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EPISTEMIC CONFIGURATIONS ASSOCIATED TO THE
NOTION OF EQUALITY IN REAL NUMBERS 1
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RESUME

Les objets émergents des systémes de pratiqueémmtiques dans les différents contextes d'utitisagbnt
structurés par desonfigurations épistémiqueka détermination et la description des configorat épisté-
migues, associées a la notion d'égalité des noméets nous permet d'introduire la notiohald-signifié
d’'une notion mathématique. La notion d’holo-sighifist constituée par l'interaction des différentziétes
mathématiques associés a cette notion. Les nafiboo-signifié et de modéle constituent un cadvarda
sélection des signifiés a enseigner par rappocuaticulum et pour la recherche de situations fomelatales
dans un projet global d'enseignement.

ABSTRACT

The emergent objects of systems of mathematicaltipes, in different contexts of use, are struature
throughepistemic networksThe determination and the description of thetepig networks associated to
the notion of equality in real numbers are usedstablish the idea dfolistic-meaningwhich is formed by
the interaction of different mathematicabdelsassociated to a mathematical notion. The notiémaaulel
and holistic-meaning establish the referential #amrk in the selection of curricular meanings used
teaching, as well as in the search for fundamesitizhtions within a global educational project.

RESUMEN

Los objetos emergentes de los sistemas de practieésmaticas en los distintos contextos de uso se
estructuran formandconfiguraciones epistémicalsa determinacion y la descripcién de las configiones
epistémicas asociadas a la nocion de igualdad henod reales nos permite introducir la nociérhdie-
significado de una nocidon matematica, constituido por la aueibn de distintosnodelosmatematicos
asociados a dicha nocion. Las nociones de holdfisigtio y de modelo constituyen un marco para la
seleccidon de los significados curriculares que mdepden ensefiar y para la blsqueda de situaciones
fundamentales dentro de un proyecto global de engefi
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1. Theoretical MOTIVAtioN and general PLAN

One of the major problems that research in mathematiucation confronts today, if not the most intgoat,

is the analysis of the processes of constructiehcammunication of mathematical knowledge by inlivi
als and institutions. In fact, in a generic wayah be said that the “didactics of mathematicsi asientific
discipline represents “a fundamental theory of camization of mathematical knowledge” (Brousseau,
1998, p.358). This objective brings with it the dde differentiate and describe the mathematicébnes,
processes and meanings that must be taught. licyart it is necessary to determine the meanisgea-
ated to mathematical objects in different contewthin academic institutions, and organize thena @®m-
plex and coherent totality.

Godino and Batanero (1994) introduce the notiofspétem of operative and discursive practices astat
to a class of problems in which a mathematicalabgeput into play” as the primary focus of attentwhen
describing the institutional and personal meanihguzh mathematical objects. In this work we angees
cially interested in determining and describing thkation between the systems of practices, thegané
objects of these systems, and the relations tleaestablished between the objects (which shoulthken
into account in the analysis of the meaning ofrttaghematical notions).

Godino (2002) identifies the “system of practicesth the content that an institution assigns to athe-

matical object, establishing in this manner a gpoadence between the system of practices (themigst
meaning) and the expression of the mathematicacobin this work, the description of the meanirigao
mathematical object is presented through a listpeftific objects that are classified in six catégorprob-

lems, procedures, languages, notions, propertgsu@uments.

We consider that this description of a system @icpces is insufficient, for several reasons. la finst
place, the categories that are mentioned are emteopgects of the system of practices in whichniehe-
matical object is put into play and, for this remstine objects refer explicitly to the institutidmaeaning.

“The meaning begins by being pragmatic, relativehtocontext, but there exist types of uses that al
low the orientation of the processes of the tearhimd learning of mathematics. These types of uses
are objectified by means of language, and they theereferents of the institutional lexicon.”
(Godino, 2003, 38).

In second place, both the systems of practicestlamdemergent objects are related amongst themselves
forming epistemic networks or configurations; tresckiption of these networks should be the objeabis

the epistemological analysis of a mathematicalamptirom the perspective of the teaching and |egrioif
mathematics. In third place, the global teachinggmt can be divided in subsystems of practicdeetinto
specific types of problems; to elaborate curriculumd construct teaching projects it is necessaigetotify

and describe both the subsystems of practicesheneihhergent objects of any project in question.

We ask ourselves, based on these considerations:

— s it possible to structure, in a coherent systim different definitions of a mathematical notibat
emerge in the midst of different subsystems of fpres in specific contexts?

— What does it mean to understand a mathematicainfti

— Does the description of a notion such as “totaliigl/e consequences in the development of curricu-
lum and, in particular, can the analysis of appidres of educational proposals in relation to sach
notion be carried out?

As a response to these questions, and to centéddghe on the notion of equaﬁftywe introduce the con-
cepts ofmodeland ofholistic-meaningdf a mathematical notion. Briefly, tmeodelof a mathematical notion

represents the structured complex of a systemauftipes in a specificontext of useand the objects that

2 |n this text, the term equality will be employesiasynonym of “equality of real numbers”.

3 In a first approximation, the contexts of use t&nidentified with the notion dframeworkintroduced by Douady
(1986, 10). However, this approximation does nketato account the characterization of a framewaxr&ording to

54



“Quaderni di Ricerca in Didattica (Mathematics)”,. 21, 2011
G.R.1.M. (Department of Mathematics, UniversityRelermo, Italy)

emerge within those systems (including definitipribg holistic-meaningof a mathematical notion repre-
sents the expression of the diversity of models@ated to that notion (understood as a singleegykstin
the same way, the notions of holistic-meaning andehallow us to analyze the notionmraxeologyfrom
the Anthropological Theory of Didactics (TAD) (Cladhard, 1997) in relation to mathematical practied
frame the search fdundamental situationfBrousseau, 1998) in a global teaching projecticoetely, we
will show that it is good for a fundamental sitwatito include a representative sample of the matthalls
make up the holistic-meaning (although frequertigt trepresentativity will have to be restrictedstome
models associated to the mathematical notion iotted or developed)

In relation to the notion of equality, the objeetigf this paper is to show how the different cotgaf use
delimit specific meanings, which are synthesizedlifferent definitions of these notions, withoutbiging
possible to privilege any of them. Thus, in secBone introduce different definitions of the notiohequal-
2
J2
mathematical practices in the different contextsus®. In section 3, after comparing the modelling of
mathematical activity in the Anthropological TheafyDidactics (by means of the notion of “praxeglg
and in the Onto-Semiotic approach (by means ointhteon of “operative and discursive systems of prac
tices”), we briefly describe the primary entitiesdahe type of language associated with the naifaqual-
ity in different contexts of use.

ity; illustrating with the proof of the propositiafz =—=, we indicate how these definitions condition the

In section 4 we make the structuring of the models the meanings associated to the notion of éguek-
plicit. En section 5 the notion of holistic-meaniiggintroduced and the holistic-meaning of the omtof
equality is described. Then some curricular impiaes of the generic notion of holistic meaning ara-
lyzed (section 6). Finally, in section 7, some iicgfions are highlighted and classified by thmiacro-
didactical nature(referent to the evolution of the fundamental goest about the institutional, social, and
cultural state of mathematical objects)icro-didactical nature(where the singularity of the mathematical
objects and the individuality of the subjects pigvand theoretical nature (related to the tools and tech-
niques introduced together with the didactical ovudias accepted within the scientific community).

2. DEFINITIONS OF THE NOTION OF EQUALITY

From the strictlyformal and official viewpoint (Brown, 1998) it is accepted that thdirdBon of a mathe-
matical object forms its meaning, given that théniteon points to the object’s unmistakable siioatin the
universe of mathematical objects in which it igadiuced. “Every definition is a classification.sktparates
the objects that satisfy the definition and thdsa do not, and it situates them in two differelatsses”
(Poincaré, in Lorenzo, 1974, 58). Then, to intradtlte notion of equality, it is sufficient to statke sign
‘=" (equals) indicates that what is found to th & this sign, the first member of the equaliynd what is

the type of objects (notions, processes and meshthgt are genuinely representative of the framnkwbhis charac-
terization requires the consideration of a refegeinstitution given that, for example, it is notsgible to associate the
same problems, notions, properties, arguments,edwes and language to “elementary algebra in $€haod to
“formal algebra in the university”. For this reasama second approximation, the contexts of usebeaconsidered as
frameworks of the organization of mathematical oxadi and propositions that determine the type otiargnts, proce-
dures and language that is admissible and pertitemput into action in a specific institution, redat to a type of prob-
lem.

4 The mathematical definitions and propositionsthee most visible part of the anthropological anttwal reality of
mathematics (that which is susceptible of beindieitly reconstructed and communicated). The mathcal defini-
tions are a part of the systems of mathematicaltipes, a discursive component of such practicas ffom the onto-
genic point of view, are dependent and “postertorthe operativgractices. The definitions interact in a compler an
recursive manner with the problems, the previoeasiablished propositions, the type of argumentslamguage rela-
tive to the operational action and the discourserélation to a specific mathematical notion). Timteraction gives
way to new questions and new systems of practindkis sense, we can affirm that “the definitiammndition the ma-
thematical practices in the different contexts s#"u
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found to the right of this sign, called the seconeimber of the equality, are two ways of designatirey
same object, or two different ways of writing ttaare thing. This description of the notion of eqyatioes
not reference explicitly any system of mathematmaltices or mathematical context of use. The e
institutions usually accept (irreflexively) thatidents possess the capacity to adapt this fornfialiteen of

the notion of equality to different contexts of upeoducing the phenomenon called ithesion of transpar-
ency

When students are not told that the “=" sign cavehdifferent meanings, the presence of didactreaspo-
sition can be ascertained; In fact, this can bdagx@d by the desire to simplify: the student @, lienplicitly
to believe that the “=" sign always has the saratust However, in the different academic curricabglicit
study about the different statuses of the “=" ggynot carried out. Often those who teach may eoteally
conscious of the different functions of the “=" sigrhis might explain the reason why de-transpmsits
not carried out when it is necessary. Indeed, wistinto de-transpose a notion it is essentiabtehunders-

tood what the initial transposition of the notiansisted of (Antibi and Brousseau, 2000,%1)

“Although quantitative sameness is conventionatigagled in the equal symbol, it had not been nec-
essarily so interpreted by the students. Henogad clear that the children needed to experience a
variety of numerical equalities to continue theiogressive understanding of the meanings of the
equal sign.” (Sdenz-Ludlow & Walgamuth, 1998, 182).

The definitions of equality represent the emergdajects of the systems of practices associated thvitidif-
ferent contexts of use; they are not, in any cadeished product of the meaning attributed te thotion.
To justify thata andb represent the same number, it is necessary to makeatext of use explicit: numeri-
cal, arithmetic, algebraic, analytic or topologichhis way, according to the context of use, theatity be-
tween two numbera andb (a = b) is determined by the specific relations thatgiven in these contexts.

In this section we will give the definitions of thetion of equality according to the mathematicaitext, as
well as to certain properties of real numbers; vile aarry out a brief discussion of the propertiag)ich
contribute to their correct interpretation; finallye will show how the given definitions condititime opera-
tive and discursive practices.

2.1. Definitions

The definition of equality as equivalence classiieset (the real numbers) in clagiés, in other words, the
representation of the number is not important, wbatints is the value that the number takes on:

(%;%;15 0.9; etc.); we are not interested in determining htw tlasses became defined (Cauchy se-
guences, Dedekind cuts, etc.). They just are defase

Definition 1 (Equality as equivalenc@&wo real numbera y b are equal, denoted as= b, if they
represent the same class; that is:
a=b - a=b

The equality of two real numbeasy b can also be established by a double inequakfyequipped with the
operations sum (+) and produétdnd with the relation less than or equald} (s an ordered field. It is de-
fined:

S In French in the original“Le fait de ne pas signaler aux éléves de Collige le signe «=» peut avoir des significa-
tions différentes, reléve de la transposition didae; en effet, ceci peut s’expliquer par un saleisimplification: on
laisse ainsi croire a I'éleve, implicitement, qeesigne «=» a toujours le méme statut. Or, dassiigus scolaire d'un
éleve, aucune étude explicite sur les différersttustdu signe «=» n'est effectuée. Les professmuxsméme peuvent
alors, souvent, ne pas avoir vraiment consciensediférents roles du signe «=». Ceci peut expliqyee la dé-
transposition n’est pas effectuée lorsqu’elle detvigécessaire. En effet, répétons-le, pour poudd@itransposer conve-
nablement une notion, il faut avoir bien comprisgelvi consistait la transposition initiale de cettgion.” (Antibi et
Brousseau, 2000, 31).
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Definition 2 (Equality of orderJ'wo real numbera andb are equal, denoted as= b, if the order
relation onR (<) has the antisymmetric property, that is:

a=be[asbOb<a]
Or equivalently:
a=b < (al(-e; b] Ob O (-; a))

Absolute value equips the set of real numbers withetric (standard). The distance between two nusabe
andbis defined and denoteilfa; b), as the absolute value of the differenee-(b|). It is defined:

Definition 3 (metric equalityYwo real numberay b are equal and denoted- b, if the distance be-
tween them is null; that is:

a=b < d@b)=h-b=0

The absolute value metric can be interpreted apadgy onR, in which caseR; d) is a topological space;
in this context, to affirm that the distance betwé&®&o pointsa y b is zero is equivalent to determining that

the set §&; b} is connectef. This is defined as:

Definition 4 (connective equalityjwo real numbera y b are equal, denoted as= b, if the set &;
b} is connected.

The algebraic definition supposed the determinadioa number as the solution of an equation. Wedei
note byd() the characteristic function that associates 4 tae sentence and 0 to a false one; ariebthe
relation associated to an equatenThis way,0(E(a)) = 1 means that the valaeverifies the relatiork() or,
in other wordsa is the solution to the equati@ In the same way(E(a)) = 0 means that the valaedoes
not verify the relatiorie(), that is,a is not a solution to the equati@nlt is defined:

Definition 5 (Algebraic equalityJwo real numberay b are equal, denotel= b if, whena s a so-
lution to an equatiok, b also is a solution:

a=b « [5(E(@) =1~ d(E(D) = 1]

Equality between real numbers can be defined alsbydlrning to the theory of functions. In effetd, de-
termine if two real numbers are equal it is suéfitito determine if their images with respect targective
function are equal. This is defined:

Definition 6 (functional equalityl.et F(D) be the set of real injective functions with domai Two
real numbers andb are equal, denoted as= b, if their respective images with respect to ardnj
tive function are equal; that is:

a=b - Of0FK(D), {a; b} 0D, such thaf(a) =f(b)

In the previous definition, if is the identity function, a semantic tautologyestablished. The distinction is
made between logical tautology and semantic tagyola logical tautologyis an affirmation of the typa =
a, wherea anda represent the same object, without their havigshime ostensive representative (for ex-
ample,a> 0, Ja=-%
P V2
the object and its ostensive representative (famgte,a > 0, Ja=+a). A semantic tautology is self-
evident; a logical tautology does not have to hepractice, the proof of the equality of two nunshegiven
by different ostensive representatives, impliesdisgermination of an injective function that isfeient from
the identity function.

). Thesemantidautologyis a logical tautology that demands the equivalédata of

6 “By topology we understand the study of those igatale aspects of spatial forms, or of the lawsofinectivity, of
the mutual position and order of points, linesfates, volumes, as well as their parts and unimaking abstraction of
measure and magnitude” (Listing (1836), in Ayalale{1997, p. ix)).
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In the context of mathematical analysis, the etjadisubstituted by the intersection of a wholeaxmtable
class of inequalities or neighborhoods. It is defilas:

Definition 7 (Equality as the process of taking tineit) Two real numbera y b are equal, denoted
asa = b, if a belongs to every open neighborhood centerédBfb; £)) or vice versa; that is:

a=be0O&>0,alB(b; & = O&>0,b0OB(a; &
Or, equivalently:
a=be0&>0p-Dbl<e

Finally, the numerical definition of equality pregosed the acceptance of a margin of error thagroigoon
the nature of the problem, or is attributed toitisrument with which the calculations are madee Tfiiipture
with the previous definitions is radical from tharrhal point of view; its inclusion hgzragmaticreasons
(restrictions on measuring and computing, instrusém do calculation§! calculators, computer program)
and epistemologicalnotions likesufficient approximatiorand neighborhogdmonad,etc. 0 non-standard
analysis).

Definition 8 (numerical equalitylet T > 0 be the admitted error tolerance; two real nensba y b
are equal, denoted as= b, if a belongs to an open neighborhood centerdxivéith radius less than
or equal tor (B(b; t), 0 <t < T) or vice versa; that is:

a=be-0Ot>0,t<T,alB(b;t)
= 0t>0,t<T,b0OB(a;t)
Or, equivalently:
(a=b) = [a-H=T

2.2. Brief analysis of the previous definitions

The objective of the following analysis is to chgrihe previous definition in order for a correntérpreta-
tion. A concise confrontation of the different dtiions will be carried out at the end of sectio8.2

The arithmetic definition takes us to the “identifiya name”. In other words to show, basing oneselthe
arithmetic definition, that two expressions représhe same number, transformations are made tieat p
serve equality, until aemantic tautologis obtained, that is, the same ostensive reprapemfor both num-
ber.

The metric and order definitions give criteria pvocedures that show the equality of two real nusiibey
represent an interpretation of the arithmetic défin in function of certain characteristics attribd toR

(ordered field, metric space). This way, theordlijca two step process is used to identify reahbars:R

is given a property (order, metric) and, in terrhshe property, the equality (or inequality) of twwambers
is established.

The algebraic definition of equality is founded what, traditionally, has been nameahditional equality

the equality only is true for certain values of #agiable. It is logical to associate to every diumthe set of
solutions or values that make the equality true, andn indirect way, define a number as the sotutf a

class of equations. To talk of a “class of equaids strictly necessary, given that infinite eqoas have a
certain real number as a solution, and only thalistinguishes that certain real number. In faw, defini-

tion results more operational if it is formulatesiaanegation:

azb - OEtal que P(E@)) = 1 - 5(E(b)) = O]
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In other words, two numbeesandb are different if an equatida is known such tha is a solution ant is
not; and, vice versa, b is a solution ana is not. An equatiofit definitely exists for whicta andb are not
simultaneously solutions.

The definition as a process of taking the limit sloet lead us to the identity of a name, but teasoning
process by sufficient conditions and a controltesslof information, through chains of inequaliti€kis fact
determines a radical difference between the argbytiofs and the algebraic ones.

It was in this vein that Newton wrote Philosophiae Naturalis Principia Mathematicen an analytic pas-
sage: “Quantities, and the ratio of quantitiest thaany finite interval of time converge continwsby to
equality and that, before the end of this time agipnate each other more than any given differeape fi-
nally equal.”, quoted by Boyer (1969, 500).

The functional definition relates a genuinely atialgoncept (function) and the solution of an edratin
effect, letf be an injective function and consider the equafifgn= h; then, ifa andb are solutions to the
equation, that is, the relatiofi®) = h andf(b) = h are true, necessarily = b. This way, the analysis of the
equationf(x) = h in terms of the properties of the associated fandtdetermine a sufficient condition for
algebraic equality: it is not necessary to verlifgtf for every relatio(), “0(E(a)) =1 = o (E(b)) = 1", itis
enough to find a homogenc?uselationE*(), such thaty = E*(X) is injective, wher&*() =f()—h.

This way, the functional definition does not exjlicinvolve the limit notion, which is central ithe model
of analytic equality. However, if the functidms continuous, it is possible to make that nogaplicit. In ef-
fect, iff is continuous at the poiaf f (@) = h, then:

O0&>0,00>0talquesh—4d<o= [f(b)—f(a)| <¢
< lim,_,f(b) =f(a)

The numerical definition of equality can be undeost as a “restriction” of the analytic definitiomhen un-
derstood as the process of taking the limit: ite$ixorders of approximation or establishes admessibl
neighborhoods of inclusion. In other words, twolgeally equal numbers are numerically equal fay a
margin of error. On the other hand, the numerigdinition can be also be given in terms of solvega-
tions; in effect, if we denote the characteristiadtion that associates 1 to a true sentence doch(false
one byd(), and byE(,T) the relation associated to an equatiowith an order of approximatioh, two num-
bersay b are numerically equal (with an order of approxiomaf) if:

a=b<[6(E@T)=1<0(EbT)=1]

This way, the numerical equality totters betweem dlgebraic equality and analytic equality as tgkime
limit.

Finally, each definition of equality that has béetnoduced in section 2.1 is an emergent notioa system
of mathematical practices relative to a class ets problems that include linguistic objectstionos and

concrete operational techniques. These systemsaofiges are differentiated one from the other hmirt
relative efficiency and generality in carrying anathematical work, as will be exemplified in seoti3.

2.3. Influence of the definitions in mathematical wrk: proof of the proposition “ v2 -2

V2
The act of defining consists of the establishmérat set of necessary and sufficient conditions #étlatv the
unmistakable differentiation of an object withim@verse. In many circumstances, this differergiais car-
ried out by means of formalization; a formalizatihvat has made certain authors assert tthatefine in
mathematics is to give a narfleeikin & Winicki-Landman, 2000). This perspectigapposes the assertion

7 In this context an equation is homogeneous whenodiits members is zero.
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that the formal definition differentiates the matiaical object; it is its “measure”. However, theme
mathematical object can be defined by means ofvatpiit forms. Two definitions are equivalent if yraes-
ignate the same object; it is not possible to [ggea priori any of them. The relevance in the use of a defi-

nition is measured by the level of adaptation @ ¢bntext of applications. In particular, basingselves on
2

2
condition the operative and discursive practicdse &ample will also allow the observation of nowil
relations between the given definitions and thesoaiated practices.

the proof of the propositiofe =—= , we will show how the definitions of equality, thaill be introduced,

Proof according to the arithmetic definition as eqivalence
We will carry out the arithmetic proof by transfation of one ostensive representative into anoteng
basic properties of the real numbers, that areupmed justified previously from the axiomatic defiioin of
R (14 axioms organized in four groups: existenceslalgic, ordinal, and topological or continu%)us

® @ €) @ (5)( !2 ®
\/E:&D_:\/EG\/_E:& &—&E{/E: \/E :i

L

2712 2 2 2

The equalities are justified in the following way:

o_ . . .

= Existence of an identity elementih
@
= DaOR\{0}, 1= g

(€)]
- DaOR, a:%

@ ,

= ProductinR.

®) e
= exponentiation irR.

2 Da0[o;«), (af=a.

The proposed proof is not unique. J& is the only positive real such that the squaregisaéto 2, it is

enough to carry out the following calculatiom:(ﬁ)z =J21/2 and, dividing by v2, we have:
2 _J2ip2
J2© 2
certain privileged operative practices, naturalisedontemporary academic institutiodséw how, tech-
niqug in relation to the notions of equality.

=42 . The way of proving “by successive equivalencesplicitly supposes the acceptance of

“The analysis of textbooks, as well as of the amsved students and teachers [...], show that wheadac
with this type of problem [Show that A=B],it is alrst always “better” to transforsin a series of equal ex-
pressiond\,... , A, such thath = A; = ... =A,= B, so that “we start wit to getB". It is clear thatA andB
could be [...] transformed together, using the typeeasoning A = C andB = C thenA = B’ [...] These

8 These aspects (existence, ordinal, algebraic gmuldgical) of the structure & have abundant interdependence,

some of which come from the axiomatizatiorRyffor example, to postulate th&,(+, [I<) is anordered and complete
Arquimidean field
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procedures are seldom used by students, and treteacher that do not even accept them.” (Antild a
Brousseau, 2000, 3%)

Proof according to the arithmetic definition of order

Let A= (—0; v2) yB= (42 ;2 ). By the trichotomy law:

2 OAor-2 OBor-2=42:

J2 J2 J2
Suppose that\/% 0 A, then:%«/i and, given that/2 > 0, then%[{/ﬁ«/ﬁ[ﬁ hence, 2 < 2; which is

absurd. In the same way, it is proved t%{ 0 B, which proves tha\JQF =J2.
2

Proof according to the metric definition

Let £ be the distance betwegf2 andi :

V2

In conclusiong = 0 and, therefore/2 =

|\J|'\’

Proof according to the connective definition

In the set of real numbers, the notions of conmkated convex sets are equivalent; then to provieAla

{ﬁ;%} is connected, it is sufficient to show tBai{\/EE(l—rH%l] Ir EI[O;:L]} 0A10Letx O B:

9 In French in the original “L’analyse des livres scolaires et des réponsssahseignants et des éléves [...] montre
gue, presque toujours, en présence d'un problénte dgpe [Démontrer qui = B, «il convient» de transformeX en
une suite d’expressions égals... , A, telles queA = A; = ... =A,= =B de facon a «partir d& pour arriver &8B». Il

est clair que I'on pourrait [...] transformer a lasfé etB en utilisant le raisonnemenf\« C etB = C doncA = B»

[...] Ces procédés sont rarement utilisés par legeélét il se trouve des enseignants pour ne pastepter.” (Antibi

et Brousseau, 2000, 30).

101t is not necessary to use the equivalence ohtti®ns of connectivity and convexity of the setredl numbers. It

is enough to observe that there does not gxisR between/2 y % such thay O A.
2

61



“Quaderni di Ricerca in Didattica (Mathematics)”,. 21, 2011
G.R.1.M. (Department of Mathematics, UniversityRelermo, Italy)

2
= J20l- = =
e J‘[J‘ ﬁ]
V2 V2
2-2
= 2-|— | =4J2-000 =+/2
it
Proof according to the function definition
Letf(x) =x°in [0; ). We know:
2 2V 4
fl —|(=|—| =—=2
B
1{V2)= (2 =2
This way, given thatis injective, we conclude th% =y2.
Proof according to the definition as a limit proces
Let f(x) = x andg(x) = = in [1; ). To show that/2 is a point that evaluates to the same valudsairdg

( f(ﬁ): g(ﬁ)) is equivalent to showing that=+/2 is a zero of the functioh(x) = x—% in[1; ) :

O&>0,08> 0, such that{— v2 | <d= |h(x) — 0| <&

In effect, give

1\/_

N ‘1

R

i
R

bl bl

=
><||I\J
o
I

IN

IN

IN

IN

In conclusion,liquﬁ h(x)=0 or, equivalently,limxﬁﬁ f(x)=lim, 5 9(x) and, given that andg are con-

tinuous in [1;0), it is shown that/z =2 .

V2
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Proof according to the numerical definition

The same as with the analytic proof as a limit pssg it can be proved that the approximations=td2 are
“zeros” of the functionn(x) = x-2 (with an arbitrary margin of error, but fixed; Wil the limits of the cal-
X

2

V2

culator or computer program used). Then, the piitiposy2 = is proved “margin of error to margin of

error”.

A program edited with a graphing calculator, prognzable on &1-81,is shown in table 1. The program is
based on Newton’s method (the tangent method).r@ttegrams could have been edited; however, the dis
cussion about characteristics such as efficienayectness, robustness and friendliness of a progganot

within the bounds of this teki.

PrgmD:NEWTON
:DisP “TOLERANCIA”
(nPut T

1->X

:Lbl 1
AXI(XN2+2)->R

If abs(X—-R)<T
:Goto 2

‘R->X

:Goto 1

:Lbl 2

:DisP “SOLUCION?”"
:DisP R

Table 1 Program edited with &l-81 for obtaining zeros of the functiagx) = x—%,

x 0 [1; «), given a margin of error.

This way, for every margin of errdy, it is shown that = h(x) = 0):

SEN2, =1 (2,1 =2
(E(v2,T) (v2,T) 21
Concise confrontation of the proofs of the proposit/2 :%
The proof, according to the definition of equivalencan be generalized for any integer 0:\/_:%; or,
a
. . 2 . a .
reciprocally, the proposition2 :E can be accepted as a particular case of the fardi::l:f. This way,
a
the proposition\/_:i can be seen as an “arithmetic in algebraic langupgpof, that is, a relation be-

Ja

111t is said, in informatics, that a program is rebif it fulfills the following two conditions: fist, it iscorrect that
is, every value introduced that satisfies the firatrance conditions producesadmissibleresult (that satisfies the ex-
it conditions); the other is that the program akawedetection of errorsthat is, for every entrance that does not satisfy
the fixed conditions an error message is obtaindif;h indicates that the choice is faulty. If, adaom these two con-
ditions, the program gives the user the possibiititgorrect an error in the entrance so that iscdsaisfy the fixed con-
ditions, it is said that the programfigendly.
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tween the practices in the arithmetic context, dnode referred to in the algebraic context, is maqwicit.
In fact, the formula/a =&

Ja
b)?= a®+ 2ab + b°. This change from “action to permanence” delintiits change from an arithmetic lan-
guage to an algebraic one. Gascon (1994) has aettlihat the equal sign in arithmetic contextsesgnts
an action: “2 + 3 = 5" is equivalent to “2 plus ¥es 5”. However, in algebraic language, theretexasdual-
ity between the use as an actior €32 = 1) and the static use as permaneadce ¢ c) =a b+ a ¢).

highlights permanence more than action; the saroers with thddentity (a +

The duality of the equal sign is not exclusivelie tlgebraic context. The analytic equality asacegss of
taking the limit also has static and dynamic stadssociated to the notion of limit. If we considee con-
stanta as a sequenca,(= a, [0 n 0 N), thena, tends tob: a = b = [0 &> 0,0N such thatg, — b <¢,
[On > N. The duality itself has more “impact” than in thlgebraic context, given that the notion of eqyalit
manifests itself as a process and as an objebeaame time; deep down, the radical difficultyt ikgpro-
voked is the double nature of mathematical infiffiptential-actual). For this reason, given that itfinite
processes, which in many circumstances imply somi¢ dperation, are dense in Mathematical Analysis,
appears that the duality process-object should alagntral role in didactical analysis. Along théises,
Tall (1991) calls certain mathematical objects vatldual naturgproceptsl] pro(cess)(con)cepis; Cornu
(1991) identifies two essentially different condeps in students with relation to the notion of timait of a
sequence (static and dynamic); Schneider (200apksties the need to structure the introductiotiéono-
tion of derivative in two stages: first, an affispproximation (not dynamic); then the limit of setsa(dy-
namic); etc.

On the other hand, it is possible to identify tmegmsition\/_:% as the result of the search for the points
that are cuts of the functiof&) = x and g(x) :é in [1; c0):
_ _2_2_ _ _ 2
f(X)=g(x) >x=—=x =2 x={2=42=-%
X 2

The Theory of Functions allows the justificatiom @btaining the quadratic equation (and, impligitty give

it a graphical interpretation. This equation shdegdsolved with the type of arguments and procedofal-
gebra (and do not require interpretation in terfithe specific problem). This fact can be formudaie the
following terms: the proof has a discursive comparemmon to the theory of functions, as well aopn
erational component that belongs to algebra. Ity fag/2 is defined as the only positive real number whose
square is equal to 2, then:

x:\/E - x>00x%=2

This way, v/2 is the only positive solution to the equatigh= 2 and, for this reason, the proposition

2
%: 2 is justified only by verifying tha{t%] =2, showing that, in this case, an identificationtloé

proofs can be established according to the funatiand algebraic definitions.

Finally, the numerical proof can be understoodrialgic terms and solved in the algebraic framewdmk
effect, the determination of the existence and ugngss of the limit of the sequengg,(is given by the re-
cursion formula (Newton’s method):

4x,

Xn#1 =—
xﬁ +2

X1:1

This expression involves discursive and operatreetres that are analytic (bounding, controllesslof in-
formation, etc.) and algebraic (manipulation of étgebraic expressions involved); it is difficult label the
different moments (aspects) of mathematical agtifas a complex of mathematical notions, proceasés
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meaning put into play). Once the convergence of#dwiencex) is justified (a positive number), the limits
are introduced in both members of the recursios, rarhd the equation that results is solved:

Yo lim (Xns1) = Iim[ e ]:
n-o n

x,21+2 - o x,21+2

Xn+1 =

= X= =

X242

= x3+2x=4x:x=x/§

2,

V2
ity condition mathematical work. The evolution bétnotion of equality has followed an inverse pssc¢he
mathematical process has conditioned the meanttrgsuted to the notion of equality and, only aftards,
when this notion is taken as an object of studyhésmeaning formalized in definitions (that emefigen
certain systems of mathematical practices relativproblems in specific areas). Hence, the fundaahen
task consists of reconstructing this process,ithaif determining the discursive and operativecticas that
have caused the definitions of the notion of equati emerge in different contexts of use. In set we
sketch these practices.

The proof of the propositiony/2 = has exemplified how the different definitionstbe notion of equal-

SUBSYSTEM OF PRACTICES ASSOCIATED TO DIFFERENT COBXTS OF USE

The Anthropological Theory of Didactics (TAD) arftetOnto-Semiotic Approach (OSA) share the same an-
thropological assumptions about institutional kneatge. In fact, the operative and discursive systeins
practices are to OSA what mathematical praxeologiego TAD. However, the description of the system
of practices is not equivalent to the descriptibthe praxeologies. TAD characterizes mathematictlity
starting with the tasks and the techniques, tdlfirarive at the technological-theoretical discgif{without
challenging the nature of the objects that inteevém the discourse). The notion of praxeology medel
mathematical knowledge as a human activity, undedshg by knowledge the product (refined) of a sys-
tematic, intentional, historical and social studile most immediate product of the study is the nigpres
("know-how”), whose validity is subjected to a tectogical-theoretical discourse which justifies r{thwl-
edge”, by-product). This way, “know-how” and “knasdge” make up the two faces of a praxeology
(“praxis-logos”).

“A mathematical organization always arises as awan to a question, or set of questions. It is not
specified what a mathematical organizatgrbut a sketch is given of its structure, postotathat it

is made up of four principal componertiges of problems, techniques, technologiedtheories If

we put the emphasis on the dynamic relations tteaestablished between the components, with the
object of carrying out the necessary mathematictwity to be able to respond to the challenging
initial question, then two inseparable aspects appwaathematical practice, or ‘praxis’ (formed by
tasksandtechniquey and the rational discourse, or ‘logos’ about #utual practice (formed by
technologiesndtheoried.” (Bolea, Bosch and Gascoén, 2001, 251).

This way, the work that is shown allows the deteing of a praxeology associated to generating ques-
tion (Chevallard, 1999, 232): Givem b O R, doa andb represent the same number? The task is to show
that two numbers represented by different osterysigsentations are equal. The techniques thatsaceia
ated to each one of the definitions: transform dngcessive equivalences one of the numbers, uetibther

is obtained; justify that, givea, b0 R, that simultaneouslg < b andb < a are true; reason out that, given
a,b0R, none of the following two inequalities can beetra< b y b < a, and that by the law of trichotonay

= b; determine that the Euclidean distance betweemtwobers is zero; etc. The technology allows tise ju
tification of the steps that are carried out by neeaf each one of the techniques; indeed, in tsgtution
where the study process is carried out, it is combooaccept that the technical movements made ifhult
by one, raise to the second power, etc.) and ttthemeatical objects employed (square root, ordextice,
connectivity, etc.) have been previously justifaddefined. The theory refers to the fundamentaicstiral,
topological and analytical notions of real numiiis play the role of support and reference ant thahe
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majority of cases, represent abstractions or génatians of the presuppositions and technologtased.
The “level of justification”, that is, the developmt of the technological-theoretical block, is irdré to
each institution.

“The style of rationality that is put into play an institution varies, of course, according tosis-
tors, and also varies as the institution evolvesnie, with its own institutional history, such thea
given institutional rationality can seem...highlyaitional in the eyes of another institution”. (Che-

vallard, 1999, 22682

However, OSA is interested in theorizing aboutrb&on of meaning in didactics, which is done byame
of the semiotic function and its associated mathiealaontology. The starting point of OSA is to tayd
characterize the nature and the meaning of matheahabtions; it begins with the elements of thehteo-
logical discourse (notions, properties, argumesiis) and it is thought that their nature is tiedte corre-
sponding systems of practices and contexts oflaskhis realm, the necessary and sufficient cooddiof
each one of the definitions are the explicit andec¢ (expression) of a semiotic function whose eqasnt
is the notion of equality; the properties determtine meaning of the notion of equality as a teobgichl-
theoretical object.

“A deeper study would show that many difficultiesused by the “=" sign appear in the language-
object: the equation, the identity, the calculatiand in the working language in which the objsct i
immersed: as the descriptor of transformationsa aseta-theorem or as ‘inference’.” (Antibi and

Brousseau, 2000, 343,
Nevertheless, the definitions that are given dodatérmine the meaning of the notion of equalitythsm-
selves; they only represent the “visible aspecthefsystems of practices, the crystallizationestain ways
of doing and justifying, of operating and elabargtthe discourse. To describe the operative araidisre
systems of practices in relation to a mathematib@ct, in the first place it is necessary to idgrihe prin-
cipal notions, properties, language, argumentsprodedures that are used in a wide range of proitly
problems in different contexts of use and, in selquiace, to describe the relations between the enalical
objects involved in the different subsystems ofcpices that are developed. A detailed descriptibthese

subsystems of practices goes beyond the objectiﬂaaimarticlel"'. A brief sketch will be given in the fol-
lowing paragraphs.

The fundamental notions associated to the notieyuaélity are:

(i) the numerical context: approximation and margirewbr, as they determine the acceptable inter-
vals;

(i) the arithmetic context: identity and order relation
(i) the algebraic context: equivalence and functionti@majority of cases, algebraic functions);
(iv) the analytic context: function (in particular, teeendental) and limit (convergence);

(v) the topological context: distance (measure) anahectivity.

1211 French in the original“Le style de rationalité mis en jeu varie bienesrlu dans I'espace institutionnel, et, en
une institution donnée, au fil de I'histoire detedhstitution, de sorte qu’une rationalité ingitanelle donnée pourra
apparaitre... peu rationnelle depuis telle autretin&in.” (Chevallard, 1999, 226).

3 In French in the original“Une étude plus approfondie montrerait que de lm@uses difficultés proviennent aussi
de ce que le signe «=» est mobilisé en méme termps k& langue objet: I'équation, I'identité, le md] et dans la
langue de travail sur I'objet: comme descriptews ttansformations, comme métathéoréme, ou comnféreirce»”.
(Antibi et Brousseau, 2000, 31).

14 Well understood, the detailed description of th&tesm of practices associated to a mathematicametipposes a
rational reconstructionLakatos, 1976) or the elaboration of amthropology of knowledgéChevallard, 1985) of the
notion.
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In the arithmetic context the mathematical languisgnot very formal. The discourse relies on tlamipu-
lation of concrete values and the argument is basetthe properties of symmetry and transitivityeglial-
ity, implicitly accepting that “the symmetric ancsitive relations are formally part of the natafeequal-
ity” (Russell, 1903, 2571)5. In fact, this lack of formality implies an abusiuse of the equality sign in
arithmetic contexts.

“In exercise books of arithmetic2 + 7 =9 + 7 =8 = 23 + ... is a well-known feature. We reject
it. It is not because it cannot be justifiglchot without long hesitation has this notation bémbid-

den. There are still rudimentary traces of the exaidtical style which would allow such formulae. It
could be maintained with appropriate such as (€(@2=9) + 7) = 16) + 7 = 23) + ..., or by the con-
vention that with no further comment every formidaead by progressing from left to right. In fact
this is the rule with all expressions that contilditions and subtractions only.” (Freudenthal,61,98

299-300).

In the algebraic context, the objects are represeby means of symbolic-literal language, whoseahje
is to generalize the concrete operations, congtigiet system of signs that are easily recognizedemstab-
lishing an operational and discursive structure #flaws the reduction of mathematical objectsaoanical
expressions, so that just “by simple observatitw’ objects can be described. In the numerical xbthe
discourse is organized by means of sentences¢ketndine the order in which programmable algoritlames
carried out. In this way, the language is typidgbmgramming. Equality has two functioregical, in sen-
tences of the type “i = bthen...”, andarithmetig assigning the valugtob (a - b).

In the analytic context, the language of infinitesis is used and the “classical” argument en terfinise “c
-J& notation.

“To say that a real quantity[] R is zero exactly when

Al<gOe>0,
occurs, forms part of thenguage and reasoning stytd the analyst (in the same way, an analyst
immediately says that two numbexsb [1 R are equal if1n O N, ja—b| <%). An algebraist would
probably say (admitting that we are in a field baacteristic zero) that =0 = A + A = A (some-
thing that forms part of theinguageandreasoning stylef the algebraist). If we return to the ana-
lytic “slang” ‘epsilon-deltdwe see that there is an underlyisigucture]...] The principal charac-

teristic that the language of Mathematical Analybss is the form in which its concepts are
systematically structured, as well as its typicatinodological philosophy (Induréin, 2001, 6465).

Finally, the topological language shares part ef dlgebraic symbolism (transformation by equivadsic
set theoretic (belonging to, contained in, etcd analytic-arithmetic (sum and product operatiander re-
lation, etc.).

The basic arithmetic propositioH%highIight some of the fundamental properties @& tbal numbers pro-
vided with the binary operations sum and producfatt, “It is also important to take into consiaéon that

15 Lorenzo (1974, 55) formulates this fact in thddaling terms : Calculus with equalityRule or reasoning process
[...] by means of which the same uniform operatiopliggl to two equal numbers will give identical risy...] It is
standard that the translation to symbolic languade = b = f(a) = f(b)’ constituting one of the characteristic premises
of the equality relation, while the other premiseuld be a form of the identity principal ‘every autidy is equal to it-
self'.” This formulation remits us to the functidrdefinition presented in this article.

16 The propositions are mathematical properties rithematical conventions and culture have privillegéere is
no mathematical justification for considering thas primary elements. Hence, in the OSA the propositplay a
similar role to the definitions, that are also ddased as a particular type of property: one thfi¢ikntiates an object
unmistakably in a given universe.
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the symbol for equality did not evolve independefitbm the symbols for arithmetic operations anérap
tions with variables” (Sdenz-Ludlow & Walgamuth,989 155). Often the arithmetic propositions are mod
elled by means of algebra (Bolea, Bosch y Gascddl,2257265); in this sense the algebraic propositions
generalize the arithmetic ones and make up anaixplstification of these propositions. Other tgpe al-
gebraic properties deal with the structuréofand, by extension, @&): from the proof of basic laws such as
the cancelation for the surfa + ¢ = b + cimpliesa = b) or thecancelation for the produ¢a/¢ = b/¢ andc

# 0 impliesa = b) to the justification that the “subtraction” andivision” operations or the proof of tmele

of signs all are deduced from the axioms of the definibdnthe rational (real) numbers and imply the notio

of equalityt/.

Furthermore, the analytic propositions suppose&jany cases, a radical rupture with the arithmdgetaraic
ones. This rupture is identified, in many casesh Wie need to carry out infinite processes thirofequire
taking a limit (or, in a more abstract setting, tition of convergence), or by the presence chiasttenden-
tal function. Thus, the proposition:
© ) B
—=lim ( j
= K' now

that determines the “transcendental (not algebiider number ) that can be expressed in at least two
equivalent ways” is an analytic proposition. In ga@me way, the statements about and proofs ofakbie b
properties of limits imply the notion of equalityar example the uniqueness of the limit of a seqagioon-

vergentd).

The propositions in the numerical context alwayspaise the acceptance of a margin of error. It isabout

determining tha©0.9 = 1.0 (with infinite nines or zeros) but that it is pidmds, for a specific margin of error,
to have a finite number of nines and zeros suchttieadifference between these two numbers isthess
that margin of error. This manner of stating analvprg the propositions establishes the fundametitfsr-
ence between the numerical and analytic contexXtas,Tin an analytic context, the previous propositi
would be stated in the following way:

“TheoremA real numbex has exactly one decimal expansion or glsas two decimal expansions,
one ending in a sequence of all 0’s and the othéing in a sequence of all 9's.” (Ross, 1980, 108).

A fundamental problem in the arithmetic and algabcantexts is obtaining the canonical represergatito
solve this problem, the characteristic action ertranipulation of objects by means of equivalerfted are
justified by the axioms of the real numbers or bgvpusly established properties). This probleml@rg
the importance that the arithmetic and algebraidet®of the notion of equality have in contemporiasti-
tutions, given that they provide an alternativa foondamental task of all mathematical activity.

“The way in which the purpose is identified is geciegiven a system of mathematical objects, it is
very useful to provide, when it is possible, a cdaoal writing system of these objects, so that two
objects of the system can be compared without aumtlyity(Chevallard, 1999, 2449.

In the numerical and analytic contexts a fundametzblem is comparison; however, the two contexts

differentiated by the type of entities comparedthie numerical context they are intervals, whetbayg are
numbers (unique, points) in the analytic contexte Tetermination of a number in the numerical cdnte

17 Aliprantis & Burkinshaw (1999, £20), for example, state and prove a collectiorhesé problems.

18 If the existence of a limit has not been provedk justified that “every sequence haetsthe mosbne limit”; if the
existence has been shown for a particular sequanékethe existence of the limit is taken as a diyyesis, it is shown
“that the limit isuniqué.

191n French in the original“La raison d’étre ainsi identifiée est générigatant donné un systéme d’'objets mathé-
matiques, il est trés utile de se doter, chaqueduoe la chose est possible, d’'un systéme d’éerdanonique de ces ob-
jets, et cela afin de pouvoir comparer sans amtéigléux tels objets. ” (Chevallard, 1999, 244).
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supposes obtaining an approximation “sufficientypd’, that is, with a pre-established margin obethat
fixes an admissible interval for the number. Theetpf compared entities also sets the charactepsbice-
dures in each of the contexts: in the numericatecdrthe principal action consists of the consincbf a
logical sequence of sentences that obtains, fanger of pre-established entrance values, a dichngédnan-
swer (true or false, yes or no, 1 or 0, etc.) todhestion “givera, b 0 R, a = b for anadmissible margin of
error?”; in the analytic context, the comparison is iearrout by the controlled loss of information, tladt
lows sufficient conditions to be set, so that thegtion “givena, b 0 R, a = b for everymargin of error?”
can be answered.

In the topological context, the fundamental probisrestablishing the equality or difference betwaam-
bers, that is, it is not about “measuring the défece”, but about setting a characteristic funci®such that,
givena, b 0 R: A(a, b)=1, if a # b; A(a, b)=0, if a = b. This determines one of the differences between th
topological and analytic contexts. According tour@n (2001, 96) one of the basic processes ofysisals
separatingor calculating distancesvhich rests on the notion distanceor metric20. Hence, in an analytic
context, the interest lies in determining the eitpaif or difference between two numbers and, isecthey
are differenthow much.

Then, for example, leg{/ a,_1) and b,) be sequences, defined in a recursive way by::

{a1=1=a2 {bl:l/z 1

On=3:a, =apq +ag—’ fn=2:by =1+bn_1

And leta y b be the limits of these sequences. Then, the tgjmabassertiod\(a, b) = 1 supposes only the
assertion thah andb are different; whereas the metric declaratiay b) = 1 establishes the magnitude of

the difference between both limits £ @++5)/2y b=(-1+/5)/2). Indeed, to justify thaA(a, b) = 1 it is suf-
ficient to justify thata> 1 >b.

In the next section we will show how to structure subsystems of practices associated to the dfiffeon-
texts of use the emergent objects of these sulmsggiecluding the definitions). We will propose iagram

of the different objects associated with the notdrequality and the correspondences that existduat
them. By means of “levels”, we will identify the mexts of use of the notion of equality, the systesh
practices associated with the notion, the emergbjeicts of such systems, the language (voice “@gual
sign “=") and, finally, the formal structure to vehi all mathematical work (operative and discursig)lic-

itly or implicitly refers in relation to the notioof equality.

OBJECTS, Meanings and models ASsOCIAted with theation of equality

The interpretation of the meaning of the matheraatibjects in terms of “operative and discursivstems
of practices”, relative to a determined institutitgads to the postulation of a socio-epistemiatidsm with
relation to mathematical objects, a consequen@gopting the anthropological point of view of matia-
ics (Godino, 2003). This socio-epistemic relativisamtradicts the apparent absolute and universabcher
that the professional mathematician attributes aohematical objects. However, as we understang diRi
lemma can be resolved by accepting that the matidaraidentifies the same formal structure in Haei-
ety of objects and practices (operative and diseeysa structure that he considers as “the matheaiab-
ject” that represents the reference implicit in Wagiety of systems of practices and emergent tbjecthe
different contexts of use. In the case of equatlitg,formal structure can be described briefly as:

a=b = aybrepresent the same number

20 According to this author, the other four fundanagémnalytic processes and the notions on which tkey are:
countingwith respect to the notion eumber comparingandordering with respect to the notion ofder; approxima-
tion or calculating theéendency of a magnitudeith respect to the notion difnit, of convergencer of the more ad-
vanced idea ofontinuity, measuringwith respect to the notion afieasureor integral
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Thus, the formal structure represents a descriifdhe notion of equality without an explicit redéace to
concrete practices or contexts.

Figure 1 shows, schematically, the diversity ofeat§ associated with the notion of equality. Eaefindion
represents an emergent object of the system ofiggadn a determined context of use. Each paififidion

- system of practices” (and, in general, “emergsdaject- system of practices”) determinenadel of the no-
tion of equality that is, an effective or potential relation witte notion of equality (understood as a system)
that a subject (or an institution) establishestisig with knowledgea priori of the notion. The model is a
coherent form of structuring the different conteatsuse, the mathematical practices relative teéhoon-
texts of use, and to the emergent objects of stattipes.

According to the different contexts of use, mathirah practice is structured around certain priydd
mathematical notions and techniques. Furthermoaghematical practice establishes basic criteriprobf
(about how the deductive processes evolve accotditige nature of the conditions) and determineédegu
lines on how to finish a proof (obtaining a semaidiutology or accepting a logical tautology). &etf the
stability of the models in the educational instdos is based on a process of “objectifying the ehsidthat
consists in the establishment of a setlistursive entitiegnotions, arguments, properties), anotheprai-
emic entitiegproblems, procedures) and a language (graptsgaibolic, oral, etc.) specific to the mathe-
matical notion that is to be introduced or devetbpehe structuring of the praxemic and discursingties
and the integrations of the language forfocal epistemic network or configuration (associatechvaitspe-
cific context of use). Each local epistemic confagion “synthesizes” a partial aspect of the megmihthe
corresponding notion; that which is associated wighmodelling system.

Formal
structure
Language>

Definitions —m— ==L ,__‘__
(emergent
objects)

Notion of equality

Systems of
practices

mwrmoo=

y
i \ \

| 2 h 4 ¥
onOS;Z)dS > I Numericall |Arithmetic| [Algebraic| | Analyticl

Figure 1. Structuring of the models and meanings assoctateduality.

However, figure 1 shows a static structuring oftiedels and meanings associated with the noti@uwoél-
ity, where only the relations of level are indichiy arrows) between the different objects invdiveith
relation to the notion of equality, in each coneredntext of use, a model is associated (systgmmaatices —
emergent objects), that determine a meaning (hadfathe notion. The mathematical activity, howeve
flows between the different levels. From the syst@fnpractices the praxemic, discursive and linguenti-
ties emerge and, gradually, they are integrateithénpractices as operational rules (know-how),natru-
ments of argumentation or regulation (knowledgea®means of expression and communication.€boe
logical metaphor(Godino, 1993) represents a relevant focus fordscription of the dynamics of the
proposed structure.
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The notion ofholistic-meaninghat we will introduce in section 5 will allow us tnterpret “equality” as a
network of models associated with gigbal configuratiol. Furthermore, the notion dilistic-meaningal-
lows us to establish what we express when we absdra person understands the notion of equality.

HOLISTIC-MEANING OF THE NOTION OF EQUALITY

Mathematical practice has assumed the phenomenbansbnymy in relation to the notion of equality; to
avoid designating “each” equality with a differéetm, the name is maintained (equality) and the &/ is
common in all the contexts of use, accepting tlexifip meaning that is attributed to the notioregtiality

in each one of the#d. In fact, from the strictly formal point of viewt, is accepted that the definition of a
mathematical object makes up its meaning. Heneeptbblem of homonymy is solved by selecting one of
the definitions and proving, afterwards, the eqiginee of the rest of them in a theorem. For exaniptme

is working in an eminently analytic context, it Wile accepted that two numbexsandb are equal if, for

everye> 0, b — [ <¢(def.7) and the objective is to prove the follogﬁﬁ:

Theorem 1 (Equalitylsiven two real numbessandb, the following propositions are equivalent:
1. a=h

d(a; b) = 0.

{a} ={b}.

{a; b} is connected.

asb0Ob<a

For every equatiok, [6 (E(a)) =1 = & (E(b)) = 1].

Let Fi(D) be the set of injective functions over a domirthendf [J F(D), {a, b} O D, such
thatf(a) = f(b).

Proving theorem 1 supposes declaring that the gildimitions designate the same object (equaliygn
more, the definition of equality as a limit procéssonsidered the “definition”, while the resttbe defini-
tions are unmistakable “characterizations” of thiginal definition. The difference between a defiom and
a characterization obeys mathematical conventimigore or less explicit cultural use. Hence, arabtzri-
zation of a mathematical object is a definitionitofhat competes with a previous definition thas lteeen
deemed natural within certain institutional praesicBecause of this, the consciousness of the ragrae
upon which it is based has been lost. In the acadamstitution the arithmetic definition of equalitis
equivalence has been privileged and, for that reatbe rest of the definitions are considered dttareza-
tions. This supposes, when the first notions ofyaigmare introduced, the need to reconstruct onend of
reasoning in relation to the notion of equalitytfhia particular, help the evolution from the teithue of
proof by successive equivalences to the technidymranf by the controlled loss of information andffs
cient conditions.

N o o~ wDd

“Work in Mathematical Analysis is clearly based algebraic competencies that require, as soon as
the work does not limit itself to algebraic anasysi reconstruction of the relationship with egyali
This reconstruction is accompanied by an osciltatioforms of reasoning: passing from successive

21 This fact shows the impossibility of avoiding dadades in the learning process : the discourse antigtmust de-
cide among the phenomena of synonymy and (antagity)ibhomonymy. The case of equality is not pathyadal; for
example, Wilhelmi (2003) has observed the same gghenon with respect to the notionsaointinuous functiorand
absolute value

22 In theorem 1 the definition of numerical equalg&yexcluded, which is of an essentially differeature. In section
2.2 we have commented the relation between the nicaheefinition and the analytic definition as theocess of tak-
ing the limit.
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equivalences based on the preservation of equaltbereasoning by sufficient conditions, based on
the controlled loss of information in the treatmehinequalities, as the equality is convertedrno a

inequality that is satisfied for any strictly pogite.” (Artigue, 1998, 23%3,

The equivalence of definitions is confirmed in thathematical realm not in tle®gnitivesense (given that,
in particular, the definitions do not generate Hagne procedures and strategies) nor inink&uctional
sense (given that they do not come motivated bgcanvalent introduction to the topic) and also imothe
didactical sense (given that the social meaning differs andgkes different affiliations between the subject
and the equality object, generating clauses thanatabe compared within the didactical contrac@gneg,
theorem 1 does not represent a suitable instrumoestructure the models associated with the notibn
equality. The study of models of equality (togethth the associated definitions), and of their leggpion

2
V2
between the different models. Wilhelmi (2003) defiflexible mathematical thinkings the action carried
by a subject that allows the routine transition agithe different models associated with a mathexalatib-
ject, recognizing the specific limitations of eamhe of them; furthermore, flexible mathematicahking

lets the subject establish solid links betweenmioelels and one or more mathematical contexts, aidtpw
him to establish an efficient control of the adinvand capacitating the subject to assume matheahas-
sponsibility of the results he produces. Tdistic-meaningncorporates the relations between the models
and the tension, relationships and contradictidrag &re also established (and that flexible mathieada
thinking allows to identify, describe and control).

for the proof of the propositio2 = , shows, in relation to the meaning, the needftdxable transition

Now, how is theholistic-meaningof the notion of equality described? This notisrdietermined (theoreti-
cally) by the relations that are established betwbe models associated to it. Figure 2 represestheme

of this notion.
E: Equivalence model
O: Order model
M: Metric model
C: Connectivity model
v N «— |

A: Algebraic model
F: Functional model

.
N: Numerical model
L: Limit process model

Figure 2. Representation of the holistic-meaning of theamoof equality.

In figure 2, the lengths of the arrows that degcthe relations are not anecdotic; neither is délee that some
are single, others double and one is discontinudhe.length determines the distance of the modiis;
tance measured adime interval(two models are close if their introduction candaeried out in a reason-
able way within the same unit of time in the stpdgcess) or aslgce interval(two models are close in the
measure in which they are used simultaneouslybroad class of situations). The double arrows refex
dialectic interaction between the models: one maslelinderstood essentially by opposition to another

2 |n French in the original“Le travail en analyse s’appuie a I'évidence des compétences algébriques mais il im-
pose, dés que I'on ne se limite pas bien sir 2anaé/se algébrisée, une reconstruction du rappagalité. Cette re-
construction s’accompagne d'un basculement des sndel@aisonnement ;: on passe de raisonnementsjyisaiences
successives basés sur la conservation d’égalidés aaisonnements par conditions suffisantes lzasda perte contro-
Iée d’informations dans le traitement d’inégalitésgalité devenant une inégalité satisfaite @rés pour tout stricte-
ment positif. ” (Artigue, 1998, 239).
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model. The interaction, then, is not circumstanttasome naturalized practices or a culturally cdtred
form of knowledge, but it has an undividable r@aship with the actual models. The discontinuousvar
determines not an essentially epistemologicalieidiut a material one (the instruments of caléoiatsed)
or practical (specific uses in contemporary edocati institutions). Finally, the circle that surrmls the
models establishes a system of models that canbendijfferentiated by carrying them out, that i the use
of the models, by the contexts in which they appear by the meaning attributed to them.

Thus, the distance between the arithmetic modetjas/alence (E) and the analytic model of takireyltimit
(L) can be comprehended by the weakness of theiuahattraction: the lack of ostensive instrumeantd
the almost total absence of an explicit discounsé would contribute to an approximation of the twod-
els. In other words, the weak attraction is a nestiftion of the evident imbalance that exists betwhe

arithmetic and analytic mode?&

When the L model “erupts”, a constant interactiathwnodel E is produced. Indeed, for example, jhst
writing of lim(a,) = a implies the acceptangpso factoof both models. In this context, the models E and
remain close, given that they are utilized simudtarsly in a broad class of situation (adjacencgjydver,
they are very far apart in the curriculum of corpemary academic institutions (and in the textsit & not
feasible to promote their emergence in the same tinterval in the study process (distance in tirléhat
are the implications derived from looking at thaqd where the notions are introduced (relatedd@thc-
tices) and the distance in terms of time of thetraduction (related to the curriculum)? This diffiece
seems to create a necessary condition for the empEmaof arobstacle that is, of knowledge that is useful
and relevant (equality as an equivalence) withihogk of situations (proof of the equality of algeic num-
bers), but that is not useful any more when conéwnvith a different context (analytic) or anotloéass of
situations (proof of the equality of transcendeniainbers) and the sole presentation of new knowele¢llat
generalizes, restructures or substitutes the @lidinowledge (analytic definitios-J), is not sufficient for
the stability of the future operational and disatggractices (analytic). The nature of this oblgtés essen-

tially didactica?—5, that is, it is the result of a didactical transifion that the teacher cannot re-negotiate, at
least in the classroom environment.

From what has been said, it can be deduced thatcdmemic practices privilege model E and tendyamy
cases, to reinforce and perpetuate it, includingpiplications where it should be prohibited. Intfacodel L
is understood, in many cases, only as a sub-pradube notion of limit; in the practice, the desigion of
equality is restricted to the notion of arithmegiguality as equivalence, “as the possibility ofaitihg a lit-
eral or semantic tautology”. This presuppositionditons the types of practices that are naturdlizéhin

contemporary academic institutions in relationrte hotion of equality; concretely, the notion otielify is

considered as a notigraradidactical(Chevallard, 1985). This phenomenon hasildural origin, related to
the didactical and epistemological knowledge exgsth the noosphere (and is made concrete in thectic
transpositions that are elaborated).

Model L can only be explained by dialectic oppasitto Model E, as it is not possible to reduceitierac-

tion between these models to naturalized practices cultural structuring of knowledge: the relatis in-
herent to the models themselves. This does notdmapen comparing the order, metric, topologicat a
equivalence (algebraic and functional) models, Wwiian be understood by themselves and do not need a
explicit reference to another model. Furthermdre,distance between these models is minimal, Eosgi-

ble to differentiate one model from another onlytbg practical context in which it appears and hey ef-
fects that it has on the system.

2 In reality, from the cognitive point of view, i$ inot evident that both are models of the samemnotn fact, it is
necessary to do a detailed analysis of how the adete “adjacency” influences the notion of equaéis equivalence
(in particular, at the moment of the emergenceeaimal numbers in the school setting).

25 |n asserting that “the nature of the obstaclkesientially didacticdlwe are implicitly accepting another interpreta-
tion: in particular, epistemological. Indeed, wénkhthat it would be necessary to study “the contpms’ of the ob-
stacle, but this study is out of the realm of unitcle.
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The numerical model, as we have shown, plays tleeafoa linking element between the algebraic amat a
Iytic models, and is situated in the middle of ¢hdso; this does not imply that the relationshipa@en the
algebraic and analytic models is always carriectlmatugh the intermediation of the numerical moétgw-
ever, the relationship between the numerical aitdnaetic models is carried out in function of thaterial
means used (the equal sign in the calculators septea numerical approximation with an order ofrapip
mation fixed by its technical characteristics) dhe naturalized practices in contemporary instnsi (t =
3.1416 is said to be “approximately equal’ or affisient approximation”, but doesn’t this imply, itself,
the acceptance of an admissible error?).

Finally, what does it mean to say that a persorergtdnds the notion of equality? In a few wordspdéans
that he/she can interpret figu2dén a suitable way, that is, that he/she is capabtfifferentiating the differ-
ent models of equality, of structuring these modkela complex and coherent whole, and of confrantire

operative and discursive needs with relation tonibon of equality in the different contexts okusee sec-
tion 3).

CURRICULAR IMPLICATIONES OF HOLISTIC-MEANING

The analysis of the notion of equality that wagiedrout is neither circumstantial nor isolated.|n&imi
(2003) makes an implicit use of the holistic-megnés an interaction of mathematical models forsye
temic description of the notions of “continuous dtion” and “absolute value”, interpreting theseions as
epistemic configurations where the different modeldevels of abstraction and generality (contmsidunc-
tion), or in levels of formalization and syntactigpression (absolute value), are given a hierar€hgther-
more, the analysis fixes a framework for theseamstiwithin the didactic system, that is, a globaispec-
tive of which techniques are to be taught in a gldieaching project. The description of the refeeen
meaning of a statistical object, “median” that iegented in Godino (2002) as a list of objectssifias! in
six categories (problems, procedures, languag@ntproperties and arguments), can be understedie
“basic foundation” of the holistic-meaning of thetion of median (although it is necessary to cauy an

analysis of relationships that are only pointethtthat Work)26.

Vinner (1991) suggests that one of the goals otéhehing of mathematics should be that of eargnokl-
ling of daily thinking habits towards the technisalentific way of thinking, and concludes that,emhac-
quiring knowledge, the definition is the best reyamatation of the conflict between the structurematthe-
matics and the cognitive process. However, in ahieg program based on tipedagogical theory of the

curriculun?’ the definition is sub-valued. From the theoretipalspective of this author, the important
question is the timing and sequence of contensuéfitient” set of notions, techniques and proposg are
introduced so that, progressively, new notionslmadefined, new procedures discovered and newelreor
stated. Frequently, the introduction of the notimglone in an ostensive manner, resulting alnrosinie-

26 Up until now, the notion of holistic-meaning haseh used to structure and describe mathematicainspthow-
ever, it can be asked if the notion of holistic-mieag can be relevant to the description of oth@nary entities that are
not notions (arguments, procedures, problems gugsitions).A priori, it is admissible to accept that the notion of ho-
listic-meaning could be used, in particular, toee in which contexts and in what forms a spedcifjie of argument
(in particular, a technique of mathematical prasfyised, so that the problems and propositionsttoduce and devel-
op the argument could be selected. For examplgribaf by mathematical induction is used in différeontexts (ana-
lytic, combinatoric, etc.) and it would be advisabd describe and structure the operative and diseupractices in re-
lation to this method of definition and proof, acldssify in relation to mathematical induction tleiowing: (i) the
problems, according to their specificities (colidyt be solved with alternative methods ?), (ii) phecedures, accord-
ing to their effectiveness (with what cost do tladlpw a solution, or justification to a specifiask of problems ?), (iii)
the notions, with respect to the frequency of thise (the notion of sequence is inherent to thdnoaedf mathematical
induction; then what other notions are also inhetethis method ?).

27 Gimeno and Pérez (1983, 189-250) describeCheiculum Theoryfrom their original pedagogical perspective
which determined, in particular, the elaboratiorthef “basic curricular designs” (MEC, 1989). Chéaal, Bosch and
Gascon (1997, 141-147) give their critical visidrihat theory from the perspective of mathematitidhctics.
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diably in knowledge that is inefficient when conitimg complex situations. Then, the educationatesys
proceeds to define the notions, once again ostelgsind formally. At this moment it is generallycapted,
albeit implicitly, that the notions are acquiredrgans of their definitions, and that the studanescapable

of using them to solve problems and prove theordins undeniable that a transparency between the
mathematical object and its definition is assumed.

In the Epistemological PrograniGascén, 1998) mathematical knowledge is expligtoblematized and it

is not assumed that the definition of a mathembgbgect is its “measure”. Indeed, looking at tkadhing
and learning of a mathematical topic, it is necsgstaexplicitly model the object. These models aition

the structuring of the curriculum in an institutjagiven that they represent transpositions of nmatieal
work. In these transpositional processes it is i@ to determine the techniques that one wishi¢gach
(and the justification of these techniques), thatdition the systems of practices when confrontéti &
certain class of problems. This way, the holistieaming of a mathematical object thus describethem-
teraction of mathematical models associated to surclobject, makes up the macro and micro didactical
tools.

The determination of the techniques to be taudbtval the establishment of orientations in termghef
ecology of knowledge, and the elaboration of avaai¢ didactical transposition, that is made comchetthe
construction of curriculum or in the determinati@ingeneral guidelines for the creation of textbookan
institution (macro-didactic level). On the othenHbait is possible to establish criteria of theatgdion and
comprehension of students’ conceptions in the coctsbn and communication of specific mathematical
knowledge (that constitute the nucleus of the dperand discursive systems of practices in retatmthe
notion of equality, see section 3). Potential fomhs:egotiation of constructivist learning can Bveloped
as well, where the teacher must anticipate, inl‘tie@” the students’ procedures and create meshanto
collect and interpret information, as well as pesg®y action and decision strategies, adapted riorete
situations (micro-didactic level). In the next sectwe highlight some macro and micro-didacticahsid-
eration with respect to the notion of equality.

7. SYNTHESIS AND CONCLUSIONS

The evolution of mathematical didactics has browdidut a progressive extension of its principakobpf
study: from the search for mechanisms of diredbadh the processes of teaching and learnimgrative

or technicaldidactics), to the analysis of events and phenoméneaching and learning (didactics ascé
entific discipling. Strong epistemological studies have contributeal definite way to this extension, studies
whose goal is to fix an objective reference thatkador the analysis of actual or potential pragect

The epistemological study that we have carriedfigas a framework which can be used to evaluateédfie

fectiveness” of possibldidactical interventiond3, which result from the representative adaptatiohthe
institutional reference meaning in relation to tindion of equality. Hence, the conclusions thatwilemake
are theoretical, and do not look for immediate ‘@ftective” academic changes, butregulatepossible di-
dactical procedures in the introduction or develeptrof the notion of equality.

7.1. Macrodidactics

The analysis of the notion of equality presentethia paper highlights, in particular, the neectkaborate
instruments that are better adapted to an intedjta@ching approach in terms of arithmetic, algedrd
analysis; concretely means are needed to avoigitbromena olinearity and reductionism Linearity can
be described by asserting “arithmetic precedeshedgaevhich precedes analysis”. It is understoodh whis
that they are “chains” and that the learning ofheane establishes previous necessary conditionthéor
learning of the “next”. The teaching scheme is:

28 “Didactic interventions areegulationswhose purpose is to maintain a balance, more ttgmoduce direct ef-
fects, and these regulations are specific to thiaemaatical notion. ” (Brousseau, 2000, 25).
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Arithmetic —» Algebra - Analysis

Reductionism can be described in the following walgebra is understood as generalized arithmetiit (w
letters) and analysis as an algebra of functiomsicd, the teaching of algebra is centered on symb-
nipulation and on generalizing concrete arithmat&thods (implemented on concrete numbers); acaprdin
to Gascon (1994), this has led to a real disadtmn in the class of problems of generalized arétic. Ad-
ditionally, the teaching of analysis has tried how the power of the formal manipulations outlinedhe
teaching of algebra. In the practice, these twactdnisms invert the previous scheme:

Arithmetic — Algebra — Analysis

The notion of equality cannot be restricted to mue mathematical context. In effect, the sign Iisteter-
mined by the set of relations that are establidfetdieen the models associated to it, and that enfesg
the usual practices in contemporary educationdituhi®ns. These practices have privileged theharétic
model, emphasizing the importance of transformatitay equivalences” and the simplification of anitétic
and algebraic expressions to obtain “canonicalfespntations of mathematical objects.

This focalization on the type of tasks has causedundamental relations between the systems maaé u
the arithmetic, order metric and topological mogdalsd the analytic and numerical models to be diigle
hence it is not possible, for example, to comprdhie analytic notion of equality as a limit pragéfsnot

by opposition to the arithmetical notion of equarade relation between two obje%Qs

The analysis of the notion of equality is a sangdléow the atomized and linear teaching of arithopet-
gebra and analysis (in this order) does not cautgilbo learning; a triangular conception, whictoah, in
each concrete problem, the interaction of numeradgebraic and analytic approximations to obtagok-
tion is necessary.

For example, given the Fibonacci sequergg for the determination of the limit of the sequerg,../a,),
numerical analysis allows the calculation of a tétive” approximate value (interval of plausibldgimns);
the algebraic approach allows the formalizatiorthaf calculation of the limit (exact value); the tia
method allows the argument of the existence anguemess of the limit. The assessment of the proesdu
and arguments used in each case is fixed by ieafEy in the solution or justification of eacheoof the
tasks. There is nmoment(Chevallard, 1997) “more important” than anothé&e determination of an ap-
proximate valuedxploratory mometallows the establishment of an interval of acappé or rejection of
the exact value obtaingtechnological momeptand the justification of the existence and ugsitgss of that
value theoretical momeint all confirm the relevance of the calculationattivere carried out.

This study suggests the displacement of the fo€ust@rest in the teaching of mathematical analyfs@am

the formal analysis (for example, literal manipwdas of algebraic functions) to the communicatiod aon-
struction of knowledge in a more intuitive way, fxample, graphical and numerical (where comparison
and approximation represent fundamental procesbeshis context, the new technologies (graphing an
programmable calculators, and specialized softwatreyld play a central role in the introductiortloé no-
tions, processes and meanings of analytic objectact, “research in mathematics education inddleulus

context cannot be deployed in isolation from tlehimlogical dimension”. (Artigue, 1998, 2§Q)

Thus, a supposed functional necessity in the tagobii numerical calculus is what postpones theothic-
tion and development of the fundamental notionsyathematical analysis. The numerical study of gia-r
tions between objects constitutes a way of accgsbmnotion of equality, making possible a flegibiansi-
tion between the different models that are propo3éwre is no opposition between the analytic and
numerical justifications, nor is there a pragmgtiadation of them (this can only establish itselfélation to

a theory and some pre-established criteria abeutnthematical discourse)

2 Indeed, our epistemological study confirms the ieicgd and theoretical analysis carried out by othathors.
(Bloch, 1995; Artigue,1998; Wilhelmi, 2003).

% In French in the original: “la recherche en didtast de I'analyse ne peut se déployer en faisastratiion de la
dimension technologique” (Artigue, 1998, 258).
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7.2 Microdidactics

It is necessary formulate strategies of didaceecalineering for the development of the object “ditpiaas
has been shown in this article. Within the TheofhyDaactical Situations (TSD) (Brousseau, 1998}k thi
would suppose the search for a fundamental situatiapable of generating (in the majority of thedsits)
stable tensions with the majority of models linkedhe notion of equality, as well as useful assimns to
the contexts of use in which these notions aresteigd.

The determination of a fundamental situation of tieéion of equality is complex. We have reasoned ho
the analytic model of equality is understood, imgnaircumstances, as a sub-product of the notidmaf,
for instance:

a=bea,=a,0nON,lima,=b

This fact, together with the dialectical relatiogtlween the arithmetical models, as equivalencettamdna-
lytic models, as a limit process, represents astepiological support for the conjecture that thercefor a
fundamental situation of the notion of equalityguivalent to the search for the fundamental saoaif se-
guential limit. The idea of relating the search #olundamental situation for the notion of equatliffh an-
other has been widely debated: (limitations ofdhdganker, Di Martino, 1992); the possibility obtining
situations with an essentially adidactic compor{Bitch, 1999); the use of graphing and programmeale
culatorsTI-81 for the introduction of the sequential limit (Wélmi 2003); etc.). Similarly, the conjecture of
the equivalence of the two research problems itaigesl in other didactical research. For examptenC
(1991) distinguishes different models of the notafnlimit, in which the notion of equality is imgitly
problematized when there is an infinite processnmmans of characterizations such as “approximation”,
“tends to” or “distance”. Tall & Vinner (1981) idduce the notion ofognitive conflictto highlight situa-
tions in which the “intuition” and the “formal caltations” are not compatible; for example, theificsttion

that0.9=1 by means of the general formula of the infinitensaf a geometric progression of ratio less than

one3lis “opposed” to the intuition (incorrect) tha®“9 has more and more nines and, then, gets closérs an
closer to 1, but never reaches it”. Finally, Arigi1998, 239) is much more explicit in establishangplation
between the notion of limit (sequence) and equality

“First one tries to find meaning in pre-constructdajects, using a system of practices; at a second
stage, the objects are not seen as objects cotestraccording to definitions. Contemporary teaching
of the limit concept, essential in Mathematical Bmsgs, is an evident examples of this, and of the
necessity of invoking previous mathematical reaoas$ions [see previous quote, Artigue, section 5]
to help understand, it seems to us, the separbéitween the capacity to give a concept an intuitive
meaning, illustrating with examples and countereplasy and the capacity to operationally manipu-
late those concepts, giving it the status of a ttooted object, subject to formal proofs.” (Artigue

1998, 239%2.

The complexity referred to does not imply the regrtof the search for a fundamental situationtha no-
tion of sequential limit or for the notion of eqital Legrand (1996) has defended the paradoxiadishac-
cording to which the search for fundamental sitraiis consistent both for research in mathemadickalc-
tics as well as for teaching, whether it is foundnot. Grosso modo, Legrand justifies the search fo
fundamental situations because they constituteitiul instrument in the analysis of knowledge,fofmu-

1 The expressioﬁ._g can be interpreted as a geometric progressiortiohr&/10 and first term A.0.

32|n French in the original“On travaille d’abord sur des objets préconssraitixquels on essaie de donner sens par un
ensemble de pratiques; ce n’est que dans un séeoms que ces objets sont censés prendre le dalbjets construits
assujettis a des définitions. L’enseignement aatuedoncept de limite, central en analyse, en estxemple évident et
les besoins mathématiques des reconstructionsssiidevoquées [see previous quote, Artigue, seSliaitient bien a
comprendre, nous semble-t-il, ce qui peut sépareapacité a donner un sens intuitif au concepi|ustrer par des
exemples et contre-exemples, de la capacité a manippérationnellement le concept avec son stibijet construit,
assujetti a des preuves formelles.” (Artigue, 1258).
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lating teaching projects, and of the selection idadtical interventions. Furthermore, “researchingda-
mental situations is a prerequisite for the teaeties wants to manage and embark on a real ‘sdieki-

bate’ with precise knowledge” (Legrand, 1996, 323)

The Onto-Semiotic Approach (OSA) (Godino, 2003)edmines a solution for the elaboration of “quality
teaching”, that is, teaching that combik@®w how(technical) ananeaning(the realm of applications of the
techniques), and that articulates the epistemadbgicalysis typical of the search for a fundamesitakation
(whether or not it is obtained) with the methodidagyand time restrictions within a concrete ingtdn. In
particular, in relation to the notion of equalitiie objective consists in establishing a systemsiftutional
practices that make possible the explicit intecacof the arithmetic model of equality with thetres the
models and, especially, with the analytic modelsuich a way that the notion of equality, understasc
system, brings a balance in relation to the peigoeaning that students attribute to them.

7.3. Theoretical

The Theory of Didactical Situations (TSD) postusatieat all “knowledge” can be modelled by one ai-va
ous adidactical situations that preserve the megaatitnibuted to such knowledge. The notion of krexige,
within TSD refers explicitly to knowledge whichas object of study (that can be made explicit, daat be
communicated, and that can be validated or inviit)ain a determined culture and society. The motib
holistic-meaning(network of models) represents the structuringlgjectivated knowledge, and creates a
reference for the modelling process. Furthermdre niotion of holistic-meaning can be used indhmiori
analysis of the search for a fundamental situafiwrthe introduction of development of a specifiatire-
matical notion; concretely, to determine the degreeepresentativity of the situation in relatianthe in-
tended institutional meaning.

In the same way, the notions of model and holisteganing of a mathematical object are theoretiatttor
the epistemological analysis of the discursive miatical objects, that is, the cultural products tlesult
from mathematical activity. The notions of modetl drlistic-meaning propose an answer to the questio
what is a mathematical notion?; what does it meanbw that notion?; in particular, what is theiootof
equality?; what does it mean to know the notioeaiality?

On the other hand, as we have mentioned, the dpeeatd discursive systems of practices are to @Bat
the mathematical praxeologies are to the Anthraposd Theory of Didactics (TAD). Furthermore, the-n
tion of praxeology represents a component of theeige scheme of mathematical activity (and of tradp
ucts that are obtained from this activity) proposéttiin OSA. OSA considers that each mathematiosibn
is the antecedent (expression) of a semiotic fandiizodino, 2002) whose consequent (meaning) isdhe
figuration formed by the system of practices, cerg®f use of the expression, and the network argamt
objects of such a system of practices (figure 3).

Mathematical
notion
NG
Contexts Systems of >~ Emergent Epistemic
of use practices objects configurations
Models

Figura 3. Tools for epistemological analysis in OSA

3 In French in the original“la recherche des situations fondamentales egtassage obligé pour le professeur qui
veut engager et gérer un réel ‘débat scientifique'un savoir précis.” (Legrand, 1996, 223)
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Hence, the essential difference between TAD and @%ktermined by the form in which both describd a
analyze mathematical activity. OSA is focused andiktermination of a specific mathematical ontology
the description of the possible semiotic functionglved in mathematical activity and in the chaeaiza-
tion of the nature of this activity. TAD is centdren the determination of praxeologies (the mathieala
objects can be described only as constituentseopthxeologies) and in the analysis of the ecolbgssues
within the institutions (the mathematical obje@pnesent the product of an institutional activity).

“TAD situatesmathematical activitand, accordingly, thetudy ofmathematics as an activity, in the
collection of human activities and that of sociadtitutions]...] It is admitted that, in effecgvery
regularly carried out human activity can be subslioneder aunique,model that is summarized here

with the word praxeology.” (Chevallard, 1999, 234)

Finally, the notions of praxeology and epistemiofguration are powerful tools for didactical angrigcu-
lar analysis. The theories of curriculum structilne subject that will be the object of study, imte ofcon-
ceptual proceduraland attitudinal contents, ignoring the specificities of each dikieg The application of
the model of description and analysis of matherabfctivity proposed by TAD, when structuring the-c
riculum, would suppose the identification of tecjues that are necessary to carry out the typessks tthat
students would need to confront, highlighting thesions that force the use of a specific technandethe
justification of the necessity of its “life” in thacademic context (underlying technologies and ribsp
However, in the study process the quadruple (tesiynique, technology, theory) is not always maxie e
plicit.

“We can imagine an institutional world in which &liman activities would be governed by well

adapted praxeologies, in order to deal with evask in an efficient, reliable and intelligible mann

However, a world with these characteristics dodsrist [...] Generally, this praxeological poverty

is translated to the absence of techniques.” (Alzedal1999, 236232)35.

OSA, on the other hand, distinguishes six categaigrimary objects that form a system of prastigeob-
lems, procedures, language, notions, propertiegequnents. An epistemic configuration is a sysbémb-
jects (and of semiotic functions that are establishetween these objects) in relation to the conigatian,
assessment, formulation and resolution of a matheahaituation. Furthermore, OSA describes thdyemsa
2
V2
needing to explain the general techniques of tlefpror the procedures to justify these techniglreef-
fect, the nucleus of the discourse is made ugedihitions that do not represent elements of a praxeology
(understood as the quadruple) but in ostensivectbjf an epistemic configuration in relation te froof

of the proposition\/_:i (problem; in fact, theargumentatiorof the proofs is carried out by means of a

V2
formalizedlanguage based on certaimotions(real line, order relation, distance, connectegpation, injec-
tive function, neighborhood-limit, error-approxirat), supported by thpropertiesof the notions involved
and in logical laws (the excluded third, for exae)pland it is carried out by means of speqiiocedures

of the proofs of the propositiod2 = in terms of the notion of operative and discurgystem, without

341n French in the original“La TAD situe I'activitt mathématiqueet donc l'activité ddtudeen mathématiques, dans
'ensemble des activités humaines et des institatamcialeg...] On y admet en effet queute activité humaine régu-
lierement accomplie peut étre subsumée sous unlenadigue que résume ici le mot d@axéologie” (Chevallard,
1999, 223).

35 In French in the original“On peut imaginer un monde institutionnel dargulke les activités humaines seraient ré-
gies par des praxéologies bien adaptées permetastomplir toutes les taches voulues d’'une maraele fois effi-
cace, slre et intelligible. Mais un tel monde rééxipas [...] Ordinairement, la pénurie praxéologigeetraduit
d’abord par un manque dechniques.(Chevallard, 1999, 23t232).
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(the selection of the representatives of a mathealaibject, the definition of intervals or funatiothe edit-
ing of a program, etc.)

Recognition
Reference Projects: Resolucion UPNA n° 1.109/2863,3 octubre, y MCYT-FEDER BS02002-02452.
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