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Abstract

We consider the computational difficul-
ties in the checking of coherence and
propagation of imprecise probability
assessments. We examine the linear
structure of the random gain in betting
criterion and we propose a general
methodology which exploits suitable
subsets of the set of values of the
random gain. In this way the checking
of coherence and propagation amount
to examining linear systems with a
reduced number of unknowns. We also
illustrate an example.
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1 Introduction

The probabilistic treatment of uncertainty by
means of precise or imprecise probability assess-
ments is well known. When the family of condi-
tional events has no particular structure a suitable
methodology is that based on the de Finetti’s co-
herence principle, or generalizations of it. In this
paper, we consider the computational difficulties
connected with the checking of coherence. Then,
exploiting the linear structure of the betting cri-
terion, we propose a method to check coherence
using suitable subsets of the set of values of the
random gain. This amounts to study linear sys-
tems with a reduced number of unknowns. The
paper is organized as follows. In section 2, af-

ter some comments related to the starting set of
constituents, we recall some preliminary concepts
and results. In section 3 we examine the linear
structure of the betting criterion, with the aim
of improving the efficiency of the procedure for
checking coherence and for propagation. Finally,
in section 4 we give an example.

2 Some remarks on constituents and
betting criterion

Let P, = (p1,...,pn) be a precise probability as-
sessment on a family F,, = {E;|H;, i € Jp,}, where
Jn ={1,...,n} and p; = P(E;|H;). We observe
that E;|H; = E;H;|H; and then, to check coher-
ence, we can start with the constituents gener-
ated by the family {E;H;, H;,i € J,}. Then,
as E;H;Hf = (, we can avoid to split Hf into
E;Hf Vv EfH{ and, by expanding the expression

/\ (BiH; Vv E{H; Vv Hf) | (1)
i€Jn

we obtain a set C of constituents with cardi-
nality less than or equal to 3". This proce-
dure has been proposed, e.g., in [3] and [4],
where a geometrical approach to coherence has
been adopted by associating with each constituent
C, € Hy = HyV ---V H, a suitable point
Qr = (qn1s---,qnn) € R™. Then, denoting by the
same symbols the events and their indicators, for
each given Cy, C Hy the corresponding value gy, of
the random gain G = >"1* | s;H;(E; — p;), associ-
ated with the pair (F,, P,), can be represented by
the expression gn, = G(Qn) = 2271 si(qhi — pi)-
We recall the following definition of generalized
coherence (g-coherence) introduced in [1].



Definition 1 Given a vector A, = (a1,...,an,)
of probability lower bounds P(E;|H;) > «,
i € Jn, on a family 7, = {E1|Hy,...,Ey|Hy},

the vector A, is said g-coherent if and only if
there exists a precise coherent assessment P, =
(p1,...,pn) on Fy, with p; = P(E;|H;) such that
p; > oy for each i € J,.

The Definition 1 can also be applied to impre-
cise assessments like o; < P(E;|H;) < (3;, since
each inequality P(F;|H;) < [; amounts to the in-
equality P(E¢|H;) > 1—f3;, where E¢ denotes the
contrary event of F;.

We denote by C1,...,C), the constituents con-
tained in Hy and, for each constituent C,.,r € J,,,
we introduce a vector V; = (vp1,..., 0, ), where
for each ¢ € J,, it is

1 ) if CT C ElH’L )
if C, C BSH; 2)
a;, if C, C HE .

We denote by (S,,) the following system, with

nonnegative unknowns Ai,...,A;,, associated
with (F, Ay)
7T~n:1 ArUpi 2> @i, @ € Jp, (3)
TaA=1, A >0, r € Jy.

We denote respectively by A and S the vector of
unknowns and the set of solutions of the system
(3). Moreover, for every j we denote by I'; the
set of subscripts r such that C, C Hj, by Fj the
set of subscripts r such that C, C E;H; and by
®;(A) the linear function 3 cp, Ar. We denote
by Iy the (strict) subset of J,, defined as

I() = {] S Jn : Mj = MaerS(IDj(A) = 0} (4)

and by (Fp, Ag) the pair associated with the set
Iy. Then, based on the previous concepts, a suit-
able procedure ([4]) can be used to check the g-
coherence of A4,. The g-coherent extension of
A, to a further conditional event E,i|H,+1 has
been studied in [1] where, defining a suitable inter-
val [po,p°] C [0,1], the following result has been
obtained.

Theorem 1 Given a g-coherent imprecise assess-
ment A, = ([oi,3i],i € J,) on the family F,, =
{Ei|H;, © € J,}, the extension [ap41,Ont1] of
A, to a further conditional event E,1|Hp11 is

g-coherent if and only if the following condition is
satisfied

[O‘n—i-l,ﬂn—&-l] N [Po,po] 75 0.

In [1] the computation of the values po, p° is made
by an algorithm implemented with Maple V.

3 Checking of g-coherence and
propagation

Given (F,,A,,) and a subset J of .J,,, we denote
by (Fj,As) the pair associated with J and by
(Sy) the corresponding system. Moreover, we de-
note by H; the event (\;c; Hj) and by G the
following random gain, associated with (Fy, Ay),

Gy = > siHj(Ej —aj),
jeJ
where s; > 0, for every j € J. We observe
that, in the case of an interval-valued assessment
{[evi, Bi], i € Jp} the random gain Gy can be rep-
resented by the following expression

Gy = ) Hjlsj(B; — o) — 0j(B; = )], (5)
jeJ
with s; > 0,0; > 0, for every j € J. It can be

proved that A, is g-coherent if and only if, for
every J C J,, the following condition is satisfied

Max Gj|H; > 0.

In particular, denoting by GG, the random gain as-
sociated with (F,,A4,,), in order A,, be g-coherent
the following (necessary) condition, equivalent to
compatibility of the system (3), must be satisfied

Maz Gp|Hy >0 . (6)

Denoting by G = {g1,...,9m} the set of possible
values of G, |Hp, for every subscript h the value
gp, associated with the constituent C}, can be rep-
resented by the following expression

n
gn = Y silvhi—au) = Y si(vpi—ai) . (7)
i=1 i:C, CH;
Moreover, given three disjoint subsets J', J”, J"
of J,, with JU J"” U J" = J,, assume that there

exist three constituents C},, C, C; such that

vp = o, , forevery i€ J UJ"”,
v = o, forevery 1€ J"UJ”,
vy =y , for every i¢c J”,



with

for every i€ J”,
for every i€ J'.

Vhi = Uri
Vki = Urg

Then, for the corresponding values gy, gi, gr We
obtain

gn = ZieJ” si(Vni — ;) = ZieJ” si(vri — i)
g = Yicy Si(vki — ) = Yicp si(vri — a4)
gr = Ziejfuj” Si(Um' - ai) = gn+ 9k -

Based on the above relation, we observe that the
value of g, is not relevant for the checking of con-
dition (6) as

g <0, gp <0 = ¢, <0,
or conversely
gr=>20 = gn=>20or gp=>0.

By the same reasoning, if g, = agp + bgr, with
a > 0,b> 0, then g, is not relevant. As an exam-
ple, denoting by V3, Vi, V,. the vectors associated
with Cy, Cy, C,., if

Vi=aVh+(1—2)Vg, 0<z<1,
then

gr = Gn(‘/;") = Gn[IVh + (1 — ;L‘)Vk] =
= 2Gp (Vi) + (1 — 2)Gn (Vi) = zgn + (1 — 2) gi,

so that g, is not relevant. By the previous re-

marks, we have

Theorem 2 Given a subscript r € J,,, if there
exists a strict subset 7, of the set J,,, with r ¢ 7,.,
such that

gr=>_ajg;;a;>0,VjeT,, (8)
j€T,

then g, is not relevant.
More in general, we have

Theorem 3 Given a subscript r € J,,, if there
exist a strict subset 7, of the set J,,, with r ¢ 7,.,
and a positive constant ¢, such that

ccMazx  gj,
JjET

gr <

9)

then g, is not relevant.

We remark that in general the constant c, de-
pends on the values sj,j € J,. Then, by the
previous results we obtain

Theorem 4 Given a strict subset 7 of the set
JIm, if for every r ¢ T there exist T, C 7 and
a positive constant c¢, satisfying the condition
(9), then the condition (6) is equivalent to the
following one

Mazxr g; > 0.

jeT (10)
Based on suitable alternative theorems, the con-
dition (10) is equivalent to the existence of a so-
lution (A1,...,An) of the system (3), such that
Ar = 0 for every subscript » ¢ 7. Then, in or-
der to check condition (10) we only need to study
the compatibility of a system SZ, like (3), with
a number of unknowns equal to the cardinality k
of 7. In many cases k is drastically less than m.
Therefore, to diminish the number of unknowns
in the system (3), we need to examine the set G
in order to determine a (possibly minimal) sub-
set 7 of J, satisfying, for all ¢ 7, the condition
(9), with 7, C 7. The checking of the g-coherence
can be made by the following modified version of
an algorithm proposed in [4].

Algorithm 1 Let be given (J,,, Fp, Ay).

1. Determine a subset 7 which satisfies the con-
dition (9), with 7, C 7, for all r ¢ T;

2. Construct the system (S7) and check its
compatibility;

3. If the system (S7) is not compatible then A,
is not g-coherent and the procedure stops;
otherwise, replacing in Definition (4) the set
of solutions of the system (3) by the set of
solutions of the system (S7), compute the
set Iop;

4. If Iy = 0 then A, is g-coherent and the pro-
cedure stops, otherwise set (Jn, Fn, An) =
(Io, Fo, Ap) and repeat steps 1-3.

The extension of A, can be made by a modified
version of an algorithm proposed in [1]. Such al-
gorithm, due to the lack of space, here is not in-
cluded.



4 An example

Given the assessment Az = ([£, 1], (£, 2], [, 1))
on F3 = {B|AC, C|(AV B),D|(BV C)}, we ex-
amine the g-coherence of A3 and its extension to
A|BCD*¢. By (1), we obtain the following 11 con-

stituents contained in Hy = Av BV C.
C1 = ABCD, Cy = ABCD®, C3 = BC°D,
Cy = BC°D¢, Cs = AB°CD, Cs = AB°CD",
C7 = AB°C*, Cg = A°BCD, Cy = A°BCD",
Cio = A°B°CD, Cqq = A°B°CD*.
We first observe that, based on (5), with J =
Jn ={1,2,3}, one has
910 <0=g1120, g1 <0=g10 =0,

so that Max{gi0, 911} > 0 and (6) is surely satis-
fied. Applying our method, we obtain

g3=gr+giw0, 94=g7r+911,

so that g3 and g4 are not relevant. Moreover, it is

g1=01+9s8, g5s=02+gs,
g2=01+9g9, g6 =02+ 9o,
with
4 3
01 =£51- 101, 02 =—gs1t o

For every s1,01, the quantities 1,02 cannot be
both negative, so that

98 < Max{gi,95}, g9 < Max{go, 96}

and then gg and g9 are not relevant. Therefore
the subset 7 = {1,2,5,6,7,10,11} satisfies, for
all » ¢ 7, the condition (9), with 7, C 7, so
that the compatibility of (3), which has 11 un-
knowns, is equivalent to the compatibility of S7
which has 7 unknowns. Then, by Algorithm 1,
As is g-coherent. Given an assessment A4 on
Fs3 U {A|BCD"}, for the corresponding random
gain the condition g9 < Maz{g2,g¢} is no more
satisfied. Then, in the algorithm concerning the
extension of A3 to A|BCD¢, the starting system
has 8 (instead of 11) unknowns. It could be veri-
fied that [po,p°] = [0,1].

Actually, deepening the analysis, one has

g10 < Maxz{gs, g8} < Max{gr+gi0, Maz{g1,95}}

from which it follows that, if g1, g5, g7 are neg-
ative, then gjg is negative too, so that it is not
relevant. It could also be verified that

g1 < Max{ga, g0} < Max{gr+g11, Maz{g2, 96} }

and then g¢;; is not relevant too. There-
fore, we could apply the Algorithm 1 with
7 = {1,2,5,6,7}. Differently from the "lo-
cal” approach proposed in [2] to check coherence
of precise probability assessments, our method
for checking g-coherence and for propagation
of imprecise conditional probability assessments
is ”global” and its efficient implementation is
strictly connected with the choice of a good strat-
egy for determining the subset 7. Work in
progress concerns the application of our method
to families of conjunctive conditional events, for
which an efficient ”global” procedure has been
proposed in [5].
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