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Abstract. This study aims to gain insight about the distinct
features and advantages of three statistical msthbdnaly-
sis, namely the hierarchical clustering of variablie im-
plicative method and the Confirmatory Factor Anelyby
comparing the outcomes of their applicatiorthe operative
apprehension of the geometrical figure. Data wdrtained
from 125 students in grade 6. Using Confirmatorgtéa
Analysis, we developed and verified a model thatviges
information about the significant role of the mdogyic, op-

tic and the place way modification in operative r@hgnsion

of the geometrical figure. Using the hierarchichistering

of variables, evidence is provided to the phenomeab
compartmentalization among maodifications in stugdeap-
erative apprehensiomn general, the outcomes of the three
methods were found tooincide and to be open to comple-
mentary use in capturing the ways in which studeststhe
different types of figure modification.

Résumé. Cette étude a comme objectifs de clarifier les
caractéristiques et les avantages distincts de mdthodes
d'analyse statistique, a savoir la similarité dméhnique des
variables, la méthode implicative et l'analyse deetle
confirmatoire, en comparant les résultats de Ipplieation
dans l'appréhension fonctionnelle de la figure géaoigue.
Des données ont été obtenues a partir de 125 étsdians

la classe 6 de I'Ecole Primaire (11-12 ans). Efisatit
l'analyse factorielle confirmatoire, nous avonsedéppé et
avons vérifié un modeéle qui fournit des informati@u sujet

1 This paper is in the context of the research ptdiglility to use multiple representations
in Functions and Geometry: The Transition from Médtb High school’of the Research
Promotion Foundation of CypruHIE) [AN®PQIIIETIKEX/TIAIAI/0308BE)/03].
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du role significatif de la modification mereologeuet
optique et la modification de la place de la figutans
l'appréhension fonctionelle de la figure géomégiqin
utilisant la similarité hiérarchique des variablé&yidence
est fournie au phénoméne du compartmentalizatiomipa
des modifications de la figure concernant I” apension
fonctionnelle dans étudiants. Généralement ledtedésudes
trois méthodes se sont avérés pour coincider etogéiverts
d'utilisation complémentaire en capturant les nmasigjue
les étudiants emploient les différents types de la
modification de la figure. (MSC97G10)

Hepiinyn H perém avt) €xel o¢ 6tdY0 v EVIOTIGTOVV Ol
OLLPOPEG GYETIKA [LE TA SIOPOPETIKA YOPOKTNPLOTIKE KOt TO!
TAEOVEKTNLOTO TOV TPIOV OTATIOTIKOV Uefddmv aviaivong,
onAadn TG OvVOALONG OUOWOTNTOC, TNG OULVETAYMYIKNG
OTOTIOTIKNG avAAVONG Kal TNG EMPEPALOTIKNG TOPAYOVTIKNG
avAALONC, GLYKPIVOVTOG TO OMOTEAECUATO TNG EQPOPUOYNG
TOVG MG TPOG TN AELTOVPYIKY| KOTAVONOT TOV YEWUETPIKOD
oynuatoc. To dedouéva cuAréyOnkav omd 125 padntéc
éxtng taéng Anpotikod oyoleiov. XpnoyoTolOVIOG TNV
eMPEPOIOTIK  TAPOYOVTIKY]  OVOAVDOT  OVATTOEOUE KOt
emaAnOedoape £va LOVTELO, TO OTOl0 TTaPEYEL TANPOPOPIES
Y10 TO OMUAVTIKO POAO TOV LEPOAOYIKMV, OTTIKAOV KOl TOV
TPOTOTONCE®V OAAUYNG BEOTG OTN AEITOVPYIKT] KOTAVON O
TOV YEMUETPIKOL oyNuotog. Méoa omd v avilvon
OMOLOTNTAG TPOEKVYE TO QUIVOLEVO TNG GTEYOVOTOINGMG
HeETAD TV TPIOV  JOPOPETIKOV TPOTOTOINCEDY OTN
AELTOVPYIKN] KOTAVONGY] TOL YEMUETPIKOV OYNUOTOG. X€
YEVIKEG YPOUUES, SOMIoT®ONKE OTL TO ATOTEAEGLOTO TOV
TPV pebddov  cvumintovy KoL UTOPOVV Vv
YPNOOTOINOOVV CUUTANPOUOTIKG, OCTE VO SYNUATICOVHE
pie mo  OAOKANpwUEVT  €KOVAL Yl TN YPNON TO®V
OLLPOPETIKAOV  TPOT®Y  TPOTOTOINGNG TOV  YEWUETPLKOD
OYNUOTOG 0O TOLG HLOONTEC.

1. Theoretical framework

1.1.The geometrical figure

A figure constitutes the external and iconical esgntation of a concept or a situa-
tion in geometry. It belongs to a specific semiaystem, which is linked to the
perceptual visual system, following internal orgation laws. As a representation,
it becomes more economically perceptible compaoethé corresponding verbal
one, because in a figure various relations of geablwith other objects are de-
picted (Mesquita, 1996).

Geometrical figures are simultaneously conceptsspadial representations. In this

symbiosis, the figural facet is the source of irtimn while the conceptual side
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guarantees the logical consistency of the opemtfBischbein & Nachlieli, 1998).
The double status of external representation img#xy often causes difficulties to
students when dealing with geometrical problems tduthe interactions between
concepts and images in geometrical reasoning (M@sd998). According to Du-
val (1995), the usefulness of the geometrical slaplee analysis of a geometrical
problem is considered to be unquestionable, singevides an intuitive presenta-
tion of the components and relationships in a géocaé situation. However, stu-
dents are often not helped by the figure, in otdereach the solution of the prob-

lem.

1.2.. Discriminating the apprehensions of geometrigglifes

Duval (1995) distinguishes four apprehensions fge@ametrical figurePerceptual
apprehension refers to the recognition of a shape plane or in depth. In fact,
one’s perception about what the figure shows isrde@hed by figural organization
laws and pictorial cues. Perceptual apprehensidicates the ability to name fig-
ures and the ability to recognize in the perceifigdre several sub-figureSe-
quentialapprehension is required whenever one must canstriigure or describe
its construction. The organization of the elemegnfayural units does not depend
on perceptual laws and cues, but on technical m@ingg and on mathematical
propertiesDiscursiveapprehension is related with the fact that mathieadgprop-
erties represented in a drawing cannot be detedimeugh perceptual apprehen-
sion. In any geometrical representation the peuagpecognition of geometrical
properties must remain under the control of statgs@e.g., denomination, defini-
tion, primitive commands in a menu). However, ithisoughoperativeapprehen-

sion that we can get an insight to a problem smhutvhen looking at a figure.

1.3. Operative apprehension: Visualization and fayrocessing

A fundamental component of visualization is vispadcessing. Visual processing
includes the following functions-processes of meiteges: change in the posi-
tion of the represented object (e.g. object rotgfichange in the structure of the
represented object, combination of the above clmafigekimanskaya, 1991). Op-
erative apprehension is a form of visual proces#nad concerns geometrical fig-
ures. It depends on the various ways of modifgingjven figure: theanereologic
way refers to the division of the whole given figunto parts of various shapes and

the combination of them in another figure or sugufes (reconfiguration), thap-
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tic way is when one makes the figure larger or narrowhile theplaceway refers
to its position or orientation variation.

Each of these different modifications can be penfxt mentally or physically
through various operations. These operations datesta specific figural process-
ing which provides figures with laeuristic function In operative apprehension the
given figure becomes a starting point to exploreeptconfigurations that stem
from the applications of these visual operationcofsfiguration may give insight
into the solution of a problem. The ability to draame units on a given figure is
an indication of operative apprehension.

Previous research studies investigated extensihelyrole of external representa-
tions in geometry (e.g. Duval, 1998; Mesquita, )9%ecent studies have used
different methods of analysis to investigate stiislegeometrical figure under-
standing. A research by Deliyianni, Elia, Gagatslenoyiou and Panaoura (2009,
in press) confirmed the role of perceptual, opeeasind discursive apprehension in
geometrical figure understanding using Confirmatérgctor Analysis (CFA).
Moving a step forward, Elia, Gagatsis, Deliyiardigonoyiou and Michael (2009)
investigated the role the mereologic, the optic #dredplace way modifications ex-
ert on operative figure understanding and theyfieeria model. This study has at-
tained its outcomes by using CFA and the implieatinethod. Another relative
study has used the hierarchical classification dmigination to the implicative
method (Michael, Gagatsis, Deliyianni, Elia, & Mgiou, 2009).

2. Aim and research questions

An important aspect that arises is which aspects sifidy each statistical analysis
serves better. In an attempt to answer these questihe purpose of this study,
which concentrates on students’ operative figurdewstanding, is to apply the
three aforementioned statistical methods of aralgei the same sample data and
compare their outcomes. The study focuses on thmpanson and combination of
the results of CFA, hierarchical clustering of whies and implicative method on
the same sample data.

We use the CFA trying to understand the multipleatisions of operative appre-
hension, we discuss the implicative analysis gtaph provides additional lighting
for a better structuring of the relations betweaa tiypes of modifications and fi-
nally we examine these relationships in the lightierarchical consolidation. Our

main consideration is to form a more comprehengieture for each statistical

P. Michael, I. Elia, A. Gagatsis & P. Kalogirou,
228



“Quaderni di Ricerca in Didattica (Mathematics)h® 20 suppll 2010
G.R.I.M. (Department of Mathematics, UniversityRelermo, Italy)
A.S.I. 5 Proceedings 5-7- November 2010

method, regarding their special characteristicsirtadvantages and their limita-
tions when dealing with the important issue of apiee figure understanding. We
are, also, focussing on whether the outcomes ofhitee statistical methods used
are complimentary or even overlapped, based orstindents’ performances that
we observed.
Concerning those mentioned above, we state ouanesguestions:
— Which are the common characteristics of the resilthe three statistical
methods? Is there a consistency between the ouscarisen from each method?
— Which statistical method is more appropriate andmementary use open

for particular aspects of the study?

3. . Method

3.1.. Participants, instrument and variables
The study was conducted among 125 students, agexl1Pl from primary schools
in Cyprus (Grade 6). The test consisted of threegs of tasks:

1. The first group of tasks includes task 1 (M1), 22j\Mnd 3 (M3) concern-
ing studentsimereologicway of modifying a given figure.

Underline the nght sentence: (M1}
a) Fig. 4 has gger penimeter than Fig. B
b} Fig. & has equal perimeter with Fig. B

) Fig. & has smaller penimeter than Fig. B A B

2. The second group of tasks includes task 4 (O4D% é@nd 6 (O6). These
tasks examine studentgptic way of modifying a given figure.

Vassilis constructed a rectangle in his writing kha®hape A is the rectangle as it
looks through a magnifier. Circle the picture tehbws the rectangle, as it is in
Vassilis writing book. (O4)
A
1 2 3
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3. The third group of tasks includes task 7 (P7), 8 (B (P9) and 10 (P10)
that correspond to the place way of modifying agifigure.

Theodosis combines Triangle 1 and Triangle 2 makiggre A. Calculate the pe-
rimeter of Figure A. (P9)
3 em .
4 e
Triangle 1 ﬂﬂ|::>
Scim
3 em
Figure &

Triangle 2

3.2.. Data Analysis

3.2.1. . Structural Equation Modceling and CFA

“Structural equation modeling (SEM) is a statidticeethodology that takes a hy-
pothesis testing (i.e. confirmatory) approach ® ittultivariate analysis of a struc-
tural theory bearing on some phenomenon” (Byrn®4)19This theory concerns
“causal” relations among multiple variables (Bentl#988). These relations are
represented by structural, namely regression eapgtivhich can be modeled in a
pictorial way to allow a better conceptualizatidrite involved theory.

SEM differs from the more traditional multivariagtatistical techniques in at least
three dimensions: First, with the use of SEM thalysis of the data is approached
in a confirmatory manner rather than in an exptosatvay, making hypothesis
testing more accessible and easier, compared whiér enultivariate procedures.
Second, whereas SEM gives the estimates of measntesnrors, the “conven-
tional” multivariate methods cannot assess or cbri@ these parameters. Third,
SEM involves not only observed but also latent hs®swved) variables, whereas
the older techniques incorporate only observed oreaents.

Factor analysis is a well known statistical techmeidor examining associations be-
tween observed and latent variables. The covanigioong a set of observed vari-
ables is investigated to get information on theiderlying latent factors. Of pri-
mary interest is the strength of the regressiohgpfitom the factors to the observed

variables. Jolliffe (2002) claims that there isanfusion between factor analysis
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and the principal component analysis (PCA) thasibbg arose due to Hotelling’'s
(1933) original paper, in which principal comporgentere introduced in the con-
text of providing a small number of ‘more fundanahvariables that determine
the values of the original variables.

Principal component analysis has often been dedit iw textbooks as a special
case of factor analysis, and this practice is ooeil by some widely used com-
puter packages, which treat PCA as one option pmogram for factor analysis.
This view is misguided since PCA and factor analysis usually defined, are
really quite distinct techniques. Both PCA and daainalysis aim to reduce the
dimensionality of a set of data, but the approat¢hksn to do so are different for
the two techniques. Principal component analysésiieen extensively used as part
of factor analysis, but this involves ‘bending tles’ that govern factor analysis
and there is much confusion in the literature dber similarities and differences
between the techniques. A major distinction betwieator analysis and PCA is
that there is a definite model underlying factoalgsis, but for most purposes no
model is assumed in PCA (Jolliffe, 2002).

Exploratory Factor Analysis (EFA) and Confirmatdgctor Analysis (CFA) are
two basic types of factor analysis. EFA is emploi@determine how the observed
variables are connected to their underlying coosdrin situations where these
links are unknown. By contrast, CFA, which is thipd of analysis employed here,
is used in situations where the researcher ainmssiostatistically whether a hy-
pothesized linkage pattern between the observedbles and their underlying fac-
tors exists. This a priori hypothesis draws on kieoye of related theory and past
empirical work in the area of the study.

CFA allows the researcher to test the hypothesisahelationship between the ob-
served variables and their underlying latent coms$fs) exists. The researcher uses
knowledge of the theory, empirical research, ohpgostulates the relationship
pattern a priori and then tests the hypothesidsttatly. Traditional statistical
methods normally utilize one statistical test tdedmine the significance of the
analysis. However, Structural Equation Modeling ACG#pecifically, relies on sev-
eral statistical tests to determine the adequacynadel fit to the data. The chi-
square test indicates the amount of difference éetvexpected and observed co-
variance matrices. A chi-square value close to madacates little difference be-
tween the expected and observed covariance matticegldition, the probability

level must be greater than 0.05 when chi-squackse to zero (Suhr, 2006).
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The basic steps that a researcher follows for zayryut CFA are described below:
The model is specified based on knowledge of relfettaeory and previous em-
pirical research. Using a model-fitting programclsias EQS, the model is ana-
lyzed so that the estimates of the model's parametgth the data are derived.
Then the tenability of the model is tested basedlata that involve all the ob-

served variables of the model. The tenability oh@del can be determined by us-

ing the following measures of goodness-of)ﬁ%:, CFI and RMSEA. The follow-

ing values of the three indices are needed to tno&dfor supporting an adequate fit

of the modeI:XZ/df <2, CFl > 0.9, RMSEA < 0.06. If the hypothes=i model is
not consistent with the data the model is respatifind the fit of the revised model
with the same data is evaluated (Byrne, 1994; Kii998).

The number of levels that the latent factors arayafkom the observed variables
determines whether a factor model is called a-firder, a second-order or a higher
order model. Correspondingly, factors one levelaeed from the observed vari-
ables are labeled first-order factors while higbeter factors which are hypothe-
sized to account for the variance and co-variaetsead to the first-order factors
are termed second-order factors. A second or a&higfuer factor does not have its
own set of measured variables. In this study arsooder model will be consid-
ered.

A structural equation model involves two basic &/pé components: the variables
and the processes or relations among the variablsshematic representation of a
model, which is termed path diagram, provides aalisnterpretation of the rela-
tions that are hypothesized to hold among the bbegaunder study. The observed
or measured variables, which constitute the actatd of the study, are often des-
ignated as Vs and are shown in rectangles. The asumed variables, which are
hypothetical and represent the structural orgaiozadf the phenomenon under
study, are designated as F and represented irathaljagram in ellipses or circles.
One type of the relations involved in a model ie #tructural regression coeffi-
cients indicating the impact of one variable onthan They are represented by
one-way arrows. For example, the unidirectionab\as leading from the Factor
“F1” (Figure 1) to the three observed variables (N2, M3) indicate that the
scores on the latter variables are “caused” byfdabtor “F1”. These relations are
called “factor loadings”. Similarly, unidirectionaftrows from one factor to another

imply that a factor causes or predicts anotherofaat.g. in Figure 1 the arrows
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starting from “Operative Apprehension” and pointtogvard “F1”, “F2” and “F3”
imply that “Operative Apprehension” predicts “F1F2” and “F3”.

3.2.2. Implicative Statistical Analysis and HierarchicaluStering of Variables

For the analysis of the collected data, the hidiaat clustering of variables and
Gras’s implicative statistical method has been afsoducted using the computer
software called C.H.I.C. (Classification Hiéraralg Implicative et Cohésitive)
(Bodin, Couturier, & Gras, 2000). These methodarwlysis determine the hierar-
chical similarity connections and the implicativdations of the variables respec-
tively (Gras 1992; Gras et al., 1996). For the sesdhis study, similarity and im-
plicative diagrams have been produced from theiegdn of the analyses on the
sample of students.

The hierarchical clustering of variables (Lerma@81) is a classification method
which aims to identify in a set V of variables, tsas of V, less and less subtle, es-
tablished in an ascending manner. These sectiengpresented in a hierarchically
constructed diagram using a similarity statistiaéerion among the variables. The
similarity stems from the intersection of the sebMvariables with a set E of sub-
jects (or objects). This kind of analysis allowue tesearcher to study and interpret
clusters of variables in terms of typology and dasing resemblance. The clusters
are established in particular levels of the diagesntt can be compared with others.
This aggregation may be indebted to the concemfio@tacter of every group of
variables.

In particular, the method used here is the ‘liketiti linkage analysis’ (LLA)
(Lerman, 1991). LLA is a methodology for groupingtal into significant classes
and subclasses, using an algorithm of hierarchuleaisification. This method in-
troduces a most original notion of statistics fagasuring statistical relationships
and proximities, namely the “likelihood” conceperiman (1991) sets up the “like-
lihood” notion as part of the “resemblance” notidine flexibility of this method
enables us to take into account any combinatoni@ll@gical structure of which the
modality set of a given descriptive variable isided.

The construction of the hierarchical similarity gliam is based on the following
process: Two of the variables that are most sinhilaach other with respect to the
similarity indices of the method are joined togetimea group at the highest (first)
similarity level. Next, this group may be linkedtiwione variable in a lower simi-
larity level or two other variables that are condlairtogether and establish another

group at a lower level, etc. This grouping proag®ss on until the similarity or the
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cohesion between the variables or the groups ohbles gets very weak. In this
study the similarity diagrams allow for the arramgat of the variables, which cor-
respond to students’ responses in the tasks ofests, into groups according to
their homogeneity.

The implicative statistical analysis (Gras et 4896; Gras, Peter, Briand & Phil-
ippe, 1997) aims at giving a statistical meaning:tpressions like'if we observe
the variable A in a subject, then in general weeobs the variable B in the same
subject”. Thus the underlying principle of the implicativeadysis is based on the
quasi-implication: If A is true then B is more or less trueAn implicative dia-
gram represents graphically the network of the igngglicative relations among
the variables of the set V. In this study the imglive diagrams contain implicative
relations, which indicate whether success to aifipaask implies success to an-
other task related to the former one.

It should be noted that the present paper is kkati¢he ones of Michael, Gagatsis,
Deliyianni, Elia and Monoyiou (2009) and Elia, Gtais, Deliyianni, Monoyiou
and Michael (2009), whose basic findings are inetléh the theoretical section

(2).

4. Results

4.1.. Outcomes of CFA
A main concern of this study was to validate a GRédel that could capture the
structural organization underlying the processeshefstudents’ operative figure

understanding. Figure 1 presents the results otlhgorated model, which fitted

the data reasonably weIle (32) = 35.228, CFl = 0.961, RMSEA =0.029]. The
coefficients of each factor were statistically $figant. The errors of variables are
omitted.

The second-order model which is considered apatgpfor interpreting operative
apprehension, involves three first-order factors ame second-order factor. On the
second-order factor that stands for operative dygmsion the first-order factors
F1, F2 and F3 are regressed. The first-order fa€taefers to the tasks which cor-
respond to the mereologic way of modifying a givigiure, the first-order factor
F2 refers to the optic modification tasks and fint-brder factor F3 refers to the
place modification tasks. The factor loadings réveat the mereologic and place

types of modification are the primary source explaj students’ operative appre-
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hension of geometrical figures. That is, they dghlly related to the operative ap-
prehension. However, the results indicate thathadle ways of modifying geomet-

rical figures have a significant effect on operatilgure understanding.

4 302 F1: Mereclogic
599
99

- 160
378
P9 —

838

Operative

apprehension

P10

Figure 1.The CFA model of operative apprehension.

4.2.The outcomes of the hierarchical clustering of abkés and the implicative
method of analysis

Each observed variable in the CFA model (Figureepyesented students’ “uni-
fied” score at the three types of modifying a getioal figure, the mereologic, the
optic and the place way. In order to be able topmam the three statistical methods
we examine, we concluded that it would be usefulde the variables mentioned
above in the implicative analysis and the hiera@helassification.

Figure 2 presents the similarity diagram of thetsraders’ responses to the tasks
of the test. Two similarity clusters are identifiefluster 1 involves students’ re-
sponses to all the mereologic modification taskd,(M2, M3) and two of the
place modification tasks (P9, P10). Cluster 2 mpsed of students’ responses to
all the optic modification tasks (04, O5, O6) ahd bther two place modification
tasks (P7, P8).
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Figure 2.Similarity diagram of sixth graders’ respases to the tasks concern-
ing the three types of geometrical figure modificaon.

The two clusters suggest that students displayedistency in applying respec-
tively the mereologic way and the optic way of nigidig geometrical figures.
This is not the case, though, for the place wamodlifying geometrical figures, as
the responses of the students to the four correlpgriasks are split into the two
existing clusters. A number of the place modifioattasks were approached simi-
larly to the mereologic modification tasks, whitetrest of the place modification
tasks were tackled similarly to the optic modifioattasks.

The following diagram presents the implicationswezn the variables, according
to students’ behaviour to the tasks of the teshd@ming Figure 3, a dual implica-
tive chain is discriminated, which indicates therhrchical ordering of the geomet-
rical figure modification tasks with respect toithlevel of difficulty on the basis
of students’ performance. Branch A involves thedshis’ responses to the con-
cerning place way modification tasks. The othenbha named branch B, is com-
prised of tasks from the three types of modificaidd geometrical figures.

Both branchestemfrom the variable P10. This is a place way modifaratask
that asked students to create a figure that canelspto a given perimeter, by
combining two triangles with the length of theides$ given. It consists the most
complex task of the test and students who provilexsbrrect solution at it, suc-
ceeded at all of the other tasks of the test thpear in the implicative diagram.

Students’ great difficulty in the particular taskalso shown by their low success

rate (X =30.4%).
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Figure 3. The implicative diagram among the respores of students to the
geometrical figure modification tasks.

Referring to branch A, we see that students whoraptish the most difficult task
of the test also succeed in the task P9. In tasktirents are asked to do the oppo-
site think, related to what they are asked to agiisimin the place way modifica-
tion task P10In this task students were asked to calculate énengter of a
figure that came up from the combination of twargdles with given sides.
So from this branch it is obvious that students fdifficulties when they have to
change the orientation of the figures and combivent compared to a situation
when the figure is given to them. In other wordss imore difficult for students to
perform these mental operations and visualizewdign order to manage to trans-
form it.

Considering “Brunch B”, it is indicated that therimaxt solution of the most diffi-
cult task of the test P10 leads to the accomplishmkthe task M3. It seems that it
is more difficult for students to face a place wagdification task, than a recon-
figuration of a shape in a mereologic task. Sucaesse mereologic task M3 en-
tails success in the latter task, which is thecoptodification task 5. Task O4 is
situated in the bottom of the implicative “Brunch &nd it is concerned to be the
easiest task among the tasks appearing in theasiaddtudents perform easier in
an optic task that requires making a figure smalldrile is more difficult for them

to succeed in an optic task that involves enlargeré a figure. Looking at the
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whole diagram, we can conclude that the place rmadibn is more difficult for

students in comparison to the optic modificaticsksa

5. . Discussion

In this study the students’ geometrical figure ustinding was examined. The
special think about this study is that the dataeveeralyzed with three different sta-
tistical methods, each one having its own perspectnd rationale. CFA was used
in order to verify the hypothesis based on Duvél'895) theoretical framework,
according to which the operative apprehension didgpem the various ways of
modifying a figure. The hierarchical clusteringwariables aimed at tracking and
presenting the consistency among students’ respdagbe modification tasks in a
hierarchical manner, while the implicative methodmined whether success at
one task implies success at another task. A mawnsfof our study is the compari-
son of the findings of the statistical analyseggrared, in order to gain an insight
about the advantages of each method, as well ag alt@ther their outcomes on
the same sample data are congruent and can comyileawh other.

The summary and the comparison of the outcomebeofhree statistical methods
on the data of the study that concur or have a tammgntary role amongst them
are presented in table 1. Whereas the implicatehrtique and the hierarchical
clustering of variables incorporate only observeshsurements, CFA allowed the
development and validation of a model that involwesonly observed but also la-
tent (unobserved) variables, which cannot be oleseov measured directly (Table
1, items 2). These constructs, which lied behirdatrresponding observed meas-
ures, were the ability to modify a geometrical witle mereologic, the optic and
the place way. Another abstract construct of admginder level was assumed to
underlie these abilities, indicating that desphie tliscrepancy in students’ per-
formance among the different types of modificatialhthree types of modification
are still basic components of a common constriet, dperative apprehension of
the geometrical figure. The structure of the CFAdeigrovided a strong case for
the role of the different types of modificationafjeometrical figure.

The strength of relations of the three first — of@etors to the second-order factor
in the model showed that each type of modificatias a different and an almost
autonomous function in the operative apprehensichegeometrical figure. The
compartmentalization of students’ responses to fizadiions, concerning the optic

and the mereologic type, was also revealed byeatelts of another method (Table
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1, items 3). This finding lends support to Duvdll®95) conceptualization of the
cognitive processes underlying operative figureanstdinding and suggests that, in
order to develop operative apprehension during emasttics instruction in primary
school, emphasis should be given on the three typegure modification, which
provides figures with a heuristic function. In sgiec students’ inconsistency when
dealing with different types of modification wasalevident from the similarity
diagram, in which the responses to mereologic g onodifications were sepa-
rated. However, the implicative diagram indicatieakt tsuccess in one type of modi-

fication can lead to success in another type ofificadion.

Table 1: The congruent and complementary outcomes of thig @ie hierarchical
clustering of variables and the implicative metloocthe data of the study

CFA Hierarchical clustering Implicative method

1. Factorial structure of 1. Hierarchical classification 1. Implicative relations be-

students’ geometrical figureand consistency of studentstween students’ responses

understanding. responses to the geometricalo the to the geometrical
figure modifications. figure modifications, rela-

tive difficulty of the tasks.

2. Development of a model2. Similarity groupings among 2. Implications among ob-

involving two latent (unob- observed measurements standerved variables standing

served) factors for the ef-ing for students’ responses tdor students’ responses to

fects of three types figurethe three ways of modifying athe three types of modifica-

modification and a second-geometrical figure. tions of the geometrical

order factor standing for the figures.

operative apprehension of

the geometrical figure.

3. Difference in the 3. Compartmentalization in 3. Two implicative

strength of the relations ofstudents’ responses to thehains involving students’

the three first-order factorsmodifications with respect toresponses to the three types

to the second-order factorithe type of the modification. of maodifications of the

each type of modification geometrical figures, lack of
operates rather autono- implications between the
mously. variables of the two chains.

4. Lower factor loadings of 4. Separate grouping of the 4. A place way modifi-
the optic modifications variables of the mereologic cation tasks was the most
relatively to the mereologic and the optic modification, complex task than the
and place modifications.  significant role of the type of tasks involving mereologic
modification on students’ or optic way modification.
consistency. Relatively weakThe optic modification
similarity of students’ place tasks were the easiest ones.
way modifications: distinct
ways of approaching this type
of modification.

Comparing the three methods of analysis, the CFAndit verify the exact same

groupings of tasks as the implicative and the hofiiaal classification methods.
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Despite this, the implicative and the hierarchiclalssification methods provided
insight and a more analytic view about the conswacand hierarchical structure
of these groups and the implicative relations amstuglents’ responses to the
tasks. The hierarchical clustering of variablesee®d some discrepancies in the
ways students tackled particular tasks of the tegfsch were not evident in the
CFA model.

Particularly, the similarity diagram showed thatdgnts’ consistency varied across
the three types of geometrical figure modificatidthereas students exhibited con-
sistency in the mereologic modification tasks amel eptic modification tasks re-
spectively, they applied the place way of modifygepmetrical figures in a rather
fragmentary way. A number of the place modificatiasks (P9, P10) were ap-
proached similarly to the mereologic modificati@sks, and the rest of the place
modification tasks (P7, P8), were tackled similadythe optic modification tasks.
This finding suggests that although it is the plagmlification that gives insight to
the solution of the corresponding tasks (Duval,5)%8me additional operations
need to take place so that students successfalbhrihe ultimate solution. These
additional operations may have common charactesistith the figural processing
which is required in either the mereologic modifica tasks or the optic modifica-
tion tasks. Furthermore, the implicative diagrameeded that the most difficult
task was the place way modification task, in wisttidents had to calculate the pe-
rimeter of a figure that came up from the comboraif two triangles with given
sides.

The outcomes of the three statistical processesvened how students dealt with
different types of figure modification related teetoperative apprehension (Table
1, items 4). The mereologic modification was foundhave considerable auton-
omy from the optic modifications. The separate giog of the former variables
from the latter ones in the similarity diagramseaated that students tackled the
mereologic modifications differently from the optioes. The implicative diagrams
revealed additional information to the above figginsuggesting that the optic
tasks were less complex than a mereologic task.

In general, the application of all of the analygedded congruent results. How-
ever, at the same time given that these statisticatesses approached the data
from different perspectives, they emphasized diffieraspects of students’ out-
comes. This differentiation allowed for the accuatiain of a number of new dis-

tinctive elements by each analysis that contributethe unravelling and making
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sense of students’ performance, structure of adslidifficulties and inconsisten-

cies on the particular subject (Elia & Gagatsi€)&0

The findings of the study suggest that the thredissical methods are open to
complementary use and each one does not operthie expense of the other. CFA
provided a means for making sense of the struatistudents’ operative appre-
hension of the geometrical figure. The hierarchatastering of variables provided
a means for classifying students’ responses, femtifying students’ consistencies
and inconsistencies among different conversionsfanéhvestigating the factors

influencing this behaviour. The implicative methmavided a means for examin-
ing the implicative relations among the responedbé tasks and the relative diffi-
culty of the different conversions on the basistoflents’ performance. This result
is reinforced by Studer’'s and his colleagues’ (30&iddy in which the results of

several exploratory statistical methods were coeghaBpecifically they compared
statistical implicative analysis with multiple cespondence analysis and case clus-
tering. They concluded that the implicative statsstadvantageously complements
more classical exploratory data analyses resulte. application of these methods
of analysis in combination may consist a way toroome some limitations of each

analysis employed separately. Therefore the restilés investigation can be en-

riched and deepened.
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