Under standing of three dimensional arrays of cubes - Children in trangtion
Stamdtis Voulgarist & Anastasa Evangdidou**
*Nationd and Kgpodedtrian Univergty of Athens, Department of Primary Education, Greece
**Primary School Teacher, Cyprus Minigtry of Education and Culture, Cyprus

This presentation is an attempt to look into specific details of the learning behaviour of children in
transition from one level of volume understanding to another, and suggests ways in which the use of
physical material could facilitate this trangition. The cases of specific children were selected from
observations of performance on volume measurement and conservation tasks obtained for a larger
sample. The selection of the specific cases was based on the apparent inconsi stencies observed in their
responses showing a shift in understanding as they moved from one task to another. Focusing on their
attempts to solve an intermediate task which involved construction of physical arrangements of unit
cubes, we argue that similar activities could produce discovery learning that would facilitate the
transition to a more operational understanding of the volume concept.

Framework

The tasks and responses presented here, were sdlected from the results of alarger fidd study contacted with
the am of evaduding 5th and 6th grade Cypriot children learning of the concepts of measurement and
consarvdion of volume In this larger sudy each child was presented with tasks on measurement and
consarvation of volumein astructured interview setting and in awritten task in the form of aquestionnaire. The
tasks induded the origind Plagetian (Piaget et d., 1960) transformation task of “building a house of the same
room on an idand of different 9z€”, and tasks of measurement and consarvation Smilar to those used in the
CSMS project 1975-1989 (Brown et d., 1984).

The responses to volume measurement tasks involving rectangular congructions made out of unit cubes were
categorised according to the SOLO-Taxonomy Theory observed leves of response (Campbdl, Watson&

Callis 1992) asfallows (a) Successful Strategies (Relationd and Multistructurd Leves of Solo): (i) The child
uses multiplication of the tree dimendons in a meaningful way (in the sense that they are able to provide an

adequate explandtion), or alayer Srategy (addition or multiplication of layers, columns or rows) or counts the
visble cubes of a condruction and then adds the invisble. (b) Unsuccessful Strategies (Unidtructurd Solo

Levd): (ii) The child counts vishle and invisble cubesin an organised but Sructurdly incorrect manner and fails
to include the correct number of invishle cubes, (iii) The child counts area (i.e. Squares and not cubes) on the
vishble faces of the rectangular congtruction producing an incorrect response.

The responses of three specific children were discussed for the purposes of this presentation because they

gopeared to be inconggent in the methods they used to gpproach different volume measurement tasks

throughout the testing sequence. It was observed that while they used unsuccessful srategies (b) (i) and (ii) as
described above a the beginning of the test (Questionl below), towards the end of the test they were using

successful drategies (@) as above. It was concluded that aform of learning has taken place through the testing
sequence to produce a shift from an incorrect response to a correct one a the fina task. We look at their
re3ponses in two consecutive tasks of consarvation and measurement of volume (Questions 5 and 6) and

argue that there was a trangtion from one leve of undersanding the volume concept to a higher one involving
redization of the Sructurd organization of cubesinto layers, columns or rows leading to the use of consecutive
addition or multiplication to produce the find correct response.
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Question 1

Children’s Responses

Look at this condruction. (The interviewer shows a physcd 3x4x5 inches condruction as in FHg.1.) Canyou
caculate the number of cubes that mekeit?

Figure1
3x4x5 physca condruction

Child A
M: | think 30 cubes.
Int: How did you calculate it?
M.: | counted the cubes on the

Child B
K.:150 cubes.
Int.: How did you calculate it?
K..Thereare4 and 5 cubes on this side (showing

sides.
Int.; Show me.

M.: 4times5is20 and 3times5,

15. | waswrong, the cubes are
35,

Int.: Sodid | use 35 cubes to
make this construction?

M.: Yes.

Int.: O.K.

the side face). And 20 here ( showing between
the first and second layer) and 20 here (showing
between the second and third layer) and 20 here
(showing the other side face). So 80 until now.
And 3 times 15 on this side (showing the front
face) and 15 here (showing the face between the
first and second layer) and 15 here, (showing
the face between the second and third layer)
and 15 here (showing the face between the third
and forth layer) and 15 here (showing the back
face). So 75 for these sides. 75 plus 80, 155. | did

ChildC
G.:] cannot makeit.
Int.: We want to know how many
cubes were used to make the
construction.
G.:55 cubes.
Int.: How did you calculateit?
G..There are 20 cubes on each side
of the construction, 20 plus 20, 40.
And there are 5 here (showing the
middle column of the front face) and
5 on the back ( showing the middle
column of the back face), 50. And
there are 2 on the top that | did not
count. So 52 not 55.

asmall mistake on the addition before. All the
cubes are 155.

Int.: O.K. So were 155 usedto makethe
construction?

K.Yes

Int.: OK.

Int.: So does this tells us how many
are all the cubes that make the
construction?

G.Yes.

Int.OK.

Inthistask Child A does not seem to redlise volume as space feding or the unit cube as unit of measurement of
volume and calculates number of squares on the top and the side of the block. Child B triesto indudeinvisble
cubes but again being preoccupied by the visble aspects of the arrangement it measures number of faces
ingead of unit cubes. Child C actudly measures cubes and avoids to double count the cubes in the corners,
but failsto grasp the structurd organization of the arrangement it does not account for the invisible cubes.
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Question 5

This is a house (showing the condruction with dimendons 3x4x3 inches, Fig.2). The house is build on an
idand.(She puts the condruction on a white card base separated by lines in to 3x4 square inches then onto a
blue cardboard sheet representing the seq). But the inhabitants of the house haveto leave it. So they decideto
build a new one on another idand. Thisidand here.(She shows another white card base separated by linesinto
2x2 square inches (Fig.2) and places it on the blue cardboard). They want their new house to have as much
room astheir old one. What will the new house look like?

e
/77

House ontheidand
Figure 2

Frgt we should natice that it was necessary for the interviewer to provide the explandtion that eech of the
inhabitants had aroom of his own in the old house and wanted to have aroom of his own in the new house as
wel. This explanaion was not provided to children that immediatdy responded - after they were presented
with the task - that the new house would be taler. The three children whose answers we are presenting,
initidly responded thet either they did not understand or that the height of the new house would be the same.
After they were given the explandaion they seemed to redise the internd Structure of the block and actudly
date that the room in the new house would be the same and that if one dimension decreases the other would
haveto increase.

Child A dthough, gtill not able to measure the number of unit cubes that meke the new and the old house she
dearly datesthat the new house would have to be taler and makes arough estimation of the height of the new
house.

Child B uses two different ways to cadculate the number of cubes of a block. For the block she has build she
uses a layer drategy but for the old ready made congtruction she counts faces of cubes visble and invishle as
with the firgt task. When sheisasked if both ways are correct she seems to redlise that she has been counting
faces rather than cubes and changes here gpproach to alayer Srategy.

Child C is dill measuring only visible cubes of the reedy made block but she thinks of a rearrangement of the
cubes on the new smdler idand and this way she manages to caculate the correct height. This shows that she
redlised thet there are cubes indde the condruction, but when it comes to measuring them she is distracted by
the vigble agpects of the block.
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Child A
M.
each row and it will be until here.

Child B
K.Mmmm, | do not know, | do not
understand very well this question.

(She shows the old house' s height).
Int.:Will they have the same room

Int:Well, each oneof these cubesisaroom.

Every inhabitant had a room of his own in

then?

M.:1 think so.
Int:O.K. Would you like to try
building it?

Maria takes cubes and starts
arranging theminto layers of 4. She
stops after she stuck 3 layers.

Int.: So do you think that they have

their own in the new house aswell.

K.

the new house with the same number of
cubes as the old one. If we could use the
cubes from the old house we would take
these here (showing 4 cubes on the top face
of the construction) and put them on the

the same room now?

M.:No. They have more room in the | them on the top of them. And then | would
i — -

Int.. How can they manage to have | Int.._Do you know how tall the new house

the same room? would be?

M. They will have to put more| K.._Do you mean how many cubes would it

floors, havein height?

Int..How may floors will the new | Int.._Yes

house have? K. 1t will be about double the old house. But

M .:The new house will be about this

then some cubes remain. So 6 for these 8

tal. (She shows about the double
height of the old house)

Int:Can you tell me how many
cubestall it will be?
M.:Ldo not know,

Int:O.K. Would you like to

columns. And then one more for the
remaining. So it will be 7 cubestall.

Int.: Would you liketo build the new house?
K.XYes

Korinabuilds a2x2x7 construction.

K.:_This house has 24 cubes.

? Int.: How do you count them?
Maria stucks three more layers so | K.._| put 4 on each layer. There are 4 layers
that the height is now 6 cubes and | so7times4, 28,
stops. Int.:_So does everybody have aroom of their
M. Hereitis. own now?
Int.: So does this one have the same | K..__| do not know. It seems that the old
room asthe old one? house has more.
M. Yes Int..__How many rooms are there in the old
Int.: How do you know? house?

M.:.Because the isand _is smaler

taler in order to _have the same

K._There are 12 on the front and 12 , 24 and

24 for the sides between them, 48, and 9 and
9and9and 9 and 9, 45. Itisliketheonel

room.

Int.: O.K., but how can you be sure | Int.._To measure the cubes of the new house
o - I I

M.:l_do not know. It looks all right | correct or isone of them wrong?

lome K. i i

Int.. Well, each one of these cubes | twice if | count the cubes inside the

room of his own in the old house. | Int.. O.K. Would you like to try and calculate

- I f Ll -

own in the new house aswell.

M.:Lthink they will have a room of
their own.

Int.: Why do you think so?

M .:Because theroom in the house is

K. There are 12 on the front. So 12 times 3 is

house and | have only 28. | need to put two

Int..O.K. So how tall will the new house be?

the same.
Int.: OK.

K.
Int.. Well done.

ChildC
G._Can they build the new house
smaler?
Int:What they want is the new
house to have the same room as
their old one.
G.:1 do not know. There is aproblem
here,
Int..What isthe problem?
G. i
a big house on a small idand. The
base of the old house is 12 and the
new island has only 4 sguares. Can
they enlarge theisland?
Int.:No they cannot.
G.:L.do not know,
Int..Well, each one of these cubes

room of his own in the old house.

own in the new house as well.

G..Can they make the house bigger?

Int.: What do you mean bigger?

G.: ildi

Int.: Yes they can build it taller. Can

you find out how tall the new house

will be?

G.:l.need to count the cubes of the

old house and then use the same

number of cubesfor the new house.

There are 4, 8, 12 on the side face.

And 12 and 12 and 6, 30.

Int..Why are you adding 12 and 12

and 62

G..Becausethere are 12 ontheside,
int i I hs

that were not counted.

Int.OK, so can you now calculate

how tall is the new house going to

be?

G.About this tall. (showing with

her hand about three times the

height of the old house)

Int.:Good. How many cubes will it

have along the height?

G..9 cubes,

Int..How did you calculate it?

G. i

house and put it in the new island,

then the new house will be about

threetimestaller than the old house.
Int.: Good.
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Question 6

Now look at these two boxes. Can you tdl me if the two boxes have the same capacity or if one of them has

bigger capacity than the other? (She shows the two boxes with dimensons 3x4x5 inches and 6x5x2 inches

Fig. 3).

Fgure3
3x4x5 and 6x5x2 empty boxes

Child A
M.:L think that this box has bigger. (showing the 6x5x2 inches
box)
Int.: Why do you think so?
M .:1t looks bigger.
Int.: Can you be sure about it?
M .:Shall | count with cubes?
Int.: If you want,
Mariafill in the bottom of the 6x5x2 inches with 30 cubes.
M.:So 60 cubes canfit in thisbox.
Int.: Why do you say so?
M. have put 30 un
top. s0 30 plus30,60in total .
Int.: How about the other box?
Mariafillsin the bottom of the box with 12 cubes.
M.:L think that it will ta I fill thi
Int.: Why do you think so?
M. i
it will befull.
Int.: Are you sure that 12 and 12 and 12 cubes will fill the box.
completely?
Maria takes 5 cubes and puts them along the height on the
outside of the box.

M .:So they have the same capacity.
Int.: Good.

Child B
K.:Lthink that they have equal
capacity.

Int.: Why do you think so?

K.:.Because the pink box is

more open. If we put the blue
box_in the pink about half the

box will remain out. But the
blue box is much taller. So it

ChildC
G.Can | use cubes to
measure?
Int.:Yesyou can,
Georgia puts some
cubes on the bottom of
the 6x5x2 cm box.

G.The pink box can

must beabout the same,

Int.: How can you make sure?
Korina takes cubes and puts
them aong the dimensions
outside of the 3x4x5 cm box.
K.:This box can take 3 times 4,
12, 12times5, 60 cubes,

Korina builds awall of 6x2 cm
on the outside of the pink box
and puts 5 cubes along the its
width.

K.:This box can take 12 times

take 30 on the bottom
s0 60 cubesin total.
She puts 12 cubes on
the bottom of the 4x5x6
cm box and 5 aong the
height on the outside of
the box.
Int:12 times 5 is 60. So
60 cubes can fit in her

aswell,
G..So_what do _you

capacity of theboxes.

60. Itisequal.
Int.: Good,

Int.:1t isthe same,
G..OK.
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In the lagt task the children have the chance to handle the cubes and arrange them into the empty boxes This
gives them the opportunity to congtruct a mentd modd of a set of cubes as organised arays into layers,
columns or rows and use multiplication or sequentid addition to obtain the correct number of cubes.

The responses of the children to tasks on caculation of volume induded in the written part indicated that some
form of learning has taken place during the interview tasks. The children were asked to provide a numerical
answer and dso provide an explanation of how they obtained this answer in words or numbers. For example
Question 2(a) of the written part and the responses of the children were asfollows:

(a) How many cubes make the block (there are no gapsinside)?

ozl Chidh iz

Child B 13=36

Child C 12+12+12=36

The block ismade out of 36 cubes.

Conclusons
The regponses presented seem to support the finding of Battigta and Clements (1996) that sudents initidly
concelve a 3-D rectangular array of cubes as an uncoordinated set of faces and gradudly move to a
conceptudization of the set of cubesin terms of rectangular arrays organised into layers and therefore, become
able to measure the volume of a block made out of unit cubes correctly. Handling the physicd materid during
the two consecutive tasks involving enumeration of number of cubes, conservation of volume and caculation of
the capacity of empty boxes seemed to fadilitate the “sructuring” (redization of the sructurd arrangement of
cubes in the rectangular condructions). As they reflected on experience of counting or building cube
configurations, they gradudly became capable of co-ordinating the separate views of the arrays. This was
followed by “integration” (congtruction of one coherent and globa modd of the array) and correct caculaion
of the number of cubes in the rectangular arrays. These tasks appeared to have helped the children to
congtruct the sructure of volume and coordinate perspectives of it. By covering the bottom layer of the empty
box with cubes helped them to congtruct a mental modd of how the cubes are organized into arrays and thus
they were able to repeat this method to answer to the tasks of the second part of the test.
References
Batisa, M. T. & Clements, D. H.: 1996, ‘ Student’s understanding of three-dimensiond rectangular arrays of
cubes', Journal for Research in Mathematics Education, 27, 258-292.
Brown, M., Hart, K. and Kuchemann, D.: 1984, Chelsea Diagnostic Mathematics Tests, Measurement,
NFER-NEL SON.
Campbdl, K. J. Watson, J. M. and Cdllis, K. F.: 1992, ‘Volume Measurement and Intellectua Development’,
Journal of Sructural Learning, 11 (3) , 279-298.
Paget, J, Inhelder, B. and Szeminska, A.: 1960, The child's conception of geometry, Routledge and Kegan
Paul, London.

376



