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Di LeonardoM.V., Marino T., Spagnolo F.*

Introduction
The reference paradigm of thiswork isincluded on Ricerca in Didattica [2], [33].
A Mathematics didactic research should pay attention to investigate:
- Theepigemologicd representations concerning the mathematica content;
- Thehigtorica-epistemological representations concerning the mathematica content;
- The behaviours dudy attended by the sudents regarding the experimenta activities
proposal.
In the passage from the arithmetic thought to the algebraic one an important role conssted on
in-depth study of the so-called epistemologica obstacles.

We are aware that the individuation of the obstacles is a very huge research fidd and
it requires different confirmation, supported from historica-epistemological and experimentd
investigation, from the setting-point of didactic Stuations that over the same obgtacles. For
that reason, in this note, we are limited to consder the relative obstacle to the "zero" and to
try and find any possble causes.

This work come from different experiences of the sngle authors, particularly those
(5], [6], [16], [17], [18], [32], [33]) and to contents of the GRIM Seminar, March 1996,
concerning the " zero" like obstacle.

We are added in Appendice 1 some erors list appeared on the "Il Pitagord’ Magazine,
given that their contents are the key points for the issues of this work, and aso because they
point out the students and the teachers conceptions in an historical period end of the 1800 to
the beginning of 1900. These concepts are very useful to understand today's conceptions.

Those errors originate from knowledge acquired for other purposes and adapted to
different problems. In that sense they are consdered, like Bruosseau say, "obstacles' to learn
the mathematics.

Surely that obstacles could be defined didactic, in the terms that they depends on, in
generd, of the didactic trangpogtion, or they could be defined with a didactic origin, in the
teems that ae tied up to the communication moment coinciding with the epistemologicd
obstacles, that has an important role on the knowledge.

This work concerns some congderations about the epistemological representations,
based on some higtoricd -epistemologicd traces, and a first experimental phase relating to a
preparation of a pre-test (see Appendice 2)

1.1 Why the" zero" ? Does it exist a zer o question?

The"zero" isasgn/symbol very interesting and singular that cause the thought, It
produce paradoxica ideas, making reflection on different field furnishing ambiguous
answers. It iscdosdy connected to theideaof "Nothing”, "Anything”, "Number”, " Virtua
World" "Vaiadle', "Greatness'. The introduction of the "zero" on the practical mathematics,
likethat of "escape point” in the prospective art and like that of “ imaginary money" inthe
economic exchange, can be view semiotic equivaent to the same meaningful configuration;
indeed the firg is a Sign between the number signs, the second is an image between the
images and the third is a coin between the coins able to produce a level change inthe
learning and acquai ntance process transforming something that in an inferior leve is purdy
operational in something structural, in object to a superior level.

An idea of the "zero" complexity it has given from the fact thet, like mathemdtica
ggn, it introduced with difficulty in the European culture, indeed, being cdosed to the
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"nothing” it became difficult to understand it like a sign on the signs, that is a meta-sign, with
the meaning of point out, derived form a syntax included on it, the absence of some other
ggns. It is, on the other hand, a name that points out a number too. This double appearance
has dlowed the zero to be serving like ambiguity place between an empty character and
character meanings the void.

The zero represents the non-presence of the numbers 1,2, 9 and a the same time it
produce the whole progression endless of the whole.

For Rotman [30] the understanding of the zero ole causes a semiotic closng that is playable
from the dgebraic variadble in the XVI century, formed around the notion of not meaningful
presence of some Sgns.

What could it be told with the help of the Sign " zero” that could not it be told without it?

1.2 The semiotic closure of the Zero

At the end of the XVI century S. Stevin (1548-1620), Dutch mathematician, in his
tregtise "The Dime', he pleaded the extenson of the Indian numeration sysem from the
decmd finite to infinity expressng big wonder for the creative power of the zero, for the
way inwhich it build an infinity of number Sgns.

He threw back the classcd idea of number, that is it must point out aways-definite
things, othewise from, (i.e Klein [12]): "Plato" that he spesks about numbers with visible
and tangible bodies.... that is, counting sheep, horses...these processes give numbers of
sheep and of horses and from Aristotle that speaks about abstractions but aways linked to
gpecific concrete collections. In each case for them the number is an assemblage of unity.

For Stevin the unity was a number like each other; the arché of the number was not the
unity but the zero; the zero is the own origin of the number: as like for the geometry the point
generate the draight line as the zero gives origin to the numbers.

Stevin gives a semiotic interpretation of the number transferring the lack of reference
of the zero, that is hislack of positive content, to all the numbers

For Stevin the numbers are Sgns that take meaning in relationship to other signs, and
the creation of a meaningful infinitely long system it was the first approach to the continuous
rea uni-dimensond and it had a big importance for the XVII century mathematics and for
the following one to arrive at the ideas of the rea number from Cantor and Dedekind.

Stevin used an dgebrawith an endless summation; for example 0,3333... meanings
3 (0) +3 (¥ 10) +3 (1/ 100) +3 (1 1000) ad infinitum, usng a language where in the same
moment there are numbers determined, possbly unknown, but fixed (congtant), and there are
not numerical indefinite entities ("variables’) 2.

Today we consder the variable like a sign, whose meaning is in relaionship to other
sgns necessarily absent, indde of an adgebraic expresson, sgns that conditutes the domain,
and like meta-sign, given that it points out the virtud presence, potentid, possble but not redl
of asgn.

The mathematics essential idea of the variable, due dso to F. Viée, 1540-1603,
(contemporary of Stevin) is that: the varidble is like an indefinite number with which it could
be calculated likeif it had determined.

1.3 What isthe connection between the zero and a variable like meta-sign?

The zero works in a dud way: it moves between his insde role, like number between
the numbers and his externd role, like meta-sgn tha gives beginning to the activity of the
subject that it count.

The same things happens for the dgebraic variable, interndly it can be manipulate
like object, Sgn between the sgns in formulas, it is trested like numbers sign according to a

2_C. Singerin[31], pag. 206, claim to S. Stevin the merit to introduce the decimal system to the fraction
representation.



common syntax (added, multiplied.) externally points out the possible presence, but not real
of signs of number.

This dudity is mediate from a new mathematicd subject, the algebraic subject. It has
the ability of mean the absence of the subject that counts, the shift of a real presence to a
virtual. The distinction between the algebra and the elementary arithmetic, it stays quite in
the distinction between the subject that counts and the algebraic subject that performs the
calculation staying autonomous and arithmetically aware of oneself.

Thevariableisasgn for the sgnsthat they could be products from whoever countsit.
The zero dso being a connected sign with the idea of nothing, of empty, of the place in which
nothing is, represent: the origin of the calculation, the trace of whoever counts in other words
of who causes the sequence of the numbers.

The dgebrac subject performs an operation of clodng on the infinitive proliferation
of the 9gns of number, which they come in be with the zero.

1.4The" zero" isan epistemological obstacle?

Surely we could affirm that the " zero" it is an epistemol ogical obstacle because:

1 It isa errors catalyst, in practice a very effective test for redly esimate how much
and which  acquaintance (arithmetic-algebraic) it have stayed trangposed in know from part
of the student;

2. It is higoricd in the sense that the diffuson of the "zero" in the western culture
happens only in the 1202 with the "Liber Abbaci" of Leonardo Fisano and it is used
essentidly like numerd, while for consder it like number to dl the effects, we need to wait a
the end of the 1500; it is rooted the conviction according to the Greek and the ancient and
classica world they generally don't know the " zero" (The discussion however is open) 2.

3. Like"error" exigsand it persgstsintime.
For Brousseau too the "zero" it isan episemologica obstacle given that:
1 It does not resde in the “formulation" of the acquaintance inditutiondise but in the

representation that the subject communicates to assure the operation and the comprehension
of the knowledge.

2. It is a knowledge that is acquired when we take conscience of his role in her begun to
point of the know and in the passage from the arithmetic to the algebra.

The "zero" is present in the arithmetic and it is possible affirm that it doesn't condtitute a
problem both for the operations of addition and subtraction; that they is included in the
"common sense” and dso for the multiplication operation dght like repeated addition: in
fact, the equdity n®=0x®=0 comes eadly approved going on to the common language
nothing plus nothing equal to nothing; while for the operation of divison, the division by zero
it doesn't presented to the students given that it does not make sense.

The primary school pupils take confidence with the zero numeral and they are adle to
reach a good manipulation usng the abacus, and to the decima or polynomia presentation d
a number, but generdly doesnt come in evidence them the peculiarity of the "zero" as
regards the other numbers and in successon, when it gets them in the divison, it is implicit
thet the divisor is higher than zero.

In this way in the students it is created a knowledge which, the "zero" does not a
problem; in fact, he is represented from them like nothing, void in accord with their common
sense, whileit isan image, asgn out of the natural language.

The zero is essentidly understood from the primary school students like an
operational process and not structurally like object.

In the algebra field, sght like generdisation of the arithmetic®, when it is used

3
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without consder his peculiarity, the zero becomes a problem snce in this new context it is
necessary, it is a constitutive brick for the syntactic congtruction of the same, It engages a
fundamentd role in the agebraic structures, a pregnant meaning in the discusson and in the
equations solution, it loses the contact with the redity and the interlacement of the two
languages. the naturd one and the formd one, it become cause of tenson and source of
difficulty.

The "zero" that causes, generdly, correct answers in the aithmetic context, it
fumnishes thick fase answers in the agebraic context instead °. The passage from the
arithmetic to the algebra was possible, only when the "zero" has culturally receipted in the
double valence of sign and of meta-sign. To explain what it meaning the zero like sign it is
necessary must mean the other signs, it points out the absence of "things" and the absence of
"signs'. Thereforethe "zero" has a privileged law to the attention.

2.1 Approachesto the number concept on the primary school

Andysing the gpproaches to the number in the primary school, We can highlight that
they try to do recover the concrete experiences did from the children in their world, trying to
have a character formative and trying to valorise the productive thought of new discoveries,
to create not much the ability of "to do" as to form the ability of " to arrive to do,
under standing what it do."

The initid approach to the concept of number naturdly it must be in harmony with the
mode that the child dready has indde of onesdf, he mugt not use an atificid language, but
he mus follow the naturd processes rather, and dimulate the abilities logic-cognitive of the
child for don't revert on the structural maximalism, come back in the 1960- 70, characterised
from a certan type of formdisn and from the premature use of the symbolism, or in the
programmatic minimalism of the previous period, that preserving as wdl to the arithmetic a
principa place, sometimes exclusve, in the programs of the dementary school written from
the 1860 onwards, it consdered practice only, that is having like unique objective the
learning of the four operations for the resolution of practical problems|[8], [14], [26].

The idea of the naturd number is complex and requires therefore "an approach tha
use different point of view (ordindity, cardindity, measure, set theory, recursveness ec.)"
[3] and it isacquired after long interiorization from part of the child.

It on the other hand the concept of number is an absract concept which arrived
through an evolution of the logica thought happened in various step [1], [7], [10], [20].

The approach to the number is the development of a didactic itinerary that uses a
definition of number according to a cetan mahematica theory; for Pdlerey [27] the more
remarkable approaches for the construction of the concept of number are:

1. Approach of the set theory

2. Ordina Approach

3. Recursive Approach

4. Based Approach on the measure

In many didactic plans for the the firs cycle of the primary schools, there is a kind of
pluralisn of approaches [11], in generd they recover the different agpect of the number,
goproaching to him from different point of view, recovering the extra-scholastic patrimony of
the child, that He dready found to unconscious leve, a drategy that even if not systematic, it
succeeds functiond to his demands.

The approach of te sat theory, it is based on the definition of number of Frege and
Russdl and it use the language of the ingenuous Theory of the whole.

The number is sight like the representation of a class of equipotent whole and not of
thisor of that particular object, recovering in this way the cardinal appearance.
the zero in this approach is represented from the class of the whole with no element, the class

®In [19] Mariotti show the necessity to make the student thought over meaning of division by zero again.



of the empty whole, the zero, like number is not "nothing”,
precise determination.

For the student instead the "zero" it is intimaey connected to the idea of nothing, of empty,
of what it is not, of what there is not, instead, for example, 2 is connected to the idea of what
there is, he/shelit’you of what is. a couple, a pair, a double, a duo; the association to the
empty whole makes agppear the meaning of the "zero" different from tha of the other
numbers. "The zero is a quantity that disappears, that there is not, the zero is the sign of the
absence of quantity" [19]. The zero is as intimately connected to the idea of nothing, of
empty. In set theory approach often is pointed out also the ordinal appearance of the number,
esch number occupies a his precise place in the numerical sequence, departing from an initia
dement (zero or one) it is gone on, after have done a correspondence one to one,
implementing the whole with a different dement, developing as dso the recursive thought
(iterative), based on the function that associates an e ement the his following.

The recursve thought could be acquired exploiting natural sequences that the
children dready have, d0 like the chancing of the day and of the night, of the seasons or
personal experiences, like those of the eat and of the deep, of the cardiac pulsation.

The child builds sequences in his mind not numerical sequences linked to the action
and the zero has lived like absence of something: of movement, of sound and so forth.

The recursive approach dlows to build the whole of the naturd numbers through the
verbally count and it is referred, as like, to the ordind gpproach to the axiométic theories of
the natural numbers.

In the measure-based approach, the naturd number has connected more than to an
object quantity of a whole to the quantity of measurement unit that could be found measuring
acertain quantity.

This approach presents some difficulty, the Greek thought about the number like
measure of everything's, they were used to identify measure with count, as like the child that
tries to understand for instance, how many glasses could be filled with a bottle of water.

The child doesn't have idea of the need to the invariability of the champion used for the measure, for
which the cal culus could result not correct.

Measurement, in fact, it is more complex that count, snce, fig of dl, needs
individudise an ownership as regards which compare the objects (i.e.. length, ability, etc),
apply therefore to a measure relative respect to a champion for see how much times she is
contained in the objects for spend so that the measure to the number.

In the didactic activity for the approach through the measure could be used rulers or
numbers in colour for visudise that the unity is contained a number of times precise in an
other number.

In this approach the zero could not be taken in consideration since doesn't make sense
measure void quantity or to consder measures sample void.

In generdl a geometric gpproach doesn't teke into special condderation the void
quantity that appears more or less hidden in the study of the geometry.®

empty” but a concept with his

2.2 An epistemological " reflection” on theroleof " zero" in the axioms of Peano, Padoa
and Pieri.

Peano's formulation is Hill largely used in the education of teachers. In "Arithmetices
Principa nova methodo exposita’’ of 1889 G. Peano describes Arithmetics as a
hypothetical-deductive system, based on four primitive concepts (number, unity, successor
and equal) and nine axioms (four of which regarding equdity). Later on, beginning in 18918
and in the five (officid) editions of "Formulario Mathematico” (1895-1908) the primitive

Werelatein Appendix 5 aC. Ciamberlini'sarticle, [4] on the null quantitiesin geometry.
" at.16,[22]
8 art.37,[23]



concepts are reduced to three (number, unit, successor and from 1898 °  on number, zero and

successor) and the axioms to five (see Appendice 3).

In these works Peano uses the symbol N (sometimes N;) to desgnate a postive
integer number and the symbol Np to designate an absolute integer number, and he says in
"Aritmetica Generale e Algebra" [25] the number zero to be a"non naturd" number.

Peano's axiomatic sysems are enough for the arithmetic of pogtive or absolute
integer numbers, being the axioms independent. A. Padoa e [21] noticed that, even though
Peano's postulates are independent, the system of primitive concepts is dependent from the
postulates. This because from them you can deduct the definition of the number (O or 1) that
is not successor of any other. He assumes as primitive concepts only number and successor
and as primitives the following:

Pql) Thesuccessor of anumber isanumber.

P¢2)  Two numbers having the same successor are the same number.

Ps3) At least one number exidts, thet is not successor of any number.

P#4) If adass (of numbers) contains a number that is not successor of any other and if the
successor of any number of the class belongs to the class, then every number belongs
to the class (complete induction principle).

As a conseguence Padoa demondrates that thereé's only one number that is not
successor of any other, the following:

Theorem T1-Let x and y be two numbers for which xOsuc 22, for every z, then x=y.**

Defining the unity or the zero as the only number that is not successor of any other, Peano's

axiomatic system for N and N respectively (see Appendice 3), is equivalent to Padoa's.*

M. Pieri in 1907 [28] proposed a modification to Padoas axiomatic system, to be able
to subgtitute the principle of complete induction with asmpler proposition.

Like Padoa he assumes as primitive concepts number and successor, and formulates
the following mutually independent posiulates:

P1) Atleast one number exists

P2)  The successor of anumber is number

P3) Two numbersthat are not successors of any number are dways equal.

P4) In every nontillusory class of numbers there is a least one number that is not the
successor of any number of the class (Minimum Principle).

P:4) is commonly known as the Minimum Principle as Pieri 0 definesit in [28], page 450:

"..this exigentia judgement is to be preferred to d PD4 as esser: and | am not referring to

evidence, as it is aout the common knowledge that among the numbers (integers, postives

or null) of an exigting class there must be one that is not bigger than any other.”

The axiomatic sysem of PFei is then eguivdent to that of Padoa and as a
consequence to that of Peano (see Appendice 4).

This equivdence has lead to the indifferent utilisstion of Peano's axiomatic system or
of Pei's. At times the 'Principle of complete induction” is used and a times the 'Minimum
Principle’, even though theres not a complete correspondence between them. The Principle
of complete induction” is equivdent (see Appendice 4) to the following propostions @)
There exiss only one number that is not successor of any other number, b) In any non
illusory class of numbers there exids a least a number that is not successor of any numbers
of the dass (Minimum Principle).

The axiomatic systems of Peano have different models, which are there are different sets of objects where it is

9 art.99,[24]

19_successor of z

M _Dim: Let usassumethat isx?y and that | isthe set of all numbers different fromy, thereforexi | and " ti |
suctl 1, then for Pg4) | includes every number and y is not anumber, but thisis absurd.

12_In fact the axioms P2) and Py2) coincide with Py1), P3) and Py3) with Py2), P5) and Py5) with Py4), while
P1)UP4) and Py1)UPy4) imply P43) and vice versa.



possible to interpret the primitive conceptsin such away that the axioms be satisfied. For example:

N={1, 2, .., n, ..} where"1" isthe "unity”
and n¢=n+1 the "successor". (11
No={0, 1, 2, .., n, ..} where"0" isthe "zero"
and n¢=n+1 the "successor”. (1.2
P={2 4, .., 2n, ..} where"2" isthe "unity"
and (2n) ¢-2n+2 the "successor". (21
Po={0, 2, 4, .., 2n, ..} where 0" isthe "unity”
and (2n) ¢2n+2 the "successor". (2.2
M={n, 2n, 3n, .., kn, ...} where"n" isthe "unity”
and (kn) ¢&kn+n the "successor". (3.1
Mo={0, n, 2n, .., kn, ...} where"0" isthe"zero"
and (kn) ¢=kn+n per "successor". (3.2
forat 0, A={1/a, V&, .., Ud, .} where"1/d" isthe"unity”
and (V&) ¢=1/a*4/a the "successor". (4.1
For at 0, Ag={ U/, 1/a, ..., L/, ..} where"U/& " isthe"zero"
and (U/a) ¢=1/a*4/a the "successor". (4.2
for bt 0, B={b, b, ...., b*, ...} where"b" isthe "unity”
and (b¥) ¢=b*% the "successor”. (5.1
for bt 0, Bo={k°, b, ...., b%, ...} where"b? " isthe"zero"
and (b%) &b*% the "successor". (5.
The firg three modds are additive, and the eements are in arithmetic progresson of reason
equa to the respective units, the last two models are multiplicetive, and the dements are in
geometric progresson of reason the respective units.
In the examples given it is of ggnificance to note that dl dements of the sas
considered can be obtained by means of the repeated gpplication of the successor operation.
This is the bass of the axiomatic sysem of Peano, and it dways depends on the unity never
on the zero, being thisindifferent to that operation.
Comparing the two axiomatic systems of Peano and the relative modds, it is to be
observed that it is posshble to pass from one to the other by smply exchanging the words
"unity" and "zero", both in the primitive concepts and in the axioms. This exchange, however,
is by no means enough, to define the operations of addition and multiplication.
These operations, in the example (1.1) and (1.2), will be dually defined respectively by:
i) n+l=n' i) nl=n
i) n+m=(n+m)’ i) nm=nm+n," nm N (L1
i) n+0=n i) =0
i) mEme=(n+m) ¢ i) mne=rmn,” nml No (:

The No(+,% structure is richer than the structure N(+,% as it contains a neuter element
for both operaions respectively; the neuter eement of the multiplication operation behaves in
a " naurd manner" with regard to the addition operation™>. Whereas the netter element for
the addition in (1.2) has a " non-natural behaviour” with respect to the operation of
multiplication & n®=0 " n T N, that is "zero destroys' every naurd. It follows that the
addition neuter element doesn't have a " naturd behaviour” with respect to the operation of
divison, inverse of the multiplication.

Inasimilar way the observations for (1.1) and (1.2) can be extended to al models presented.

13 That isit builds natural numbers, indeed n+1 isanew number and so n+mt n " ni N with fixed m.



In their works on the naturd numbers Dedekind**, Cantor™®, Peano®®, Landau [15] have
excluded the null class and the null numbers.
Differently from Peano's, the axiomatic sysems of Padoa and Pieri can be used indifferently,
both to introduce naturd numbers and to introduce the absolute integers. To this purpose it
suffices to consider as number that is not successor of any number, the unity or the zero.
Historically, N and Ny have not been considered indifferently, even though nowadays
the seeming "resemblance’ is so much pat of mathemdatics teaching, that with N the set of
natural numbers isindicated, without specifying if the zero isincluded or not.

4.1 Final Observation (conclusion).

To overcome obstacles, in general, ad hoc non-didecticd dtuations are built. This
might not be necessry for the zero, as, during norma scholastic courses, the zero is
introduced, according to its different aspects (figure, void set, neuter dement...), with
different didactic Strategies that discuss again the assmilation of the concept.

In a test many students of first year of Mathematics replied correctly to the question: "
2/0 and 0/2 are both meaningful expressons in R? ". Interesting are the different motivations
given from students of different types of schools.

The dudents of scientific secondary schools or technica inditues have motivated with: 1)
2/0=¥ or 2) lim 2/x=¥ The sudents of classica secondary school have motivated with: 3)
thereisno inverse for x=0.

From the many correct answers it can be derived that the zero doesn't represent a
cadys for erors anymore, and the systematic learning has happened through the powerful
means of analyss and agebra The wrong motivations 1) and 2) show the students uneasiness
towards adivison for zero.

The motivation 3) reflects the naturd assmilaion of the abstract concept of fiedd and not the
(perhaps) natural numerical development or enlargement of the scholastic programs.

The zero is a good example to show that its diminaion happens (if it happens) if it
becomes, like for the "mathematicians', an dement of ther "common sense". This happens,
we think, for students not attending a scientifica Liceo (to be verified).

This article has tried to give an answer b why the zero is dill a catalyst of errors now
as 100 years ago. The diagnosis is easy: "it is an epistemological obstacle”; difficult is the
cure, as it needs a different action. In different context, in fact, the zero assumes different
meanings, logicaly accepted even if notwithsanding common sense, producing amost
aways exceptiond cases in the theory conddered. (see geometry...andyss infinity, physics
abstract models)

The zero needs an awareness in the teacher that from eementary school hasto underline its
digtinct role from the other natural numbers. It will be surely necessary to emphasise every
time the peculiarity of the zero, not insarting it only in limit cases, but in the theory (see null
segment, null angle, null solution,..)
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