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Internationd research in mathematics education, and in particular regarding agebraic teaching/ lear-

ning and its difficulties — a diverse ages from junior leves through to university — have underlined a
widespread traditiona teaching method quandary. Over the past twenty years, research has focali-

zed on a large number of possible gpproaches that increment the meaning of the algebraic proces-
ses and objects Oneof the principa formsis: the problem solving (where emphasisis given to the
andysis of problems and equations), the functional approach (the use of letters to indicate measu-

rement and the formal coding of relations among measurements), the generalization approach (the
use of expressons to represent geometric patterns, numerica sequences, ‘rules).

A determining role is atributed to the linguistic approach and to research that faces the didactica

developments garting from the concept of algebra as a language. This role becomes even more
ggnificant if it is associated to the hypothesis of an early approach to algebraic education begin-
ning from the didactical revision of the relations between arithmetic and algebra. Research
does demondrate just how the students limited arithmetic experience becomes an obstacle when

learning dgebra. It is thought that an earlier approach can reduce this difficulty (see for instance Kie-
ran 1992, Linchevski 1995).

It is only recently that interest has been shown towards an early approach to agebra (see Da Rocha
Falcao & a. 2000, Carpenter & Franke 2001, Carraher & a. 2001, Kaput & Blanton 2001, Lee
2001, Malara 1999, Schliemann A. & d. 2001). Question and answers are being formulated, such
as. @) How early should early algebra be? b) What are the advantages and disadvantages of an
anticipated start? ¢) How are the answers to these questions connected to theory of cognitive deve-
lopment and learning, and to the cultural and education traditions of teaching algebra? d) Which a-
gebra and agebraic thinking aspects should be part of an early agebraic education? €) What conse-
quences would an early agebraic education have on teachers and their training?

This final question summarizes one of the most crucial aspects connected to the implementa-
tion of innovative didactical sequences as those of the ArAl Project.

Links between arithmetic and algebra

The ArAl project is Stuated within that theoretic frame that assumes the denomination of early alge-
bra: in which it is thought that the principle cognitive obstacles are to be found in the pre-agebraic
fied, and that many of these spring up from unsuspected arithmetic contexts and they then become
conceptua obstacles to the development of dgebraic thinking. Numerous recent sudies in the field
demongtrate how students lack appropriate arithmetic structures from which they can generdize, and
moreover, how students lack the knowledge of arithmetic procedures and do not posses a concep-
tua base from which to build up their agebraic knowledge.

The didactical problems regarding dementary agebra can be identified at the congtruction level of:
(a) basic arithmetic knowledge; (b) dgebraic knowledge.

The firg level (which corresponds roughly to the ages of between 6 to 12 year olds) does not give
aufficient attention to the passage to dgebra; the second leve (traditionaly around the age of 13)
tends to concentrate excessvely on the calculation processes. The result being that dgebraic thinking
is not congtructed progressively as athought tool parallel to arithmetic, but successive to arithmetic,
thus above dl its manipulative mechanisms and computational aspects are highlighted. Therefore a-
gebra loses some of its essentia characteristics: one, an gppropriate language to describe redlity and
two, a potent reasoning and forecast insrument of codifying through formulas knowledge (or hypo-
theses) regarding phenomena (in our case dementary) and where new knowledge derives (by means
of transformation consented by agebraic formaism) on the phenomena themsaves knowledge (or
hypotheses) regarding phenomena (in our case dementary) and where new knowledge derives
from (by means of transformation consented by agebraic formalism) on the phenomena themselves.
Let us now follow a reverse path. We will begin by proposing some reflections about didactics of
Algebra in secondary schools (11-14 year olds) and then we will climb back up dong the branches
of animaginary genealogy tree towards the ‘arithmetic ancestors' of agebraic concepts.

Potentially mideading models
As mentioned previoudy, traditiond teaching is going through a criss; further to the reasons listed ini-
tidly, we believe that two probable causes of didactica and psychological nature are:

investing too much timein technique exercises,
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- the lack of recognizing psychologica and cognitive barriers that impede the students' accep-
tance of the algebraic language.
International research among 12-13 year olds responds that elementary agebraic notions are not ne-
cessaily difficult, however the defects can be found in the didactica practice which does not take
sufficiently into congderation:
a) awidespread inadequacy of arithmetic comprehension,
b) linguidtic difficulties connected to learning aformd language.
We shdll discuss the linguidtic difficulties later on, here we would like to point out some examples of
how legitimate models relaing to operations acquired in an arithmetic ambient may be mis-leading or
inhibiting to the conceptud progress of an dgebraic ambient.
Some research begins from the consideration that the modd of multiplication as a repested addition
learnt a dementary school implies that multiplying and multiplier are whole numbers, for example:
the student ‘sees ‘'5+5+ 5+ 5 as‘5x4, read as ‘5 repeated 4 times . Later, however at an a-
gebraic levd, if the writing *3x’ refers to that model, and therefore is interpreted as ‘ 3 repested X ti-
mes , many students lose track of the meaning in front of that ‘3’ repeated ‘how many times? due
to the fact that students cannot ‘see’ the number of times (Navarra 2001). On the other hand, if the
student is capable of interpreting *3x’ as‘x + X + X', that is ‘X repeated 3 times then the passage of
anot whole multiplier may form yet again alogica passage thet is difficult to grasp: in ‘0,3X’ repea-
ting xfor 0,3 times is sensdess because it does not have a comforting or concrete support. Even
knowing from arithmetic that commutative property holds for multiplication, sudents often see multi-
plying and multiplier as things having a different status. For example, in the dgebraic fidd, in *2y’
they see ‘2" as a different entity from ‘y’. Also because, dthough they are ableto gragpin ‘2y’ the
commutative property and therefore the equivaence between ‘two timesy’ and ‘y times 2, if they
write ‘y2' the teacher will tdl them they are wrong — thus consolidating their misconceptions in that
which could be defined as a diverse ontology between the number and the letter (of courseitisof
fundamenta importance that the concept of conventionis studied in-depth).

Natural Language and Formal Language

Difficulties like these, within an aithmetic fidd, then influence that long chain of possble errors that
students encounter when they face setting up an equation of a problematic Stuation. For example
students: 1. attempt (just as an naive trandator would) to ‘literdly’ trandate the text; 2. do not know
or do not use the dgebraic notation conventions; 3. interpret number as adjectives, and letters as la-
bels or as abbreviations; 4. interpret an equation as a sequence of ingructions, in which casethe Sgn
‘=" means ‘give place to’; 5. do not know how to interpret the texts of ‘non-sequentid trandation’
problems, meaning problems in which the order of the terms used in the text is not satisfactory to
their mathematical elaboration; 6. do not clearly distinguish the sums and powers produced (ambi-
quity between additive and multiplicative sructures); 7. have confused ideas about ratio and differen-
ce.

It is believed that unconscious habits and cognitive process present within a naturd language may
cregte conflict with the procedures required from a formd language. For example: 'y is three times
bigger than Z isliterally trandated erroneoudy as‘y =3 x + Z' (‘threetimesmorethanz') or 'y =3
X >Z (‘threetimesbigger than Z'). In other words, it is presumed that without a complete awareness
of arithmetic procedures and writings, students possess an impoverished conceptud base which im+
pedes their future construction of agebraic knowledge.

However, it is opportune to underline that often, students' errors and misconceptions are neither stu-
pid nor lighthearted and they represent a result of reflection and reasonable attempts to attribute a
meaning to mathematica expressons that would otherwise lack sgnificance. Others could indicate
reasoning one might define, as not as being wrong rather as being interrupted and could therefore
represent the beginning of a potentialy productive reasoning.

2. AIM OF THE PROJECT

A collective construction of meanings

The abovementioned condderation about the presence of a potentidly productive reasoning brings
us to what we have written previoudy about early learning algebra. Some youngsters — above dl the
younger ones a dementary school ages — are less conditioned by errors and stereotypes and e
xpress themsalves more cregtively and are more willing to amuse themsdves. Thus within the dass
they can be lead to a collective congtruction of new meanings through the practice of reflections, in-
terpretation hypotheses, ‘murky’ language use, which are aspects often destined to remaining in the
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limbo of ‘the unsaid’ thus creating errors and mis-conceptions which hinder the sudents' relation-
ship with mathemeatics and more in generd their relationship with schoal.
On alinguidtic level, some of the mgor difficulties that younger sudents have to face with agebra,
are represented by having to understand:

why a symbolic language has to be used;

which rules does the symbolic language have to abide to;

the difference between solving and representing a problem.
The pergpective of initiating students to agebra as a language, within a continual backwards and for-
warding use of arithmetic thinking, may favour the individudization of a more effective didactics with
students aged between six and fourteen, as it is based on negotiating and thus on the explicitness
of adidactica contract amed at the solution of agebraic problems based on the principle “ first re-
present and then solve” . This perspective (developed in depth further on) seems promising when
facing one of the most important conceptua areas of agebra: the transformation of representation
terms from the naturd language in which they are formulated into the formal dgebraic language trar-
dating the relations that they contain. In this way the search for the solution is trandferred to the next
phase.
Before facing the dudlity of represent/solve, one must concentrate on afundamenta point of the theo-
retica frame that the ArAl project refersto.
Algebraic babbling
We retain that there is a huge smilarity between learning a naturd language and learning an agebraic
language; S0, asto explain this point of view we have adopted the babbling metaphor.
When a child is learning a language he/she dowly gpproaches its meanings and rules and gradualy
develops these through imitation and use until school, when the child then learns to read and reflect
upon the grammar and syntax agpects of the language. In traditiona didactics of dgebraic language
one begins by firgly studying the rules, asif forma manipulation came before the comprehension of
meanings. There is the tendency to teach dgebraic syntax however at the same time its semantics are
overlooked. Mental models of Algebraic thinking should instead be built up through what we cdl ini-
tid forms of algebraic babbling. Our hypotheses is that dgebraic thinking and mental models of
thought should begin from the firg years of eementary school — years in which pupils begin to ex
counter arithmetic thinking, making it possible to teach them to think about arithmetic in an alge-
braic way. In other words, building up progressively in sudents agebraic thinking as an insrument
and object of thought closdly interwoven with arithmetic. Starting from its meanings and by
means of condructing an environment that informally stimulates an autonomous eaboration of alge-
braic babbling, thus favouring the experimental gpproach to a new language in which the rules pos-
tion themsdlves gradudly, and within a didactical contract which tolerates initid ‘promiscuous syr+
tactical moments,
Solve and Represent: product and process
These congderations lead us to a delicate area of congtruction on behaf of the students and their i-
deas about mathematics, ideas which participate in the formation of that which Schoenfeld refers to
as the students epistemol ogy. Referring to what he/she is convinced about thus leading him/her re-
taining that the solution to a problem (a smple addition for eementary students or a more complex
problem for an older student) is essentidly — or exdusvely -: the search for a result. This of course
moves the students' concentration towards that which can produce said result, that being the opera-
tion. Solving problems basically means cal culating. Students should be aided into thinking of how
to distance him/hersalf from the worries of the result and consequently of the operations that will
permit reaching that result. In this way, they should be aided into reaching a higher leve of thinking:
subdtituting the act of calculating with ‘looking at oneself’” while calculating. It is the passage
from a cognitive level to a meta cognitive one in which one has to interpret the structure of the
problem.
We can say that the first case ams at the individuaization of the product, that is the operations that
consent one to solve the problem — wheress the second example of the problem ams at the indivi-
dudization of the process, that being the writings which permit one to represent the manifestation of
an articulate thought process. In the first case the diachronic aspect prevails. the menta processes
of caculation take place sequentidly in time and the result emerges at the end of an action. In the
second case the time dimension disappears. the author abstains from doing and poses higher interest
in the conceptud dimension of individualizing the structur e that the algorithm applied.
Thisis abasic concept to understanding the passage from an arithmetic way of thinking to an alge-
braic way of thinking. Thisis a very delicate step because it is linked to one of the most important
agpects of the epistemological gap between arithmetic and agebra concerning the explicit and impli-
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cit contracts supporting the two procedures: whilst arithmetic requires an immediate search of a so-
lution, on the contrary agebra postpones the search of a solution and begins with a formd trans-
positioning from the dominion of anaturd language to a specific system of representation.

In our opinion and as we have underlined previoudy, the perspective of dgebra as a language can
enhance the individudization of a more efficient didactics with students aged between seven and
fourteen, due to the fact that it is based on negotiating and therefore explicating adidactica cor-
tract amed at solving agebraic problems based on the principa “ first represent, then solve”. A
promising perspective when facing one of the most demanding and important areas of conceptua a-
gebra: the transposition in terms of natural language representation in which problems are
formulated and described, into the formal algebraic language in which first the relations they
contain are translated and then their solutions are found.

We fed that profound changes are necessary within agebraic teaching spheres at lower secondary
school, and that starting from elementary schodl it is opportune to anticipate the approach to these
problems. This can be done beginning from the individualization of didactical concepts and
processes which favour the passage from arithmetic thinking to algebraic thinking.

3. METHODOLOGICAL ASPECTS

The ArAl project and teachers
What we have written so far synthesizes the frame which contains the ArAl project’s activities. Until
this moment (July 2002) the ArAl project’'s main users are teachers of elementary and secondary
school (6-14 years old pupils) who, in generd, do not have a mathematica university background,
as the mgority come from areas of humanistic and pedagogica education (dementary teachers) and
scientific education (secondary school teachers).
Hence, the project presentsitsdlf as an important occasion for teachers to reflect upon their knowle-
dge (which, of course, conditions the choice of moddities through which teachers themsaves then
tranamit their knowledge to students) and their beliefs regarding mathematics — one could say regar-
ding their epistemology. The Stuations laid down in each unit take place in simulating didactica e+
vironments — which can often be difficult to handle — and require various competences and numerous
delicate capabilities on behdf of teachers. In other words, teachers who intend facing innovative di-
dactics must be prepared to encounter, as mentioned previoudy, his’her knowledge, competence
and beliefs together with a mix of methodologica and organizational aspects. These are not at all
secondary aspects, in fact they operatively support the actud culture of change.
Some significant aspects
The didactical contract

Congtant check up on the clearness of the didactical contract in dl of its phases, especidly in e
lementary school. This means that the objective of the project is not that of supplying technica com-
petence in advance (for example, through Unit 6 ‘From the scales to the equations’ it does not in-
tend teaching how to solve afirst grade equetion). The objective is to investigate which are the more
adapt forms for building up mathematical concepts in students that will help them towards a gradua
formation of dgebraic thinking.
Students must be made to understand what is the essence of the didactica contract: that they are the
prime characters in the collective congtruction of algebraic babbling. This means educating them
gradudly towards even complex forms of a new language by favouring their reflections on the diffe-
rences and equivaences of mathematica writings and its meanings — a gradud discovery of the use
of letters instead of numbers — the application of properties — the understanding of the different mea
nings of equa sgn — the infinitive representations of a number, and so on.
Mathematical discussion
Activaing a collective discusson about mathematica themes leads to privileging meta-cognitive
and meta-linguistic aspects, students are led to reflect upon language, knowledge and processes
(solving a problem and trandating it into agebraic language). They dso have to face hypotheses and
their classmates proposals, to compare and classify trandations, to evauate their own beliefs and to
apply responsible choices. Thus teachers must be aware of the ‘risks’ and of the particularities of
this type of teaching method. Discusson helps to increment potentid in thinking arithmetic with an
algebraic key, and research has highlighted just how much verbalization and argumentation are
fundamenta vehicles for understanding.
Protocol interpretation
Building up competences for a refined interpretation and the successive dassficaion of students
proposas and protocols means being faced with an enormous variety of mathematical writings,
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which are often eaborated with a mixed and persondized use of language and symbols which have
been put together more or less correctly. This behaviour is developed well if the teachers themselves
dimulate creativity as well as reflection. When students redlize they are the producers of mathema-
tical thinking and are contributing to a collective congruction of knowledge and languages, they
express a huge variety of proposas, many of which are far from being band and which, when put
together, represent a common patrimony of dl the class. This is the important point where the tea-
cher needs the ability to pick out (and to let students pick out) the paraphrases of a possibly correct
sentence by sdlecting the wrong, ambiguous, bizarre, trandations. These are important activities as
they help not only the students, but moreover the teacher, in understanding that every text in whate-
ver mathematical context can be read and interpreted at different levels, even due to the organization
and formulation of the text in anatura language.

4. THEUNITS

Unit 1: The Brioshi Project (7 — 12 year olds)

The Unit privileges the gpproach to linguistic aspects of mathematics. They are developed around
an imaginary character, Brioshi, a Japanese student who can only communicate using the mathemeti-
cd language, and who enjoys exchanging problems and solutions with classes of other nations. The
units propose translation activities from natura language to arithmetic language and vice versa, dar-
ting from Smple phrases like ‘ From 4 take away 2 and progressng to more complex activities like
the *‘Game of the hidden number’ (‘To a hidden number add four to obtain ten’). This Unit demon+
drates how the exchange of messages may begin by traditiond tools (Smulations, notes, faxes) until
it reaches the ‘mathematical communication’ of two classes (contemporarily by means of a chat line
st up using MSN Messenger Service software).

Unit 2: The numberschart-grid (7 — 14 year olds)

This Unit represents a gym for pre-agebraic thinking through to actudly being the area of first
grade equation application. Activities are developed around the exploration of a square of one hur-
dred number boxes from O to 99. Through the discovery of regularity, and games using ‘numeric
pathways within and on fragments of the grid (‘ Treasure idand’, ‘The idand game’, ‘Never never
land’), therefore problem situations even on grids of diverse dimension and reflections upon the dif-
ferent ways to represent numbers in the boxes, the Unit leads to generalization by using letters and
thus at last to the ‘conquest’ of the grid having adimension of n x n
Unit 3: The NumbersPyramid (6 — 14 year olds)

The Unit intend to favour the development of relational thinking. By exploring the ‘pyramids made
up of 3, 6, 10 bricks, students are led to individuaizing and representing a more and more complex
link among the numbers written within the bricks. Emphasisis given to the binary agpects of the ope-
rations and the non-canonical representation of the numbers. At the start the activity takes place wi-
thin an arithmetic ambient and then progressively widens towards agebra and the naive discovery of
the use of letters and equations. Reflections on the representation helps to highlight the linguistic and
meta linguistic aspects.

Unit 4: Matematdca & other mathematical games (7 — 8 year olds)

In this Unit by means of origind variants of board games (Dominoes, Memory, Bingo) or by means
of invented games (The masks game) students are supplied with materia that obliges them to re-vist
arithmetic arguments from a view point that favours an dgebraic vison. At the same time, by using
opportune didactical mediators (smudges, clouds, dips of paper, etc.,) students approach the ur
known number and the possibilities of the ways of representing it. Step by step as the games proce-
ed, the materids that make up their concrete supports modify and the indications written in natural
language are transformed into smple agebraic writings in which the unknown is represented by the
score of the dice used in the game.

Unit 5: Regularities (10 — 11 year olds)

In this Unit the activities involve the need to discover the regularity of a structure. In the first stage,
students anadyze necklaces made up of different coloured beads which ae postioned dternately in
the necklaces; in the second stage, students analyze structures that are made up of matches that form
houses, bridges and nets of various dimensions; in the third stage, they andyze friezes and amps; in
the fourth arithmetic sequences. At each stage, through exploration and discussion, students search
for regularities and successvely for the representation in mathematical language. The discovery of
regulaitiesis preciousin forming pre-algebraic thinking, asit favours the passage to generdization.
Unit 6: From the scalesto the equations (10 — 14 year olds)

This Unit gpproaches adgebraic thinking. Through collective solutions to problematic Stuations and
with the pan scaes students discover ‘the principle of equilibrium’ and the two principles of equiva-
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lence; the passage from an experimenta activity through to its written representation leads to the * di-

scovery’ of letters in mathematics and equations. Even dgorithms for the solution to equations are

progressively elaborated and refined through collective and individua activities during which students

elaborate and compare diverse representations, refine their competence of natura language tranda

tions and symbolic ones and vice versa and moreover students get used to using letters as the ur

known. A successon of opportunely organized verba problems of different levels of difficulty lead

students to investigating how to solve problems using agebra
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