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Abstract Severa environmenta problems that can be modeled using the graphing, curvefitting, and programming
technology of graphing calculators are presented in this paper. These problems reflect real world environmental
concerns and social issues that help motivate student interest in mathematical modeling. Modelsfor the controlled
harvesting of animals, waste disposal, and the world’s consumption of natural resources are illustrated using
technology availablein the current versions of today’ s mathematically powerful calculators.

Introduction

Mathematicad modeling can be viewed as the process of describing phenomenain terms of mathemétical
equations. This paper accepts this notion and presents problems that can be gpplied as modes and
amulations of the environment. The god here is to promote gpplications of cdculator-based models
and smulations as a tod for planning, implementing, ard monitoring a sudanabdle future for
environmental resources

Resources are discussed from the pergpective of mathematical modding and data andlyds by using the
basic datidicd regresson features found on a graphing caculaior such as the TI-83 or TI-89. The
discussion involves three besc pats (1) introduction of an environmenta problem; (2) development
of amathematica representation for the problem; and (3) gpplication of the mathematical modd using
the graphing caculetor.

Environmenta problems such as the ones included in this paper are now used in dasses and workshops
for both progpective and practisng teachers.  Since these problems present reg-world environmenta
concerns and sodd issues, dudent interest and motivation in mathematicd modding is ot to be
heightened.

The firg problem explores trends in the world-wide consumption of natural ges. It investigates various
modding techniques by andyzing data from seven different regions of the world.

A mgor concarn of many muniapa agendies, the digposal of garbage into landfills, is the focus of the
second problem. It utilizes the cgpabilities of the grgphing cdculaor to investigate the best modes for
predicting the amount of garbage produced in the future.

The third problem looks a an environmenta Stuation dedling with the North American bison. Federd
wildlife officds periodicaly consder the implementation of a controlled harvesting program for bison,
and this problem modds the population growth and impact of various harvesting rates on a herd's Sze.
It isanather good illudration of a successul methematicd modding effort.

Problem 1

One of the mogt critical environmentd problems facing humanity today is the depletion of naturd
resources. The trends in naturd gas consumption present interesting ingghts into the characteridtics of
exponentid growth and raise questions about the future availability of these resources.

An andysgs of resource depletion data provides an opportunity to find a function which best fits the
data This andyds dlows for the creation of symboalic, tabular, and grgphical modds that darify past
activities and judtify making conjectures about the future. The consumption of naturd gas in various



regions of the world for the years 1989-1998 is detalled in Table 1. These data dlow students to
explore relationships about regiond trends in the consumption of naturd gas.

Tablel
World Naturd Gas Consumption 1989 - 1998
(10° Cubic Fest)
Region 1989 | 1990 | 1991 | 1992 | 1993 | 1994 | 1995 | 1996 | 1997 | 1998
North
Ameica 227 (2273]23.10| 238 | 24.69| 25.35| 26.1 | 26.87| 26.92 | 26.29
7 3 8
Centrd
and South
Ameica 231 221 [235 |237 |255 |270 [ 286 | 306 |324 | 341
Western
Europe 986 |(10.12(11.06| 111 |11.46|11.69| 125 | 13.92|13.75| 14.24
0 7
Eagtern
Europe and
Former
USSR 280 (2842|27.74| 263 | 26.23|24.11| 232 | 23.60| 22.34 | 22.21
9 0 1
Middle
East 375 (377 | 377 | 420 | 447 |475 |49 | 552 |613 | 654
Africa 150 |[152 |169 (166 (171 |[179 |188 [195 (195 |202
Far East
and
Oceania 564 (602 [631 |677 | 729 |795 |[836 | 909 |945 |967
World
Total 734 | 74.78| 76.02| 76.2 | 7840 | 78.34| 80.0 | 84.01| 83.77 | 84.40
3 3 1

This tabular modd spatlights the rdatively congstent dedline in consumption in Eastern Europe and the
former USSR, while the totd world consumption, after atemporary dowdown, continues to grow.

For example, an andyss of the consumption data for the Middle East using the regresson models on a
graphing calculator shows thet the linear (Y = a+ bX ) and exponentid (Y = a €”) models produce
correlation coefficients of 0.97. The logarithmic (Y = a + binX) and power regression (Y =a X"
models each result in corrdations of 0.98. In addition, the linear, logarithmic, exponentid, and power
regresson modds for the data andyss of the World Totd of naturd gas consumption result in
corrdaions of 0.98. Environmenta resource data such as these provide many worthwhile modding
explorations for gudents, and may motivate sudents to investigate the use of naturd resources in thar
OwWnN countries.



Table 2 digplays the magnitudes of naturd gas consumption in the United States from 1890 to 1990.
Table?2
United States Natural Gas Consumption
(10° Cubic Fest)

1890 @ 1900 @ 1910 | 1920 1930 1940 @ 1950 @ 1960 @ 1970 | 1980 @ 1990
0.3 0.3 0.5 0.8 19 2.7 6.3 12.8 21.9 20.2 17.2

An observation of the sequence of terms does not result in a st of differences that are congtant. Thus,
it may be concluded that the relationship between natura gas consumption and timein years can not be
given by apolynomid function. However, snce there is an gpproximately congtant multiple between the
terms, these data can best be described by a geometric sequence. The geometric mean of theseratios
is goproximately 1.84 and the resulting associated equation that generates these datacan be givenas C
=0.3(1.84).

Notice that up to 1970, except for the depression years of 1930 to 1940, there is an gpproximate
doubling of annua naturd gas consumption every 10 years. As these two observations sugges, the
annud growth of consumption up to 1970 can best be described by the exponentid function C = Co(1
+1)' wherer, the average annua growth rate, can be calculated to be 0.063 with Cp = 0.3 and t being
the number of years since 1890.

From the graph of this exponential function, C = 0.3(1.063) ', it can be shown that the consumption
increases dightly at firgt and then displays a sharp rise once the magnitude becomes sufficiently large.
By entering the data from Table 2 into a graphing calculator, the exponentid modd of C = 0.1426%%
can be confirmed as the best fit for these data resulting in a corrdation coefficient of r = 0.997.
However, sudents can eadly see tha these two exponentid modds are not equivaent, and this
becomes readily gpparent when the graphs of the two modes are examined.

Another interesting agpect of this problem isitsinterdisciplinary nature. A remarkable mathematicd, as
wdl as environmentd phenomenon of exponentid growth is its gpproximate annud increments of
consumption, with an average fixed rate of growth that leads to a doubling of consumption in fixed
periods of time. Thus, if the United States had continued the same consumption rate asit did from 1900
to 1970, annud consumption would have reached gpproximately 40 units by 1980 and 80 units by
1990.

The ultimate quantity of naturd gas was esimated to be 1290 units by Hubbert (1969). Hubbert dso
pioneered the gpplication of modeing to environmenta problems and predicted a dedline in both the US
production and consumption of naturd ges as a result of the usage and avallability of fossl fuds
Further, he described the complete cycle of production as a bell-shaped curve with a pesk production
of 25 units per year.



Prominent mathematician, Maria Agned, is often associated with the bell-sheped curve. This curve is
named the versera of Agnes and its equation is X%y = a%(a - y). The interesing mathematical
properties of this curve present many intriguing goplications for gudents

An interesting grgph by which to investigate Hubbert's vison of the complete cyde of naturd gas
consumption can be cregted by atrandation of the verdera of Agnes dong the independent axis. By
stating & a = 21.9 (the maximum consumption leve from Table 2) and by trandaing the versera of
Agnes 90 unitsto the right of origin, students have awonderful opportunity to explore this phenomenon.

Students dso may wish to invedigate the predicion by Hubbert in 1969 to one made 30 years later.
Hakes (1999) predicted that over the next twenty years the United States naturd gas market will
increase by more than two and one hdf times. By this modd, naturd gas consumption is expected to
account for more than 28% of the totd US energy consumption, compared to 24% in 1997.
Particularly, gas consumption is expected to increese a the rate of 1.7% annualy from 1997 to 2020
due mainly to the growth of gas-fired dectricity generation.

Problem 2

The United Statesis the world's largest producer of garbage. Each year Americans throw out ten times
thelr weight in garbage which is the equivdent of about one hdf ton per person. However, less than one
quarter of it is recycled. and the rest is dther incinerated or buried in landfills  The Environmenta
Protection Agency (Www.learner.org) estimates that hdf of the landfills that were operating in 1990 are
now closad for one of two reasons. They are filled to capacity or contamingting nearby groundwater.
In addition, about 86% of landfills are leeking toxic materids into lakes, rivers, and dreams. Once
groundwater is contaminated, it is extremdy expengve, difficult, and sometimes even impossble to
clean.

With some forethought, people @uld recyde landfilled waste which incdludes materids such as metd,
paper, and glass. This would help reduce the demand on these items and help to diminate potentidly
severe environmenta, economic, and public hedlth problems.

This dassoom problem involves a municipdity that currently depodts over 95% of its trash into a
landfill. Since the landfill is expected to dose in five years, the dity’s planners need an dternative means
of wadte diposal. As part of their planning, they need to determine the amount of garbage thet the city
will produce by the year 2005. Table 3 ligts the data on the municipality's past garbage production.

Table3
Munidpal Garbage Production, 1970-1995
Year Garbage Produced per day (in tons)
1970 398
1975 451
1980 510
1985 603
1990 749

1995 814



These data can be entered into a graphing caculator to investigate the efficacy of various modds. As
with the data on naturd gas consumption, severd regresson models produce correation coefficients
that are quite close to 1.  The logarithmic modd produces the best corrdation, and is posshble to
compare the year 2005 prediction with this modd to those of the other modds. Table 4 displays
various modedls, their associated correation coefficients, and their predictions for the amount of garbage
produced per day in 2005.
Table4
Predictive Models for 2005 Municipal Garbage Production

Corréation Predicted Tons
M odel Coefficient Per Day in 2005
Linear .986 981.83
Logaithmic .980 939.11
Exponentid .994 1118.40
Power .992 1041.90

Table 4 shows that the predictions produced by the four modds provide a good demongtration of the
condderable differences that can result from usng modds with Smilar corrdaion coefficents in
predicting future environmentd Stuations.

Problem 3

An edimated 40 million bison were roaming the western United States in 1830. Sixty years later only
about 200 bison remained due to poor palicies for managing this resource. Today, on lands under
auspices of government agencies, there are about 26,000 bison digtributed as follows:

Adult mdes 10,400 Made caves 3,380
Adult fendes 9,100 Femde caves 3,120

The agendes are congdering the implementation of a controlled harvesting program for these animds
Particularly, they are consdering alowing the harvesting of 1,000 adult maes annudly. What will be the
effect of this program on herd Sze over the next ten years?

To answer this question, we can first develop a modd of populaion growth for the herd. Recent
Sudies provide the following information:

1. Cdvesbecome sexudly active adults a two years of age.

2. For every 100 adult femde a the beginning of a year, 90 caves are born, of which 48 are
maesand 42 arefemdes

3. Only 50 percent of the calves reach one year of age, and of these, 60 percent reach
meaturity. The survivd rate for adultsis 0.90.



If we let M and Fdencte the number of mae and femae adults, then initidly M = 10400 and F =
9,100. Without additiond information about the age didribution of the caves, we could assume thet
two-thirds of the mades and two-thirds of the femaes are newborns and denote these numbers by N
and P, respectivdy. So, N = (2/3) (3,380) and P = (2/3) (3,120). We can then assume the remaining
caves are one year of age and dencte the number of these maes and femdes by B and G. At the
beginning of the period one year fram now, the bison population can be described asfollows

1 New made caves (N) A8F

2. New femae caves (P) A2F

3. Ore-year-old mde caves (B) 5N

4. Ore-year-old femde caves (G) 5P

5. Adult mdes (M) .90M + .6B - 1000
6. Adult femdes (F) 90F + .6G

Thisyiddsahedof M+ F+N+P+B +G.

Using the information we have devel oped, we can complete the following chart to solve the problem.

Bison Population Distribution

Adult Adult Male Female
Time | Herd Size Males Females Calves Calves
0 26000 10400 9100 3380 3120

1
2

10

The fdlowing TI-83 program can be used to explore and extend this mode!.
PROGRAM:BISON

:‘Digp "ADULT MALES?'
‘Input M

:Digp "ADULT FEMALES?'
:Input F

:Digp "MALE CALVES?'
:Input C

:Digp "FEMALE CALVES?'
:Input D

(2/3*C® N



C-N®B
(2/3*D® P
D-P®G
o®1

‘Lbl 1
Dig |
I+H1® |
‘M+FN+P+B+G® S
Dip S
:DispM
DigpF
N+B® K
P+G® L
DispK
:DispL
U

N® V
POW

. 9M+.6B-1000® M
9F+.6GR F
.48U® N
.42U® P
.5V® B

. BWR G
:Dig
‘Pause

f 1<11
‘Then

:Goto 1
Bd

:Stop

One mativation in utilizing these modeling problems is to provide sudents with redigtic opportunities to
connect mathematics to dgnificant environmental and socid problems while incorporating recent
advancesin technology. Problems such as these serve to demondrate that mathematica modds can be
developed in avariety of forms. graphs, tables, charts, equations, and programs.

We have found that Sudents motivation is increased when they participate in pertinent mathemetical
goplications that am to dleviate the degradation of the environment. Also, the sudents responses to
these learning activities gppear to have changed some of their attitudes. While they understand the limits
of using these functionsto mode data, and that models may not awaysfit the detawel, they dso learn
that just obsarving data patterns may not give al the information needed to methematicaly modd and
solve environmentd problems



The depletion, recyding, and controlled management of resources are critica environmenta issues
facing the world today. By integraing data andyss and mathematicd modding techniques with the
capabilities of graphing caculators it is hoped that a degper understanding of environmenta problems
and ther impact on society will result.
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