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This proposal faces the question of the approach to rational numbers from the structural point of view taking into
account the main didactical knots in the passage from lower to upper secondary school, also linked to the
historical development of this ordered field. After giving a frame of our cultural motivations, we trace the
guidelines of an one in-progress research of middle-school didactic innovation on this topic. In particular we
present some results of activities experimented in the classrooms, together with some of the pupils' productions,
synthesis of classroom discussions on the construction of particular pieces of knowledge, which show their way
of facing the questions posed. We conclude by underlining the incidence of teacher’ beliefsin the development
of the research.

There are some epistemologica divergencies between the modern, structura vison that concentrates
in middle schoal the introduction of the various numericad ambits, rationd numbers in particular, and
the old, consolidated teaching tradition that dedls with fractions from a merely operative point of
view, without even getting to the concept of rationa number as class of equivadent fractions. In this
tradition, the approach to the operations aims a determining their result for particular couples of
fractions and it dmogt never arives a making explicit its laws of correspondence in generd. The
comparison of fractions, moreover, is usudly carried out by passing from the decima representation
of the quotient between numerator and denominator (which of course is often gpproximated), but
this procedure, unfortunately, doesn't allow to move to the comparison of fractionsin generd terms.
On passing from lower to upper secondary school the study is extended to dgebraic fractions, which
areinitidly seen as quotients of naturd numbers expressed in generd terms and in mulltiplicative form
and dways from an operative point of view. This passage, that usudly isthe first gpproach to agebra
a dl, israther complex and there are many studies that highlight the pupils difficulties and errors on
trandforming ample agebrac fractions through passages that show a lack of conceptuaization
(Fishbein e Barach 1993). The didacticd praxis highlights a lack of gability in the knowledge
achieved; in the best cases the pupils use caculus rules correctly but they separate the operations
with fraction expressions from the meanings.

This musgt be framed within the question of the skills that secondary school teachers presume and
often expect the pupils to have, and in middle school teacher's awareness of the fact that these
concepts need a long time for ripening both in activity (starting from primary school) and in theory.
We agree with Lalli (1996, p. 39) asto the fact that within the pupils' mathematical growth, the
progressive extension of the numerical systemis a rather dramatic experience, which happens
so quickly and carelessly, though probably with good reasons, that it gets scarcely absorbed
and needs to be recollected and meditated later on. Asfar asthe rationas at secondary school
level go, their later reconsdering hardly ever hagppens, which originates remarkable lacks of
knowledge in the pupils.

There are many studies on the approach to fractions at primary school level (beside the classic study
by Streefeland 1993, we pinpoint the more recent ones by Olivier & Al. 1996, Moss & Case 1999,
Pitkethly & Hunting 1996, Newstead & Murray 1998, Vaccaro 1998), and others concerning its
interlacing with decima numbers (Bonotto 1996 and previous ones), or centered on the geometrica
representation (Chiappini et Alii 1999), less frequent are the studies on fractions from a grictly
numerica point of view (Barash & Ronith 1996, Tirash 1997), and those on rationd numbers from
an agebraic-sructura point of view are dmost absent.

The typology of these studies reflects, through the learning problems investigated, the nature of the
teaching itself, which turns out to have no balance among the intuitive, agorithmic and forma aspects



that in their connections create mathematica knowledge (Fishbein 1994).

The study that we present, on the contrary, ams & this particular balance and at highlighting the
conceptua aspects. The path, that lasts three years, sarts from a series of activities on fractions, dso
through redl-life Stuations, which show the different acceptances of fractions (fraction as divison, as
part of awhole, as composition of operators, as relation between quantities), and then concentrates
on fractions in purely numerical agpects. It ams a generdization on one hand (shifting from fractions
to dgebraic fractions) and at approaching the structura aspectsin rationds.

Our dudies, in the frame of the theoreticd mode of adgebra teaching/learning formulated by
Arzardlo et al. (1995), are based on the hypothesis that an early approach to the use of |etters
alows to face eementary questions about fractions from a genera point of view, so that the pupils
can develop highly flexible, effective and transparent conceptua modes as to: rationd numbers,
order and operations among retional numbersin generd terms.

One specific am is to induce the analyss of the meanings that different representations of smple
numerical or agebraic fractions convey, so asto avoid - or & least limit - stereotyped behaviour or
classcd errors on trandforming them. From a conceptua point of view, we want to bring the pupils

to the awareness of: 1) how to recognize equivaent fractionsl; 2) how to compare fractions without
resorting to the decima representation; 3) the reasons that are at the basis of the generd definitions
of addition and multiplication (through questions such as their being independent from the
representing fractions, the embedding of naturd numbers into the nonnegative rationd numbers); 4)
the calculus smplifications produced by reducing a fraction to the minima terms and, specificaly for
addition, by resorting to the minimum common divisor of the denominators, 5) the exisence of

opposite and reciprocal for each rational number different from zero (and through these concepts up
to the operations of difference and divison); 6) dendty and Archimedean but incomplete nature of

the order structure and of the laws of monotony.

The teachers themsalves chose to insart these activities into the traditiond didacticd path, which

reflects the higtorica one (from naturas to non-negative rationals and eventudly to al rationals) even
if this choice implies the changing of the object ‘rationd number' (in the symmetrizetion there is the
subgtantial changing of each class of equivaent fractions) and consequently possible bigger difficulties
in the comparison of fractions expressed in literal terms for the digtinction between postive or

negetive vaues of the denominators.

The general methodology in the resear ches

The methodology approach belongs to the so-cdled "ltdian modd for innovation” (Arzardlo-
Bartolini Buss 1998) and generaly spesking it is developed through the following steps carried out
with the teachers-researchers involved: i) joint study of research literature on the theme chosen and
cregtion of research hypotheses; ii) planning the experimenta activity needed to verify the hypotheses
in their essentid points and apriori analyss of the potentid difficulties for the pupils; iii) joint andyss
of the protocols produced during experimentation (pupils productions, reports of congtruction
discussons, of evauation discussons, ec.); ivi) sdection of documents considered to be meaningful
in order to tegtify thinking paths, behaviours and difficulties in the pupils, vi) eaboration of the results
obtained and reflection on the processes that have determined them.

In the study we decided to compare congtantly addition and multiplication in order to force the
pupils atention not only on the andogies, but aso on the differences among the two. One of our
hypotheses (see Mdara & laderosa 1998) is specificdly that thanks to this comparisons it is

1 At most, the pupils manage to conceptualize how to pass from one fraction to an equivalent one, but they
can't say in general when two fractions are equivalent. This happens also at higher school levels.
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possible to avoid transfers and improper mixtures of properties from one structure to the other,
which give vent to several and persistent errors.2

Aspects of the experimental work

As to the research the topics we have dready experimented concern the four points mentioned;
some of the activities connected are reported in table 1, some other regard the problem of defining in
generd terms the operations and their legitimacy as to the corresponding ones in naturd numbers
through collective discussion. Particular attention is given to exercises in which the pupils are asked
to express a given fraction as the sum of two fractions. Such exercises make them see the numerator
of afraction as the sum of many terms, and the fraction itsdf as the sum of as many fractions with the
same denominator, o asto

table 1
Examples of the activities given
Seventh and eigth grade
1. Build fractions equivalent to the give ones, according to the indications expressed by the scheme (= ® )
15 10%  3xa_ 18X

® ; - ® ; - ® ; -
25 14 14 2xaxl5
2. For each couple of fractionsin brackets, decide which is minor, and explain why:

115 13 119 11 1235 115y
1177100 136’ 24b 1 352° 176 P

Eigth grade
3. We ask you to build equivalent fractions for each of the following fractions; find out whether there are any

difficult cases and why they are difficult:
3. 241 p 3@ 5+4 a+b

7590 k122 11 2
4. Following the strategy you prefer, compare each couple of fractions and explain which is the minor one
1350 111 17y ;2a3au

1276b " 124°36p " 117" 22

Seventh and eigth grade

5. Replace the letters with the possible numerical values that make the following equalities true:
k+1__ 8 _ 4_12 15_ k k4 _52 c_86
4 "k+1 5 Kk+2'18 k+1 3 m 6'3°d_21

cregte a basis of experiences which limit and go againg the enacting of wrong habits of automatic
amplification, such as cancdling b in (atb)/b. As to the questions reported in table 1, we indicate
some pupils behaviours, mainly of seven grades, which indicate lacking, even if not so wide spread,
conceptuaizations. There are:
- pupils who in the passage from a fraction to equivaent divide the two terms by a natural number
which is not common factor of both;
- pupils who reved some uncertainty in facing divisons or multiplications of the two terms, when

they are expressed in factors (for instance a pupil writes:
2xa 3 3xRxA ’2 6x4>a

5 "3 13 2% % )
- pupils who, in case of presence of a literd factor, either they stop themselves (for instance a

2 The frequent error consisting in the cross simplification of two rationals, for example the simplification of 10
with 5 in the sum 10/17 + 1/5, can be limited through the simultaneous comparison between addition and
multiplication of two rationals, even in general terms, guiding the pupils' attention onto the reason why this
simplification works only with multiplication.



pupil writes beside ‘%a "l do not know a"), or aandon it on semplifying (for instance a pupil
5 :2 10x% _ 100xb

writes -7 = " ® 140 ), or they subgtitute it with a number (for instance a weak
pupil writes i_Z a = 2, yecifies the vaue 1% _% and adds "if there were the numbers the
thing would be ok™).

In the congruction of equivdent fractions only few eigth grade pupils operate multiplying numerator
and denominator by a same literal term, but they forget to leave off the case that can represent the
nought. Severd pupils reved a pour autonomy in the use of parentheses (for instance a pupil writes:
a+bxd a+b+b+ b+b)

> 2% 8

Table?2

Silvia’ analysis of the question 3 of table 1

a) By "difficult" | mean "to reason onit". Yes, | have found some cases in which | reason on them

with examples: % and aLzb their leved of difficulty is Smilar then there is not one more difficult

then the other one.

b) In the two “difficult” cases to me | was a little bit uncertain if | could add a parenthesis or not,

then| tried with some examples for verifying the right execution (or operation) and they are:

5+4 ® 5+4X3
11 11

But now | have adoubt: In these years of middle school | have learnt that the multiplication hasto be

made before the others. Then, coming back to the example | have:

+4 5+4 +12
> ot 48 ® > According to the rulesit is right but not for finding an equivaent fraction.

| wish to find an equivaent fraction that is three times the given one.

5 114>G 11? 12 3317 5+4)3 93 _ 27
+ + +
® ® — ( ) ® ® — Thereaults are different, but theright oneiis
2%18 33 33 113 33 33 o
at

3 because | have to multiply 5+4. The same thing is worth for — Now

(a+ b)>Q® (a+hb)x
2%

unique natural number.

is right because | haveto multiply a+ b. | haveto consder asif it werean

In table 2 we report a protocol of a girl who, after an initid confusion for the missing use of the
parentheses, carries out an interesting andyd's of the Situation which tedtifies the style of work in the
class, which is centered on the explication and control of the processes and on the meanings of the
numerica or agebrac writings.

The questions of the comparison of rationd numbers turned out to be the most difficult one and the
pupils have preferred using previoudy known drategies (comparison of the correspondent decimal
numbers, recourse of graphicd representation) rather than to the new ones (reduction to the same
denominator, crossed multiplication). There were pupils who have expressed the comparison by
referring to the differences between numerator and denominator (for instance a pupil, for comparing

1 36° 24
he adds “it is smdler % because more pieces remain”). There also have been persona strategies,

the par] — 1—% makes awrong graphical representation and writes 36-19 = 17 e 24-11=13, the

for ingtance a seventh grade pupil who, for comparing the pair i 2 ; g %does the comparison of the



pair of their complements to the unit i E;%g and saysthat Z isgndler than g because % isbigger
} 2a 3ay;
11722
compare the correspondent fractions. The problematic nature of the results on the comparison has
been object of discusson among teachers and coordinator of the research and it is being currently
anaysed.

Question 5 was proposed some months after the previous activities in order to assess the incidence
of these with reference to the control of the meaning of the given equdities, about it we observed that
the less able pupils have enacted intuitive drategies. The questions where the denominator was
expressed as addition have resulted more difficult for low/middle-level pupils. About the questions
involving the operaion of multiplication and divison severd sudents have resorted to the inverse

1
than 5 For comparing = E some pupils subgtitute a same number to the letter a and

operations, for instance in front of KA 23 e pupils have written: k_5. 53 1_k.
‘ 3m 6 3m 6 6°3 m

2 Z 2 — . In this case we have dso observed that the pupils do not suceed in doing a
m

relationd reading of their results, for instance some pupils have gone on writing k=5 and m =8
without congdering the possihility that by multiplying these values for a same natural positive number
others could be obtained.

An example of question faced in collective discussion: the construction of the definition of
addition between rational numbers.

For the collective congtruction of the operations between rational numbers, the following points have
been very productive: i) working on the equivaent fractions; ii) resorting to the comparison with
decimd representation (for looking for or giving a legitimacy to the hypothesised definitions); iii) the
guide-idea of controlling the preservation of the results of the operations in the passage from natura
numbers to rationas. For question of room here, we limit oursdves to giving a classroom activity
synthesis (teecher L. Gherpdli) about the congtruction of the definition of the addition (what has
happened has given the opportunity to highlight avery subtle and unforeseen aspect of the question).

The teacher Sarts posing the question of what 3 +§ can be. A pupil states that adding respectively
the numerators and the denominators the sum would give g ; changing the representations of the

fractions, for instance considering g+1% it would be i—g which is equivdent to g and the

definition works. The teacher poses in discussion the correctness of thisideain the class. The pupils

appear convinced. Then she writes on the blackboard j—z ;—: SZ > trying to force the pupils

to recognize the particularity of the Stuation. But there is il agreement on the reasoning of the
: . 2
classmate. Then the teacher led the pupils to observe that multiplying by 3 both terms of c one

obtains Ll and that the addition 6 +E will give 12 , result which should be equivdent to > . The
15 8 15 23 9

fractions are compared and the pupils verify that they are not equivdent. This episode gves the
pupils the opportunity to understand that, even if the rule works on multiplying dl the terms of the
two fractions for the same number, for having generd vaue it has to work in generd for fractions
which can be obtained from the given one multiplying their termsfor different numbers,



At that moment the problem of the definition of the addition is still open. Then the teacher recdlsthe
guestion of the coherence with the decimd representation: % +§ has to be as 0,75+0,4=1,15

which is % , and she suggests to investigete on the relaionship of this rationa number with the

others represented by the addends. The pupils have a moment of confusion. The teacher suggests

that they smplify the fractions, the pupils indicate 2—3 D = 115 , then she proposesto look for a

20 :5 100
relationship between j é and % a this point a pupil goes to the Backboard and writes

3% :E : 2x4 —ﬁ another pupil observes that 15+8=23. Then collectively they observe that
4><5 20 54 20

e -89 2+0(2 4 , this way each fraction is multiplied for the denominator of the other. For

the teacher in this Stuation, the utility of the previous activity on the plurd representations of natura
numbers through what the pupils get the custom to express a number as arithmetica expresson of
others has been evident (Mdara and Gerpdli, 1997). Then the teacher asks the pupils to

determinate the sum Z+—5. The pupils observe that 2 isas 8 or as 32 é isas S then
) 3 16 3 12 48 ' 16 48
their sum is 3 +15; dtill their observe that 32 =2 16 and that 15 = 3 5 and the previousrule

works. After other trids the teacher and the pupils arive a formulating the generd rule
a € _ad+bc

bd bd

addition of two natural numbers and sees what happens if these naturads are seen as rationd

. 6 10 10 67 5+10" 2
numbers. She writes 3+2 =5, 3_2 Z_E , the pupils write that —+——+—

. Fndly the teacher proposes to find a confirmation of the rule consdering the

5 2°5
6+2°2)"5 10 3 2b3 b+2b” 5a” b
u:——S butaisomgenerai—a 2b_3a b+ a_ 2 =5.
2”5 2 a b a’ b a’ b

Conclusive consider ations

The research is dill in progress and it is too early to spesk of the definitive results. But a surely
positive one is the fact that the teachers have recognized the productivity of this new ways of looking
at rationa numbers. In particular they underline that: i) using letters alows metacognitive teaching on
the properties and agorithms of the operations; ii) besde dlowing the pupils to distinguish the
number from its representation, working on the multiple representations of a number in the ambit of
natural numbers is very important; because, here too, it makes them eadly accept to see equivadent
fractions as different representations of the same rationa number; iii) pay attention to the Structura
aspects dlows an easy approach to two aspects which, didactically speaking, are rather delicate: a)
widening the concept of number; b) widening the numerica ambit.

Other quedtions, related to the comparison of rationa numbers, have to be reconsidered and
deepened. Particularly the conceptudization of the relationship between the method of reducing at
the same denominator and that of doing the crossed multiplication and dso the question of how the
vaue of afraction varies in correspondence of the variation of its numerator and/or its denominator.
Moreover there is dill a controversa question, as to which the teachers and the coordinator of the
research have different positions, about the characterization of the equivaence classes. The teachers
are not convinced about the opportunity to pose this question to the class, even redtricted to



particular cases, in pite of the amplicity of the concepts in play and the experiences of the pupilsin
the use of the letters and the subgtitutions.

This highlights two important questions about the redlization of the research of didactica innovations.
the necessary times of reflections of the teachers to arrange the new points of view, the incidence of
the convictions of the teachersin the selection of the activities to pose in the experimentation.
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