies) which may occur
spontaneoudy but which are not correct: usudly the recourse to the condtancy of ratios in
proportiond stuationsis not judtified at dl and it is used mechanicaly.
It is plausible, dso as a consequence of that, that the mastery of proportiona reasoning is not
satisfactory, a the concluson of its study (non standard problems reved it, as described for
instance by Gagatsis et d., 1996).

On the basis of these condderaions, we have planned a didacticad proposa which ams at
gpproaching proportional reasoning through appropriate problems where the recourse to the
congancy of raios has to originade as necessary, agang different solution dSrategies which
may appear natural but, indeed, are not adequate.

The discusson conducted properly by the teacher, who did not take any position with respect
to the knowledge involved, was fundamentd during the whole process of comparing different
drategies. In other words, the discusson was conducted following the so caled a-didactic
modality (Brousseau, 1986). In addition, the teacher played different roles, according to
different didacticd phases he (she) coordinated the discusson, solicited pupils for
explanation, dressed different postions, promoted peers verbd interaction (Arzardlo et d.,
1996).

Therefore the didogue and the negotiation of meanings during mathematics class had a
centra role, according to congtructivigt principles sustained by Bauersfeld (1995), Cobb,
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Y ackel, Wood (1992) and Ernest (1995).

More details about the ideas on which the didactica proposa was planned and references to
the literature on proportiona reasoning, can be found in Pesci A. (19984).

The experimentation, conducted with students aged 2 to 13, was the object of study for three
consecutive years and widdly described in three degree theses in mahematics (Vaenziano,
1994, Castagnola, 1995, and Torresani, 1997).

The experiences caried out showed that the postive amosphere established in class
improved the development of students argumentetion, in particular of the hypothetica type,
asit will be described at point 3.

2. MATHEMATICAL MODELSON STUDENTS PROTOCOLS

During the firs pat of the didactic itinerary, for the first worksheet, which was amed &
testing spontaneous recourse to the use of the ratio concept, we decided to use a context which
was quite familiar to the students, not uncommon in school tests and frequent in literature: the
mixing of colours. The following is the text which gopeared on the individua worksheet:

1
Three panels of different dimensions have to be painted and equa size tins of yelow and blue
are available. The pands have to be painted the same shade.

MARCO painted the first pand using a colour obtained by mixing 4 tins of blue and 6 tins of
ydlow.

LUISA heas to paint the second pand: to obtain the same shade of the colour and with 6 tins of
blue available, how many tins of yellow does she need?

PIERO has 3 tins of yelow for the third panel. How many tins of blue does he need?
Explain your reasoning in answering the questions:

Students had to face the problem using intuitive strategies which could prelude proportiona

reasoning: some of them could apped explicitely to the congancy of ratios between the given

quantities. In any case, from the answers on this worksheet the teacher derived information
about the different cognitive levels in the class group. This was therefore an introductive
worksheet, whose aim was that of promoting a profitable discussion.

The following results were obtained from our experimentation classes:

- the mgority of the students gpplied the criteria of the "congtant difference’, that is they
maintained in every case the number of yelow tins equd to the number of blue tins plus 2.
Therefore, they said that Luisa needs 8 tins of yellow while Piero needs 1 tin of blue;

- some students kept the totd number of tins (10) to be used condant: Luisa needs 4 tins of
yelow and Piero needs 7 tins of blue.

- only a minority of students made recourse to intuitive Strategies deding with proportiond
reasoning. Some observed, for ingtance, that Luisa's blue tins (6) are one and a hdf times
the amount of Marco's (4), therefore it has to be the same for the yelow tins. Marco has 6
tins, therefore Luisa has to have 9. In the case of Piero the Stuation is smpler: he has 3
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ydlow tins, haf the number of Marco's, so he dso has to have hdf the number of blue
tins, that is 2, hdf of 4.
On dudents protocols there were therefore three different mathematicd modes. the first
could be named ‘additive’, the second refers to the ‘constancy of the totd’, the third is of

‘proportiond’ type.

The second problem which promoted interesting students hypothetica reasoning during the
collective discusson, was presented in the fourth individua worksheet, in the following
verson:

4

Now complete the following table in such a way that the difference between the number of
matches played and matches won by each player is 30.

Ada | Aldo Bice Enzo Anna Ivo Gino Emi
Matches 2 30 10
won
Matches 32 64 100
played

Based on the data in the completed table, can you condder dl the players "equaly good'?
Judtify your answer.

Before the description of the mathematical models present on pupils protocols, it is necessary
to say something about the work developed in class between worksheet 1 and worksheet 4, to
understand what the students' cognitive Stuation was.

The collective discusson which followed the firgt individud work had the am of bringing to
light the different Strategies used spontaneoudy by the students and dso the reasons behind
the choice of these same drategies. In any case, a this stage it wasn't reveded which drategy
was the most appropriate one; the discusson was redricted to bringing forth the students
idess by simulating verbdisation.

The itinerary proceeded dedling with a new problematic context: tennis matches (worksheets
2, 3 and 4, presented to pupils one at a time). In worksheet 2, having given the students the
number of matches played and won by each of four players, we asked them which one was the
best. Also in this case we were deding with an explorative Stuation. In order to solve it, it
was not necessary to use ratios, in fact, the numerica data were very smple: only one of the
given players won more matches than he logt, therefore he was the best. The gStuaion was
deliberately presented in such a way as to dlow different resolutive Srategies to be used.
Nevertheless, through the students answers, the tescher could immediately identify if any of
them spontaneoudy resorted to a comparison of ratios, possbly adso as a result of the
discusson held.

Usudly, the results obtained showed a significant improvement compared to the first problem.

The successve worksheet 3 showed a table to be completed with the missing data, (referring
as before to the number of matches played and won by each player), in such a way that each
of them could consder themsdves equaly as good as a paticular player who had aready
been assigned with a numeric vaue for matches both played and won. In this case the use of
proportional reasoning was necessary to obtain the correct answer, and therefore this workseet
highlighted, more than the previous one, who applied it.

In our experiences, to solve the task the mgority of students correctly used a "multiplicative
law", whereas the others were wrong, using an "additive law".

At this point of the itinerary, before any discussion about the workseets 2 and 3, number 4 was
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proposed, that is the worksheet reported earlier.

It amed a making the students reflect on the use of congant difference criteria to judge the
ability of a player, criteria which emerged in the completion of the previous chart. We thought
of "forcing’ the whole class to reflect on the possible use of difference ingtead of ratio, having
edablished in previous experiments that the discusson of the difference method produces
good results and aids reflection. This is in accordance with didactica research which stresses
the importance of a positive use of students’ errors (Boras, 1996) .

In reference to the results obtained with the workseet 4, a good number of students (often the
mgority ) sad that the players are not equally good and some of them declared that it was
necessary to refer to ratios, the others said that the players are equally good because they have
lost the same number of matches.

There were therefore two different mathematicd models (one ‘multiplicative’, the other
‘additive’) about which discussion was necessary.

In the following point some examples of students hypotheticd reasoning in reference to the
problems proposed in workseets 1 and 4 are described, together with the different functions
which have been pointed out.

3. DIFFERENT FUNCTIONS OF HYPOTHETICAL REASONING

In this paragraph three typologies of functions covered by students hypotheticad reasoning are
described: they have been stressed, as said before, by P.L. Ferrari (1992) who andized a long
term experience where the verba language, asin our experience, had an important role.

These three typologies of hypothetical reasoning were crucid in the development of students
sill in describing and discussng ther modds of solution. We bdieve that in paticular the
third of them (‘change of data’), which was the most frequent during collective discussons,
alowed the students aso to understand what ‘to check amodel to solve a problem’ means.

For each of these typologies the most meaningful examples are presented, dong with some
comments from the point of view of the involved mathematical models.

Students  argumentations are excerpted both from protocols and from collective discussons,
as specified in each case.

A) EXPLORATIVE

Sometimes hypotheticad reasoning is explorative and it heps the sudents to arive, sep by
dep, a the solution. It hgppens that “the pupils put themselves in a particular case and try to
drawv some conclusion; this may be useful ... to make explicit some reationship involved in
the problem situation” (Ferrari, 1992, p.131)

Examples

“ If the panel of Marco is 2 mlong, for 1 m he uses 2 tins of blue and 3 of yellow. Luisa uses
6 tins of blue, it means that her panel is 3 mlong. | know that for 1 m, 3 tins of yellow are
needed, therefore for 3 m, 9 tins are needed.

Luisa hasto mix 9 tins of yellow” .

(PROTOCOL - Alessandra)

It is clear that the recourse to the hypotheticd measure of Marco's panel helps Alessandra in
the individuation of the fundamentd couple (2,3) which represents the basic reationship
between the given numbers of blue and ydlow tins, and alows an easy solution.

“..For instance, if you have a panel twice the size, you will also use twice the amount of paint:
that is, 4x2 tins of blue and 6x2 tins of yellow.”

(DISCUSSION - Paolo)

Peolo presents to the schoolmates his intuitive proportiona reasoning: it seems plausible that
with a hypotheticd pand which is twice the given Sze, you must use twice the quantity of
paint. The duplication is indeed the smplest case of proportiondity and the first step towards
more genera cases.
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B) PLEONASTIC

It may happen tha “in some dtuations, manly in complex problems or in problems involving
proportion or comparisons, there are children who regard the data as hypothetica even though
they are given without conditions.

.. One may conjecture that pupils use pleonastic ‘if’ to insert the data in a sort of complex
eaboration dructure which dlow them to focus on data and, a the same time, on some
inferential steps they want to point out” (Ferrari, 1992, p.132).

This is ds0 a common dtudion for experts pleonagtic ‘if’ is often only the firg link of a
chain of successve argumentations.

Examples

“For Luisa 9 tins of yellow are needed, because if she has 6 of blue, which are one and a
half times those of Marco, she must have 9 of yellow, because they are one and a half times
those of Mar co.

For Piero 2 tins of yellow are needed, because if he has 3 of yellow, which are half those of
Marco, he must have 2 of blue, because they are half those of Marco”

(PROTOCOL - Giorgio)

Under the conditiond ‘if’, Giorgio puts data which ingead are given, but this form of
argumentation is only the firg step of his daboration, produced with the scope of underlining
the relationship between 6 and 4 (or between 3 and 6 in the case of Fiero) and dlowing him
to get the solution.

It is dso posshble to find wrong solutions which use pleonagtic hypotheticd reasoning, dways
with the am of gragping a mahematica regularity in the given dtuation: in the following
quotation an additive relationship between 4 and 6 (6=4+2) is indeed underlined and the same
relationship is imposed to find the results it must be sad that looking only a numbers, this
additive rdation is correct, but it is indeed not adequate as a mode for the given Stuation (dl
of which has to be the object of the collective discussion).

“ In my opinion Luisa must use 2 more tins of yellow, because if Marco has used 6 tins of
yellow, that is 2 tins more to obtain the green, Luisa also, to obtain the same shade of colour,
must add 2.

In my opinion Piero must use only 1 tin of blue to obtain a shade of green equal to that of
Luisa and Marco, therefore if he has 3 tins of yellow, 3 - 2 = 1, 2 tins of blue are subtracted
and 1 remains.”

(PROTOCOL - Vderia)

C) CHANGE OF DATA

Sometimes, when it is necessxy to check the vdidity of a solution drategy, “conditiond
forms are usad to ded with the same problem stuation with different initid data. ... This use
of conditiona forms is closdy related to the emergence of the adghoritm as an autonomous
object, separated from the data on which it is performed” (Ferrari, 1992, p.131)

In these cases, the function of hypothetical reasoning is that of discussng one of the
mathematicd modds deveoped in dass. Wha follows refers to the two man modes
proposed by the students, the ‘ additive’ and ‘ proportiona’ models.

Examples

“ 1 want to say something interesting.

Imagine you have to paint a house in the same shade of green. If you use 1000 buckets of blue
and 1002 of yellow, do you think you'll get the same shade of green ?

(DISCUSSION -Alesso)

Alesso is contraging the vdidity of the ‘additive drategy and his contribution is of a
theoretical nature he wants to convince his schoolmates that when deding with a large
quantity of paint and the difference between blue and ydlow remains two, the quantity of
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each colour is dmog the same, 0 it is impossble for the find colour to be the same as that
obtained from 4 tins of blue and 6 of yellow.

“ 1f you have 2 tins of blue and 2 tins of yellow you get one shade of green. If you add another
2 tins of yellow you get a lighter green, almost yellow.

But if you have a lot of green and you add 2 tins of yellow, you don’t get such a yellowish
green, but the original green colour remains almost the same.”

(DISCUSSION - Paolo)

What Paolo means is that 2 tins of yelow has much less of an effect on a lot of green than on
the mixture of 2 tins of blue and 2 tins of ydlow.

His intervention is in accordance with Alesso’s argumentation: they both dtress that the effect
of 2 tins of ydlow on a Ittle quantity and on a big quantity of the same mixture cannot be the
same.

“1 would say to Giovanni (who is convinced that the Strategy of the ‘congant difference is
right): you say that, in order to have the same shade, the yellows have to be always 2 more
than the blues.

But if there are 2 yellow tins, there have to be 2 less blues, that is, 0. It is not possible to
obtain the same shade: yellow comes out. Therefore the same difference does not work.”
(DISCUSSION - Paolo)

This time Paolo makes recourse to a different and interesting argumentation to contrast the
‘additive srategy and his explanation is very clear.

It is interesting to note that the types of argumentations proposed by the students during the
collective discussion are the same that an expert could use to test the vdidity of a supposed
mode: that is to change data, from the lowest up, and to think (it is not necessary to try in
practice!) of the validity of the modd itsdf in reference to the consdered context.

The following quotations are excerpted from the same collective discussion: they show further

use of hypothetica reasoning with the function of changing data, this time in reference to

worksheet 4.

The meaning of the expression ‘to be equaly good' is the object of discusson:

“Greta: In my opinion ‘to be equally good’ means to lose the same number of matches.

Paolo: | don’'t agree with Greta: it is different if you play two matches and you lose one of
them and if you play 20 matches and you lose one.

Also in this case, Paolo is contrasting the additive strategy. He proposes again, in this new

context, his same type of argumentation: one match lost weighs differently on a tota of 2 or

20 matches played, therefore the criterion to look only at the matches lost cannot be valid.

During the following discusson Greta says clealy that the example used by Paolo has

convinced her that her criterion is no good.

Alessio: | say: how is it possible for two players to be equally good when the first plays 70
matches and wins 20 of them and the other plays 100 matches and wins 50 ? And if
one plays 50 matches and wins 0 ?

The recourse to the extreme case with O emerges again, asin the previous problem.

Pamda: In my opinion Marco (who says that the players are equally good) is wrong because
if a player has played 32 matches and has won 2 matches, the difference is 30, the
matches |lost are more than the matches won.

But if a player has played 80 matches and has lost 30 matches it means that the
matches won are 50 and in this case the matches won are more than the ones | ost.

The argumentation proposed by Pamea is different but efficacious. she wants to dress that

one player, who wins more matches than he loses, cannot be consdered of the same ability of
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a player who wins less matches than he loses, even if they both have the same number of
matches logt (that is the same difference between played and won matches).

4. FINAL OBSERVATIONS

In agreement with the literature, the problems which ae new and in which sudents
experience can orient and give suggestions, seem the most suitable to promote hypothetica
thinking. When an agorithm is available to solve a problem, hypothetica reasoning does not
appesar.

In the experiences described, the two problems proposed to students were new for them,
because the subject ‘proportionaity’ had not yet been presented in class by the teacher:
different solution drategies emerged spontaneoudy and a comparison discusson  was
necessary.

Hypothetical reasoning was much more frequent during the collective discusson than on the
protocols, with a frequent and interesting use of ‘change of daa. This means that the
comparison of different drategies forced argumentations in favour or aganst a drategy,
therefore promoting the development of conditiona forms.

The mog interesing argumentations from the mathematica point of view (the ‘matureé use of
0 and of large numbers, of examples and counter-examples) were present under the form of
hypothetical reasoning, which seems therefore the most adequate in discussng mathematical
models in problem solving.

Furthermore, these types of argumentations were proposed by medium-high leve sudents,
but they had great influence on schoolmates Even if it is not very clear from the quoted
dudents interventions, it happened often that someone re-proposed the same types of
hypothetical reasoning made by schoolmates, especidly in reference to the use of zero
described before.

It is suredly not posshble to conclude that problem solving activities dlow the acquistion of
hypothetical reasoning: this type of reasoning is dready magtered in particular by sudents
who propose the mogt efficacious argumentation. But we believe that the described didactical
Stuations could be consdered good opportunities to refine, extend and develop a fruitful use
of hypothetica reasoning.

REFERENCES

Arzardlo F., Pesci A., Polo M., 1996, Modds of teaching and learning processes in
mathematics, N.A. Mdara, Menghini M., Reggiani M. (Eds) Italian Research
in Mathematics Education, 1988-1995, Seminaio Nazionde di Ricerca in
Didattica della Matematica, CNR, 160-175.

Batolini Buss M., 1991, Socid interaction and mahematicd knowledge, Proceedings PME
15, Val. 1, Assig, 1-16.

Bauersfeld H., 1995, The dructuring of the dructuress development and function of
mathematizing as a socid practice, Seffe L. P., Gae J. (Eds), Constructivism
in Education, L. Erlbaum Associates, Hillsdde, NJ, 137-158.

Boras R., 1996, Reconceving Mathematics Instruction: A Focus on Errors, Ablex Publishing
Corporation, Norwood, NJ.

Brousseau G., 1986, Fondements et methodes de la didactique des mathematiques, Recherche
en Didactique des Mathematiques, vol. 7 n. 2, La Pensée Sauvage, Grenoble,
33-115.

Cagtagnola E., 1995, La conquista del ragionamento proporzionale: una esperienza didattica
nella scuola media, Degree Thess in Mathematics, Department of
Mathematics, University of Pavia

271



Castagnola E., Joo C., Pesci A., 1996, La conquista del ragionamento proporzionae: moment
di indagine collettiva, B. D’Amore (Ed.), Atti del Convegno del Decennale,
Castdl San Pietro Terme, 15 - 17 novembre 1996, Pitagora, 131-132.

Cagtagnola E., Joo C., Pesti A., 1998, Adjusting the didactic itinerary to the pupils proposals.
“Federico's Theorem” case, Abrantes P., Porfirio J, Baa M. (Eds),
Proceedings of CIEAEM 49, S&ubal, 24-30 luglio 1997, 233-240.

Cobb P, Yackd E., Wood T., 1992, A condructivist aternative to the representationa view
of mind in mahematics education, Journal for Research in Mathematics
Education, 23 (1), 2-33.

Ernest P., 1995, The one and the many, Steffe L. P., Gade J (Eds), Constructivism in
Education, L. Erlbaum Associates, Hillsdale, NJ, 459-436.

Ferrari P. L., 1989, Hypothetica reasoning in the resolution of gpplied mathematica problems
at the ages of 810, Proceedings of the 13" Conference of the International
Group for the Psychology of Mathematics Education, Vol. 1, 260-267.

Ferrari P.L., 1992, Aspects of hypotheticd reasoning in problem solving, J. P. Ponte e 4.
(eds), Mathematical Problem Solving and New Information Technologies,
Springer - Verlag, 125-136.

Gagatds A., Lambis S, Ntziachristos E., 1996, Metodi risolutivi per i problemi di
proporziondita impiegai degli Studenti greci nella scuola secondaria, La
Matematice e la sua Didattica, Vol. 3, 270-281.

Hart K., 1988, Ratio and proportion, Hiebert J, Behr M. (Eds), Number Concepts and
Operationsin the Middle Grades, L. Erlbaum Associates, 141-161.

Karplus R., Rllos S, Stage E. K., 1983, Proportiona reasoning in early adolescents, Lesh R,,
Landau M. (Eds.), Acquisition of Mathematics Concepts and Processes, NY,
Academic Press, 45-90.

Mariotti M. A., Sainati Nello M., Sciolis Marino M., 1988, Il ragionamento proporzionae ne
ragazzi di 13-14 anni, Parte I, Parte 1, L'insegnamento della Matematica e
delle Scienze Integrate, Vol. 11, n. 2, 105-136, Val. 11, n. 4, 313-339.

Pesci A., 19984, Class discussion as an opportunity for proportional reasoning, A. Olivier and
K. Newstead (Eds.), Proceedings of the 22™ Conference of the International
Group for the Psychology of Mathematics Education, Stellenbosch, Val. 3,
343-350.

Pesci A., 1998b, Using graphical mediators for mathematical concepts construction: the case
of proportionaity, Rhodes JS., Sinclar A.J, Abd L. (Eds), Imagery and
Mathematics, ESST, Cape Town, 60-84.

Resnick L. B., Singer J. A., 1993, Protoquantitative origins of ratio reasoning, Carpenter T.,
Fennema E., Romberg T. (Eds), Rational Numbers. An integration of
Research, L. Erlbaum Associates, Hillsdale, NJ, 107-131.

Torresani M. C., 1997, Dal ragionamento proporzionale alla funzione di proporzionalita una
esperienza didattica alla scuola media, Degree Thess in Mathematics,
Department of Mahemeatics, University of Pavia

Vadenziano V., 1994, La costruzione del concetto di rapporto nella scuola media, Degree
Thessin Mathemeatics, Department of Mathematics, University of Pavia

Vegnaud G., 1983, Multiplicative sructures, Lesh R., Landau M. (Eds), Acquisition of
Mathematics Concepts and Processes, NY, Academic Press, 127-174.

272



