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Introduction: 
Several factors influence student performance in mathematics. One of them is the language used in mathematics, which is a hybrid language, that is a mixture of the native language spoken and written by the children, their parents and their teachers and the symbol language, a code specific to mathematicians and teachers of mathematics. International research has shown that this hybrid language mainly depends on different linguistic variables, namely syntactic ones. In Tunisia, Arabic is the native language, written and read from right to left (R-L), while the symbols used in mathematics may be derived from non Arabic origin and written and read from left to right (L-R). A reader of a seventh grade Tunisian text book in mathematics will have to read successively from right to left, then from left to right and again from right to left. Thus we think that in our country, the hybrid mathematical language is subjected to a variable, we call bi-laterality which deals with the changing of the directions of reading and writing in a same sentence. So far the impact of bi-laterality on early learners of mathematics has not been thoroughly studied.

In this paper, we shall try to answer three questions about this subject: 

1. Have bi-laterality problems been the focus of international researchers?

2. How did Ancient Arabs, who translated and adapted into Arabic mathematical works written in Greek, Persian or Indian, solve bi-laterality problems? 

3. Could a laterality problem be a factor influencing student's performance in mathematics, if so how important can this be?
I .  Bi-laterality in international research
Three axes of research relate directly or indirectly to problems of bi-laterality, one is based on linguistic considerations, another on cognitive approach and the last one takes into account sociological factors.

The linguistic approach: Many researchers have focused their work on the linguistic aspects appearing when the hybrid mathematical language (Colette Laborde
) is used in the class room. At the same time, the learner has to pay attention to rules of grammar of his proper native language and to those of the symbolic language used in mathematics. Often pupils will read symbolic expressions in the same way they read and write narratives in their language, using word-for-word translation. This is the source of numerous errors
 as the reversal error
 of "the student-professors problem". 

The cognitive approach: David Tall, and all, have developed a cognitive approach which helps explain the way pupils use symbols in mathematics. For these authors procedurally oriented children are able to use specific step-by-step procedures and are known to assign a left-to-right order to the reading of symbols.
 On the other hand, proceptual thinkers have a flexible use of symbolic expressions. For them, symbols are used both as a procedure and as the concept produced by this procedure. The cognitive approach indicates that procedurally oriented children will have more difficulties to cope with the bi-laterality problems than proceptual thinkers.

The sociological approach: In the U.S.A., many papers deal with bi-lingualism and its influence on mathematical skills
, specially among those pupils whose original native language is Arabic or Chinese and who do not read and write from left to right as English readers do. 

Our own approach differs from the above mentioned ones in that we try to show whether the inclusion of a symbolic expression in the native language will raise a problem of  bi-laterality or not according to the type of symbols involved. 
II. Bi-laterality depending on the types of symbols  

Among the classifications of mathematical symbols, we propose five types : designative, abbreviative, illustrative, conventional and substitutive symbols.

Designative symbols : This refers to symbols used in order to designate a mathematical object. This type of symbols do not generate any problem of bi-laterality if they belong to the usual language of the reader. However, some problems do appear when they are written in different alphabet from the one used in the text. 

Abbreviative symbols : Here a word is replaced by a letter which is usually its abbreviation. This letter is a symbol which may represent a concept, a procedure or an instruction. Abbreviative symbols are unstable since they depend on the language in which they are used. They will differ according to the various cultures. 

Conventional symbols : According to Florian Cajori
 they "originated as abbreviations of words. Later some of them (their ancestral connections being forgotten) assumed fluorescent forms and masqueraded as ideographic symbols" (page 336). He adds that "in no branch of mathematics is the system of symbols now used identical with what any one inventor ever designed them to be; present notations are a mosaic of  individual signs of rejected systems." (page 337).  
For example: Ahl al-Istilah of Baghdad in the XIIth Century had agreed to use Hindi numerals while at the same period Ahl al-Istilah of al-Andalous and of the Maghrib agreed to use Ghubar numerals which are also of Hindi origin but do not have the same graphic representation. This difference in conventions is well explained
 by Ibn al-Yassamin (d. 1204) in his Kitab Talqih al-afkar fil 'amali bi rushum al-ghubar : 
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(folio 8)

In the Twentieth Century, most people use the same numerals of Hindi origin, which are in fact Ghubar numerals called Arabic numerals by Europeans.  

Illustrative symbols: These are symbols used to help understand a rhetorical text written in a native language, which may be skipped out without harming the understanding of the text. These symbolic expressions are direct translations of rhetorical texts. The author opens a "window" in his text to leave room for symbolic expressions, as he would do if needed for geometrical figures or for numerical tables. 

Here below one example showing how al-Qalasadi (d.1486) made use of this technique: : 
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Substitutive symbols: These are necessary for the comprehension of mathematical texts. They replace lengthy rhetorical sentences and help to shorten the texts. Colette Laborde's mathematical hybrid language is made of natural language mixed with substitute symbols. When he translated Arithmetica, Qusta ibn Luqa (870-912) turned substitutive symbols used by Diophantos into words and not into signs. His translation was thus completely rhetorical.

III. Bi-laterality in Arab mathematics

We shall first examine how Arab mathematician of the Golden Age have solved bi-laterality problems they might have been confronted with when translating Greek or Hindu arithmetic into Arabic.
Arithmetic: When writing and reading numbers, early Arabs used to start with the units, then with the tens, then ten hundred, and so on upwards. al-Uqlidisi (around 950) is one whose book on Hindi arithmetic has recently been discovered and edited
. His discussion on bi-laterality problems is worth reproducing here:

"It is said : why is it not written from right to left? Why not from left to right as in Rumi? We say: Every letter starts from the right; so all start from the right. (…) Rumi (writing) starts from the left, and so Rumi letters (start) from the left too. If Hindi letters are started from the left, that would become difficult and slower. The way is easier, and in this kind (of arithmetic) we seek easiness of working and speed."(page 187-188).

Al-Uqludisi, like all his fellows who adapted Hindi numerals to the Arab language has retained not only the Hindi ciphers but also the direction in which they were written. 

In their reading of numbers, today Arabs use a combination of the two systems: 

· for numbers 11 to 99, they start with units and end with tens  

· for numbers above 100, they start with the highest order up to the tens and then reverse the order by reading units then tens. 

Fifth grade children have great difficulties writing and reading numbers because of this bi-laterality problem. They often write and read wrongly the number 234574 since they reverse the order of the units and the tens, reading or writing it 243547.

Decimals: Up to the famous Miftah al-Hissab of al-Kashi (d. in 1429), Arab astronomers used to write whole numbers and fractions from right to left, starting with the highest order and ending with the lowest. 

a-2 a-1 a0 a1 a2 a3 a4 = (60)-2a-2  + (60)-1a-1 + a0 + 60a1 + (60)²a2 + (60)3a3+ (60)4a4

((((((((((((((((((((((
          negative sexagesimal powers          units          positive sexagesimal powers


Al-Kashi's major contribution is "his systematic exposition of the arithmetic of decimal fractions, an invention he claims as his own" (page 21)
. 
It is remarkable that when he invented this system, al-Kashi departed from the sexagesimal order and reversed it by writing whole numbers on the left and decimal fractions on the right, the highest orders first and the lowest ones last. This is the way we write decimals today.

((((((((((((((((((((((
          positive decimal powers            units               negative decimal powers 

Algebra: In North Africa mathematicians are known to use algebraic symbols. The following example from a fifteenth century manuscript, written by al-Qatrawâni, shows a left-to-right order system: 8x9 + 48x8 +132x7 + 208x6 + 198x5 + 108x4 +27x3  is represented by 
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The above examples from geometry, arithmetic, decimals and algebra prove that Arab mathematicians avoided any dogmatism when they had to "import" foreign symbols despite the fact that these symbols made them reverse the order of writing or reading used in their own language. Only efficient approaches and methods were privileged in this case.   

IV . Bi-laterality in Tunisian schools  

The language used for teaching mathematics in North African schools is usually Arabic. However the symbols used can be either Arabic or French. The following table gives an idea of the linguistic items used for symbols in Tunisia:


Language used in teaching mathematics
The writing of symbols

Primary schools
Arabic
Right to left

Grades 7 to 9
Arabic
Left to right

Secondary schools
French
Left to right

It is clear that two stumbling blocks stand in the way of the Tunisian pupil : one during the seventh grade when French notations are introduced, although the language of writing and reading is still in Arabic and the other during the First year of secondary school when the language of mathematics in no longer Arabic but French. These are therefore two main occasions in which pupils face serious bi-laterality problems. In order to understand the difficulties which arise from these two situations, we have started an in depth study dealing with linguistic, psychological, sociological and cognitive aspects of the problems. We have planned  to present the result of this study by the end of next year.

Based on our classification of symbols, there follows a comparison of the way they are used in 6th grade and in 7th grade, with our focus on the bi-laterality problems. 

 Designative symbols

6th grade
7th grade

نعتبر الرسم التالي

س               ج     أ        ب                    ص


نعتبر الرسم التالي
x         C      A           B                        y 

   قطع المستقيم ]  ب  ج [
   قطع المستقيم    [B  C] 

  المثـلث ) أ  ب ج (
  المثـلث (ABC) 

  الزاوية]  ب ج  , ب د [
  الزاوية[BC , BD] 

الدائـرة)  د(
الدائـرة(C) 

النقطة ״أ״
النقطة A  

المستقيم ) د(
المستقيم  (d) 

While no apparent bi-laterality problem is noticeable in the 6th grade since native language and symbols are written both in the same direction (right to left), it is different for the 7th grade presentation of designative symbols since the letters used for designating geometrical objects are French ones. Linguistically the child has to combine both Arabic and French registers. Another complexity appears when interpreting the symbolic expression      [B C] which designates a line segment: Is B on the left or on the right of C? The status of this bracket notation is not the same in 6th and 7th grades. In 6th grade, [ج  ب ]  starts to be read as a dynamic line segment where one meets first the point ب and then the point ج. This is essentially a procedural way of reading brackets. While in the 7th grade, the child's mind has to be sufficiently flexible to allow him to think about the meaning of the bracket symbol and to visualize the orientation of the line segment the opposite direction. In fact the bracket notation has to be perceived as a procept. We think that this cognitive stage cannot be attained by the majority of the pupils involved and we suggest that at this level of learning all designative symbols use letters chosen from native language and that the orientation of the line segments continues to be from right to left.

Abbreviative symbols

The Tunisian 6th grade pupils will not have more difficulties than the children of the same age in other countries to whom abbreviative symbols are proposed as substitutes of standard terms used for measuring capacities, distances, weights, times or surfaces. For those children these types of symbols will not represent the number of liters or of meters but they will just be a stenographic accessory. While no particular bi-laterality problem stems from this way of handling symbols, it is known that later on it will create some kind of difficulties for early learners of algebra
.  


6th grade
7th grade

Liter
  سعة كل برميل  10ل
10 l برميل  سعة كل

Meter 
  طوله 78 م  و عرضه
  طوله 78m  و عرضه

kilogramme
  و ز نه  123 كغ
  و ز نه  123 kg 

minute
 7دق
7 mn

Square centimeter  
 12صم2
12 cm2

Mesure of a surface
قيس المساحة بالم 2880 2
قيس المساحة بالمتر المربع  2880  

On the other hand, 7th grade children are confronted with the difficulty of using abbreviative symbols not as such but as conventional symbols read in French and directly inserted into Arabic. Bi-laterality problems here are obvious. Let us illustrate this statement in the example below: When the pupil reads the sentence : 

طوله 78m  و عرضه
(its length is 78 meters and its width …), he will start reading the Arabic expression from right to left, then the symbolic expression from left to right, and back again to the Arab expression from right to left. It can be seen that the child is expected to be able to use a proceptual way of thinking in a situation where procedural thinking would be sufficient. Instead of being confronted to routine symbols whose aims are to facilitate procedures, these notations make the pupil's task of doing basic mathematics harder. We think that at this stage of learning mathematics the use of French abbreviations is not useful and fosters undue difficulties.  
Conventional symbols

The following table shows a clash between the two types of conventional symbols, those used in Tunisian primary schools and those used from the 7th grade onward. It is a failure in our curricula. As it appears in the above table, the same signs follow different syntactic rules.


6th grade
7th grade

degree 
 °78
78°

Subtraction 
848 = 377 - 1225
1225 - 377 = 848 

multiplication
99 = (54 - 63) x 11
11 x (63 - 54) = 99

Division
 168 = 10 : 1680
1680 : 10 = 168

Equality
إذا علمت أن  أ + ب = ج
إذا علمت أن  a + b = c   

A is an element of [B , C]
     أ] ( ب  ج [
A ( [B C]

Bi-laterality difficulties are evident in the use of subtraction and division signs and are less obvious for the three remaining symbols, that is addition, multiplication and equality, since they represent commutative operations. However, didactic researches have shown that pupil's mind being procedural, he follows the direction of the writing system. 

The remarks that we have made here are just a preliminary presentation of an in depth analysis of bi-laterality problems in teaching mathematics in Tunisia which we are preparing for the end of next year.
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