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Abstract. Mainly on the basis of some notable physical prosleeported in a 1929 Oscar
Chisini paper, this brief note expose further gasshistoric-critical remarks on the definition
of statistical mean value which will lead us towattie realm of Integral Geometry, via the
Felix Klein Erlanger ProgrammPossible educational implications are also bridiscussed.

Sunto. Principalmente sulla base di alcuni notevoli pratiléisici considerati in un lavoro di
Oscar Chisini del 1929, in questa breve nota somgpno ulteriori, possibili osservazioni
storico-critiche in merito alla definizione di valonedio statistico che ci condurra verso |l
contesto della Geometria Integrale, attraver§ralgramma di Erlangeui Felix Klein. Infine,
eventuali risvolti didattici sono pure brevementeennati.

1. Introduction

If one identifies, from a mathematical viewpoirite tconcept o$tatistical variable(of Statistic) with that of
random variable(of Probability Theory) according to what estaliedid in (Dall’Aglio, 1987, Chapter IV,
Section IV.2), then the notion afeanvaluemay be included in the most general onexgfectation valuef
a random variabfein turn included in the wider class of tementf a random variable.

Following (Piccolo, 1998, Chapter 4), tireanconcept is a primitive one for the human beingthsa it is
perceived with immediacy, though its measure idtrany since it depends on the synthesis criterion
adopted. Through such a criterion, then, it willgmssible to state a formal definition of mean eallihe
first notion of mean was due?d.L. Cauchy in 1821 who simply defined it as ameimediate value
between the maximum and minimum values of a gitathsical variable. Such a definition, is nowadays
considered as a simple range condition, cahéernality Cauchy conditioninstead, a great attention had a
formal definition of mean value due to Oscar Chigin1929, according to whom the meai of a given
statistical variableX, is that value which, with respect to another giggnthetic functiorf defined on the
frequency distribution ok, leaves invariant the values of the latter, thdbisay

(D f(x1, e, xp) = f(M,..., M) V(xq,..,%x,) €Edomf.

Following (Girone & Salvemini, 2000, Chapter 6, @t 6.1) and (Ferrauto, 1996, Chapter 4), suclearm
value M’ warrants that a predetermined quantity, assumedaetovariant and formally expressed by the
function f, is left unchanged. This Chisini’s theoretical @fibn defining a mean, is made operative by
specifying the functionf in dependence on the formal properties (like adtyit multiplicativity or
invertibility) of the random variabl&, so reaching to various possible types of meantherbasis of the
given f (see (Piccolo, 1998, Chapter 4, Section 4.2)). dffwace off is strictly dependent on the context of
the involved problem, this being one of the centmatifs of this paper.

! In this regards, see also (De Finetti, 1930) ahdtwill be said in Section 2 of the present paper.
2 For some related historic-bibliographical notes gBerzolari, 1972, Article LV, Chapter I1).
® For instance, to get the usual arithmetic meanchaose the following weighted invariant functifty;,...,x,) =
Yiipix; and we impose that bE™, p; x; = X1-; M x;, whenceM = Y- p; x;/ X, p; which is theweighted
arithmetic meanof the variablesy; with weightsp;. Instead, the invariant function which gives rige simple
geometrical meais the followingf (x4,...,x,) = [1i=; x;, from which, applying (1), it follow$[X, x; = [[L, M =
M™, whenceM = /I, x;. Finally, for the weighted harmonic mean, we hg\e;,...,x,) = 2=, p; /x;, hence

i /xi = X0 /M whenceM = ( Y-, p:)/ =, p: /x;) which is theweighted harmonic meawith weights
p;. For further related information, see (Girone &&aini, 2000, Chapter 6).
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Other possible definitions of mean have also beepgsed, like that proposed by O. Wald (1950) ded t
one proposed by M. Nagumo, A.N. Kolmogorov and B. Bnetti (see (Piccolo, 1998, Chapter 4, Section
4.2)), which substantially make use of methodsagmls to the functional one of Chisini whose esakent
idea is the following: through the functigh it is possible to consider theansferability of the initial
statistical variablé&’ amongst the unities of the statistical populatiowhich it is defined.

In this brief note, we want above all to dealhatihe notion of mean value according to Chisiniwdrich
then one of his former students, Bruno De Finkats mainly based his subsequent fundamental pBeer (
Finetti, 1930), and from which, amongst other tlingwill turn out to be clear the close dependeofthe
notion of mean value by the related involved protadc context.

2. On Chisini’'s mean definition

In the general statistical framework of a critid&dcussion of the mean value notion, De Finettideagered
his 1930 paper on a review of the notion of staastmean according to Oscar Chisini with its phbl&si
features and applications. He first stated thaextension of the concept of mean to an arbitrandoan
variable is also possible through the Chisini d&én.

Oscar Chisini (1889-1967) was a pupil of Fedegmuiques, and his main research field was in Algeb
Geometry. In 1929, he incidentally had to consider soméistieal questions from which derived his brief
but meaningful note on the general notion of a medmne. In it, he first of all criticizes the ol@21 Cauchy
definition of mean simply conceived as a certailu@acomprised between the minimum and maximum
values of the set of values of a given variabldetd, it does not provide neither any synthetiormftion
which gives a global vision of the phenomenon dbedrby this variable nor puts into evidence thads
relative character that a mean must have. AccordimgChisini, these last requirements might be
accomplished by means of the choice of a certaiotion, sayf, depending on the observed quantities of
this phenomenon. To this purpose he refer to soe@nimgful kinematicaland geometriclproblems as
practical examples of this his basic point of viewwhat a mean should be: for instance, to pointtioa
relative character of a mean, that is to say, éfgeddence on the circumstances of the involvedegmatiic
situation, he argues, inter alia, on a physicablemm concerning the determination of the mean taasie of
three conductors, whose result clearly depend erg#ometry of the this physical problem which istex
to parallel or sequential disposition of these amtars. At last, he also considers the determinatiothis
statistical parameter — a mean value — regarditggasting physical problems concerning the oswlhet of
certain physical systems (like a pendulum), in Whiéze also involved some not negligible geometrical
considerations, in turn connected to mass disidhytroblems whose inertial momenta are but thabrse
order statistical momenta (see (De Finetti, 1978lume |, Chapter Il, Sections 8, 9 and 10)).

Thereafter, Chisini provides a general definitadmean of an arbitrary distribution of a quangiyen in
certain circumstances and situatigras that unique value of it which may be substituwvithout to have any

* He was one of the exponents of the so-calledatiatieometric school, but also with wide interestsnathematics
education (like many other members of this celeatachool of which Federigo Enriques was charisietider).
® In this regards, it is classical examples thosated to the computation of the mean velocity ataia kinematical
problems, the same usually reported by the commemiises and textbooks on Statistics and Probafilieory: see,
for instance, besides (De Finetti, 1930), also ¢@ér & Salvemini, 2000, Chapter 6, Section 6.12) ¢bdll’Aglio,
1987, Chapter 1V, Section 2, Example IV.2.1).
® Above all, the examples reported at points 4. @ndf the paper (Chisini, 1929), are very meanihtgushow the
dependence of some types of means by the geonetsipects of the problem in which they are involMadparticular,
the first example reported at point 6. might beeeged considering, in (Chisini, 1929, formula (12))path integral
along the distribution line of the values given:xby= x(t) instead of a scalar integral which, besides, dépéno by
the geometry of the problem, being it the area dyithg the line of equatior = x(t). It is likewise interesting the
other following examples of the same point 6., frauich it turns out to be always non-negligible tigometrical
aspects of the considered problem. Finally, thermentations carried out at the final point 7. ofsBh paper, clearly
show what significant effects have a change of pedeent variables of the functighof (1), leading us toward the
more general group theory considerations which léllgiven in the next Section 4. However, for apgealiscussion
of these type of argumentations, see (De Fin€#01Volume |, Chapter I, Sections 8, 9 and 10).
" About the choice of a given mean, De Finetti,Dre (Finetti, Volume |, Chapter I, Section 9), speak therelative
and functional meaning that it must be identified for answeringthie purpose whose is aimed the given problem.
According to the author, this problem’s purpose aysummarized by means of the German meckméssigvhere
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change in the above contextual problematic framkwbo our purposes, we stress on this last pedyliar
that is to say, the just mentioned requirementesfegal invariance about the circumstantial andasdnal
setting of the given statistical distribution. Ihet general case of an arbitrary random varigbheith
distribution given by the partition functiah(¢), then we should consider a functional of the tfp&(&)] =
[Y(&)do(¢) instead off (x4, ..., x,,), and request to be valid the conditiBf@(§)] = Fé(x) if x is the
required mean for such a random variable, Wifl{x) = (¢ - x) distribution function of the random
variable¢ centered at. Therefore, under the hypothesis of invertibilifyfo we havéx = Fgl(}"[cl)(f)]).

3. A particular case related to non-commutativity.

One of the main formal properties of a statistioalan is the commutativity one, or else its invaréannder
the action of permutation group. Indeed, followithg seminal Steven’s papeiStevens, 1946), the first
measurement approach to statistical variables dpoalitative and quantitative, consists in theisslfication
according to one of the four main measure levedsedtby S.S. Stevens, namely th@minal ordinal,
interval andratio scales of which we herein reports what the same Stesays in (Stevens, 1946, p. 677)

«Paraphrasing N. R. Campbell (Final Report, p. 340¢ may say that measurement, in the broadest
sense, is defined as the assignment of numerailbjéats or events according to rules. The fact that
numerals can be assigned under different rulesdaadlifferent kinds of scales and different kiotls
measurement. The problem then becomes that of ghaplicit (a) the various rules for the
assignment of numerals, (b) the mathematical ptigs or group structure) of the resulting scales,
and (c) the statistical operations applicable toamgrements made with each type of scale».

Subsequently, at page 678 of (Stevens, 1946), dbeuescription of the third column of the basable |
(see later), Stevens states that

«In the column which records the group structure egich scale are listed the mathematical
transformations which leave the scale-form invariahhus, any numeral, x, on a scale can be
replaced by another numeral, X', where X’ is thedtion of x listed in this column. Each mathematica
group in the column is contained in the group imiatdy above it. The last column presents
examples of the type of statistical operations appate to each scale. This column is cumulative in
that all statistics listed are admissible for datealed against a ratio scale. The criterion for the
appropriateness of a statistic is invariance unter transformations in column 3».

We herein report the Table | of (Stevens, 1946l Wit additions and corrections given in (Stev&a58)

Measurement  Basic Empirical Mathematical Permissible Statistics Typical examples
Scale Operations Group Structure (Invariantive)
NOMINAL Determination of  Permutation group”  Number of cases, Mode, Numerations
equalities = f(x) with f bijective Contingency correlation,
correspondence Information measure
ORDINAL Determination of Isotonic groupx’ = Median, Percentiles, Intelligence test
greater or less f(x) with f injective Ordinary correlations coarse scorings,
map Mineral hardness

zweckmeans “purpose” whereasdssigmeans “suitable”, that is to say, the aim of gm@blem must be “suitable to
the purpose” (zweckmassig).
8 All the above considerations have been drew froenptapers (Chisini, 1929) and (De Finetti, 1930)this regards,
see also (De Finetti, 1970).
° See also (Ferrauto, 1996, Chapter 1) and (Pict®@8, Chapter 2, Section 2.3).
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INTERVAL Determination of ~ General linear group Mean, Standard °F and°C
equality of X' = ax+b deviation, Rank-order temperatures, Line
intervals or correlation, Product- position, Intelligence
differences moment correlation test standard scorings

RATIO Determination of  Similarity groupx’ = Coefficient of variation, Lengths, Densities,

equality or ratio ax Geometrical and °K temperatures,
Harmonic means sone&’, brilst*

According to what Stevens himself said in (Lern&®77, Chapter 3), the invariance is the central
characteristic on which is based this classificatioale. Therefore, it is possible to get an ohjeccientific
information from a given set of data if and onlytifey are invariant respect to a certain group of
transformations, which is the invariance grouphef given scale.

The four measurement levels are cumulative amttehen particular, the mathematical propertie®mod
level are included into those of the higher letelgsee (Ferrauto, 1996, Chapter 1)), so that the
commutativity, formally given by the invariance pest to the permutation group of the first measer@m
level, is one of the main formal properties owngdhe various statistical tools therein mentiorfemm this
last conclusion, it is also possible to argue vibidws.

Following (Bernardini, 1968, Chapter XV), (Kittet al., 1970, Chapter 2, Section 2.6) and (Torzg1,

3), the finite angular displacements and the vékxtiare directional quantities which yet are netterial
guantities because they do not verify the commeddw for the sum, so that it is not possible aasider
an any their mean value in the above sEn@n the other hand, the non-commutativity of &niotations’

is due to the non-commutativity of the rotatiorfeliéntial operatorsgeneratory L,, L, andL, of the group
SO(3), which, amongst other, lead to mathematidh®faddition of quantum angular momenta and relate
selection rules. These last quantum observablemotde summed among them with the ordinary rules of
commutative algebra but according to the irredecibpresentation methods of SO(3) (see (Onofri &tiDe
1996, Chapter 8, Section 8.3); in particular, in® possible to consider, for them, the usualistical
means.

The observations made so far, above all thosgeablto the primary above mentioned work of Stevens
clearly lead us towards a major consideration @f tblationships elapsing between Group Theory and
Statistic, hence between Geometry and Statistné takes into account the well-known 1872 Feligikl
Erlanger Programmwhose principle of the method sets that, rougplgaking, the main formal properties
of geometrical entities are those invariant respethe action of well-determined groups. Hencép¥ang
this pivotal Klein's idea, central concepts andlsoof Geometry will be group invariance and symmetr
ones. This program have had notable and fruitfauiees both in pure and applied mathematics, dsawéh
Physics: one of these, concerns that branch of éfadkics known amtegral Geometrywhich is closely
connected to the notion geometric probabilityand related arguments.

4. Towards the Integral Geometry

9 These are units of measurements of the volume(Btegens, 1958)).
M These are units of measurements of the brigh(sess(Stevens, 1958)).
12 As it has been already said by Stevens himseffijehawhen he says thaf...] each mathematical group in the
column 3 is contained in the group immediately &bioy.
13 |n this regards, it is important to take into ambthe distinction betweepolar and axial vectors; the angular
velocity is an axial vector. Analogously, the usuaan values, in general, cannot be applied tordtieal physics
computations involving the so-calleédtensivephysical quantities, like the temperatures, ndtstanding these last
commute among them.
4 But not of the infinitesimal ones.
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Following™ (Stoka, 1982, Chapter Ill), &, is anm parameter Lie group of transformationsRf of the
type

2) Vi =i (X1, ey Xpj Qg e, Q) = Pi(x; Q) i=1,..,n

depending omn parameterg; j =1, ..., m then a functiom (x4, ..., x,) is said to be amtegral invariantof
the groupGy, if

3) ff D(xq, ., Xp) dxq ...dxy, = ff D(yq, ey V) Ayq ... dyy
s s
for everyS € R" for which there exist the given integrals. On ditieer hand, if
D(y1, -, yn)
xX;y) & ————
() DOty )

is the Jacobian determinant related to the varieldsge(x, ..., x,) = (y4, ..., Yn) given by (2), then, from
(3), it follows that

4) P(x1, s Xn) = J G Y) Py, e, 70) = J (6 9) (Y106 @), o, P (45,0)).

Now, the relation (1), written fap instead off, is of the type (4) whety,(x;a) = -+ = ¢,, (x;a) = M and
J(x;y) =1 (or a non-zero constant), so that the (1) is &quéar case of the more general relation (4).

If &i(xy,...,xy) j=1,..,m are the infinitesimal generators Gf, then atheorem of R. Delthei(see
(Stoka, 1982, Chapter Ill, Section 3.1)) states tha @(xy, ..., x,) be an integral invariant d&, it is
necessary and sufficient thatbe solution of the following system of first orgwartial differential equations

zn: i (E--(x)fb(x)) =0 =1,...m
= 0x; ) p AT e

whence it follows a close relationship betweengdhmup structure o5, and its integral invariant functions
@. The groupG,, is said to baneasurabldf it admits an unique integral invariant functién at most, up to
a multiplicative constant.

Let &, be a family ofp (= 1) dimensional and parametric manifold¥, of R" each of which is given by
the system of (parametric) equations

Fj(xl,...,xn; al,...,aq)=0 j=1,..,n—p

with anyF/ analytic andx;, ..., a, arbitrary parameters, the variability of this finbeing given only by the
variability of these parameteas and not by the function®. Let G be a group acting of,, that is to say,
such thafl: &, - §,for everyTe G, and let3; = GBVpE?SpSVp be the internal direct product of the isotropy
groups3y, = {T; T € G, T()},) = V,}, each of which is a normal subgroup@fHence, le; = G/I¢
be the related quotient group which has the prgpefrtieaving globally invariant the familg, without
containing any transformation (different from tlientity) which leaves invariant every manifaid of &,
such a group will be said timaximal invariance groupf &.

If ® is a Lie group of transformations Bf' of the type (2), said,, ..., a; the parameters of a manifdlg,
then the parametefs, ..., B, of the manifold/, = T(V},) will be such that

Fj(xl, e X B, ...,,Bq) = Fj(ll)l(x; a), .., ¥, (x; a); ay, ...,aq) j=1,.,n—-p

15 For a more complete reference, see (Stoka, 1968).
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where

(5) B = 19k(a1, vy Qg; Ag, ...,ar) k=1,..,q

for certain functionsd. Therefore, ifD, € R? is the space of the parametess..., a, of the family ,,
then to the maximal invariance gro@Rp;, whose elements are of the type (2), it is possiblassociate,
relatively to the spac®,, the family of transformation&) which form a group isomorphic ®; and that
will be denoted by, («). Hence$,.(a) = 6, the first group being also said tlessociatedo G respect
to the family&,. Thus, if$, () is a measurable group with invariant integral fiﬂm¢(a1, ...,aq), then
we can define a measure @pas follows. Saidd a subset of,, we put

(6) U, (A) = f ...LZ |®(ay, ...,aq)| da ..dag

whereA,, is the bounded set of the parameter s@agecorresponding ted through the (5). Evidently, such
a definition depends on the basic isomorphi$m(a) = &,. Thus, we can now define geometric
probability as follows: ifA < A, then the geometri¢ probability for a manifoldl}, € A belongs taA, is
given by

Heg (A)

Pos ()% o )

Moreover, if¢ is an arbitrary random variable associated to étedsc F,, then theh-th geometric moment
of ¢ is defined by

f...fﬂafh(al, cra)|P(ay, ..., )| day ...day

f...fﬂa |2(aty, ..., aq)| day ...day

My ()

which, as it is well-knowtf, generalize the various notions of mean value (fliie arithmetic, harmonic and
geometric ones) of the discrete case. From helig, fibssible descry a certain geometric backgrdand
Statistic, passing through the Integral Geometd/the Klein's Erlangen program.

6. Conclusions

From what has been said above, the various nosioriar introduced are strictly depend on the Leugrof
transformatiort; of the type (2), of which we have considered a ipsssomorphic image, namely, (a).
Furthermore, in these discussions, it has also pessible to verify as the basic Chisini invarieaiaition (1)
may be considered as a particular case of the gemeral invariant relation (4), upon which haverbee
centred the various argumentations that followeduin, the latter are all closely related to theaam of the
given Lie group of transformatiois; and its invariants (like (4)), so that, in Statistiand Probability
Theory, a more properly geometric framework mighbanake its appearance via the general philosophy

16 See, for instance, the notion péwer mearvalue of index hfor the discrete case in (Girone & Salvemini, 2000
Chapter 6, Section 6.11) which, inter alia, contaas particular cases, the notions of arithmetaymonic and
geometric mean. In turn, this power mean value [mmiicular case (related to the discrete onehefrhore general
notion ofh-th momentbf an arbitrary random variable (see (Dall'Agli®87, Chapter 1V, Section IV.3)).
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the above mentioned Felix Klekrlanger Programmif one considers the geometric probability theasya
particular chapter of the wider Integral Geometptext’.

Finally, from an educational viewpoint, the aiftlois brief note might also be interpreted as ried to
develop a more critical sense along the approadhtla® knowledge analysis of an arbitrary problem or
guestion: for instance, we here have treated alpgessase study of this kind, namely a criticalagsef the
notion of mean value, from an historic-epistematagjperspective.
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