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Abstract. In this study we investigate a way to help pupilsthie last class of a primary
school (12-year old pupils) and students in the diss of a Gymnasium (15-year old stu-
dents) to express geometrical thoughts, not expdelsg them although in their mind, when
solving a problem or constructing a proof. To elgpity test our theoretical conjectures, an
empirical research was conducted in a primary dchod in a Gymnasium in Athens,
Greece. The sample consisted of a total of 122imhil (55 pupils in primary school and 67
students in Gymnasium). A pre-post research desigach group was selected to examine
for possible improvements of each group separdtetyween two different teaching methods
applied to them: a traditional one and the propassel Normality tests gave us evidence
that our data followed the normal distribution, ghenabling us to use parametric statistical
tests. Descriptive statistics (i.e. relative freagies, means, standard deviations) were used
to shape a broad view of the sample characterigiiss, inferential statistical methods (i.e.
bivariate correlations, paired samples t-tests)ewesed to check for possible statistically
significant differences between pre- and post- messsof each group’s scores. Research re-
sults indicated that students in both grades saifly improved their performance in solv-
ing mathematical problems in Primary School, orconstructing geometrical proofs in
Gymnasium, when they used the proposed method.itbekp fact that students were in dif-
ferent educational grades, ages, places and tiraesame obstacles were found to be respon-
sible for their difficulties in solving a problenm proving a geometrical proposition.

1. Introduction

Nowadays, it is well known to mathematics teaclagis researchers that students have difficultiggome-
try. Particularly, students deal with difficultiés proving. There is a rich literature about it g2han, 1993;
Hart, 1994; Martin and Harel, 1989; Senk, 1985;dHand Sowder, 2007; Herbst, 2002; Hoffer, 1981).

De Villiers (2007, p.189) refersA problem may at first glance look quite challengi Where does one
start?” The questionwhere does one start?s a very important one. Often, primary schoolifgupor un-
derstand neither know how and where from to skertsblution of a problem. Also, Gymnasium studeiats
the same, and particularly those in the last adigSymnasium(aged 15), who mainly learn to make intuitive
proofs, do not feel the need to construct a pr8of.ce Villiers (1990) wonderswho has not yet experienced frus-
tration when confronted by students askingyy do we have to prove this?" Moreover, theyndo knownor why nei-
ther how to startonstructing a proofWe must note that although students in Gymnasiuzrlglyears old)
are not taught how to construct proofs, those stisdi@ the last class of Gymnasium (15-years adjr to
compare triangles, i.e. to prove if two triangles aqual. However, a way to start a solution ofablem or
to construct a proof is to write down the given &ggotheses and make some thoughts on them. Then, s
dents can discuss these thoughts with their claesnoa with themselves, if they are alone. The ingnt is
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that they have to bring out their thoughts to aeothr to themselves. In other words students gty
learn to discuss with themselves although theytdseem to understand it.

2. Children refuseto expresstheir thoughts

Here, we describe how we helped pupils in thediasts of a primary school to express geometricaights,
not expressed by them, although in their mind whkalwing a problem. In particular, it seemed to hat t
some students don’t understand the need to exjiress thoughts. Also, we applied the same methstlto
dents in the last class of Gymnasium (aged 15)s&&dents are not taught to prove geometry pitapcs
yet, but they often construct simple, intuitive @i We noticed that, although they knew the andwex
guestion, in fact they did not express their thasgm the way pupils of last class of primary sahioad
done eatrlier.

We must note that below we describe two case sutis took place in two different grade schoolse T
first one was a school of the primary education tiedsecond one was a Gymnasium that belongs en sec
ondary stage in Greek educational system. The popiprimary school were 12 year-old and the sttedeh
Gymnasium were 15-year old. We were interestechaetstanding whether children use the inferencas th
result from the given in order to accomplish thask, i.e. the primary school pupils to solve argetical
problem and the students in the last class of Ggiunato construct a proof. Also, we must note thase
case studies took place in different time. Pardintp were 122 children of primary and secondargach

It is worth mentioning that despite the differedteational stages, ages and time that these aafiestook
place we noted some similarities that did not alkiwdents to carry a solution or a proof throughe &é-
scribe these similarities later in this article.

2.1 Pupils in Primary School refuse to expressritteughts and what we proposed
Pupils of the last class of Primary school learadlve problems like the one that follows:
What are the missing angles x, y and z in theviatig figures?

A
20
60° 30°
x y\ 10° 20° [Z %%
B (a) C (b) (c)
Figure 1.

We noticed that the majority of pupils could natdia point to start the solution of the problempiRRuread
the given of the problem several times, but they bt do anything more. After that, we discusseth wi
some of these pupils about the geometrical fig(agggb) and (c) figure 1'. We asked them to dédsemwhat
they observed after looking carefully at the figisemany times. The only thing they described wasat it
was written on the figure. For example, regardiggre (a) they observed that the triangle ABC wassas-
celes one and that the angle A wa$§ 20d although we expected that they would tethas angles x and y
are equal, they stopped and they did not say amythlise. We wondered if these students knew tleaaih
gles on the base of an isosceles triangle are eQuaivhen we asked them if they knew anything albloe
angles x and y they answered that these anglesegerd, so we understood that they actually knewttre
angles x and y were equal. We asked them to explaynthey didn’t say that the angles x and y wernead
when we asked them to describe figure (a). Actuatly were surprised by the answer of the majoffifyus
pils, who replied that they knew that the anglesd y were equal but they didn’t know their degraed so
they thought it was redundant to refer to thesdesnd he following dialog between the teacher ahdriks-
sis is very characteristic:

TeacherTell me what you can see in this figu{@®acher refers to figure (a)).
Thanassistt is a triangle.... an isosceles triangle. The anglis 20.
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TeacherWhich are the equal sides?

ThanassisThe equal sides are ... the side AB is equal toAtle

TeacherThen?

Thanassis:..... (he does not reply)

TeacherYou told that the triangle ABC is an isoscelesngia with side AB equal to AC. Do you
know anything else about the isosceles triangle?

Thanassis:..... (he does not reply)

TeacherDon’t you know anything about the angles of andstes triangle?

ThanassisYeah! The angles on the basis of the isoscelesakB€qual.

TeacherVery well. Why don’t you say it?

ThanassisWell...Because..l don't say anything about angles B and C, becdug®not know any-
thing about them.

TeacherBut before you saithatthe angles B and C of are equal

ThanassisYes, they are equal buam looking for them.

Apparently, pupils believe that is redundant to ake¢he information that is contained in the giwaata of
the problem. We explained to pupils that they lmdiite down all the information about the subjettter
which they dealt with. This information exceeds thiormation that is contained in the given datathod
problem. To help them to do this we separated if@mation about the subject matter in two catesggori
The first category included information that is ciésed as ‘given’, e.g. angle A is 2@ides AB and AC are
equal and the second category included informahanis the ‘result of the given’, e.g. angles xlanare
equal, the sum of the angles in a triangle is 18freks, etc. Although it seemed that students hddrs-
tood these categories they did not achieve to wdten all the information about the subject matter,the
two categories. Particularly, they totally omittedwrite the second category or part of it. Thees\a block
in their mind that it was responsible for theirfidifilty in mentioning all the information that wése result
from given. Rather, they believed that they shawdtiuse the whole information. This exactly revéiis-
nassis’ answer:l“don’'t say anything about angles B and C, becdude not know anything about them...
they are equal but | am looking for thénThanassis thought that he should not use angtbirthe angles B and
C. According to Clements & Sarama, (2000) and Gaga& Patronis (1990) young children’s conceptions
remain constant after six years of age, withoutassarily being accurate. These constant conceptaxis
ing accuration, function as the cognitive obstathes Bachelar@1968) and Brousseau, (1983) are referred
to and they are responsible for the creation ofafleeementioned block in pupils’ mind. We triedfiiod a
way to exploit this ‘block’ and we seized the oppaity that this block provided us. So, we callbtbtked
information’ the information that results from tgiven. We also suggested students to write theinghts
using two color pens. Students should write dovengiven of the problem using the first color (blushd
they were supposed to use the other color (redkite the blocked information. In this way, we seeded
to make pupils write all the information contairiedhe given geometrical propositions.

2.2. Students in Gymnasium refuse to expressttimights and what we proposed

The Curriculum of Gymnasium does not include teaglof proofs of geometrical propositions. When stu-
dents come across some proofs these are mainlfhatproofs. Although students of Gymnasium geltgra
aren’t taught proving, students of the last clds&ymnasium (15-years old) are taught to constpuobfs
that refer only to equality of triangles. Also, amting to the Curriculum, students of Gymnasiumtacsght
isosceles triangles, equilateral triangles and thigiperties, some initial knowledge about the orobf cir-
cle (radius, arc, tangent, etc.). Also they arghaparallel lines and the related angles with |pgEsdines.
According to Hanna (1990) a formal proof of a givwamtence is a finite sequence of sentences satthth
first sentence is an axiom, each of the followirgtences is either an axiom or has been derived fre-
ceding sentences by applying rules of inference the last sentence is the one to be proved.

Students are beginners in proving formal prooflagt class of Gymnasium. Although, teacher teackes
tain examples of proofs, he/she doesn't teach stad®w to construct a proof comprehensively bez#us
Curriculum of Gymnasium does not include teachififpanal proofs. This fact makes things worse. Any-
ways, the aforesaid are included in traditionathhéag and it is generally the prevalent situatiknowing
this situation we were careful on how to teach etusl of last class of Gymnasium to construct prodfs
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used “Reasoning Control Matrix for the Proving Riss’ (RECOMPP) ‘Appendix A’. RECOMPRs a
reusable matrix pattern that helps students prodessoning production. Its layout and its fillirechnique
are predefined. More analytically, it consistsiafdiscrete sections and its layout consists ofs;avelumns,
and cells that may contain figures, hypothesesooclasions, proofs, and partial proofs (Dimakosalet
2007). Section 2 of RECOMPP is where the hypothasdshe conclusions of the problem must be written
Here, the student is given a table (consisted of tows and two columns), ‘figure 2' where he/shestmu
write down, in two separate lines, the hypotheaed,the conclusions of the problem, respectively.

L

Section (2)

U

Figure 2. Section two of RECOMPP

Section 5 of RECOMPP is the most important seabioall, because it is where students produce réagon
Section 5 is where the student is motivated toarasollect, and write those statements and reliships
among the elements of the sketch prepared befatewttl lead him/her to the successful writing biet
proof. Here, the student is given a table (comsijstif just two columns and several rows). The sitideust
write a statement e.g. “Statement A", that needset@roved, in this table, in the first column,ddéd “To
prove that ... . The student must write a statensegt “Statement B”, that is necessary in orderrave
“Statement A”, in the second column, labelled Sltrequired to prove that”. Then they write the priache
next section 6 ‘figure 3'.

—

Section(5) :b Section (6)
itis required
to prove that... to prove that...

Figure 3. Section 5 and Section 6 of RECOMPP

In this case we noticed that students of last adigSymnasium reacted similarly to the pupils of st
class of primary school. In particular, most ofsestudents drew the geometrical figure, (somenemt
faced difficulties while drawing geometrical figgjenext they filled section 2 of RECOMPP with thygo-

1 A detailed description dRECOMPP is given in the articl@eveloping a proof-writing tool for novice Lyceum-g
ometry studentéDimakos et. al., 2007).
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theses and they stopped. Some students who coohgletéion 2 stopped at section 5. Below we deseribe
case where at first most students stopped in se2tand next they stopped again in section 5.
We gave students the following proposition:

Extend the base BC of an isosceles triangle AB@ footh sides. Take on extensions two points suck BD
CE. Prove that the triangle ADE is an isosceles.one

We noticed that students drew the figure and matkedequalities on it (e.g. they put a tick on dugial
sides of the isosceles triangle ABC, and they pitkaon segments BD and CE). Also, they complested
tion 2 of RECOMPP and they stopped ‘see figure 4.

It seemed to us that they did not have the requiremiviedge to construct the proof, or they didnibw
how to go further to the solution. After discusswmigh them we realized that students had all theessary
pieces of knowledge required for the solution, thet the base angles of an isosceles triangleargruent
(equal), that they had to compare triangles, asad all the related theorems, etc., but they haobstt. They
had done nothing from what they had told us ang Were supposed to do. We must note that theyitdok
account the given, but they could not understaadl ttey had to use certain inferences resulting ftiee
given. We analyze these topics below.

Initially, students stopped when they filled theegi in section 2 of RECOMPP. Here, our first obaton
was made. Students after taking into account tbpgsition they filled section 2 of RECOMPP by wrdi
the hypotheses, but they didn't translate them mmahematical relations.

Section (2)
ABC is isosceles  BD is equal to CE

ADE lIsosceles triangle

4

Figure4.

In order to help them to translate hypotheses mathematical relations we improved section 2 of
RECOMPP. Particularly, we divided section 2 in fpaots ‘figure 5'. In the second part students lwadrta-
lyse and translate hypotheses of propositions nmthematical relations. Moreover, we motivated siitsl

to do so. Students went further to the solutiortimgithe analysis of hypotheses but they stoppethag
Section 5 of RECOMPP.

‘L!’-l Analysis
Section (2)
1) ABC is isosceles 2) BD is equal to CE 1) AB=AC 2) BD=CE

| C ADE Isosceles triangle

Figureb.

In Section 5 students got confused. Although, thegun the filling of columns and rows in Sectiontgy
stopped. Some of them stopped filling section #hatfirst step or they didn’t even begin. In th@m we
understood that students did not know what the ttavill because they did not take into accoustdfore-
said ‘blocked information’. Next, we discuss theseaf a student that could not fill section 5 beeashe
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didn’t use derived information from the given. Tkeacin order to understand what happened with Kedlg
the following characteristic dialog with her. Aftdre dialog the teacher understood that Kelly diknow
how to start to construct a proof and that she diatbp filling section 5 when she would have toteva
sentence that derived from the given.

TeacherWhy did you stop filling this section? (Teacheersfto section 5).
Kelly: | do not know what | am supposed to write now...
TeacherTell me the proposition by looking only at the getioal figure, not reading it(lt is worth
mentioning that the figure had been drawn by her).
Kelly: We have an isosceles triangle ABC. Sides AB andrA&the equal sides....
(Although she was looking at the figure, where bhd marked that segments BD and CE were
equal, she could not remember that they were equal)
TeacherWhat is it that you have to prove?
Kelly: ....hmm...I do not remember...
TeacherWell. Now, read the proposition again for sevenalds, and look at the figure very careful-
ly. Before beginning to write a solution you shobdable to tell the proposition by only looking at
the figure.

(Afteome minutes)
Kelly: We can start the solution.
TeacherAre you sure?
Kelly: (She smiled)Yes...
TeacherO.K. | am listening to you.
Kelly: The triangle ABC is an isosceles triangle, sidesafiB AC are the equal sides and the exten-
sions BD and CE are equal, too. We join points @ Brwith point A and we must prove that the tri-
angle ADE is an isosceles one.
TeacherExcellent! Well, what must we do now?
Kelly: We must compare the triangles.ah.... ABD and ACE
TeacherO.K., Compare the triangles ABD and ACE.
Kelly: The triangles ABD and ACE are congruent, becausg tlave AB = AC and BD = CE,...
TeacherWell...
Kelly:...... (she does not speak)
TeacherWhich theorem do you need?
Kelly: I am not sure .....
TeacherWhich theorem do you believe that you need?
Kelly:...... (she does not speak)
Teacher: (teacher supposes that she doesn’t knewethted theoremspo you remember the re-
lated theorems?
Kelly: Yes.
Teacher: (teacher wanted to be absolutely surekilt knew the related theoren®p you want to
tell me these theorems?
Kelly: Yes. ....If, in one triangle, two sides and the amgeveen them are equal to two sides and
the angle between them of another triangle, thesdltriangles are equal. ....... If one side and two
adjacent angles of one triangle are equal to a sidd two adjacent angles of another triangle, then
these triangles are equal. ......If three sides of toiamgle are equal in length to three sides of
another triangle, then these triangles are equal
TeacherExcellent! Compare the triangles ABD and ACE. Bafgou told me that they are congru-
ent.
Kelly: I am confused!
TeacherSo, you say that you are confused! Why?
Kelly: Because | have found two equal sides ....and alr¢ine® contain two equal sides, and some-
thing else. So, | do not know which one | needtdieioto go on.
TeacherWhy don't you try one of them?
Kelly: Which one of them?
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Teacheris there anything else in the proposition that colélp you go on?

Kelly:...... (she does not speak)

TeacherYou told that the triangle ABC is an isoscelesngia with side AB equal to AC. Do you
know anything else about the isosceles triangle?

Kelly: The angles on the basis of the isosceles ABC ara eq

TeacherWhy don't you use it?

Kelly: Because it is not included in the given!

At this point, Kelly seems to be confused and sendt think to use sentences that derive fromgilren.
As we have already mentioned earlier in this paalgrstudents are taught to construct mainly imeiti
proofs, but intuition may be immature (Baylor, 2Dp@ihd alscstudents have developed limited geometric intui-
tion (Nardi, 2009). The limited geometric intuition ofdieners functions as an obstacle that blocks ostadents’
mind and it does not allow them tse inferences that derive from the given. Taking account that Kelly and
classmates are students in the last class of Gyama®. novice students in proving, who don’t realthat
they can use the results of the given, we apphedaforesaid ‘blocked information’. In particulave ex-
plained students that except for the given of trapgsition, they must also write down all the otken-
tences that derive from the given. Also, we suggksiem to write down the given of the problem gsan
blue color pen, and write the products that defiiwen the given (the blocked information) using d o®lor
pen. In this way, we succeeded in making studerite all the information of a geometrical propomiti(see
‘Appendix B’).

3. Research

3.1 Participants

For this study, two groups of participants weredusme in a public primary school, and one in alipubw
secondary school (Gymnasium). Both schools thaiggzated in this research were located in Peiister
fairly undeveloped suburb of Athens, Greece. Tleegfthe majority of students were of low socioerait
status. Students in primary school were 12-yearcbittiren, and those in Gymnasium were 15-year old
children. Using a convenience sampling methodta sample of 122 students was recruited. 55 odR2af
students (45.08%) were at primary school, and G022 students (54.92%) were at Gymnasium. More
analytically, the first group of participants (inmary school) consisted of 55 students, 24 bo@s6d) and

31 girls (56.4%). The second group of participafits Gymnasium) consisted of 67 students, 24 boys
(35.8%) and 43 girls (64.2%).

3.2 Materials

A test was administered twice to each group ofdciil. Below, we describe the tests (pre-test astiest)
given to each one of the groups.

Test for pupils of primary school

Each one of these tests (pre-test and post-testjsted of two geometrical problems of last clagsrimnary
school. Students were given 90 minutes to solvgtbblems. Each problem was scored according tale s
from 0-5, so the total score ranged between 0 8nd 1

The following two problems comprised the pre-test:

Problem 1: What are the missing angles x?

[z %%

Figure®.
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Problem 2: The rectangles below have the same area. What [gettimeter of the green rectangle?
4m

10m

Figure7.

The following two problems comprised the post-test:

Problem 1: What is the area of the following figure?

|

2cm

- 2 Cmn —— -

Figure8.

Problem 2: What is the missing angle x?

60° 30°
10° 20°

Figure9.

Test for students of Gymnasium:

Each one of these tests (pre-test and post-tessjsted of four usual problems of medium difficultiythird
class of Gymnasium. Students were given 90 minttes®lve the problems. Each problem was scored ac-
cording to a scale from 0-5, so the total scorgedrbetween 0 and 20.

The following four problems comprised the pre-test:
Problem 1: Prove thaif a point lies on the bisector of an angle, thiem point is equidistant from the sides

of the angle.

Problem 2: The diagonal AC of a quadrilateral ABCD bisectace tornersA and €. Prove that AB=AD
and BC =CD

Problem 3: Z and E are points on the sides BC and CD of aregdBCD. If BZ = DE prove thaZAE is an
isosceles triangle.

10
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Problem 4: To be proved that the medians BE and CD of arcedes triangle ABC such as AB = AC are
congruent.

The following four problems comprised the post:test

Problem 1: If AB and CD are two diameters of a circle (K,pjove that chords AD and BC are equal.
Problem 2: In an isosceles triangle ABC, with AB = AC, thaiits M, N lie on the line segments AB, and
AC respectively, such that M is the mid-point of Adhd N is the mid-point of AC. We equally extehe t
base BC of the triangle by the line segments BD, stieh that BD=CE. Prove that DM=EN

Problem 3: Z and E are points on the sides AB and BC of areqgdBCD. If AZ = BE prove thah\Z=AE
Problem 4: First, draw an equilateral triangle ABC. Takesmhes AB, BC and CA the points,Q\", B’ re-
spectively and in such way that A& BA” =C B'. Join the points CA’, B° and prove that the triangle
A’B’C’ is an equilateral triangle.

3.3 Procedure

After discussing with students of both groups, waejectured that they had difficulty in expressihg tblocked infor-
mation’ and using the whole information during gesh solving (in primary school), or proving (in Gypasium). To
empirically test this theoretical conjecture we austered a test (pre-test) to each one of thepggoResults of this test
corroborated our initial predictions that childreath in Primary school and Gymnasium had seriotficdity in ac-
complishing their specific tasks.

After this test, students enrolled in a course, re@hge indicated them to follow another method ugimg color pens.
Students were asked to use a blue pen to write dbevigiven of the problems in Primary school, a& geometrical
propositions in Gymnasium. They were also askagstoa red pen to write down the inferences deffirad the given
(‘blocked information’) of the problem in Primarycool, or the proposition in Gymnasium. Then, stisleof both
grades were given several examples to practicesblers in problems or proofs.

After that, they were given a test (post-test)xamine for possible differences due to the appbcasf this new teach-
ing method. Results revealed that children in lypdes had significantly improved their performaimcsolving prob-
lems or constructing proofs.

Children of both grades enrolled in the researdhout any intervention by the researcher, regarttiegy
classrooms settings, so as not to instantly disdh#geway students used to collaborate with tHessmates.
Researcher was in seamless cooperation with theidters during the experiment. The researcherigeavfull expla-
nation to every question posed by the instructegarding the conditions of the instruction, andhieir turn they gave
valuable feedback to the researcher regardingttaeacteristics of students who participated initiséruction.

3.4 Data Analysis Methods

Descriptive statistics were used to produce datthercharacteristics of the participants both frammary
and secondary education. Percentages and freqaemnere calculated for the numbers of boys and.dis
scriptive statistics were also used to report surimsa@f the numbers of individuals from each group.
Inferential statistics were used to examine whestatistical significant differences existed betweee- and
post-test scores of each group. The scores adresample were tested for normality and equal neeiaf
samples in order to check if parametric tests cbeldised. The examination of Q-Q plots gave udesnae
to consider that data regarding pre-test and paststores of both groups followed a normal distiidm and
SO parametric tests were used. So, paired samdststwere used to check for possible statisyicagnifi-
cant differences between mean scores of pre-tegp@st-test.

11
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4 @
L 1

@ w0

1 1

Expected Hormal Value
3
i

o
L
Expected Normal Value

o
!

o
w0

T T T T T B
5 & 7 8 El

Observed Value Observed Value

@) (b)

Figure 10. First group (students in primary school) Q-Q plotstest of Normality

Normal Q-Q Plot of PRETEST Normal Q-0 Plot of POSTTEST
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Figure 11. Second group (students in Gymnasium) Q-Q plotsefsirof Normality

All test were carried out to the 5% significanceeleand considered significant when the ‘p-valueste
<0.05. All test statistics are reported to 2 detiptaces and p values to 2 or 3 where necessara €d-
lected from the tests was statistically analyzedguStatistical Packages for the Social SciencBS& ver-
sion 11.0.

4. Results

Regarding the first group in primary school, a @disamples t-test was conducted to check for inggnent

of students in this group between pre-test and-fgsst regarding their ability to solve mathemdtjwab-
lems.The mean score of group was 6.13 (SD = 1.00) orptedest, and 7.76 (SD = 1.22) on the post-test
(see Figure 2). According to the results of theqzhsamples t-test, a statistically significanfedénce was
found between pre-test and post-test for the §iretip, regarding the ability to construct proof®4) = -
10,181, p<0.05 (see Figure 3). The results cor@abapur initial predictions that students of thstfgroup
significantly improved their ability to solve mathatical problems, when using the proposed method.

12
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Std. Error
Mean N Std. Deviation Mean
Pair 1 PRETEST 6,13 55 1,001 ,135
POSTTEST 7,76 55 1,217 ,164

Table 1. Descriptive statistics of first group’s (primaryhsol) t-test

Paired Differences

95%
Confidence
Interval of the
Difference
Std. Std. Error Sig.
Mean  Deviation Mean Lower  Upper t df  (2-tailed)
PRETEST -
POSTTEST -1,636 1,192 161 -1,959 -1,314 -10,181 54 ,000

Table 2. Paired samples t-test of first group between pseded post-test

Regarding the second group in Gymnasium, a paastkes t-test was conducted to check for improvémen
of students between pre-test and post-test, regattieir ability to construct proof§.he mean score of
group was 9.22 (SD =1.93) on the pre-test, and6l@E®D = 2.52) on the post-test (see Figure 4). Atiog

to the results of the paired samples t-test, esstaly significant difference was found betwgae-test and
post-test for the first group, regarding the apitd construct proofs t (66) = -13,055, p<0.05 (Bapire 5).
The results corroborate our initial predictionsttbdents of the second group significantly imgaevheir
ability to construct proofs, when using the progbsethod.

Std. Error
Mean N Std. Deviation Mean
Pair 1 PRETEST 9,22 67 1,929 ,236
POSTTEST 13,46 67 2,519 ,308

Table 3. Descriptive statistics of second group’s (Gymnagitsast
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Paired Differences

95%

Confidence
Interval of the
Std. Std. Error Difference Sig.
Mean  Deviation Mean Lower  Upper t df  (2-tailed)
PRETEST -
POSTTEST -4,239 2,658 325 -4,887 -3,591 -13,055 66 ,000

Table 4. Paired samples t-test of second group betweenregtexhd post-test

5. Discussion

According to the aforementioned results when caidof both grades externalized all of their thoadiiv-

en and blocked information) improved their perfonce Pupils in primary school improve significantly
their performance in solving mathematical probleAiso, students in last class of Gymnasium seeroed t
improve significantly their performance in consting proofs.

In this study we offered a new and powerful apphnoaic investigating children’s construction of gearice
and spatial ideas. Our sample was rather smallde for generalizations, but this study may seagea ba-
sis for developing hypotheses to be tested in &regtensive future project.

Also, we mention the following:

Initially, we note the following similarities tharose in both grades

1. Although pupils in primary school had to make deatiént work from students of secondary
school, both of them did not know how to begin.
2. Also, both pupils in primary school and studentsedondary school were confused i.e. they

couldn’t differentiate between given and derivezhirgiven, thus they couldn’t understand that they
could use what derived from the given.

3. Even when they drew the figure by themselves tloegdt the given (because sometimes
were already drawn).
4. When the figure were given ready, they only cotezlahe figure with the given i.e. they

didn't correlate the figure with what derived frahe given.
5. When they stopped, they didn’t think to start tb&uson of the problem or the proof con-
struction using another starting point.

Next, we note that when they used all the infororathey realized that:
1. They should use thoughts written both in blue attaolor.
2. In order to start the solution of a problem or ¢mstruct a proof of a proposition they had to
prefer the thoughts written in blue. In other womdshe thoughts written in blue there was at least
concealed starting point.

3. The points, where they stuck more often during lat®m or a construction of proof, were
those thoughts written in red color.

4, They must write all the information of the problemproposition.

5. They should have understood and translate allntfoernation into mathematical relations in

order to solve a problem or to construct a proof.

We must also mention that children considered thgng of their task using two colors a divertingrge.
Finally, Gagatsis and Elia (2004; 448) allow usdnsider that blue and red written texts are regtagions
that Gagatsis (2004) attempts to exemplify andyaeathe different and conducive roles that theseptay
in understanding, learning and doing mathematics.
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Section (1) Proposition (Written formulation of the problem )

Section (2) Analysis

Hypotheses '
Conclusion

Section (3) - Section (4) Hints
Scalffonding a list of hints |

Draw a sketch based on the problem

Section(5) ‘ Section (6)
itis required
1o prove that... to provethat...

Proof

Figure Al.
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Below, we have translated ‘Appendix A’ in English.
The proposition is the following:

Extend the base BC of an isosceles triangle AB@ footh sides. Take on extensions two points suck BD
CE. Prove that the triangle ADE is an isosceles.one

A

Figure B2.

The triangle ABC is an isosceles triandleys AB=AC. BD=CE, it is given

The triangle ABC is an isosceles atels the angles on the base are equal, i.e. Bh€relore the supple-
ment angles are equal i.e, BC,.

It is required to prove that the triangle ADE isismsceles

In order to prove that triangle ADE is an isoscelémngle, it is required to prove that AD = AE. % |
compare triangles ABD and ACE. We have:

1) AB = AC, given
2) BD= CE, given

3) B; = C, | have already explained it above. Then, trianglB® and ACE are equal,
thus AD=AE, Therefore ADE is an isosceles triangle.
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