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Introduction

A mgor agument for incuding verba problems in the school curricullum has dways been
their potentid role for the development in sudents of skills in knowing when and how to use
their mathematical knowledge for gpproaching and solving problems in practical Stuations.
The application of mathematics to solve problem gtuations in the red world, otherwise
termed mathematicad modeing, can be usefully thought of as a complex process involving a
number of phases understanding the dtuation described;, congructing a mathematica model
that describes the essence of those dements and relations embedded in the Studtion that are
rdevant; working through the mathematicd modd to identify wha follows from it;
interpreting the outcome of the computational work to arive a a solution to the practica
dtudion that gave rise to the mathematicd modd; evauating that interpreted outcome in
relaion to the origind dgtuation; and communicating the interpreted results. As severd
authors have dressed, this process of solving mathematica gpplication problems has to be
congdered as cydlic, raher than as a linear progresson from givens to gods (Burkhardt,
1994; Greer, 1997; Lesh & Lamon, 1992).

For severd years, it has been argued by many mathematics educators that — in contrast to the
intention mentioned above - the current practice of word problems in school mathematics does
not a al foder in sudents a genuine dispostion towards mathematicad modding, i.e treating
the text as a description of some red-world dtuation to be modded mathemdticaly.
According to these authors, by the end of the dementary school many pupils have constructed
a st of bdiefs and assumptions about doing mathematica application problems, whereby this
activity is reduced to the sdection and execution of one or a combination of the four
aithmetic operations with the numbers given in the problem, without any serious
condderation of possble condrants of the redities of the problem context that may
jeopardize the appropriateness of their standard models and solutions (Davis, 1989; Greer,
1997; Freudenthal, 1991; Kilpatrick, 1987; Nesher, 1980; Reusser, 1988; Schoenfeld, 1991;
Verschaffel & De Corte, 1997a). However, evidence supporting this clam was, until recently,
rather scarce, except for some oft-cited examples of striking evidence of "suspenson of sense
making" by students when confronted with the well-known problem "How old is the captain?'
(IREM de Grenoble, 1980) or the buses item from the NAEP in the U.S. (Carpenter,
Lindquist, Matthews, & Silver, 1983).

This chapter firg reviews briefly a series of recent sudies tha provide robust empirica
evidence showing the omnipresence and the strenght of the phenomenon of disconnecting
word problem solving from the redl world. Next it is argued that mgor features of the current
mathematics classoom practice and culture are largely respongble for this phenomenon.
Findly, a radicdly different gpproach to the teaching of mathematica problem solving, based
on the so-cdled “modding perspective’, is proposed, and exemplaily illusrated by a brief
review of a design experiment. A much more detailed review and discusson of the theoretica
and empiricd work summarized in this paper, is given in Verschaffd, Greer, and De Corte
(2000).

Omnipresence and robustness of suspension of sense-making: The empirical evidence
The extent to which students ignore relevant and familiar aspects of redity in answering word
problems was smultaneoudy dudied in a sysemdic way among 13-14-year-olds in Northern

Irdland (Greer, 1993) and 10-11-year-olds in the Hemish pat of Bdgium (Verschaffd, De



Corte, & Lasure, 1994). ). In both studies, pupils were administered in the context of a typica
mathematics lesson a paper-and-pencil test conssting of matched pars of items. Each par of
items conssted of:
A dandad item (S-item) that can be solved uncontroversdly by applying the most
obvious aithmetic operation(s) with the given numbers (eg., "Chris made a walking tour.
In the morning he waked 8 kilometers and in the afternoon 15 kilometers. How many
kilometers did Chriswak?")
A padld problematic item (P-item) for which the gppropriate mathematicd modd is less
obvious, a least if one serioudy takes into account the redities of the context evoked by
the problem datement (eg., " Bruce and Alice go to the same school. Bruce lives a a
disance of 17 kilometers from the school and Alice a 8 kilometers. How far do Bruce
and Alice live from each other?").
Pupils reactions to the P-problems were categorized dther as "redigtic’ or "non-redidic’
based on the activation and use of red-world knowledge and redistic consderations about the
problem context. Whenever a pupil gave an answer to the problem that took into account the
context or when (s)he produced a non-redigic answer that was accompanied by a redidtic
comment, hislher) overdl reaction to that particular problem was scored as a "redidic
reaction”. Reactions without any manifest trace of the activation and use of the critica red-
world knowledge, were scored as "non-redidic’.
In both studies, pupils demondrated a very strong overdl tendency to exclude red-world
knowledge and redigic condderations when confronted with the problematic items. For
ingtance, in Verschaffd et d.'s (1994) study, only 17% of dl reactions to the Ritems could be
consdered as redidic. For only two out of the ten P-items was a consderable number of
redidic answers and/or comments observed, 49% and 59 %, respectively; for the other
problems the percentage of redigtic reactions ranged between 0% and 17%.
The findings of Greer (1993) and Verschaffd et d. (1994) have been replicated in severd
countries, namedy Belgium (Verschaffel, De Corte, & Lasure, 1999), Germany (Renkl, 1999),
Japan (Yoshida, Verschaffd, & De Corte, 1997), Northern Ireland (Cadwell, 1995),
Switzerland (Reusser & Stebler, 1997a), and Venezuela (Hidago, 1997).
In some of these replication studies (eg., Cadwdl, 1995; Hidago, 1977) individud
interviews with pupils who had solved the paper-and-pencil test provided (anecdotd)
evidence that at least in some of them a non-redidic response to Ritems was accompanied by
the explicit belief that there is a gap between the artificid world of school arithmetic word
problems, on the one hand, and the rea world outsde school, on the other. For instance, in
Caldwdll's (1995, p. 39) study, one 13-year-old pupil reacted as follows to the interviewer's
guestion as to why she did not make use of redigtic congderations when solving the Ritems
“I know al these things, but | would never think to include them in a mah problem. Math
int about things like that. It's about getting sums right and you don't need to know outside
thingsto get sumsright.”
Obvioudy the outcomes of the previous series of investigations provided robust evidence for
pupils srong tendency to exclude rea-world knowledge when doing word problems in the
resricted context of school arithmetic. However, it remaned unclear whether this tendency
was redly due to a deep-rooted and resstant belief about the nature of (solving) school
arithmetic word problems among these pupils, or if it was medy an atefact of the
experimenta  setting. Specificdly, the formulation of the P-items (dmilar to the S-items), the
way in which they were presented to the dudents (mixed with S-items), and the
accompanying ingructions (eg., the lack of any warning that this was not a standard tet, the
absence of an explicit invitation to provide dterndive answers or even to criticize the
problems), al may have contributed to the expectation among the students that this was a test
involving only problems that had to be conceived, handled, and solved in the standard



manner. Moreover, the use of paper-and-pencil tests may have conceded the fact tha some
sudents have effectively thought about the problematic or unsolvable nature of some Ritems,
but finadly decided not to incorporate these congderations into their written responses,
because they assumed that they had to agpproach the problems in the "usud" way. To
invedtigate the plaushility of this dternaive interpretation, severad follow-up sudies were
caried out tha involved minimd interventions taking the form of providing pupils explicit
hints that some of the problems needed careful scrutiny and/or giving them direct and explicit
help to consder dternative responses taking into account the redlities of the problem context.
For instance, in sudies by Reusser & Stebler (1997a), Yoshida et d. (1997), and Verschaffel
et d. (1999) some pupils received before the test a written or ord warning that some of the
problems would be difficult or even unsolvable because of some complexities or undarities in
the problem dtatement, and they were explicitly invited to mark these problems on ther test
sheet and to explain why some of them were unsolvable. The results of these studies showed
that these minima interventions intended to make pupils more dert, to sendtize them to the
congderation of aspects of redity, and to legitimize dternative forms of answer produced, at
best, only week effects. Apparently, pupils dispostion toward non-redisic modding of
school  aithmetic word problems is very drong, and those interventions are not powerful
enough to bresk ther bdief that red-world knowledge is irrdevant when solving such
problems.

A further st of follow-up sudies focused on the impact of another kind of interventions
intended to dicit children's activation of red-world knowledge, namely increasing the
authenticity of the problem gStuation by presenting P-items in a more redidic, performance-
based setting, for ingance, in the context of a group discusson and/or in the presence of
concrete materid and performance-based goas. Representative in this respect is a study by
DeFranco and Curcio (1997). They compared upper primary school pupils reactions to the
wdl-known buses item (328 senior citizens are going on a trip. One bus can sit 40 people.
How many buses are needed 0 that dl senior citizens can go on the trip?') presented in two
different ways as pat of a traditiond aithmetic test, or as embedded in a more redigtic
sting of making a phone cal usng a teetraner to order minivans to transport sSixth graders
to a paty. Wheress in the traditiond test condition only two of the 20 children gave a redigtic
answer, in the red-world setting 16 out of the 20 students gave an appropriate response.
Smila other dudies (eg., Reusser & Stebler, 1997b; Wyndhamn & Sdj6, 1997) have
confirmed that a more redidic presentation of P-items - in contragt to the mini-interventions
of the preceding series of invedigaions - results in more substantid improvements in
children's performance, more specificdly, in ther inclinaion and capability to include the
redigic consderations they were so reluctant to activate under the previous, more restricted,
testing conditions.

Traditional mathematics education: The cause of children's suspension of sense-
making?
Taken gas a whole, the results of the preceding sudies suggest that it is not sb much a
cognitive deficit that causes pupils abgtention from sense-meking when doing aithmetic
word problems in a typical school setting. To the contrary they are rather acting in accordance
with the "rules of the game' which they beief to regulae the interactive ritud in which they
are involved. Severd authors have andysed the "hidden" beliefs tha seem to be used by
pupils to make the "word problem game' function efficently (see eg., De Corte &
Verschaffel, 1985; Reusser & Stebler, 1997a; Schoenfeld, 1991). Examples are the following:
Every problem presented by the teacher or in atextbook is solvable and makes sense.
Thereisonly one (precise and numerical) correct answer to every word problem.



The answer can be obtained by performing one or more mathematical operations with the

numbers in the problem, and dmost certainly with dl of them.

The problem contains dl the informetion needed to find the correct solution.

Persons, objects, places, plots, etc. are different in a school word problem than in a red-

world dtuation, and don't worry (too much) if your knowledge or intuitions about the

everyday world are violated in the Situation described in the problem Stuation.
It should be acknowledged that this set of beliefs about word problems is badcdly a
hypothetical congtruct, for which researchers have not come up yet with much direct and
compelling empirica support (gpart from some anecdotal data as the example from Cadwdl's
(1995) study cited earlier).
Anticipating more convincing evidence for the exigence and the impact of these bdiefs
among pupils, we can ask the question: Which aspects of mathematics teaching/learning
processes induce and foster the development in pupils of these beliefs about the game of word
problems, especidly about the unredidic nature of these problems? In this respect, it is
plausble to assume tha this devdopment is mainly due to two aspects of current ingructiond
practice and culture in which children learn to solve mathematica gpplication problems:

The impoverished and dereotyped diet of standard word problems occurring in

mathematics lessons, textbooks, and tests, which can dmost dways be modded and

solved by carrying out one or more operations with the given numbers,

The current teaching practice and culture relaing to word problems, especidly the lack of

atention to the modeling perspective.
Until now there is only scarce direct research evidence for these assumptions. However,
various anayses of textbooks (eg., Stern, 1992) and assessment instruments (e.g., Cooper,
1994) provide indirect support for the firg assumption. Similarly, a sudy by Verschaffe, De
Corte, and Borghat (1997) favors indirectly the second assumption. This investigation
showed that pupils misbdief about the role of red-world knowledge during problem solving
is pardlded by a smilar tendency in a group of 332 student teachers. Indeed, 52% of thar
own answers on seven P-items were dso unredigtic; moreover, when asked to evauate
redigic and non-redidtic pupil answers on P-items, they had a clear inclination to score non-
redigtic responses more frequently as correct (56% of the cases) than they scored redidtic
answers as correct (47%); only 18% of the nonredigic answer were evauated as totdly
incorrect. Thus, student teschers overadl evauation of nonredigic answers to P-items was
subgtantidly more pogdtive than for redigic answers. Of course, this study does not yield
direct evidence that teachers own conceptions and beliefs are responsble for children's strong
tendency to exclude red-world knowledge and redidtic condderations from their problem-
solving activities. However, teking dso into account the recent literature on mathematics
teaching (Fennema & Loef, 1992, Thompson, 1992), it is plausble that these teacher
cognitions and beliefs on the role of red-world knowledge on word problem solving have a
srong impact on their actuad teaching behavior and, consequently, on ther pupils learning
processes and outcomes.

Fostering realistic mathematical modeling of problem situations. An intervention study
Nothwithganding the remaning gaps in our understanding of the nature of pupils beiefs

about word problem solving, and of the ingructiona factors undelying their origin and
development, some researchers have dready Started to move from purey descriptive studies
to design experiments aming a fostering more redistic modeling of word problemsin pupils.

For ingtance, Verschaffd and De Corte (1997b) set up a smdl-scde intervention study in
which they tried to change fifth graders beliefs about the role of read-world knowledge in
problem solving, by immesng them into a different classoom culture in which word
problems were explicitly used as exercises in redidic mathematicd modeing. The pupils



from an experimentd class paticipaed in a progran on redisic modding consgting of five
teechinglearning units of about 2 1/2; the two control classes followed the regular
mathematics curriculum. Mgor characterigtics of the intervention were as follows:
Use of a set of more redigtic non-routine problems as compared to the traditional textbook
word problems. The tasks were specificdly designed to stimulate pupils to pay attention to
the complexities involved in redidic mahematicd modding. Each teaching/learning unit
focused on one prototypica problem of mathematicd modeing (eg., interpreting the
outcome of a divison problem involving a remainder, modeling the union or separation of
setswith joint dements, etc.).
A vaied st of highly interactive ingtructiond techniques was deployed, especidly smdl-
group collaborative work followed by whole-class discussons.
An atempt was made to establish a new cdasssoom culture by explicitly negotiating new
socia norms about the role of the teacher and the students in the classroom, and new
sociomathematical norms about what counts as a good mathematicd word problem, a
good solution procedure, and a good response (see Cobb & Yackel, 1998; Schoenfeld,
1991).
The results of the pupils from the experimental class and of the two control classes on a pre-
test and a post-test condgdting of both learning items and trander items, as wel as on a
retention test were compared. This warranted a postive concluson about the feashility of
dtering fifth graders beliefs about the role of red-world knowledge in problem solving, and
of fogtering in them adigpogtion toward redistic mathematical modelling of word problems.
A replication of this sudy with German pupils by Renkl (1999) yidded smilarly promising
results. Moreover, severa other design experiments with a much broader am and scope, and
with a higher degree of ecologicd vaidity, have documented more convincingly how by
immerang students in a fundamentdly changed learning environment, they can acquire more
appropriate conceptions about and strategies for methemeticd modding (eg., Cognition and
Technology Group at Vanderbilt, 1997; Lehrer & Schauble, in press, Verschaffd, De Corte,
Lasure, Van Vaerenbergh, Bogaerts, & Ratinckx, 1999).

Mathematical modeling as a vehiclefor connecting problem solving to the real world
A large body of ressarch summarized in the firgt part of this aticle, shows clearly children's

tendency to disconnect mathematicd problem solving from the red world. Rather than
functioning as redidic contexts that invite, or even force, pupils to use ther common-sense
knowledge and experience about the red world in combination with acquired mathematica
knowledge and skills, school mathematics word problems seem to be perceived by children as
a capricious kind of school tasks that are separated from the red world and have to be lved
by means of certain operaions on the given numbers, ignoring red-world knowledge and
even accepting conditions about the problem context that are empiricaly fase.

Initid evidence has then been discussed supporting the hypothesis, that flaws in current
indructional practices reaing to mathematiics problem solving may account for the
development in sudents of a tendency to neglect ther red-world knowledge when solving
word problems. The available research has reveded flaws in the nature of te problems used
in current mathematics textbooks and assessment indruments, but dso in the way these
problems (and pupils responses to them) are considered and treated by teachers. Both aspects
of the indructiond environment may sanction pupils tendency towards absence of redistic
modding. Teking dl this into account, it is obvious that the phenomenon of suspenson of
sense-making cannot be conddered as a cognitive deficit in pupils, or a foolish and blind
behavior. To the contrary, as a result of schooling, ther behavior is pragmaicdly functiond:
it mogily leads to right and expected solutions (from the point of view of the learner) and to



appropriate and expected feedback (from the perspective of the teacher). The drategy, thus,
has its rationd core in the socio- cognitive setting of traditiona school mathematics.

Given this andyss of the dae-of-the-art, it is obvious that attempts to foster in pupils more
redigic mathematicd modding of word problems requires subtantidd modifications in current
classoom practices. In the last section of the article a representative example of a design
experiment was briefly reviewed, showing that by immersng pupils in an innovative learning
environment that conditutes a radicd departure from traditiond classsoom practices, they can
learn more redidic beiefs about and drategies for mathematicd modding, and, thus, for
connecting word problem solving to the red world.

Taking into account the findings of this but dso the other desgn experiment referred to
above, some mgor principles for the innovation of the learning and teaching of mathematical
word problem solving can be put forward to conclude this article.

Fire, the qudity, the diveraty, and the authenticity of the word problems used in teaching
problem solving should be increased in order to avoid the deveopment in children of
incorrect "hidden” beliefs such as the ones listed above (eg., Every problem presented by the
teacher or in the textbook is sovable and makes sense).

Second, word problems should be conceived as exercises in mathematicd modeling by
sysematicaly adopting the modding perspective in the teaching-learning environment.
Figure 1 schemdicdly represents this mathematicad modding approach which was dready
briefly described in the frist paragraph of thisarticle.
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Figure 1. Schematic diagram of the process of modding

Compared with the traditional approach to gpplication word problems, the modeling
perspective offers mgor advantages. The process of modding congtitutes the bridge between
mathematics as a set of tools for describing aspects of the red world, on the one hand, and
mathematics as the analyss of abstract structures, on the other; as such it is a pervasive aspect
of mathematics. Given the increesng mahemdisation of socid as wdl as physcd
phenomena, an understanding of this aspect of mathematics is essentid for informed
citizenship. Also, teking aspects of redity into account in modeling the Stuaions described in
word problems is a potentidly powerful way to connect pupilS mahematics problem solving
to the red world, and to modify the bdief and feding of many children tha mathematics is
irrelevant in relaion to their everyday experiences.

Third, more authentic word problems approached with the modding perspective have to be
embedded in a learning environment and a cdassroom culture that are radicdly different from
traditiond mathematics education. Mgor needed changes in this respect relate to the
following components of the ingtructiona context



« a move away from problem solving as a purdy “solo activity” toward problem solving,
and even problem posing, as a collaborative endeavour involving smal-group work as
well as whole-class discussion;

« the negotistion of novd socid norms for regulating interaction and discusson among
pupils and among teacher and pupils), and new sociomathematicd norms that are — in
contrast to the domain-independent socid norms - Specific to children's mathematica
activity and relae to such aspects as how they perceive mathematics problems, what
counts as an efficient solution procedure, or as an good explanation, eic.
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