Evaluating thelevels of problem solving abilitiesin mathematics
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ABSTRACT Currently, there is a general agreement among mathematics educators that students need to acquire
problem solving skill, learn to communicate using mathematical knowledge and skills, develop mathematical
thinking and reasoning, to see the interconnectedness between mathematics and other disciplines. Based on this
perspective, this research looked into the levels of problem solving ability amongst selected Malaysian secondary
school students. A sample of 242 Form Four science and nortscience students from four schoolsin an urban district
participated in this research. The respondents were asked to solve several mathematical problems. The students
level of ahilities in using basic knowledge, standard procedures and problem solving skills were evaluated from their
written responses. The evaluation was done based on Polya’ s problem solving model. Data were gathered through
guestionnaires and interviews. These data indicated that students tave limited exposure to problem solving

instruction. Research findings also showed that students have fairly good command of basic knowledge and skills,
but did not show the use of problem solving strategies as expected. Generally, these students have a low command
on problem solving skills. Most of the students were unable to use correct and suitable mathematical symbols and
vocabulary in providing reasons and explanations for certain problem-solving procedures. It is hope that these
findings will serve as areference for educators in improving the learning and teaching of mathematics in general and
problem solving instruction in particul ar.

Background

Thereis currently agenera agreement among mathemetics educators that sudents need learn
and often, different mathematics. They gtress the importance of sudents being actively involved
inthar learning. That isthey should “congtruct, modify and integrate idess by interacting with

the physicd world, materids and other children” (Romberg, 1992). Given this background, we
argue that the mathematics curriculum should & least incdlude, among others, the opportunities

for sudents to solve problems, learn to communicate usng mathemetics ideas and symbols,
acquire mathematica reasoning, see the connectedness of mathematics { Nationa Council for the
Teachers of Mathematics (NCTM), 1989} . Through these, students need to acquire new killsin
various rdevant mathematica topics (NCTM, 1989).

The research reported hereis part of abigger study that attemptsto look at sudents' levels
of undergtanding in severa sdected topics as rdated to the four srands mentioned above. The
research group redized that thiswould reguire a tremendous amount of effort and time. Asan
initid step, we decided to look into the levels of understanding in problem solving skills which
in Maaysa, are important components of both the primary and the secondary mathematics
curriculum (Kementerian Pendidikan, 1989). Further, the emphasis of problem skillsin the
learning and teaching of mathematicsiswel documented. Thiswill further followed by sudies
that will attempt to look at the other three strands.

“Problem” in mathematics has been interpreted in various ways by mathematics
educators. Thereisagenerd agreement, however, that mathematica problemsrefersto a
Stuation that requires one to make decisons. Theindividud does not have an immediately dear
or a gpontaneous solution to the problem a hand (Polya, 1945; Krulik & Rudnick, 1980; Newell
& Smon, 1972; Burns 1992). Problem solving is aprocess of achieving asolution god (Polya,
1981). In his book, How To solve it, Polya (1945) describes the processesinvolved, in terms of
the heurigtics, in problem solving. The four processes involved are undergtanding of the problem,
planning the solution, carrying out the solution and looking back. In this sudy, the Polya's
modd of problem solving, modified to suit the research questions generated, isused asa
guiddine in determining the sudents levels of problem olving abilities (see Appendix 2).



Assessment of the levels of problem solving skills

The current literature on problem solving has mostly concentrated on looking a the
different kinds of problems; the sudents' thinking processes in problem solving, tre various
types of problems; thinking processes, the suitable teaching methods and so on. Previous
research, however, did not give particular focus on the levels of problem solving skills attained
by students. The research conducted focus particularly on the levels of problem skills atained by
the students. Based on the School Achievement Indicators Programme (SAIP) conducted by the
Ministry of Education, Canada, a sandardized measurement of problem skills levels was used as
the basis for measuring or gaLging the problem solving skills of sudents This Sandardized
indicator dates that the levels of problem solving skills can be categorized from levels 1to 5 (see
gppendix 2), depending on the complexity of the problem.(SAIPY, 1997; SAIP?, 1997). These
levels are then linked to the heuristics of problem solving suggested by Polya (1945). In addition
to the assessment of problem solving skills this reseerch dso look at the difficulties faced by
dudentsin ataning the levels.

METHODOLOGY
Research sample
The research sample conssted of 242 studentsin Form IV (gpproximately 14 years) of which
118 are from the science stream and 124 from the non-science stream. These Sudents were
chosen from 4 schoolsin an urban area. The schools are ordinary schools and not the premier
ones. That is, the students are of average abity group and can thus represent the “ average’
dudentsin Mdaysa These sudents are chosen and dassfied as high, average and low achiever
basad on their performance in the public examination.
Resear ch instruments

Three main ingruments used in this research are shown in the following table:

No,| Typeof task Type of No of Assessment aspect
question questions
1 [Content questiony  Structure 6 Level of mastery of concepts and skills
2 Objective [ Multiple choice 20 Application of strategiesin solving problems.
guestions
3 Structured Structure 6 Levelsof problem solving skillswhich include
questions understanding the problem, the ability in planning
solution, and the ahility to carry outthe plan.

Typesof instrumentsused

All the questions are congtructed based on PolyalsModd of Problem solving processes
(Polya, 1945). The content of the questionsis based on the schoal syllabus (Kurikulum
Bersepadu Sekolah Menengah, KBSM) and severd questions chosen from Krulik & Rudnick,
(1980); Ohio Department of Education, Columbus, 1980; SAIP?, 1997). The contexts of the
questions were modified so as to be suitable with the Maaysan sudents.

All the questions were eva uated by the heads of the mathemetics department and senior
mathemétics teachers (more than five years teaching experience) who were willing to participate
in thisresearch. A pilot study was aso conducted using a set of sample from adlassthat did not



participatein the actud sudy. Thelevdsaof problem solving skills were ascertained based on
the criteria specified by the SAIP! (1997). Thelevds of problems solving skills were categorized
infiveleves levd 1 being the most Smple and leve 5 as the mogt complex.

The sudents were asked to answer the questions digtributed to them. Their answer scripts
were checked, following which 16 sudents were chosen to be interviewed. Theam of the
interviews was to gather degper and information of the solving processes used by the students.

All the interviews were audiotaped.

RESEARCH FINDINGS
Performance of content questions

The answers of the content questions were andyzed and showed that 80.35% of the
questions were answered correctly by the science sudents. Among the scierce students 72
(61.02%) and 49 (41.53%) did not answer question 1¢ and question 3 correctly respectively. For
the other questions less than 21 (17.80%) did not answer correctly.

The performances of the non-science students were found to be low compared to ther
science counterparts. Overdl, 59.09% of the questions were answered correctly. The data
indicated that sudents from the non science stream attained lower performancesin answering
questions 1c and 3. Only 8 (6.45%) and 37 (29.84%) of the students managed to answer
questions 1c and 3 respectively. 35 (28.23%) and 44 (35.48%) did not attempt questions 5a and
5b respectively.

Performance on the objective tests

Both sets of sudents (science and nont science) did not perform well in the objective test
questions. It was found that 32.80% of the objective questions were answered correctly by the
science sudents while only 20.20% of the objective questions were answered correctly by the
non science sudents. Mgority of the sudents was indined to choose the answers given, without
indicating the procedures involved, even though there were specificdly requested to show how
the answers were obtained. Only one student from the science stream managed to answer
question 14 correctly, while none of the non-science sudents manage to answer this question
correctly. In addition, it was observed that the questions that were not answered correctly were
questions 16 and 18.The mogt frequently questions answered correctly by both groups of
sudents were questions 1,2 and 20.

Andyses of the questions indicated that the students did not use other solution Strategies,
except to draw diagrams and tables. The use of manipulatives for questions 4. was very limited,
even though there were told that they could use any materid as aids. Among the other Srategies
used by the students, among others, include identifying patterns (in questions 2, 3, 16, and 18),
liging in some order (questions 1, 6, and 15), working backwards (questions 10 and 14), listing
al possibilities (questions 6 and 15), smplify related problem (questions 5 and 17), and looking
aproblem from a different perspective (questions 17 and 18). The common gpproach used by
sudents was to solve problems by usng standard cdculations that involve the gpplication of
certain agorithms and procedures (questions 2, 3, 5, 7, 14, 19 and 20), and counting (questions
1, 3,6, and 15). A smdl number of sudents solve certain problems by usng dgebraic
expressons or equaions (questions 5 and 1.3). Reasoning processwas not observed (questions
12 and 14).

Performance of structured questions

48.92% and 28.66% of the Structured questions were answered correctly by the science
and non science students respectively. Overal, the performance was reather low for questions thet
have high levds (levd 3 onwards) of difficulty. The number of science sudents thet answvered
questions 2d, 3d, 4d, 5d and 6f (level difficulty 5) ae 2, 2,5, 1, and 21, respectively. Tha isless



that 18% of the students could answer them correctly. From the 124 non science students, the
performance for the above five questionsis less those 2% or 3 sudents. The performance of the
non science sudents for other questions such as 3c, 4c, 5¢c and 6e (leved of difficulty 4) isaso
low, thet isless than 28 (22.58% ) had answered the questions correctly.

Overdl, the percentage of respondents that were able to answer questions of higher
difficulty drops asthelevd of difficulty increases. For example, 69.83% manage to answer
questions of leve 2 type while 3% at for questions at leve 5. The findingsindicated thet the
mastery of problem solving among the sudents up to leve 2 is stisfactory (69.8%). The
achievement a level 4 and 5israther low (16.22% and 3.00% respectively). The percentage of
correct reponsesis much higher among the stience sudents (induding questions of higher
difficulty levels) as compared to the correct responses by the non-science students.
Theinterviews

Among the aspects given particular focus in the interview questions was the ability

1) of sudentsto describe the problemsin their own words

2) to determine the data and the information need to be found

3) to plan solutions

4) carry out the solution

5) to usedternative solutions in a flexible manner.

6) theability to evauate and look back on the solution.

All the gudentsinterviewed could understand and were gble to explain the problem a hand. The
sudentsof low ability group faces some difficultiesin explaining the problems presented to
them. This group of students dso did not show flexibility in trying out dtermative Srategiesin
finding the solutions to the problems if ther firgt attempt falled.

Students from the high ability group showed they are capable of solving problems of
higher levels. They are aso capable of stating the solution process (algorithm and procedures)
clearly. These sudents could explain accuratdly and effectively about the conclusion, idess and
basc mathematicd reasoning by using the gppropriate symbols and terminologies.

Students from the lower achievement group, when interviewed, Sated thet they do not
show ther “workings’ in solving the problems, because they basicdly guess when answering the
objective questions. This group of sudents could not Sate the ideas of mathemétics verbaly and
in written form and using the mathemeticd terminologies and symbols accuratdy and
effectivdy.

Students from the science stream indicated thet that were not exposed to the problem
solving topics, even though there is a specific topic on problem solving inthe addition
mathematics syllabus. Almog dl of the non-science students stated that they were not exposed to
amog the entire problem solving strategies, except for drawing diagrams and condructing
tables.

Discussion of resear ch findings

Based on the andyses of the data generated the following condusion can be made:
The Overall performance of the sudents

The result from the study indicated that students form four science stream sudents
showed better grasp as compared to the nonscience sudentsin adl the three aspects related to the
mathematica content (80.35% compared to 59.09% for the non-science sudents), the ability to
apply problem solving strategies (32.80% compared to 20.20%), and the levels of problem
solving ahilities (48.92% compared to 28.66%). The differences in performance may be the
dueto the sudents  background and the mathematics curriculum they are Sudying. Students from



the science stream, overdll, attain better performance in mathematics a the PMR (90.68% of the
sudents obtained A grade) as compared to the non-science students (29.03% of the non-science
sudents obtained A grade). The additionad mathematics curriculum taught to the science sudents
reguire higher leves of thinking and ahilities as compared to the mathematics curriculum taught

to al secondary school students. Further research need to be conducted to identify the variables
that can result in differing performances among the two groups.

Mastery of basic facts and concepts (content questions).

Responses obtained from the sample suggest that the science students have agood
understanding of the badic facts and concepts in the selected topics, while the megtery leved of
the nonscience is satisfactory. The selected topics include those rdaed to the caculation of
volumes of cuboid, number and operations, the converson of measurement of lengths and
mathematica operaionsinvolving fractions

Research findings aso showed that the level of mastery does not influence the Sudents
achievement in ansvering questions that attempt to test sudentsin gpplying problem solving
drategies (objective questions) and the ability of the sudentsto plan and carry out the plans
(Structured questions). The failure to obtain solutions to the given problemsiis not the result of
the lack of understanding in basic skills and understanding of methematical facts and the ability
of sudentsto plan and carry out the plansin problem solving (structured questions). Hence, the
ability to understanding the content of the content isimportant but not a necessary condition in
ataining good problem solving skills.

Thefindings d <o indicate Sudents who did not answer the questions correctly did not
attempt to answer certain questions. Further research need to be conducted to identify the
difficult topics and & the same time identify the type of difficulties the sudents face
Ability to apply problem solving strategies (Objective Questions)

Based on thefindings, it can be seen that the sample did not show good mastery of the
problem solving Srategies, as expected. The most commonly used srategy isthe drawing
diagram drategy. It is common to see gudents usng the traditiond approach, which involves
ills that states mathematical expressions, applying the formulae directly and carrying certain
operations and Sandard procedures. The students did not exhibit the ability to analyze facts,
reasoning, processing and presenting datain an orderly manner and to make condusions. A big
number of the students used the basic arithmetic ills, that is using counting skillsto arrive a
the answersfor problems 1,3,6, and 15. The more suitable Strategies and effective were not being
used in the problems solving process. For example, many students solve questions 2 and 14 (both
objective questions) by applying ratio concept through certain dgorithms and sandard
procedures, but reasoning srategy is more useful here.

Ability to plan and carry out the plan (structured questions)

The results of this research indicated that science stream students have atained higher leve of
problem skills than students form the non science stream. The researcher, however, beieves that
the ability of sudentsin problem solving of higher difficulty is rather low (16.22% for leve 4

and 3.00% leved 5) and thus we need to train sudents so that they attain ability to solve problems
of higher levds of difficuity.

In the interviews, the sudents stated thet their exposure to learning and practice of
problem solving islimited. They hed limited experience to plan and carry out their plans
particularly those rdaed to diverging problems that require higher order thinking.

The difficulties that the sudents faced in expressng mathematica ideas and symbols
accurately are the resullt of lack of experience in answering problems that require Sudentsto

! PMR isanationa examination for the 15- year olds



present their answersin sysematic and logica manner usng symbols and rdevant terminologies

accurately. The sudents dated thet, they are not required to present their answersin systematic

ways for they are only required to chose the correct answer from choices given.

Implicationsand suggestionsfor further research
The achievement of gudentsin problem solving is unstisfactory particularly those

problems a difficulty asin levels4 and 5. It can thus be concluded that the magtery of basic

knowledge and killsis satisfactory among the sample. The performance of the sample in solving
problemsis below expectations particularly those related to questions that are of higher levels of
difficulty asinlevds4 and 5. Thusin can concluded thet this research had shown thet the
medery of basc mathematics actsis not Sgnificantly related to the mastery of problem solving
kills. We bdief that problem solving abilities mugt be taught to students through planned
teaching, a@ther teaching to solve problems directly or teaching mathematics trough problem
solving. Based on the above research, severa recommendations can be generated:

a) Teaching and learning mathematics of mathematics should not only emphasize basic
knowledge and skills. Students should be exposed and taught problem solving directly
through teaching and learning activities in the dassrooms.

b) The problem solving topic should be induded in the mathematics curriculum (not limited
to the additiond mathematics) for the non-science students so thet this group of sudents
is given the opportunity to learn and thus master the gopropriate skills

C) Basad on the information gathered through the interviews, teechers, generdly regard the
topic on problem solving as not important. Thus, mathematics assessment should reflect
the importance of problem solving so that teachers will ultimately teach problem solving
and sudents will atempt to master the rdlated kills. The ability of sudentsto express
methemétical idess effectively can be upgraded if the assessment procedures place grest
importance on the methods of solutions and problem solving processes. The sudents,
however, should be given sufficient practice sessonsto learn and magter the ahility to
present solutionsin alogica way, dearly presented usng the correct terminologies and
accurate symbols,

Concluson
The research has presented a clear picture on the ability levels of problems solving skills

among sudents. Generdly, the levels of content mastery and the skills necessary to carry out

certain dandard dgorithms are sstifactory. The magtery of problem solving skills, however,
among the sudentsis Hill at low. Efforts to upgrade and thus hep sudents to mastery the
problem solving skills should be planned and implemented. It is hoped that the data generated by
this research can contribute towards the upgrading of teaching and learning mathemaicsin

Mdaysa
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Appendix 1
Determining the levels of problem solving using the Polya’s M odel
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Appendix 2
Summary of Levelsfor Mathematics ProblemSolving
The expectations of a student performing at each level of the mathematics
problemsolving component are:
Levd One
Find single solutions to one-step problems using obvious algorithms and a
Limited range of whole numbers.
Uses one case to establish a proof.
Levd Two
Makes a choice of algorithmsto find asolutionto :
a) Multi-step problems, using | imited range of whole numbers or
b) One-step problems, using rational numbers.
Uses more than one particular case to establish a proof.
Uses common vocabulary to present solutions.
Levd Three
Choose from two agorithms to find a solution to a multi-step problems,
Using limited range of rational numbers.
Uses necessary and sufficient casesto establish aproof.
Uses mathematical vocabulary, imprecisely, to present solutions.
Leve Four
Adapts one or more algorithmsto find a solution to a multi-step problems,
Using the full range of rational numbers.
Constructs structured proofs that may lack some details.
Uses mathematical and common vocabulary correctly, but solutions may lack
Clarity for the external reader.
Leve Five
Creates original algorithmsto find solutions to multi-step problems, using
The full range of rationa numbers.
Constructs structured proofs that provide full justification of each step
Uses mathematical and common vocabulary correctly, and provides clear and
precise solutions.
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