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In recent years, there has been growing talk of 'Humanizing Math’ as a
movement that seeks to bring mathematics back to the forefront as a
human experience—one shaped by creativity, intuition, and personal

stories. And today...



In recent years, there has been growing talk of 'Humanizing Math’ as a
movement that seeks to bring mathematics back to the forefront as a
human experience—one shaped by creativity, intuition, and personal

stories. And today... | choose to leave this page to



In recent years, there has been growing talk of 'Humanizing Math’ as a

movement that seeks to bring mathematics back to the forefront as a
human experience—one shaped by creativity, intuition, and personal
stories. And today... | choose to leave this page to Elisabetta
” Portiamo avanti nel nostro
piccolo questa battaglia”
Elisabetta Velabri

Elisabetta was very sensitive to gender issues and, as she
used to say, "in her own small way" ]| which was not so
small after all | she always fought to promote skills and
competencies regardless of gender. She was the longtime
secretary of the UMI and the President of Pallavolo

Bologna.

Ciao Elisabettal



Tensor Decomposition

* What does it mean to decompose a tensor and why should we
care about it?

e Applications: well established (we teach them to students)
and research oriented (open problems)

e Algebra and Geometry behind Tensor Decomposition



Definition: A tensor is a mathematical object that generalizes vectors
and matrices to higher orders. It can be represented as a
multi-dimensional array of numbers.

Example:

- An order-1 tensor is a vector, — o o

- An order 2-tensor is a matrix (e.g., a table of numbers).
Matrix:

- An order-3 tensor is a cube, which can be thought as stack of matrices




Tensors in application are huge and need to be Compressed

 Highlight hidden data e Quantum Physics: Tensor

structures: networks are employed to

. .. represent high-dimensional
Facial Recognition: Extract P &
e quantum states efficiently.
features for classification. -

e Biomedical Data Analysis:

. Multiway decomposition
e Clustering for Recommender . . .
techniques help in analyzing

Systems: machine learning. data




e Rank/CP/Candecop/Parafac Decomposition: Representation as
minimal sum of indecomposable (rk-1) tensors:

e Tucker/HOSVD: Generalization of SVD with a core tensor and
factor matrices:

X 6 U L,y ,yd®



e The Canonical Polyadic (CP) decomposition expresses a
tensor as a sum of rank-one tensors:

X

T r Ur(l) Ur(z) Ur(N)

r=1

i . .
where ur() are factor vectors in each mode and | are scaling

coefficients.

e Punchline: Uniqueness: Unlike Tucker, CP decomposition is
often unique under mild conditions and it is useful when
looking for latent factors.



e The Tucker decomposition expresses a tensor as a
multilinear transformation of a smaller core tensor:

T G 4 u® 2U(2) 3 . yM™N)

where G is the core tensor and UM are factor matrices in each
mode.

e Punchline: Easier to compute with respect to CP, stable
implementation.



Example: Personalized
Recommendation System

e Users rate movies over time: (User < Movie < Time) tensor.

e The goal: Predict missing ratings and recommend movies.
Where Tensor Decomposition Acts:

e CP df._gomposition extracts latent user preferences:
R

T R, rur(User) ur(MOVie) ur(Time)

e Unique CP factors reveal distinct user behavior patterns.
Results:

* More accurate than matrix-based methods (SVD).

e Used by Netflix, Amazon... to personalize recommendations.



Example: Personalized Streaming
Recommendations

e Users interact with items (movies, songs) based on multiple factors:
(User Items Context Features)

e Goal: Reduce data complexity while preserving meaningful structure.

Where Tensor Decomposition Acts:
e Tucker decomposition factorizes the user-item-context tensor:
X @ a U(Users) 5 U(Items) 3 U(Context)

- G is a low-rank core tensor capturing essential interactions.

Results:
e Allows dynamic recommendations, adapting to different contexts

(e.g., morning vs evening preferences).
e Used in Netflix, Spotify, e-commerce platforms to refine

. 10
recommendations.



CP-Tensor Methods in Neuroscience

Example: Detecting Brain
Activity Patterns

e EEG records brain signals from multiple electrodes over time.

e Goal: Identify distinct neural sources (sleep, attention, memory).
Where Tensor Decomposition Acts:

» EEG data forms a (Subject >< Electrode < Time) tensor.

e CP decomposition isolates unique brain activity components:

Subject Electrod Ti
T rUr( ubject) Ur( ectrode) ”r( ime)
Results: —

e CP ensures each component corresponds to a true brain source.

e Used for epilepsy detection, cognitive research, which are the
precise directions of signal diffusion. 11



Example: Efficient Storage of
fMRI Data

e Functional Magnetic Resonance Imaging: generate big datasets:

X 2 R(Patients) (Regions) (Time) (Tasks)
e Goal: Compress data while preserving important neural signals.

Where Tensor Decomposition Acts:
e Tucker decomposition extracts a low-rank core representation:

X & 4 U(Patients) . U(Regions) . U(Time) 4 U(Tasks)

- G is a compressed version of the fMRI dataset.
Results:

e Reduces storage by > 80% while retaining signal structure.
e Used for brain network analysis, clinical diagnostics, and neural

decoding. 12



Where Tensor Decomposition Acts:

e CP Decomposition:
e Produces unique factors that are directly interpretable.
e |deal for latent structure discovery.

e Tucker Decomposition:

e Gives low-rank approximation with a smaller core tensor.
e Better suited for dimensionality reduction and noise filtering.

Results:

e CP is better for interpretable features (e.g., neuroscience,
recommender systems).

e Tucker is better for compression & denoising (e.g., machine
learning, image processing).

13



L Quantum states as tensors:

= The state of a single qubit is a vector in C?, representing the
two possible measurement outcomes of a single particle:

v2C?

\
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® ! —1)
Classical Bit Qubit

e The state of a multi-qubit system (with d qubits) is a tensor
in:

T2(Cc? ¢

This describes the quantum state of d identical particles, each
carrying two pieces of information.

14



CP decomposition and Tucker decomposition allow us to analyze the
structure of quantum states.

CP decomposition ¥ Entanglement

T=wn va 2 (C?) % is a Separable state:

= v® vi(d) 2 (C?) Y is an Entangled state.

The rank of a tensor is a possible measurement of the entanglement.

e Marks the boundary between the classical and quantum world:
Entanglement is a purely quantum phenomenon, with no equivalent
in classical physics.

e Accelerates quantum computing: Entanglement is essential for
the functioning of quantum algorithms (e.g., Shor's and Grover's

algorithms).
15



Tensor Networks are efficient representations of high-dimensional
tensors using a network of lower-dimensional tensors.
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e TNS reduce the number of parameters.

e TNS naturally encode the entanglement properties of quantum
states (most of states of interests are TNS).

e Applied in Quantum Computation for quantum circuit optimization
and variational quantum algorithms.

e The way of approximating a state on a TNS is very effective: just
perform Tucker on the network. 16






